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Abstract

This publication - "Cosmology and Particle Physics beyond Standard Models" - is dedicated to
the celebration of the tenth anniversary of the Southeastern European Network in Mathematical and
Theoretical Physics (SEENET-MTP). As a Theme Collection, rather than a Monograph or Proceedings,
this volume presents a number of reports and overviews, a few research papers and a short note. How-
ever, some of them are excellent examples of a nowadays increasingly deep interplay between particle
physics and cosmology. Contributions span a wide range of topics in cosmology, particle physics, but
also gravity, including the interface of these fields. The presented work is of both theoretical and ex-
perimental/observational nature. The contributions represent recent progress in their respective fields:
inflation, dark matter, neutrino physics, supersymmetry, collider physics, string theory, quantum gravity,
black hole physics and massive gravity
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Preface

Cosmology and Particle Physics Beyond Standard Models

Dear reader(s),

This publication is dedicated to the celebration of the tenth anniversary of the Southeastern European
Network in Mathematical and Theoretical Physics (SEENET-MTP)1 and initiated by a number of high
level reports on particle physics and cosmology presented at the BW2013 Workshop held in Vrnjacka
Banja, Serbia.

The origins of the Southeastern European Network in Mathematical and Theoretical Physics
(SEENET-MTP) are closely linked to Julius Wess and his initiative: Wissenschaftler in globaler Verant-
wortung (WIGV) "Scientists in global responsibility" launched in 1999. The establishing of SEENET-
MTP, which also took place in Vrnjacka Banja at the kick-off Workshop BW2003 in August 2003, was
a natural continuation of WIGV, in a broader framework than the former Yugoslavia.

A large number of participants and numerous high level scientific meetings, joint publications and
continuous exchange of researchers and students in the Balkans, strengthened the existing regional and
rather global collaborations with many institutions, groups and individuals - mostly from Europe, but
also from USA, Brazil, India and other countries.

The main purpose of the SEENET-MTP and its meetings and actions remains to foster commu-
nication and collaboration among researchers in the Balkan region, as well as between them and their
international colleagues. This initiative created the opportunity for researchers working in the general
area of high energy physics, cosmology and related fields at different institutions in the Balkan countries
to present their work and results. This issue is motivated by the recent breakthrough in particle physics,
the discovering of the Higgs boson, and continuous discoveries in cosmology - always followed by new
puzzles and challenges, for instance dark matter and dark energy.

From about 20 invited authors, long term members or supporters of the SEENET-MTP, we are
pleased to announce 13 full term papers and one summary. As a Theme Collection, rather than a Mono-
graph, this Volume presents a number of reports and overviews, a few research papers and a short note.
However, some of them are excellent examples of increasingly deep interplay between particle physics
and cosmology.

Contributions span a wide range of topics in cosmology, particle physics, gravity, including the
interface of these fields. The presented work is of both theoretical and experimental/observational nature.
The contributions represent recent progress in their respective fields from inflation, dark matter, neutrino
physics, supersymmetry, collider physics, string theory, quantum gravity, black hole physics and massive
gravity.

After the final editing of the Volume, the editors gave up on the separation of the Volume in two
parts: Particle Physics and Cosmology and decided to submit the whole manuscript in the present form.
The papers are listed in alphabetical order of the first authors. All papers have been peer-reviewed, at
least by one referee and the editor. We express our gratitude to the referees whose suggestions improved
the scientific quality of the papers.

We would like to thank Milan Milosević from the University of Nis, Serbia for his great help
in the preparation of this Volume. We would also like to thank Dragoljub Dimitrijević, from the same
institution, for his help in communication with the authors, and both of them, as many others, for enabling
the SEENET-MTP to be a sustainable mission.

1Web: www.seenet-mtp.info
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Among many institutions which supported the SEENET-MTP and its workshops and research-
training-exchange program during the previous decade, we acknowledge here with a great pleasure:

– UNESCO Office in Venice, Italy, and UNESCO (the IBSP program, Paris, France)
– ICTP (The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy)
– SMES (Serbian Ministry of Education and Science)
– DAAD (Deutscher Akademischer Austauschdienst, Germany and its Office in Belgrade, Serbia)
– EPS (European Physical Society)
– CERN-TH, Geneva, Swiss Confederation
– CEI (Central European Initiative Trieste, Italy)
– Faculty of Science and Mathematics, University of Nis, Serbia.

Geneva, Nis, Buffalo
February, 2014

Luis Alvarez-Gaume, Goran S. Djordjević, Dejan Stojković

vi



Contents

Preface
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Initial conditions for inflation and the energy scale of SUSY-breaking
from the (nearly) gaussian sky

Luis Álvarez-Gaumé a, ∗, César Gómez b, c, † and Raul Jimenez d, a, ‡
a Theory Group, Physics Department, CERN, CH-1211, Geneva 23, Switzerland
b Arnold Sommerfeld Center for Theoretical Physics, Department fur Physik,
Ludwig-Maximilians-Universitat Munchen Theresienstr. 37, 80333 Munchen, Germany
c Physics Department and Instituto de Fisica Teorica UAM/CSIC, 28049 Cantoblanco, Madrid, Spain
d ICREA & ICC, University of Barcelona (IEEC-UB), Marti i Franques 1, Barcelona 08028, Spain

Abstract
We show how general initial conditions for small field inflation can be ob-
tained in multi-field models. This is provided by non-linear angular friction
terms in the inflaton that provide a phase of non-slow-roll inflation before the
slow-roll inflation phase. This in turn provides a natural mechanism to star
small-field slow-roll at nearly zero velocity for arbitrary initial conditions. We
also show that there is a relation between the scale of SUSY breaking (

√
f )

and the amount of non-gaussian fluctuations generated by the inflaton. In
particular, we show that in the local non-gaussian shape there exists the re-
lation

√
f = 1013GeV

√
fNL. With current observational limits from Planck,

and adopting the minimum amount of non-gaussian fluctuations allowed by
single-field inflation, this provides a very tight constraint for the SUSY break-
ing energy scale

√
f = 3 − 7 × 1013 GeV at 95% confidence. Further limits,

or detection, from next year’s Planck polarisation data will further tighten this
constraint by a factor of two. We highlight that the key to our approach is
to identify the inflaton with the scalar component of the goldstino superfield.
This superfield is universal and implements the dynamics of SUSY breaking
as well as superconformal breaking.

1 Introduction
Recent constraints on inflation by the Planck satellite [1,2] have provided new insight on the properties of
the inflaton. We know that the generation of non-gaussian fluctuations has been restricted significantly,
with no detection by Planck and only upper limits reported (for the local case Planck reports fNL < 14–
at 95% confidence). Further, constraints on the non-detection of the tensor-to-scalar ratio (r < 0.1) have
served to eliminate many candidates for the inflaton. In fact, the above “non-detections" already point
toward a model for the inflaton in which perturbations were nearly Gaussian and most likely generated
by a single-field slow-roll scalar with canonical kinetic energy; further, it seems likely the field is in
the so-called "small-field" class with displacement of ∼ M (hereafter M is the Planck mass scale) to
produce the required e-folds to explain flatness. An excellent review on this class of models can be
found in Ref. [3, 4].

One very interesting question to be answered after the Planck results is how to set-up sufficiently
general initial conditions for the inflaton in the "small-field" class, in other words: how can we have
inflation to start with nearly zero velocity at the time it will start slow-rolling in a flat potential? Here we
present a general mechanism, inspired by SUSY, to do so.

∗E-mail: luis.alvarez-gaume@cern.ch
†E-mail: cesar.gomez@uam.es
‡E-mail: raul.jimenez@icc.ub.edu
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Unless one has a single-field slow-roll inflaton with canonical kinetic energy, nearly all other mod-
els produce measurable amounts of non-gaussianity [5–14] with values of the parameter that measures
non-gaussianity fNL >> O(1). Even the single-field slow-roll inflaton will produce values of non-
gaussianity at the level of the tilt (∼ ns − 1) which might be detected in futuristic 21cm experiments
that measure all modes in the current horizon. The nice feature of being able to measure non-gaussian
fluctuations is that it provides all the correlators of the inflaton, thus one could construct, from observa-
tions, the effective lagrangian of the inflaton itself, very much in the fashion that is done in high-energy
physics at accelerators like the LHC for the standard model of particles and beyond.

In the minimal-inflation [15–17] scenario the field X that drives the exponential expansion of the
Universe can often be represented at low energies by a Goldstino composite GG. Our main motivation
to propose to identify the inflaton field with the order parameter of supersymmetry breaking is guided by
the fact that, independently of the particular microscopic mechanism driving supersymmetry breaking (in
what follows we will restrict ourselves to F -breaking ) we can define a superfield X whose θ component
at large distances becomes the “Goldstino" (see [18, 19]). In the UV the scalar component x of X is
well defined as a fundamental field while in the IR, once supersymmetry is spontaneously broken, this
scalar field may be expressed as a two Goldstino state. The explicit realisation of x as a fermion bilinear
depends on the low-energy details of the model. In models of low-energy supersymmetry the realization
of x as GG can be implemented by imposing a non linear constraint in the IR for the X field of the
type X2 = 0. In our approach to inflation we use one real component of the UV x field as the inflaton.
We assume the existence of a F-breaking effective superpotential for the X-superfield and we induce a
potential for x from gravitational corrections to the Kähler potential.

In this paper we show that for generic trajectories of the minimal inflation model there is a level
of generated non-gaussian fluctuations that depends directly on the scale of SUSY breaking. Therefore
the further the value of non-gaussianity in the sky is constraint by current CMB experiments like Planck,
the better we can constraint the SUSY energy scale and therefore make predictions for the feasibility of
discovering SUSY at the LHC.

As a final observation we would like to make several remarks to highlight the similarities and
differences between our approach and other attempts to identify the inflaton as well as the underlying
dynamics of inflation. The key to our approach is to identify the inflaton with the scalar component of
the goldstino superfield. This superfield is universal and implements the dynamics of SUSY breaking as
well as superconformal breaking. In our approach SUSY breaking is unavoidably linked to inflation and
the constraints we get for the SUSY breaking scale are partially dictated by requiring a SUGRA vacuum
with zero cosmological constant. Finally our approach can be understood as similar to Higgs inflation
with the important difference of using what could be understood as the Higgs of the SUSY breaking.

2 Setup
In order to study under what conditions the inflaton in our model will produce general initial conditions
for small-field slow-roll inflation, we generate randomly 1000 trajectories for different starting points in
the inflation potential (see Fig. I).

Let us briefly recall the form of the inflation potential and how inflationary trajectories are found.

In our minimal inflationary scenario [15, 16] we use only the Ferrara-Zumino (FZ) multiplet to
drive inflation. The scalar potential in the Einstein frame is given by:

VE = e
K
M2 (− 3

M2
WW̄ +GXX̄DXW DX̄W̄ ), (1)

where the Kähler metric and the Kähler covariant derivatives are given by:

GXX̄ = ∂X ∂̄X K(X, X̄) DW (X) = ∂X W (X) +
1

M2
∂X KW (X). (2)

2
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In our approach we make an explicit, but reasonably generic choice for K and W .

For us the inflaton superfield is the FZ-chiral superfield X = z+
√
2 θψ+θ2F , the order parameter

of supersymmetry breaking. We will consider the simplest superpotential implementing F-breaking of
supersymmetry. More elaborate superpotentials often reduce to this one once heavy fields are integrated
out.

W = fX + f0M (3)

with f0 some constant to be fixed later by imposing the existence of a global minimum with vanishing
cosmological constant and with f the supersymmetry breaking scale f = µ2

susy.

We are interested in sub-planckian inflation, and not in the ultraviolet complete theory that should
underlie the scenario. Hence we simply parametrize the subplanckian theory in terms of the previous
superpotential, and a general Kähler potential whose coefficient will be taken of order one. We try to use
our ignorance of the ultraviolet theory to our advantage. The Kähler potential K we consider is:

K = XX̄+
a

2M
(X2 X̄+c.c.)− b

6M2
(XX̄)2− c

9M2
(X3X̄+c.c.)+. . . −2M2 log(1+

X + X̄

M
) (4)

Which can be understood as a taylor series expansion of all terms up-to 1/M2 plus a term (the
log) that breaks R-symmetry. In our case, the scalar fields form a complex scalar field, the partner
of the goldstino field. Our complex field can be written as z = M(α + iβ)/

√
2. The potential is

V (z, z̄) = f2V (α,β), since we only include for simplicity two scales, the Planck scale M and the
supersymmetry breaking scale f1/2. In supergravity models, the gravitino mass is up to simple numerical
factors given by m3/2 ∼ f/M . It is convenient to write down dimensionless equations of motion such
that time is counted in units of f−1/2.

The system of differential equations for the trajectory becomes:

α�� + 3
a�

a
α� +

1

2
∂α log g(α

�2 − β�2) + ∂β log gα
�β� + g−1V �

α = 0

β�� + 3
a�

a
β� +

1

2
∂β log g(β

�2 − α�2) + ∂α log gα
�β� + g−1V �

β = 0

a�

a
=

H

m3/2
=

1√
3

�
1

2
g(α�2 + β�2) + V (α,β)

�1/2

(5)

The coefficients f0, a, b, c will be chosen appropriately so that we obtain flat directions. For our
purposes it is convenient to chose a = 0, as this guarantees the existence of a global minimum. f0 will
be adjusted such that the global minimum is at a vanishing value of the potential. So the model only has
b, c as free parameters, which we try to keep of order one to avoid fine-tunning in the potential.

From the collection of potentials considered, not all will show flat directions where it is possible
to inflate during enough e-foldings (> 55) for any choice of the microscopic parameters f0, a, b, c. We
will restrict to cases where the potential has a global minimum with vanishing cosmological constant and
thus we fix the value of the minimum at 0 tuning the value of f0.

We can now compute trajectories and attractors in more detail using the equations above. An
example of the potential is shown in Fig. I for values of the parameters a = 0, b = 1, c = −1.5. Note
that there is a flat direction where slow-roll takes place. We elaborate on this in the next section.

3 General initial conditions for small-field inflation
There are a number of important properties of the system of equations 5 and its solutions that are shared
by large classes of supersymmetric theories. In our approach, the inflaton is always the scalar component
of the goldstino superfield, and the Kähler potential and the superpotential completely determine its dy-
namics. For a multifield inflationary theory, with a non-canonical kinetic term, the dynamical equations

3
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Fig. I: The potential (shown in units of V/f2) as a function of the real fields (α,β) for the case with parameters
(a = 0, b = 1, c = −1.4, f0 ∼ −f ), note that this creates a very flat "bottom-valley" region, where slow-roll
conditions are fulfilled.

Fig. II: Left panel: a trajectory in the plane α,β for zero velocity initial conditions. Right panel: the equation of
state as a function of e-folds. Note that trajectory stays always in the slow-roll regime for nearly 20 e-folds.

of motion take the form:

H2 =
8πG

3

�
1

2
GijẊ

i Ẋj + V (X)

�

DẊi

dt
+ 3H Ẋi + Gij ∂j V = 0, (6)

where D/dt is the covariant derivative with respect to the metric G in field space. We can define the
energy functional for a given trajectory as:

E[X] =
1

2
GijẊ

i Ẋj + V (X). (7)

4
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Fig. III: An example of a trajectory for the potential shown in Fig. I. The left panel shows the trajectory in the
plane α,β. Note that we start the trajectory at an arbitrary position with random velocities in the steep part of the
potential. Because of the non-linear friction in our equations of motion, every time the inflaton turns, there will be
significant friction and therefore will be slowed down. This happens until it reaches the valley where it slow-rolls
as a single field inflaton. The right panel shows the equation os state (p/ρ) as a function of number of e-folds
(τ ). Recall that p/ρ ∼ (� − 1), where � is the first slow-roll parameter, so that traditional slow-roll happens when
p/ρ = −1. The trajectory generates non-gaussianity both at the largest scales (at the current horizon scale) and the
smallest (below the dwarf galaxies). It is in these scales that non-gaussianity could be generated depending on the
SUSY scale.

It is easy to see that in an expanding universe it is a monotonically decreasing function of time:

dE[X]

dt
= −3H GijẊ

i Ẋj (8)

When we use the scalar component of the goldstino superfield, the trajectories are always plane curves
in the plane (α,β) whose metric is always of Gaussian form:

ds2 = 2G(α,β) (dα2 + dβ2), (9)

and the first two equations in 5 can be succinctly written as:

z̈ + ∂z logG ż2 + 3H ż +G−1 ∂z̄ V = 0.

The slow roll equations are simply:

3H ż +G−1 ∂z̄ V = 0.

It is clarifying to analyse these equations (the first and second order sets) in terms of polar coordinates.
In the models we consider we start inflation close but below the Planck scale. In polar coordinates, the
change of the energy of the system is given by:

dE[X]

dt
= −3H G(ρ, θ) (ρ̇2 + ρ2 θ̇2), z = ρ ei θ

The initial value for ρ will be close to one in Planck units, hence if we choose some generic initial
conditions with an arbitrary direction for the speed of the field, it is clear that for high values of θ̇
the slashing of the angular component will rapidly damp the energy and the field will join any of the

5
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0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.5

1.0

1.5

Fig. IV: Left panel: polar plot of the potential used to compute inflationary trajectories. Right panel: contour plot
version of the left panel (θ (y-axis) range from 0 to π/2) with some inflationary trajectories over-plotted.

trajectories determined by the extrema of the potential with respect to the angular variable ∂θ V = 0.
From the angular part of the slow roll equations one sees easily that those constant θ = θ0 satisfying the
extremum condition are exact solutions to the slow roll equations. Each of those values is a potential
attractor. General trajectories will join one of this attractors and then the ρ will roll to the origin as in
single field inflation theories. The number of e-folding generated will depend, of course, on the initial
conditions and the parameters of the model, but it is important to remark that in most models in this
approach it is typical to obtain a number of order ten e-foldings. The number of effective attractor
trajectories depends on the potential and the metric.

If we analyse the full set of second order equations, hence without the slow roll conditions, the
conclusions are rather similar. The attractor-like trajectories, i.e. exact solutions with θ = θ0 constant
are also characterised by the extremal point of the potential with respect to the angle. Some examples
can be found in the figures below. For some values of the parameters of our model, we plot the potential
in polar coordinates. It is easy to see attractor trajectories in the three dimensional plot in Fig. I, and also
the corresponding valleys of attraction in Fig. IV, which portrays the same potential but in a contour plot.

In the next section we explore some explicit examples and trajectories with reasonable number of
efoldings. The general remarks just presented of course apply to the cases studied below.

4 Examples
As explained before, we always need to set a = 0, so we concentrate on the values of b and c. From
a Monte-Carlo simulation that samples more that 1000 values for b and c we have found that the most
favourable values to produce enough e-folds is when b ∼ −c , so from now on we focus on this case.
This is the case already depicted in Fig. I. Note the main features of the potential: a very steep part at
values of the field ∼ M , a flat part at < M and finally a global minimum. Let us start with a trajectory
where the field starts near the flat part. This is shown in Fig. II. the left panels shows the trajectory in the
plane α,β while the right panel shows the value of the equation of state p/ρ, recall that slow-roll implies
p/ρ ∼ −1 ∼ (� − 1) where � is the first slow-roll parameter, as a function of the number of e-folds (τ ).
First, the trajectory is very flat (note the small values of p/ρ on the y-axis) but last only for about 20

6
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Fig. V: Dark-red thick line shows the prediction for our model in the plane r− ns (plot adapted from Planck team
release).

e-fold, enough to explain the observed universe but not its flatness.

So we now explore the case when the field starts from the steeper part at positions of the field
∼ M and with arbitrary position in velocity and direction. An example is shown in Fig. III. First, note
that despite the initial steepness of the potential and arbitrary velocity, the field is slowed-down by the
non-linear friction terms at the turns. This period os “slashing" ends into the field reaching nearly zero
velocity at the beginning of the flat part of the potential. From the right panel we observe that this early
phase provides a few e-folds before entering the slow-roll phase that last for about 25 e-folds. The field
then exits slow-roll and enters a final phase of no slow-roll adding and extra 10 e-folds. In total we obtain
the required 45 e-folds to explain flatness and the required slow roll phase to explain the observed slope
of the primordial power spectrum ns = 0.96± 0.007.

This is typical of what we found in the Monte-Carlo simulation for arbitrary trajectories starting
at positions of the field ≥ M . Note that because we do not have control on how the potential behaves
beyond values of the field of M , it is important that even for very steep values the non-linear friction is
efficient at slowing down the inflaton and providing initial conditions for slow-roll.

Thus general trajectories in our model look very much like the one in Fig. III. Note that obtaining
order 50 e-folds is not difficult with values of b, c order one (as in Fig. I). More e-folds can be obtained
if the values of b, c are tune in one part in 100, although this does not seem to be necessary. We note that
further fine-tuning of the parameters will not lead to any improvement of the model.

We show the general prediction of our model for the ratio of tensor-to-scalar perturbations in
Fig. V. As expected [20], because of the small displacement of the field (Δα,β ∼ 0.2 − 0.3M ), r is
small ∼ 0.001.

5 Non-gaussianities

We now answer the following question: will non-gaussian fluctuations be generated by our model? We
first note that the kinetic term is always non-canonical, but weakly so for α,β < 1 as can be seen from
the choice of the Kahler potential. So although our inflaton is a “pion" we will not generate any non-
gaussianity from this source. The only place where one could generate measurable non-gaussianity is
from those situations in which the inflaton turns.

We can estimate the value of the non-gaussian fluctuations following [21]. The overall level of
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non-gaussianity is given by their Eq. 17, which reads

f int
NL = α(ν)

1

P
1/2
ξ

�−V ���

H

��
θ̇

H

�3

(10)

where V ��� is the third derivative of the potential at the turn, θ̇ is the angular velocity of the inflaton as
it turns, Pξ is the power spectrum of the fluctuations and α(ν) is a numerical factor (which we compute
using [22]).

In order to estimate the different terms in the above equation in our models we proceed as follows:
we generate 1000 random trajectories for different values of our potential, but limited to the case where
c = −g × b, where g is a number between 1 − 2, as we know by previous experience that this is the
case when the potential can harbour trajectories with O(40 − 50) efolds; we also limit b, c to have the
freedom to vary only in the first decimal place as to not produce fine tunning of the potential. Finally, the
trajectory are all started with random values for both position and velocity at different values of the two
real fields α,β. A typical trajectory is shown in Fig. III. Note that the interesting part of the trajectory
where non-gaussianities can be generated are at very large scales, comparable to the horizon scale today
and at scales smaller than dwarf galaxies, i.e. very small scale perturbations. This behaviour is typical
of our model for most trajectories.

From this set of trajectories we compute the distribution of θ̇ and V ���. This is shown in Fig. VI.
We can now evaluate Eq. 10 noting that α(ν) ∼ 10, θ̇

H ∼ 10, P 1/2
ξ = 6× 10−9 and −V ���

H ∼ 5(f/M2),
thus the relation between the SUSY breaking scale and the level of non-gaussianity reads

�
f =

√
fNL

105
M (11)

Using current observational limits from Planck [2] (fNL < 14), and adopting the minimum amount of
non-gaussian fluctuations allowed by single-field inflation [23], provides a very tight constraint for the
SUSY breaking energy scale

√
f = 3− 7× 1013 GeV at 95% confidence.

In passing we note that the turns will generate isocurvature fluctuations at a level similar to the
one needed to explain the observed power asymmetry at large scales [24, 25]; we will elaborate on this
subject in a future publication.

6 Conclusions
We have presented in this article some more quantitative phenomenological findings for our proposal
to identify the inflaton with the order parameter of SUSY breaking. We are motivated by finding a
physical candidate for the inflaton, which seems to be the paradigm supported by current cosmological
observations [1] to explain the origin, size, flatness and perturbations of the Universe. The model is
successful at answering questions about the fundamental physics behind inflation. In particular:

1. Why does the inflaton start the slow-roll phase with nearly zero velocity? Because the non-linear
friction term (loss of angular momentum) provided by the fact that we have broken R-symmetry;
this produces a "slashing" phase.

2. Why does the universe inflate ∼ 50 e-folds? Because the inflaton rolls for about one Planck mass.
3. Why is the value of the CMB fluctuations the observed one? Due to the fact that in this model the

fluctuations are proportional to the SUSY breaking scale, so thus the value of the fluctuations on
the sky are linked to the energy chosen by nature to break SUSY.

4. Why does inflation end? At low energies the inflaton "integrates itself out" and manifests as a
fermi gas of goldstinos, thus not behaving anymore as a scalar field.

8
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Fig. VI: The probability distribution for the values of θ (angle of the turn), V ��� (third derivative of the potential)
and t (time it takes to turn) as derived from 1000 random trajectories generated for different initial conditions
and values of the potential that generate at least 45 e-folds. These values are used to compute the amount of
non-gaussianity generated in the trajectories.

Our model makes a very precise prediction: that the scale of SUSY breaking has to be at ∼ 1013

GeV. This can be tested in the next LHC run starting in 2015. This relatively high energy scale implies
that the possibility of observing SUSY at the LHC is slim but not completely excluded. The details will
depend on the explicit parameters chosen to make contact with the low energy world (∼ 10 TeV).
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Mass hierarchy and string phenomenology in the LHC era
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Abstract
I will discuss the status of the mass hierarchy problem and prospects for be-
yond the Standard Model physics in the light of the Higgs scalar discovery at
the LHC and the experimental searches for new physics. In particular, I will
discuss in this context low energy supersymmetry, living with the fine tuning
and strings at the TeV scale.

1 Introduction
During the last few decades, physics beyond the Standard Model (SM) was guided from the problem of
mass hierarchy. This can be formulated as the question of why gravity appears to us so weak compared
to the other three known fundamental interactions corresponding to the electromagnetic, weak and strong
nuclear forces. Indeed, gravitational interactions are suppressed by a very high energy scale, the Planck
mass MP ∼ 1019 GeV, associated to a length lP ∼ 10−35 m, where they are expected to become
important. In a quantum theory, the hierarchy implies a severe fine tuning of the fundamental parameters
in more than 30 decimal places in order to keep the masses of elementary particles at their observed
values. The reason is that quantum radiative corrections to all masses generated by the Higgs vacuum
expectation value (VEV) are proportional to the ultraviolet cutoff which in the presence of gravity is
fixed by the Planck mass. As a result, all masses are “attracted" to about 1016 times heavier than their
observed values.

Besides compositeness, there are two main theories that have been proposed and studied exten-
sively during the last years, corresponding to different approaches of dealing with the mass hierarchy
problem. (1) Low energy supersymmetry with all superparticle masses in the TeV region. Indeed, in the
limit of exact supersymmetry, quadratically divergent corrections to the Higgs self-energy are exactly
cancelled, while in the softly broken case, they are cutoff by the supersymmetry breaking mass split-
tings. (2) TeV scale strings, in which quadratic divergences are cutoff by the string scale and low energy
supersymmetry is not needed. Both ideas are experimentally testable at high-energy particle colliders
and in particular at LHC. Another option is to live with the hierarchy, addressing differently questions
such as gauge coupling unification, dark matter candidate and electroweak (EW) vacuum stability. Split
supersymmetry is an interesting example of such a possibility. All these ideas are experimentally testable
at high-energy particle colliders and in particular at the LHC.

On the other hand, the recent major discovery of the Higgs boson at the LHC with a mass around
126 GeV is so far compatible with the Standard Model within 2σ and its precision tests. It is also
compatible with low energy supersymmetry, although with some degree of fine-tuning in its minimal
version. Indeed, in the minimal supersymmetric Standard Model (MSSM), the lightest Higgs scalar
mass mh satisfies the following inequality:

m2
h
<∼ m2

Z cos2 2β +
3

(4π)2
m4

t

v2

�
ln

m2
t̃

m2
t

+
A2

t

m2
t̃

�
1− A2

t

12m2
t̃

��
<∼ (130GeV )2 , (1)

where the first term in the r.h.s. corresponds to the tree-level prediction and the second term includes the
one loop corrections due to the top and stop loops. Here, mZ ,mt,mt̃ are the Z-boson, the top and stop
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quark masses, respectively, v =
�
v21 + v22 with vi the VEVs of the two higgses, tanβ = v2/v1, and At

the trilinear stop scalar coupling. Thus, a Higgs mass around 126 GeV requires a heavy stop mt̃ � 3
TeV for vanishing At, or At � 3mt̃ � 1.5 TeV in the ‘best’ case. These values are obviously consistent
with the present LHC bounds on supersymmetry searches, but they will certainly be probed in the next
run at double energy. Theoretically, they imply a fine-tuning of the EW scale at the percent to per mille
level. This fine-tuning can be alleviated in supersymmetric models beyond the MSSM, as discussed in
the next session.

2 MSSM Higgs sector with dimension-five and dimension-six operators
Although extremely successful, the Standard Model or its supersymmetric version (MSSM) is not a
fundamental theory, and this motivated the theoretical efforts to understand the nature of new physics
beyond it. This search can be done using an effective field theory approach, in which the “new physics”
is parametrised by effective operators. The power of this approach resides in arranging these operators
in powers of 1/M∗ where M∗ is the scale of new physics that generated them. To improve the predictive
power, one considers additional organising principles, such as: (i) symmetry constraints that these oper-
ators should respect, often inspired by phenomenology (for example: R-parity, lepton or baryon number
conservation, etc). (ii) a truncation of the series of operators to a given order in the power of the inverse
scale 1/M∗. The effective low-energy Lagrangian then takes the form

L = L0 +
�

i,n

cn,i
Mn∗

On,i (2)

where L0 is the SM or the MSSM Lagrangian; On,i is an operator of dimension d = n + 4 with the
index i running over the set of operators of a given dimension; cn,i are some coefficients of order O(1).
This description is appropriate for scales E which satisfy E � M∗. Constraints from phenomenology
can then be used to set bounds on the scale of new physics M∗.

Regarding the origin of operators On,i, they can be generated classically or at the quantum level.
At the classical level, this can happen by integration of some new massive states, via the equations of
motion and one then generates an infinite series. This can happen even in 4D renormalisable theories;
indeed, even though the low energy interaction looks nonrenormalisable, it may actually point to a renor-
malisable theory valid up to a much higher scale (a familiar example is the Fermi interaction). Such
effective operators are also generated at the quantum level, for example following compactification of a
higher dimensional theory, by the radiative corrections associated with momentum and winding modes
of the compactification [1–5].

The effects of these operators on the low energy observables can be comparable to the radiative
effects of light states in the SM/MSSM [6] and this shows the importance of their study. In the following
we shall study these effects to the case of the MSSM Higgs sector with additional operators of dimensions
d = 5 and d = 6. In particular we show that the mass of lightest SM-like Higgs can easily be increased
close to the observed value by new physics in the region of few TeV. We then discuss the nature of the
“new physics” behind the effective operators.

2.1 MSSM with d=5 operators.
As an application, consider the MSSM extended by all possible d = 5 operators that respect R-parity,
baryon and lepton number symmetry. The Lagrangian is L = L0 + L(5) where

L0 =

�
d4θ

�

i=1,2

Zi(S, S
†)H†

i e
Vi Hi +

��
d2θ µ0 (1 +B0 S)H1.H2 + h.c.

�
+ · · ·

+

�
d2θ
�
QλU (S)U

cH2 −QλD(S)D
cH1 − LλE(S)E

cH1

�
+ h.c. (3)
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The dots stand for Higgs-independent terms and Zi(S, S
†) = 1− ci S

†S, ci ∼ O(1). Further

L(5) =
1

M∗

�
d4θ
�
H†

1 e
V1QYUU

c +H†
2 e

V2QYDD
c +H2

† eV2LYEE
c (4)

+ aDα
�
bH2e

−V1
�
Dα

�
c eV1H1

�
+ δ(θ

2
)
�
QU c TQQDc +QU c TL LEc + λH(H1H2)

2
�
+h.c.

�

with a standard notation. We introduced here some spurion dependent functions: a, b, c, Z1,2, YF , F =
U,D,E, which are general functions of (S, S†) while TQ, TL, λH , are holomorphic functions of S.
Here S = m0θ

2 is the spurion superfield and m0 the supersymmetry breaking scale, with m0 =
�Fhidden�/MP , so supersymmetry breaking is transmitted via gravitational interaction. Any supersym-
metry breaking associated with the presence of the above interactions is included using the spurion field
technique. Not all operators in (4) are independent [6]. To remove the redundant operators we use field
re-definitions:

H1 → H1 −
1

M∗
D

2
�
Δ1H

†
2 e

V2 (iσ2)
�T

+
1

M∗
Q ρU U c

H2 → H2 +
1

M∗
D

2
�
Δ2H

†
1 e

V1 (iσ2)
�T

+
1

M∗
Q ρD Dc +

1

M∗
L ρE Ec (5)

where ρF = ρF (S), F = U,D,E, Δi = Δi(S, S
†), i = 1, 2, can be chosen arbitrarily. To avoid the

presence of flavour changing neutral currents, the following simple ansatz can be made:

TQ(S) = cQ(S) λU (0)⊗ λD(0), TL(S) = cL(S)λU (0)⊗ λE(0),

ρF (S) = cF (S) λF (0), YF (S, S
†) = yF (S, S

†) λF (0), F = U,D,E. (6)

and, as usual λF (S) = λF (0) (1 + AF S). Using a suitable choice for the (otherwise arbitrary) co-
efficients of the spurion entering in Δ1,2, one can set TQ = TL = 0 also a = b = c = 0 and
YF → yF (S

†)λF (0). Then one finds [6]

L(5) =
1

M∗

�
d4θ
�
H†

1 e
V1 QY �

U (S
†)U c +H†

2 e
V2QY �

D(S
†)Dc +H†

2 e
V2LY �

E(S
†)Ec + h.c.

�

+
1

M∗

�
d2θ λ�

H(S) (H1H2)
2 + h.c. (7)

Detailed calculations show [6] that the new Yukawa couplings Y
�
F (S

†) now depend on S† only, Y
�
F (S

†) =
λF (0) (x

F
0 + xF2 S†). After (5), the couplings of L0 also acquired, at tree level, threshold corrections

which depend on M∗ [6]. The new form of L(5) in (7) gives the minimal irreducible set of R-parity, B, L
conserving d=5 operators that can be present beyond MSSM.

A consequence of this analysis is the generation of new couplings, beyond those in the MSSM at
the tree level. For example there is a “wrong”-Higgs Yukawa coupling, that exchanges the holomorphic
dependence on one Higgs by that on the hermitian conjugate of the other [8, 9]. Such couplings do arise
in the MSSM at one-loop, after integrating out massive squarks and are suppressed by m2

0/M
2
∗×(loop-

factor). Here they are suppressed by m0/M∗ only, as seen below:
Ms

M∗

�
xU2 [λU (0)]ij (h

†
1 qL i) u

c
R j + xD2 [λD(0)]ij (h

†
2 qL i) d

c
R j + xE2 [λE(0)]ij (h

†
2 lL i) e

c
R j+h.c.

�
(8)

These couplings bring a tanβ enhancement of a prediction for a physical observable, such as the bottom
quark mass, relative to bottom quark Yukawa coupling:

mb = (1/
√
2) v cosβ

�
λb + δλb +Δλb tanβ

�
(9)

Here λb is the usual bottom quark Yukawa coupling, δλb is its one-loop correction in MSSM and Δλb

is a “wrong”-Higgs coupling’ corrections, obtained after integrating out at one-loop massive squarks in
MSSM; in our case Δλb receives an extra correction from (8), which can actually be larger than its one-
loop-generated MSSM counterpart [8, 10–12]. This can bring a tanβ enhancement of the Higgs decay
rate into bottom quarks pairs (for further details see [6]).
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2.2 MSSM Higgs sector with d=5 and d=6 operators
We can extend the previous discussion by including all effective operators of both dimension d = 5 and
d = 6 that can exist beyond the MSSM Higgs sector. This can be motivated in various ways. The MSSM
Higgs sector is a minimal construction and extension of that of the SM. It does not take into account
possible non-perturbative effects [13] or additional massive states that can couple to the Higgs sector and
generate, when integrated out, new contributions. The fine tuning [14, 15] needed to have the SM-like
Higgs mass well above the LEP bound [16] can also be a problem and it may indicate the existence of
new physics beyond the Higgs sector. Such problems may be addressed by using a model-independent
approach, using the effective operators. In the leading order, new physics beyond the MSSM Higgs
sector can manifest itself as operators of either d = 5 [6,17–19] or d = 6 [7,20] or both. If generated by
the same new physics, by comparing O(1/M∗) and O(1/M2

∗ ) terms one can estimate when the series
expansion in 1/M∗ breaks down. The operators in the Higgs sector of dimension d = 5 were:

L1 =
1

M∗

�
d2θ λ�

H(S) (H2.H1)
2+h.c. = 2 ζ10 (h2.h1)(h2.F1 + F2.h1) + ζ11m0 (h2.h1)

2 + h.c,

L2 =
1

M∗

�
d4θ

�
a(S, S†)Dα

�
b(S, S†)H2 e

−V1

�
Dα

�
c(S, S†) eV1 H1

�
+ h.c.

�
(10)

where

λ�
H(S)/M∗ = ζ10 + ζ11m0 θθ, ζ10, ζ11 ∼ 1/M∗, (11)

L1 can be generated by integrating out a massive gauge singlet or SU(2) triplet. Indeed, in the MSSM
with a massive gauge singlet, with an F-term of type M∗Σ2+ΣH1.H2, when integrating out Σ generates
L1. L2 can be generated in various ways (see Appendix A, B in [6]) but perhaps the simplest way is via
an additional pair of massive Higgs doublets of mass of order M∗. As already discussed, L2 can be
removed by general spurion-dependent field redefinitions, up to soft terms and µ term renormalisation
and O(1/M2

∗ ) corrections [6].

We assume that m0 � M∗, so that the effective approach is reliable. If this is not respected and
the “new physics” is represented by “light” states (like the MSSM states), the 1/M∗ expansion is not
reliable and one should work in a setup where these are not integrated out.

The list of d = 6 operators is longer [21]:

O1 =
1

M2∗

�
d4θ Z1 (H†

1 e
V1 H1)

2, O5 =
1

M2∗

�
d4θ Z5 (H†

1 e
V1 H1) H2. H1 + h.c.

O2 =
1

M2∗

�
d4θ Z2 (H†

2 e
V2 H2)

2, O6 =
1

M2∗

�
d4θ Z6 (H†

2 e
V2 H2) H2. H1 + h.c.

O3 =
1

M2∗

�
d4θ Z3 (H†

1 e
V1 H1) (H

†
2 e

V2 H2), O7 =
1

M2∗

�
d2θZ7TrW

αWα (H2H1) + h.c.

O4 =
1

M2∗

�
d4θZ4 (H2. H1) (H2. H1)

†, O8 =
1

M2∗

�
d4θZ8 (H2H1)

2 + h.c. (12)

where Wα = (−1/4)D
2
e−V Dα eV is the chiral field strength of SU(2)L or U(1)Y vector superfields

Vw and VY respectively. Also V1,2 = V a
w (σ

a/2) + (∓1/2)VY with the upper (minus) sign for V1. The
remaining d = 6 operators involve extra space-time derivatives:

O9 =
1

M2∗

�
d4θ Z9H

†
1 ∇

2
eV1 ∇2H1 O12 =

1

M2∗

�
d4θ Z12H

†
2 e

V2 ∇αW (2)
α H2

O10 =
1

M2∗

�
d4θ Z10H

†
2 ∇

2
eV2 ∇2H2 O13 =

1

M2∗

�
d4θ Z13H

†
1 e

V1 W (1)
α ∇αH1
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O11 =
1

M2∗

�
d4θ Z11H

†
1 e

V1 ∇αW (1)
α H1 O14 =

1

M2∗

�
d4θ Z14H

†
2 e

V2 W (2)
α ∇αH2 (13)

Also ∇αHi = e−Vi Dα e
ViHi and W i

α is the field strength of Vi. To be general, in the above opera-
tors one should include spurion (S) dependence under any ∇α, of arbitrary coefficients, to account for
supersymmetry breaking effects associated to them. Finally, the wavefunction coefficients are spurion
dependent and have the structure

(1/M2
∗ )Zi(S, S

†) = αi0 + αi1m0 θθ + α∗
i1m0 θθ + αi2m

2
0 θθθθ, αij ∼ 1/M2

∗ . (14)

Regarding the origin of these operators: O1,2,3 can be generated in the MSSM by an additional, massive
U(1)� gauge boson or SU(2) triplets, when integrated out [17]. O4 can be generated by a massive
gauge singlet or SU(2) triplet, while O5,6 can be generated by a combination of SU(2) doublets and
massive gauge singlet. O7 is essentially a threshold correction to the gauge coupling, with a moduli
field replaced by the Higgs. O8 exists only in non-susy case, but is generated when removing the d = 5
derivative operator L2 by field redefinitions [6], so we keep it.

It can be shown that operators O9,...,14, can be eliminated along the lines discussed in the previous
sections. For example, in the absence of gauge interactions, O9 is similar to the operator in eq.(7) and
only brings a wavefunction renormalisation, O9 ∼ |µ|2/M2

∗
�
d4θH†

1H1, and similar for O10. Regarding
O11,12, in the supersymmetric case they vanish, following the definition of ∇α and an integration by
parts. Further, O13,14 are similar to O9,10, which can be seen by using the definition of W (i)

α and the
relation between ∇2, (∇2) and D2, (D2). In the presence of supersymmetry breaking, elimination of
these operators and their supersymmetry breaking contribution is still possible, up to a renormalisation
of the soft terms and µ term [6].

2.3 Higgs mass corrections from d = 5 and d = 6 operators.
With the remaining set of independent, effective operators L1, O1,....,8 of dimensions d = 5 and d = 6,
one finds the scalar potential V and its EW minimum; this is perturbed by O(1/M2

∗ ) corrections from
that of the MSSM. The expression of V is long and it is not given here (see [7] for its form). From V
one computes the mass of CP-odd/even Higgs fields. One has:

m2
A = (m2

A)MSSM − 2 ζ10 µ0 v
2

sin 2β
+ 2m0 ζ11 v

2 + δm2
A, δm2

A = O(1/M2
∗ ) (15)

for the pseudoscalar Higgs, with (m2
A)MSSM the MSSM value, with δm2

A due to O(1/M2
∗ ) corrections

from d = 5 and d = 6 operators. For the CP-even Higgs one has [6, 17, 19]

m2
h,H = (m2

h,H)MSSM

+ (2 ζ10 µ0) v
2 sin 2β

�
1± m2

A +m2
Z√

w̃

�
+

(−2 ζ11m0) v
2

2

�
1∓ (m2

A −m2
Z) cos

2 2β√
w̃

�

+ δm2
h,H , where δm2

h,H = O(1/M2
∗ ) (16)

The upper (lower) signs correspond to h (H), and w̃ ≡ (m2
A + m2

Z)
2 − 4m2

Am2
Z cos2 2β. With this

result one can show that the mass mh can be increased near the observed value, also with the help of
quantum corrections [6, 17–19].

Regarding the O(1/M2
∗ ) corrections of δm2

h,H , δm2
A and δm2

h,H of (15), (16), in the general case
of including all operators and their associated supersymmetry breaking, they have a complicated form.
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Exact expressions can be found in [7, 20]. For most purposes, an expansion of these in 1/ tanβ is accu-
rate enough. At large tanβ, d = 6 operators bring corrections comparable to those of d = 5 operators.
The relative tanβ enhancement of O(1/M2

∗ ) corrections compensates for the extra suppression that
these have relative to O(1/M∗) operators (which involve both h1, h2 and are not enhanced in this limit).
Note however that in some models only d = 6 operators may be present, depending on the details of the
“new physics” generating the effective operators.

Let us present the correction O(1/M2) to m2
h,H for the case mA is kept fixed to an appropriate

value. The result is, assuming mA>mZ , (otherwise δm2
h and δm2

H are exchanged):

δm2
h = −2 v2

�
α22m

2
0 + (α30 + α40)µ

2
0 + 2α61m0 µ0 − α20m

2
Z

�
− (2 ζ10 µ0)

2 v4 (m2
A −m2

Z)
−1

+ v2cotβ
�
(m2

A−m2
Z)

−1
�
4m2

A

�
(2α21+α31+α41+2α81)m0 µ0+(2α50+α60)µ

2
0 + α62m

2
0

�

− (2α60−3α70)m
2
Am2

Z−(2α60+α70)m
4
Z

�
+ 8 (m2

A+m2
Z) (µ0m0 ζ10 ζ11) v

2/(m2
A−m2

Z)
2
�

+ O(1/ tan2 β) (17)

A similar formula exists for the correction to mH :

δm2
H =

�
− 2
�
m0µ0 (α51 + α61) + α82),m

2
0

�
v2 + (2 ζ10 µ0)

2 v4(m2
A −m2

Z)
−1
�

+ v2cotβ
�
(m2

A−m2
Z)

−1
�
2m2

A

�
2(α11−α21)m0µ0+(α60−α50)µ

2
0+(α52−α62)m

2
0−α60m

2
A

�

−
�
4 (α11 + α21 + α31 + α41 + 2α81)m0µ0 + 6(α50 + α60)µ

2
0 + 2(α52 + α62)m

2
0

− (α50+5α60−2α70)m
2
A

�
m2

Z−(α50−α60)m
4
Z

�
−8 (m2

A+m2
Z)(µ0m0ζ10ζ11) v

2/(m2
A−m2

Z)
2
�

+ O(1/ tan2 β) (18)

The mass corrections in (17), (18) must be added to the rhs of eqs.(16) to obtain the full value of m2
h,H .

Together with (12), (14), these corrections identify the operators of d = 6 with the largest contributions,
which is important for model building beyond the MSSM Higgs sector. These operators are O2,3,4 in the
absence of supersymmetry breaking and O2,6 when this is broken. It is preferable, however, to increase
m2

h by supersymmetric rather than supersymmetry-breaking effects of the effective operators, because
the latter are less under control in the effective approach; also, one would favour a supersymmetric
solution to the fine-tuning problem associated with increasing the MSSM Higgs mass. Therefore O2,3,4

are the leading operators, with the remark that O2 has a smaller effect, of order (mZ/µ0)
2 relative to

O3,4 (for similar αj0, j = 2, 3, 4). At smaller tanβ, O5,6 can also give significant contributions, while
O7 has a relative suppression factor (mZ/µ0)

2. Note that we kept all operators Oi independent. By
doing so, one can easily single out the individual contribution of each operator, which helps in model
building, since not all operators are present in a specific model.

One limit to consider is that where the operators of d = 6 have coefficients such that their contri-
butions add up to maximise δm2

h. Since αij are not known, one can choose:

− α22 = −α61 = −α30 = −α40 = α20 > 0 (19)

In this case, at large tanβ:

δm2
h ≈ 2 v2α20

�
m2

0 + 2m0µ0 + 2µ2
0 + m2

Z

�
(20)

A simple numerical example is illustrative. For m0 = 1 TeV, µ0 = 350 GeV, and with v ≈ 246 GeV,
one has δm2

h ≈ 2.36α20 × 1011 (GeV)2. Assuming M∗ = 10 TeV and ignoring d = 5 operators,
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with α20 ∼ 1/M2
∗ and the MSSM value of mh taken to be its upper classical limit mZ (reached for

large tanβ), we obtain an increase of mh from d = 6 operators alone of about Δmh = 12.15 GeV to
mh ≈ 103 GeV. An increase of α20 by a factor of 2.5 to α20 ∼ 2.5/M2

∗ would give Δmh ≈ 28 GeV to
mh ≈ 119.2 GeV, which is already above the LEP bound. Note that this increase is realised even for a
scale M∗ of “new physics” beyond the LHC reach.

The above choice of M∗ = 10 TeV was partly motivated by the fine-tuning results [18] (for d = 5
operators) and on convergence grounds: the expansion parameter of our effective analysis is mq/M∗
where mq is any scale of the theory, in particular it can be m0. For a susy breaking scale m0 ∼ O(1)
TeV (say m0 = 3 TeV) and c1,2 or αij of Zi(S, S

†) of order unity (say c1,2 = 2.5) one has for M∗ = 10
TeV that c1,2m0/M∗ = 0.75 which is already close to unity, and at the limit of validity of the effective
expansion in powers of 1/M∗. To conclude, even for a scale of “new physics” above the LHC reach, one
can still classically increase mh to near the LHC measured value.

2.4 Final remarks

The final step is to identify the nature of “new physics” that generated the operators with the largest
correction to mh, ideally from a renormalisable model. At the level of dimension d = 5 operators, this is
clear from previous discussion: a massive gauge singlet can generate operator L1 of (10) and the needed
increase of mh, for a scale M∗ ∼ 5 − 10 TeV [18]; this can provide a solution to the little hierarchy
problem, provided that one can fix dynamically the scale M∗.

For dimension-six operators, from the above discussion one finds that to increase mh it is needed
that one or more of the following conditions are satisfied:

α20 > 0, α30 < 0, α40 < 0 (21)

First recall that O1,2,3 can be most easily generated by integrating out a massive gauge boson U(1)� or
SU(2) triplets [17], while O4 can be generated by a massive gauge singlet or SU(2) triplets. Let us
discuss the signs of the operators when they are generated as above:

(a): Integrating out a massive vector superfield U(1)� under which Higgs fields have opposite charges
(to avoid a Fayet-Iliopoulos term), one finds α20<0 and α30>0 (also α10<0) [17], which is opposite to
what we need. This can be changed, if for example there are additional pairs of massive Higgs doublets
also charged under new U(1)�; then O3 could be generated with α30 < 0.

(b): Integrating massive SU(2) triplets that couple to the MSSM Higgs sector would bring α20 > 0,
α40<0, α30 > 0, so the first two relations agree with what we need.

(c): Integrating a massive gauge singlet would bring α40 > 0, which would instead decrease mh.

Finally, at large tanβ, due to additional corrections that effective operators bring to the ρ param-
eter [22], it turns out that α40 and α30 can have the largest correction to m2

h, while avoiding ρ-parameter
constraints. The case of a massive gauge singlet or additional U(1)� vector superfield (giving O3,4)
have the advantage of preserving gauge couplings unification at one-loop. Following the above informa-
tion, one can proceed to construct explicit models with additional states that can generate these effective
operators.

Let us mention that the method provided here to reduce the fine tuning in the MSSM for mh,
relies on introducing an additional scale in the visible sector, due to “new physics” in this sector. Other
solutions to this problem may exist, which essentially rely on a low scale in the hidden sector of su-
persymmetry breaking [23]. In this case the quartic coupling and the mass of the SM-like Higgs are
increased by a factor proportional to (µ2/f)2, where f is the hidden sector supersymmetry breaking
scale. While not without problems, the advantage of this latter method is that it does not pay the “cost”
of an additional parameter (scale) in the visible sector, as models with effective operators do.
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3 Strings and extra dimensions
The appropriate and most convenient framework for low energy supersymmetry and grand unification
is the perturbative heterotic string. Indeed, in this theory, gravity and gauge interactions have the same
origin, as massless modes of the closed heterotic string, and they are unified at the string scale Ms. As a
result, the Planck mass is predicted to be proportional to Ms:

MP = Ms/g , (22)

where g is the gauge coupling. In the simplest constructions all gauge couplings are the same at the string
scale, given by the four-dimensional (4d) string coupling, and thus no grand unified group is needed for
unification. In our conventions αGUT = g2 � 0.04, leading to a discrepancy between the string and
grand unification scale MGUT by almost two orders of magnitude. Explaining this gap introduces in
general new parameters or a new scale, and the predictive power is essentially lost. This is the main
defect of this framework, which remains though an open and interesting possibility.

The other other perturbative framework that has been studied extensively in the more recent years
is type I string theory with D-branes. Unlike in the heterotic string, gauge and gravitational interactions
have now different origin. The latter are described again by closed strings, while the former emerge
as excitations of open strings with endpoints confined on D-branes [24]. This leads to a braneworld
description of our universe, which should be localized on a hypersurface, i.e. a membrane extended in p
spatial dimensions, called p-brane (see Fig. 1). Closed strings propagate in all nine dimensions of string
theory: in those extended along the p-brane, called parallel, as well as in the transverse ones. On the
contrary, open strings are attached on the p-brane. Obviously, our p-brane world must have at least the

open string

closed string

Extra dimension(s) perp. to the brane

M
in

k
o
w

sk
i 

3
+

1
 d

im
en

si
o
n
s

d   extra dimensions

||

p=3+d -dimensional brane
// 

3-dimensional brane

Fig. 1: D-brane world universe in type I string framework.

three known dimensions of space. But it may contain more: the extra d� = p−3 parallel dimensions must
have a finite size, in order to be unobservable at present energies, and can be as large as TeV−1 ∼ 10−18
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m [25]. On the other hand, transverse dimensions interact with us only gravitationally and experimental
bounds are much weaker: their size should be less than about 0.1 mm [26]. In the following, I review the
main properties and experimental signatures of low string scale models [27].

3.1 Framework of low scale strings
In type I theory, the different origin of gauge and gravitational interactions implies that the relation
between the Planck and string scales is not linear as (22) of the heterotic string. The requirement that
string theory should be weakly coupled, constrain the size of all parallel dimensions to be of order of the
string length, while transverse dimensions remain unrestricted. Assuming an isotropic transverse space
of n = 9− p compact dimensions of common radius R⊥, one finds:

M2
P =

1

g2s
M2+n

s Rn
⊥ , gs � g2 . (23)

where gs is the string coupling. It follows that the type I string scale can be chosen hierarchically smaller
than the Planck mass [27, 28] at the expense of introducing extra large transverse dimensions felt only
by gravity, while keeping the string coupling small [27]. The weakness of 4d gravity compared to gauge
interactions (ratio MW /MP ) is then attributed to the largeness of the transverse space R⊥ compared to
the string length ls = M−1

s .

An important property of these models is that gravity becomes effectively (4 + n)-dimensional
with a strength comparable to those of gauge interactions at the string scale. The first relation of Eq. (23)
can be understood as a consequence of the (4 + n)-dimensional Gauss law for gravity, with M

(4+n)
∗ =

M2+n
s /g4 the effective scale of gravity in 4+n dimensions. Taking Ms � 1 TeV, one finds a size for the

extra dimensions R⊥ varying from 108 km, .1 mm, down to a Fermi for n = 1, 2, or 6 large dimensions,
respectively. This shows that while n = 1 is excluded, n ≥ 2 is allowed by present experimental bounds
on gravitational forces [26, 29]. Thus, in these models, gravity appears to us very weak at macroscopic
scales because its intensity is spread in the “hidden" extra dimensions. At distances shorter than R⊥, it
should deviate from Newton’s law, which may be possible to explore in laboratory experiments.

3.2 Large number of species
Here, we open a parenthesis to describe that low scale gravity with large extra dimensions is actually a
particular case of a more general framework, where the ultraviolate (UV) cutoff is lower than the Panck
scale due to the existence of a large number of particle species coupled to gravity [30]. Indeed, it was
shown that the effective UV cutoff M∗ is given by

M2
∗ = M2

P /N , (24)

where the counting of independent species N takes into account all particles which are not broad reso-
nances, having a width less than their mass. The derivation is based on black hole evaporation but here
we present a shorter argument using quantum information storage [31]. Consider a pixel of size L con-
taining N species storing information. The energy required to localize N wave functions is then given
by N/L, associated to a Schwarzschild radius Rs = N/LM2

P . The latter must be less than the pixel
size in order to avoid the collapse of such a system to a black hole, Rs ≤ L, implying a minimum size
L ≥ Lmin with Lmin =

√
N/MP associated precisely to the effective UV cutoff M∗ = Lmin given in

eq. (24). Imposing M∗ � 1 TeV, one should then have N ∼ 1032 particle species below about the TeV
scale!

In the string theory context, there are two ways of realizing such a large number a particle species
by lowering the string scale at a TeV:

1. In large volume compactifications with the SM localized on D-brane stacks, as described in the
previous section. The particle species are then the Kaluza-Klein (KK) excitations of the graviton
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(and other possible bulk modes) associated to the large extra dimensions, given by N = Rn
⊥l

n
s , up

to energies of order M∗ � Ms.
2. By introducing an infinitesimal string coupling gs � 10−16 with the SM localized on Neveu-

Schwarz NS5-branes in the framework of little strings [32]. In this case, the particle species are
the effective number of string modes that contribute to the black hole bound [33]: N = 1/g2s and
gravity does not become strong at Ms ∼ O(TeV).

Note the both TeV string realizations above are compatible with the general expression (23), but in the
second case there is no relation between the string and gauge couplings.

3.3 Experimental implications in accelerators
We now turn to the experimental predictions of TeV scale strings. Their main implications in particle
accelerators are of four types, in correspondence with the four different sectors that are generally present:

1. New compactified parallel dimensions; In this case RMs >∼ 1, and the associated compactifica-
tion scale R−1

� would be the first scale of new physics that should be found increasing the beam
energy [25,34]. The main consequence is the existence of KK excitations for all SM particles that
propagate along the extra parallel dimensions. These can be produced on-shell at LHC as new
resonances [35].

2. New extra large transverse dimensions and low scale quantum gravity,. The main experimental
signal is gravitational radiation in the bulk from any physical process on the world-brane [36].

3. Genuine string and quantum gravity effects. Direct production of string resonances in hadron
colliders leads generically to a universal deviation from Standard Model in jet distribution [37].
In particular, the first Regge excitation of the gluon has spin 2 and a width an order of magnitude
lower than the string scale, leading to a characteristic peak in dijet production; similarly, the first
excitations of quarks have spin 3/2.

4. Extra U(1)’s arising generically in D-brane models as part of unitary gauge group factors. They
obtain in general masses due to four- or higher-dimensional anomalies, via the so-called Green-
Schwarz anomaly cancellation mechanism involving axionic fields from the closed string sector.
The resulting masses are therefore suppressed by a loop factor compared to the string scale. From
the low energy point of view, they gauge global symmetries of the Standard Model, such as the
baryon and lepton number. An important property of the anomaly cancellation mechanism is that
the anomalous U(1) gauge bosons acquire masses leaving behind the corresponding global sym-
metries unbroken in perturbation theory. Thus, this is a way to guarantee proton stability (from
unbroken baryon number) and avoid large Majorana neutrino masses (from unbroken lepton num-
ber) due to dimension-5 operators involving two higgses and two leptons that are suppressed only
by the TeV string scale. Such extra U(1)s have interesting properties and distinct experimental
signatures [38–40].

5. Concerning possible micro-black hole production, note that a string size black hole has a horizon
radius rH ∼ 1 in string units, while the Newton’s constant behaves as GN ∼ g2s . It follows that
the mass of a d-dimensional black hole is [41]: MBH ∼ r

d/2−1
H /GN � 1/g2s . Using the value of

the SM gauge couplings gs � g2 ∼ 0.1, one finds that the energy threshold MBH of micro-black
hole production is about four orders of magnitude higher than the string scale, implying that one
would produce 104 string states before reaching MBH.

3.4 Electroweak symmetry breaking
Non-supersymmetric TeV strings offer also a framework to realize gauge symmetry breaking radiatively.
Indeed, from the effective field theory point of view, one expects quadratically divergent one-loop con-
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tributions to the masses of scalar fields. The divergences are cut off by Ms and if the corrections are
negative, they can induce electroweak symmetry breaking and explain the mild hierarchy between the
weak and a string scale at a few TeV, in terms of a loop factor [42]. More precisely, in the minimal case
of one Higgs doublet H , the scalar potential is:

V = λ(H†H)2 + µ2(H†H) , (25)

where λ arises at tree-level. Moreover, in any model where the Higgs field comes from an open string
with both ends fixed on the same brane stack, it is given by an appropriate truncation of a supersymmetric
theory. Within the minimal spectrum of the SM, λ = (g22 + g�2)/8, with g2 and g� the SU(2) and U(1)Y
gauge couplings. On the other hand, µ2 is generated at one loop:

µ2 = −ε2 g2M2
s , (26)

where ε is a loop factor that can be estimated from a toy model computation and varies in the region
� ∼ 10−1 − 10−3.

Indeed, consider for illustration a simple case where the whole one-loop effective potential of a
scalar field can be computed. We assume for instance one extra dimension compactified on a circle
of radius R > 1 (in string units). An interesting situation is provided by a class of models where a
non-vanishing VEV for a scalar (Higgs) field φ results in shifting the mass of each KK excitation by a
constant a(φ):

M2
m =

�
m+ a(φ)

R

�2

, (27)

with m the KK integer momentum number. Such mass shifts arise for instance in the presence of a
Wilson line, a = q

� dy
2πgA, where A is the internal component of a gauge field with gauge coupling g,

and q is the charge of a given state under the corresponding generator. A straightforward computation
shows that the φ-dependent part of the one-loop effective potential is given by [43]:

Veff = −Tr(−)F
R

32π3/2

�

n

e2πina
� ∞

0
dl l3/2fs(l) e

−π2n2R2l (28)

where F = 0, 1 for bosons and fermions, respectively. We have included a regulating function fs(l)
which contains for example the effects of string oscillators. To understand its role we will consider the
two limits R >> 1 and R << 1. In the first case only the l → 0 region contributes to the integral.
This means that the effective potential receives sizable contributions only from the infrared (field theory)
degrees of freedom. In this limit we would have fs(l) → 1. For example, in the string model considered
in [42]:

fs(l) =

�
1

4l

θ2
η3

(il +
1

2
)

�4
→ 1 for l → 0, (29)

and the field theory result is finite and can be explicitly computed. As a result of the Taylor expansion
around a = 0, we are able to extract the one-loop contribution to the coefficient of the term of the
potential quadratic in the Higgs field. It is given by a loop factor times the compactification scale [43].
One thus obtains µ2 ∼ g2/R2 up to a proportionality constant which is calculable in the effective field
theory. On the other hand, if we consider R → 0, which by T -duality corresponds to taking the extra
dimension as transverse and very large, the one-loop effective potential receives contributions from the
whole tower of string oscillators as appearing in fs(l), leading to squared masses given by a loop factor
times M2

s , according to eq. (26).

More precisely, from the expression (28), one finds:

ε2(R) =
1

2π2

� ∞

0

dl

(2 l)5/2
θ42
4η12

�
il +

1

2

�
R3
�

n

n2e−2πn2R2l , (30)
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Fig. 2: The coefficient ε of the one loop Higgs mass (26).

which is plotted in Fig. 2. For the asymptotic value R → 0 (corresponding upon T-duality to a large
transverse dimension of radius 1/R), ε(0) � 0.14, and the effective cut-off for the mass term is Ms, as
can be seen from Eq. (26). At large R, µ2(R) falls off as 1/R2, which is the effective cut-off in the limit
R → ∞, as we argued above, in agreement with field theory results in the presence of a compactified
extra dimension [44, 45]. In fact, in the limit R → ∞, an analytic approximation to ε(R) gives:

ε(R) � ε∞
MsR

, ε2∞ =
3 ζ(5)

4π4
� 0.008 . (31)

The potential (25) has the usual minimum, given by the VEV of the neutral component of the Higgs
doublet v =

�
−µ2/λ. Using the relation of v with the Z gauge boson mass, M2

Z = (g22 + g�2)v2/4,
and the expression of the quartic coupling λ, one obtains for the Higgs mass a prediction which is the
Minimal Supersymmetric Standard Model (MSSM) value for tanβ → ∞ and mA → ∞: mH = MZ .
The tree level Higgs mass is known to receive important radiative corrections from the top-quark sector
and rises to values around 120 GeV. Furthermore, from (26), one can compute Ms in terms of the Higgs
mass m2

H = −2µ2:
Ms =

mH√
2 gε

, (32)

yielding naturally values in the TeV range.
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Abstract

We study the transition of a scalar field in a fixed AdSd+1 background between
an extremum and a minimum of a potential. We first prove that two conditions
must be met for the solution to exist. First, the potential involved cannot be
generic, i.e. a fine-tuning of their parameters is mandatory. Second, at least
in some region its second derivative must have a negative upper limit which
depends only on the dimensionality d. We then calculate the boundary propa-
gator for small momenta in two different ways: first in a WKB approximation,
and second with the usual matching method, generalizing the known calcula-
tion to arbitrary order. Finally, we study a system with spontaneously broken
non-Abelian global symmetry, and show in the holographic language why the
Goldstone modes appear.

1 Introduction
The simplest example of AdS-CFT correspondence [1–3] is gravity plus a real scalar field system in
asymptotic anti-de-Sitter (AdS) space (for a partial list see [4–10]).

Apart from some special cases (see for example [11]) it is expected that the even simplified version
of such systems, i.e. the no-back-reaction limit where the gravitational coupling κ → 0, would give the
relevant information (for some reviews on this subject see for example [12–15]). Recently this has been
done in [16], where the potential of the real scalar field has been approximated by a piece-wise quadratic
potential in order to allow analytic treatment. It has been then shown that: a) in order for the solution
between the UV extremum and the IR minimum to exist, there must be some non-trivial constraint among
parameters in the potential; b) at least one region needs V �� < −d2/4, where d is the dimension of the
boundary; c) a solution of such a system has vanishing action and d) the propagator in the boundary
theory exhibits a simple 1/q2 pole as predicted by the Goldstone theorem applied to the spontaneously
broken dilatation invariance [17].

The last two points has been considered in more detail in [18] (see also [19] and [20]) following
an inspiring paper [21], where it was explicitly shown that even such a simplified system has a BPS
type solution which exhibits the Goldstone theorem for a spontaneously broken conformal invariance in
subtle way, i.e. mixing the normalizable and non-normalizable modes in the bulk at the next-to-leading
order of the matching method.

The purpose of this contribution is twofold. First, we would like to shed more light on the first
two issues, i.e. on the constraints the potential must satisfy for allowing a solution. Second, we would
like to see the 1/q2 propagator of the Goldstone in a different way, generalize the matching method at all
orders, and present few examples of its use.

‡Permanent address
∗E-mail: borut.bajc@ijs.si
†E-mail: lugo@fisica.unlp.edu.ar
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The plan of the paper is the following. After setting the notation and main formulae in Section
2,we summarize in Section 3 the wall solution found in [16]. In Section 4 we then explain the reason
for a fine-tuning of the potential parameters and explicitly show how one can find BPS-type solutions
to the first order equation of motion even in this no-backreaction limit, i.e. generalize the usual κ �= 0
expression of the potential through the superpotential to the κ → 0 limit. With it we can prove in Section
5 in complete generality that for the solution to exist, the second derivative of the scalar potential must be
smaller than −d2/4 in at least some region. In section 6 we find the same 1/q2 propagator in the q → 0
limit of the dilaton using then WKB approximation, while a long Section 7 is devoted to a detailed
analysis of the matching method to all orders. This is then used in Section 8 to show in an explicit
example what exactly makes the Goldstone boson of a global symmetry massless in the holographic
language. We conclude in section 9 with a brief summary of the results.

2 The no back-reaction limit (κ → 0)
We will consider in most of this paper a real scalar field t in d+1 dimensions with bulk euclidean action

S(bulk)[t] =

�
dd+1x

�
det gab

�
1

2
gab ∂at ∂bt+ V (t)

�
(1)

in a non-dynamical AdSd+1 background

g =
1

z2
�
dz2 + δµν dxµ dxν

�
(2)

where (xµ) are the QFT coordinates with xd ≡ i x0 the euclidean time and the AdS scale has been set to
1. The boundary is located at z = 0 (UV region) while the horizon is at z = ∞ (IR region).

The dimensionless field variable t is normalized to have extrema of the potential at t = 0, 1. More
precisely, we will consider potentials ( throughout the paper we will indicate with a dot the derivative
w.r.t. the bulk coordinate z and with a prime a field derivative)

V (0) = 0 , V �(0) = 0 ; V (1) < 0 , V �(1) = 0 , V ��(1) > 0 (3)

i.e. t = 1 will be the true minimum, while at the origin the potential can have a minimum (being a false
vacuum thus) or even a maximum, provided that it is in the Breitenlöhner-Freedman conformal window
−d2/4 < V ��(0) < 0.

We will be interested in regular, Poincarè invariant solutions t = t(z) that interpolate between the
UV (extremum at t = 0) and IR (true minimum at t = 1) regions. They obey the equation of motion

z2 ẗ(z)− (d− 1) z ṫ(z) = V �(t) (4)

and necessary behave in the UV and IR as

t(z)
z→0−−−→ aUV zΔ

UV
; t(z)

z→∞−−−→ 1 + aIR zd−ΔIR
(5)

respectively, where

ΔUV/IR ≡ d

2
+ νUV/IR ; νUV/IR ≡

�
d2

4
+m2

UV/IR (6)

with m2
UV ≡ V ��(0) and m2

IR ≡ V ��(1) > 0 (t = 1 is a minimum according to (3))1.

We recall as a last remark that the symmetries of AdS space translate in the scale invariance of
equation (4), i.e. if t(z) is a solution so it is t(λz), a fact of great relevance.

1In the window − d2

4
< V ��(0) < 0 the term zd−ΔUV

could also be present in the small z power expansion of t(z). From
the AdS/CFT point of view this term is interpreted as a source that breaks explicitly the scale invariance of the boundary QFT;
then we should not expect a Goldstone mode to appear, situation we are not interested in. These domain walls are interpreted
as dual to renormalization group flows generated by deformation of the UV CFT by a relevant operator, i.e. one of dimension
less than d [15].
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3 Analytic solutions for approximated bulk potentials
In this section we shortly summarize the results presented in [16].

The interesting region for t is between the local minimum at 0 and the global minimum at 1.
We will divide this region into a number of sections, and in each of them the potential can be locally
approximated by a quadratic form:

V (t) =
A

2
t2 +B t+ C (7)

The minimum number of such sections is three: (1) 0 < t < t1, (2) t1 < t < t2, (3) t2 < t < 1. The
coefficients in (7) are parameterized in each region as

A =





A1 > 0
A2 < 0
A3 > 0

; B =





0
−A2 tM
−A3

;

C =





0
(A1 −A2) t1

2/2 +A2 tM t1
(A2 −A3) t2

2/2 +A3 t2 −A2 tM t2 + (A1 −A2) t1
2/2 +A2 tM t1

(8)

respectively. The strange choice of C’s is required by the continuity of the potential. Furthermore, we
will require the continuity of the first derivatives of the potential which yields to

t1 =
−A2 tM
A1 −A2

; t2 =
A3 −A2 tM
A3 −A2

(9)

relations that automatically satisfy 0 < t1 < tM < t2 < 1 for any 0 < tM < 1. In this way we remain
with four relevant parameters, the Ai’s and tM .

Similarly as in (6) we introduce

Δ±
i = d/2± νi ; νi

2 ≡ d2

4
+Ai (10)

We will consider the case of real ν1,3 > 1
2 (A1,3 > 0) and pure imaginary ν2 ≡ i ν̄2 (A2 < −d2

4 ) with
ν̄2 > 0.

The solution to (4) with the piece-wise quadratic potential (7) is known

tb(z) =





t1 (z/z1)
Δ+

1 , 0 < z < z1

tM +D+ (z/z2)
Δ+

2 +D− (z/z2)
Δ−

2 , z1 < z < z2

1− (1− t2) (z/z2)
Δ−

3 , z2 < z < ∞
(11)

Continuity of the solution and its derivative at z1,2 requires

D+ =
(1− tM )Δ−

2 Δ
−
3 (ν3 − iν̄2)

2iν̄2(A3 −A2)
, D− = D∗

+ (12)

tM =

�
1− Δ+

1

Δ−
3

�
ν23 + ν̄22
ν21 + ν̄22

�1/2�
z2
z1

�d/2
�−1

(13)

ν̄2 log (z2/z1) = (2k + 1)π − α1 − α3 (14)

with

αi ≡ arctan (ν̄2/νi) , i = 1, 3 (15)

Notice here two things:
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– there is one relation (fine-tuning) among the potential parameters Ai, tM , see eqs. (13) and (14),
– ν2 needs to be purely imaginary.

The whole procedure can be repeated with more intervals, but these two conclusions still remain:
A non-trivial fine-tuning among parameters is needed, and at least in one interval ν2 = d2/4+V �� needs
to be negative. In the next two sections we will try to understand better these two issues.

4 Why the potential cannot be generic
Eqs. (13) and (14) represent the quantization condition on the potential for the solution to exist at all.
As it has been noted in [16] and remarked before, this follows from the invariance of the equation of
motion under dilatations z → λz for any positive real λ. There is thus an infinite family of solutions:
the location of the domain wall is not determined. In our previous example this is seen explicitly by
the fact that the coordinates z1 and z2 cannot be determined both, but due to dilatation invariance of the
original equation of motion only their ratio. The four equations (functions and derivatives at z1,2) cannot
be satisfied by only three parameters D+,−, z2/z1, so a non-trivial relation among potential parameters
follow. This simple counting can be easily generalized to an arbitrary number of intervals.

What happens if a fine-tuned potential changes a bit, i.e. if we relax the constraint among the
potential parameters? The numerical output will make t(z) diverge, so that for z → ∞ limit it will
not reach the unit value. In other words, the transition is not from the extremum in the origin to the
minimum at t = 1, but it escapes to infinity. In order to make the field land to the minimum, one needs a
constrained value for the model parameters.

There are two simple ways to see why there must be some constraint among the model parameters,
if we are looking for a solution of (4).

First of all, we have a second order differential equation. In the limit z → 0 this non-linear
equation can be linearized, call the two independent solutions of this linearized version t+(z) and t−(z).
Let they be defined so that for z → 0, t+(z) ∝ zΔ

UV
with ΔUV given in (6) and t−(z) ∝ zd−ΔUV

.
This second t−(z) is interpreted in the AdS-CFT dictionary as a source. All solutions to the original
full non-linear equations have to evolve only towards t+(z) for z → 0 in order for the source to vanish.
There is however no guarantee that these solutions are finite for z → ∞. In general it will not be the
case, only solutions which evolve to some linear combination a t+(z) + b t−(z) for z → 0 will be finite
in the opposite limit at z → ∞. We can enforce b = 0 and thus have a t(z) sourceless at z → 0 and
finite at z → ∞ only by carefully choosing the parameters of the original Lagrangian, i.e. the potential.
From here the fine-tuning among parameters.

Another way perhaps more familiar of setting the problem is through the linearized perturbation
equation around the assumed solution t(z). If we write the perturbation as ξ(z; q) eiq·

x
L , such equation

results (82). We can rewrite this linearized equation for perturbations in a Schrödinger-like form. Taking
ξ(z; q) = z

d−1
2 f(z; q) we get,

f̈(z; q)−
�
q2 +

1

z2

�
d2 − 1

4
+ V ��(t(z))

��
f(z; q) = 0 (16)

Now, well-known symmetry arguments (in this case related to dilatation invariance) show that ξ(z; 0) ∼
z ṫ(z) solves equation (82) with q2 = 0. But (16) is a second order linear differential equation with two
independent solutions and then standard quantum mechanics arguments work. By definition, necessary
f(z; 0) ∼ z

1
2
−νIR for z → ∞ and the solution that goes as z

1
2
+νIR must be discarded. Similarly,

f(z; 0) ∼ z
1
2
+νUV for z → 0 and the solution that goes as z

1
2
−νUV must be discarded too. The only way

for this solution of (16) to exist is that in both cases we remain with the same function. As the “energy"
is zero it cannot be quantized as it is usually the case in QM, so z ṫ(z) can exist only when a fine-tuned
relation among parameters in the potential holds, and so also the solution t(z) of (4) exists only in this
case.
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4.1 Fine-tuning the cosmological constant on the boundary
As it has been explained in [24] the fine-tuning needed for the potential parameters is nothing else than
the requirement for a vanishing cosmological constant on the boundary. To see it more explicitly we
have of course to reintroduce gravity, i.e. a non-zero κ.

Let us thus consider the gravity-scalar system defined by the action,

S =

�
dd+1x

�
|g|
�

1

2κ2
(R+ d (d− 1))− 1

2
DM t DM t− V (t)

�
(17)

The following equations of motion follow,

RMN = −d gMN + κ2
�
TMN − TP

P

d− 1
gMN

�

DKDKt = V �(t) (18)

where the energy momentum-tensor for the scalar field is,

TMN = DM t DN t−
�
1

2
DKt DKt+ V (t)

�
gMN (19)

We are going to consider the ansatz,

g = dρ2 +A2(ρ) ĝ
t = t(ρ) (20)

where ĝ ≡ ηmn ω̂
m ω̂n is the metric ({ω̂m} is a vielbein) on a d-dimensional space-time with generic

coordinates Ω . In the obvious local basis,

ωm ≡ A(ρ) ω̂m , m = 0, 1, . . . , d− 1 ; ωd ≡ dρ (21)

the connections are,

ωm
n = ω̂m

n ; ωm
d =

A�(ρ)
A(ρ)

ωm (22)

where only in this subsection a prime means d/dρ.

The two-forms defining the curvature tensor result,

Rmn = R̂mn − A�(ρ)2

A(ρ)2
ωm ∧ ωn ; Rmd = −A��(ρ)

A(ρ)
ωm ∧ ωd (23)

Finally the Ricci tensor components are,

Rmn =
1

A(ρ)2
R̂mn −

�
A��(ρ)
A(ρ)

+ (d− 1)
A�(ρ)2

A(ρ)2

�
ηmn

Rdd = −d
A��(ρ)
A(ρ)

Rmd = 0 (24)

and the Ricci scalar,

R =
1

A(ρ)2
R̂− 2 d

A��(ρ)
A(ρ)

− d (d− 1)
A�(ρ)2

A(ρ)2
(25)

With (20) and (24) the equations (18) become,

R̂mn −A2

�
A��(ρ)
A(ρ)

+ (d− 1)
A�(ρ)2

A(ρ)2
− d+

2κ2

d− 1
V (t)

�
ηmn = 0
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A��(ρ)
A(ρ)

− 1 +
κ2

d

�
t�(ρ)2 +

2

d− 1
V (t)

�
= 0

t��(ρ) + d
A�(ρ)
A(ρ)

t�(ρ)− dV

dt
(t) = 0 (26)

We have now two possible cases.

Case I: Vacuum solutions

Let us consider t(ρ) = tv an extremum of the potential, V �(tv) = 0, and let us take V (tv) = 0.
Then there exist three non equivalent, exact solutions to the gravity equations in (26),

g = dρ2 + e2ρ ĝ ; R̂mn = 0
g = dρ2 + cosh2 (ρ) ĝ ; R̂mn = −(d− 1) ηmn

g = dρ2 + sinh2 (ρ) ĝ ; R̂mn = +(d− 1) ηmn (27)

We recognize the first case as plane AdS1,d if ĝ is identified with the flat Minkowski metric, the maxi-
mally symmetric case. On the other hand, the second/third solutions correspond to Einstein space-times
of negative/positive curvature, being the most symmetric choices for ĝ the spaces AdS1,d−1/dS1,d−1

with scale L = 1. However from (18) we see that in any case the equation for the bulk metric g is just
RMN = −d gMN ; so the maximally symmetric choices should lead to the same space, i.e. the three
cases in (27) must correspond to AdS1,d sliced differently. 2 An observation: z ≡ e−ρ is the usual
coordinate with z = 0 the boundary and z = ∞ the horizon iff the ρ-coordinate is the one defined in the
patch of the first solution, i.e. ρ represents different coordinates in each line of (27).

Case II: Domain wall solutions

In this case the profile of the scalar must be non trivial; in particular we are interested in interpo-
lating solutions like the ones considered in the papers. We can however always take the weak gravity,
decoupling limit κ → 0, and we must solve the scalar equation in the background (27). Now, if we
consider the flat slicing, we found the need of fine-tuning the potential in order to get a solution. The
question is: if we interpret the other two slicings as leading to AdS and dS space-time geometries of the
boundary theory instead of Minkowski, is it necessary to fine-tuning the potential to get a domain wall
solution also in these cases?

With the new variable z = e−ρ (and for simplicity keeping the same notation for t = t(z)) the
equation to solve is,

z2ẗ(z)− (d− 1) + k(d+ 1)z2

1− kz2
zṫ(z)− dV

dt
(t) = 0 (28)

where k = +1, 0,−1 in the dS, Minkowski, AdS slicing. There is no dilatation symmetry anymore,
so no need for fine-tuning. In the language of the piece-wise-quadratic potential, all the coordinates of
different intervals can be determined, and not only ratios. No relations among parameters is needed for
the solution to exist. It is now clear the physical meaning of it: it is just the fine-tuning of the boundary
cosmological constant.

4.2 The BPS solutions
A solution that spontaneously breaks conformal invariance makes the on-shell action vanish (see for
example [23]). This is a hint that the solution may be of the BPS type, i.e. it solves a first order
equation [16]. Instead of proving this statement, we will show how one can define the superpotential that

2In fact the third form can be found in equation (3.1) of [25].
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allows a smooth κ → 0 limit. Let’s go back to (17). We will search for solutions to the equations of
motion of the form

g =
1

z2

�
d�x2 + L2 dz2

F (z)

�

t = t(z) (29)

The b.c. at the boundary z = 0 are,

t(z) → 0 ; F (z) → 1 (30)

where,
V (0) = 0 ; V �(t)|t=0 = 0 (31)

This assures for the solution to be asymptotically AdS with fixed radius L = 1.

At the horizon z = ∞ we impose,

t(∞) < ∞ ; F (z) = Fh +O
�
1

z

�
(32)

The equations of motion result

z F �(z) = κ2 z2 F (z) ṫ2(z)

zd+1 F
1
2 (z)

d

dz

�
F

1
2 (z)

zd−1

dt

dz
(z)

�
= V �(t) (33)

With no back-reaction (κ = 0), F (z) = 1 and it is the second equation to solve, just the scalar fields in
the AdS background. When back-reaction is taken into account (κ > 0) we can use the superpotential
trick. The usual choice is consider potentials which can be written as

V (t) =
1

2
W �2(t)− dκ2

4
W 2(t) +

d

κ2
(34)

Then it is possible to show that a solution of,

F (z) =
κ4

4
W 2(t)

��
t=t(z)

t�(z) =
2

κ2 z

W �(t)
W (t)

����
t=t(z)

(35)

solves (33).

This ansatz implicitly assume that κ �= 0. On the other side, if we want eventually to get the
no-backreaction limit κ → 0, we choose a potential of the form

V (t) =
1

2
W �2(t) − dW (t)− κ2 d

4
W 2(t) (36)

It is then possible to show that a solution of,

F (z) = H2(W (t))
��
t=t(z)

z ṫ(z) =
W �(t)

H(W (t))

����
t=t(z)

(37)

where

H(W ) ≡ 1 +
κ2

2
W (38)
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is a solution of (33). The κ → 0 limit is now small and points toward the potential

V (t) =
1

2
W �2(t) − dW (t) (39)

and the following BPS like equation,

z ṫ(z) = W �(t(z)) (40)

whose solutions satisfy also the full second order equation of motion (4) and for which the action (17)
vanishes.

At least for polynomial superpotentials and potentials the fine-tuning for vanishing boundary cos-
mological constant is simply the special form (39). With this we mean that all coefficients of the poly-
nomial in the potential are not independent and thus the potential itself is not generic.

Before ending this section, let us see some examples of superpotentials W (t) (in [18] we already
showed another choice).

4.2.1 The Z2 symmetric case

An interesting case consists of the sixth order potential with the Z2 symmetry t → −t. The ansatz for
the superpotential

W (t) = Δ

�
1

2
t2 − 1

4
t4
�

(41)

leads to the solution,

t(z) =
zΔ

(1 + z2Δ)1/2
(42)

From here we see that

ΔUV = Δ , ΔIR = d+ 2Δ (43)

4.2.2 A case with ΔUV and ΔIR independent

In the examples of [18] and above a correlation between the UV and IR Δ’s was present. This is however
not a generic feature of the system. In fact, choosing for example

W (t) = −1

4

�
ΔIR − (d+ΔUV )

�
t4 +

1

3

�
ΔIR − (d+ΔUV )−ΔUV

�
t3 +

ΔUV

2
t2 (44)

we get the solution

z(t) =

�
ΔUV +

�
ΔIR − (d+ΔUV )

�
t

1− t

� 1

ΔIR−d
�

t

ΔUV + (ΔIR − (d+ΔUV )) t

� 1

ΔUV

(45)

which has the limits (5) with

aUV =
�
ΔUV

�ΔIR−(d+ΔUV )
ΔIR−d ; aIR = −

�
ΔIR − d

�−ΔIR−(d+ΔUV )
ΔUV (46)

The parameters ΔUV > d/2 (corresponding to the maximum or minimum in the UV) and ΔIR >
d+ΔUV (minimum in the IR) can be otherwise arbitrary.
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5 V��(t) < −d2/4

As we said before, in a piece-wise quadratic potential at least in some interval the second derivative of
the potential must be smaller than −d2/4 for the solution to exist. Let us here show this statement for a
general potential V (t) characterized by (39). Let us define

F ≡
�

dµ W �(t)2
�
V ��(t) +

d2

4

�����
t=t(z)

(47)

where t(z) is the solution of the BPS equation (40) and to simplify the notation we will use in this
subsection the abbreviation �

dµ · · · ≡
� ∞

0
dz z−d−1 . . . (48)

and omit the field dependence. Our aim is to show that the quantity F is non-positive, so that V �� <
−d2/4 at least in some region.

First we rewrite (47) using (39)

F =

�
dµ

�
W �2 W ��2 +W �3 W ��� − d W �2 W �� +

d2

4
W �2
�

(49)

Now we use (assuming vanishing boundary terms, which is easily verified)
�

dµ W �2 =
2

d

�
dµ W �2 W �� (50)

�
dµ W �3 W ��� =

�
dµ
�
d W �2 W �� − 2 W �2 W ��2� (51)

to rewrite (49) as

F =
d

2

�
dµ W �2 W �� −

�
dµ W �2 W ��2 (52)

Finally we use the Schwartz inequality

�
dµ f g ≤

��
dµ f2

� 1
2
��

dµ g2
� 1

2

(53)

to derive from (50) �
dµ W �2 ≤ 4

d2

�
dµ W �2 W ��2 (54)

Using then (53) we get first

�
dµ W �2 W �� ≤

��
dµ W �2

� 1
2
��

dµ W �2 W ��2
� 1

2

(55)

from which finally it follows
F ≤ 0 (56)

This proves our statement: the inequality V �� < −d2/4 is valid at least in some region of z for any
potential V of the form (39).

Notice that since at the horizon (z → ∞) the potential has a minimum and at the boundary (z = 0)
a minimum or a maximum in the conformal window (i.e. V �� + d2/4 > 0), there are always an even
number of times that V �� crosses the particular value −d2/4.
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6 The WKB approximation method
Here we shall try to apply the WKB method in order to compute the two-point correlation function of
operators dual through the AdS/CFT correspondence to a bulk scalar field. The recipe to get it is to
consider the solution to the perturbation equation (82), and identify the propagator by looking at the
behavior near the boundary z → 0,

ξ(z; q) ∼ zd−ΔUV
+G2(q) z

ΔUV
(57)

The straightest way of doing it is to consider the Schrödinger-type equation (16) with “potential"

Q(z; q) ≡ q2 +
1

z2

�
d2 − 1

4
+ V ��(t(z))

�
(58)

where we remember that t(z) is the solution of (4). For simplicity we consider the case V ��(0) ≡ m2
UV >

0, although it is not necessary for the argument.

The WKB approximation results a good one if the slowly varying “Compton length" condition
holds, �����

d|Q(z; q)|− 1
2

dz

����� =
�����

Q̇(z; q)

2 |Q(z; q)| 32

������ 1 (59)

This condition applied to (58) reads,
���d2−1

4 + V ��(t(z))− 1
2 V

���(t(z)) z ṫ(z)
���

���d2−1
4 + V ��(t(z)) + q2 z2

���
3
2

� 1 (60)

From here is straightforward to see that the WKB solution is trustable for any q2 around z = 0 and
z = ∞ if,

νUV � 1

2
; νIR � 1

2
(61)

respectively, with νUV/IR as in (6). Furthermore, Q(z; q) is positive near z = 0 (and diverges quadrat-
ically there), but it is also positive for large z (going to q2 from above). What happens in the middle?
From section 5 we know that for q small enough Q(z; q) must become negative; then for some zM where
t(zM ) = tM it should have a local minimum. Then there must exist zi = zi(q), z1(q) < zM < z2(q)
such that,

zi
2 Q(zi; q) =

d2 − 1

4
+ V ��(t(zi)) + q2 zi

2 = 0 ; i = 1, 2 (62)

Near these zeroes of Q(z; q) the WKB approximation breaks down.

If we admit that V ��(tM ) is large enough then it is seen from (60) that in the region near zM the
WKB solution is trustable too. Therefore, calling I, II, III the regions near z = 0, zM and z � 1
respectively, we can write the approximate WKB solution in each region as,

ξI(z; q) = C+
I z

d
2

exp
�� z

z1
dz
z

�
z2Q(z; q)

�

(z2Q(z; q))
1
4

+ C−
I z

d
2

exp
�
−
� z
z1

dz
z

�
z2Q(z; q)

�

(z2Q(z; q))
1
4

(63)

ξII(z; q) = CII z
d
2

exp
�
i
� z
z1

dz
z

�
−z2Q(z; q)

�

(−z2Q(z; q))
1
4

+ C∗
II z

d
2

exp
�
−i
� z
z1

dz
z

�
−z2Q(z; q)

�

(−z2Q(z; q))
1
4

(64)
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ξIII(z; q) = C+
III z

d
2

exp
�� z

z2
dz
z

�
z2Q(z; q)

�

(z2Q(z; q))
1
4

+ C−
III z

d
2

exp
�
−
� z
z2

dz
z

�
(z2Q(z; q)

�

(z2Q(z; q))
1
4

(65)

where the coefficients are related by,

C±
I =

1± 3

2
Im
�
CII e±iπ

4

�
↔ CII =

1

2
e+iπ

4 C+
I + e−iπ

4 C−
I = (C∗

II)
∗ (66)

C±
III =

3± 1

2
Im
�
CII ei(ϕ(q)∓

π
4
)
�

↔

CII = e−iϕ(q)

�
−1

2
e−iπ

4 C+
III + e+iπ

4 C−
III

�
= (C∗

II)
∗ (67)

and,

ϕ(q) ≡
� z2(q)

z1(q)

dz

z

�
−z2Q(z; q) (68)

Now, imposing finiteness when z → ∞ implies C+
III = 0. By using the relations (66) and (67)

we get all the constants in terms of C−
III ; in particular for the solution near z = 0 we get,

ξI(z; q) = C−
III


2 cosϕ(q) z

d
2

exp
�� z

z1(q)
dz
z

�
z2Q(z; q)

�

(z2Q(z; q))
1
4

+ sinϕ(q) z
d
2

exp
�
−
� z
z1(q)

dz
z

�
z2Q(z; q)

�

(z2Q(z; q))
1
4


 (69)

From here we should be able to extract the propagator as a function of q2, at least for q not so large. But
we know from section 4 that for q = 0 (69) must be equal to z t�(z) and thus going only as zΔ

UV
for

z → 0. We will show now that this implies the constraint ϕ(0) = k π with k an integer. First we rewrite

exp

�
±
� z

z1(q)

dz

z

�
z2Q(z; q)

�
=

�
z

z1(q)

�±
√

ν2UV −1/4

(70)

× exp

�
±
� z

z1(q)

dz

z

��
z2Q(z; q)−

�
ν2UV − 1/4

��

Since we are interested only in νUV � 1/2 and leading behavior at z → 0, we can see with the help of
(70) that the first term on the r.h.s. of (69) goes like zΔ

UV
, while the second goes like zd−ΔUV

. Since
this last one should not be present in the solution z t�(z) of the q = 0 perturbation, we have to impose
(otherwise no solution with the right asymptotic behavior exists)

ϕ(0) ≡
� z2(0)

z1(0)

dz

z

�
−z2Q(z; 0) = k π (71)

This means that only potentials which satisfy this constraint are acceptable. This is the WKB analog of
the fine-tuning mentioned before.

This simple conclusion is the reason for the 1/q2 behavior of the boundary propagator. In fact, it
is easy to derive the form of the propagator in the WKB approximation; from (57) we get:

G2(q) =
2 exp

�
−2
� z1(q)
0

dz
z

��
z2Q(z; q)−

�
ν2UV − 1/4

��

(z1(q))
2
√

ν2UV −1/4 tanϕ(q)
(72)
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Clearly, due to (71), we get for q → 0 the usual Goldstone pole

G2(q) ≈
2 exp

�
−2
� z1(0)
0

dz
z

��
z2Q(z; 0)−

�
ν2UV − 1/4

��

(z1(0))
2
√

ν2UV −1/4(dϕ(q)/dq2)q2=0

× 1

q2
(73)

where
dϕ(q)

dq2

����
q2=0

= −1

2

� z2(0)

z1(0)
dz

z�
−z2Q(z; 0)

(74)

Although the denominator vanishes at the integration boundaries, the integral itself is finite.

7 The matching method to all orders
Let t(z) be the solution of the equation of motion (4) that behaves for z → 0 (UV) and z → ∞ (IR) as,

t(z)
z→0−−−→ aUV zΔ

UV
+ (1 + bUV zαUV + . . . ) ; t(z)

z→∞−−−→ 1 + aIR zΔ
IR
− (1 + bIR zαIR + . . . )

(75)
respectively. Here αUV > 0 and αIR < 0, while that

Δ
UV/IR
± ≡ d

2
± νUV/IR ; νUV/IR ≡

�
d2

4
+m2

UV/IR (76)

with m2
UV ≡ V ��(0) and m2

IR ≡ V ��(1) > 0. Note that in order for t(z) to be finite in the asymptotic
expansions (75) neither ΔUV

− appears in the UV nor ΔIR
+ in the IR.

Let us introduce for further use the following expansions of the functions ξ±(z)

ξ±(z) = a
UV/IR
± z

Δ
UV/IR
±/∓ ξ̄

UV/IR
± (z) ; ξ̄

UV/IR
± (z)

z→0/∞−−−−−→ 1 (77)

that follow by plugging (75) in the definitions

ξ+(z) ≡ z ṫ(z) (78)

ξ−(z) ≡ ξ+(z)

�� z

zi

dy
yd−1

ξ2+(y)
+

ξ−(zi)
ξ+(zi)

�
(79)

where zi and ξ−(zi) are integration constants. We find

a
UV/IR
+ ≡ aUV/IR Δ

UV/IR
+/− ; a

UV/IR
− ≡

�
a
UV/IR
+ (d− 2Δ

UV/IR
+/− )

�−1
(80)

Clearly the UV/IR expansion of ξ+(z) can not contain the z
Δ

UV/IR
−/+ -power, but ξ−(z) could contain the

z
Δ

UV/IR
+/− -power.

Our aim is to solve the equation for perturbations around the solution t(z), i.e. if we write (for a
general treatment see for example the appendix of [16])

t(z; q) ≡ t(z) + ξ(z; q) eiq·
x
L (81)

then the second equation in (18) gives to first order in ξ(z; q)

z2 ξ̈(z; q)− (d− 1) z ξ̇(z; q)−
�
q2 z2 + V ��(t(z))

�
ξ(z; q) = 0 (82)

We will do it in two different approximations.
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7.1 The large z expansion.
We write (82) as

z2 ξ̈(z; q)− (d− 1) z ξ̇(z; q)−
�
q2 z2 +m2

IR

�
ξ(z; q) = δ(z) ξ(z; q) (83)

and consider δ(z) ≡ V ��(t(z))− V ��(1) small in the sense,

|δ(z)| = |V ��(t(z))− V ��(1))| � V ��(1) −→ z > z∞ ≡
����

V ��(1)
V ���(1) aIR

����
1

ΔIR

(84)

independently of the value of q. Then the solution for z > z∞ can be hopefully expanded in orders of
δ(z),

δ(z) = V ���(1) aIR zΔ
IR

(1 + bIR zαIR + . . . ) (85)

The order zero term is the solution to the l.h.s. of (83) equal to zero, which is given by,

ξ∞(z; q) ≡ 2

Γ(νIR)

�q
2

�νIR
z

d
2 KνIR(qz) (86)

where we have dropped the solution that diverges in the IR and fixed the normalization in such a way
that ξ∞(z; 0) = zΔ

IR
− . It is not difficult to see that the expansion for large z > z∞ is of the form,

ξ(z; q) = ξ∞(z; q)

�
1 +

f0(qz)

z−ΔIR
−

+ . . .

�
(87)

where for completeness we quote the first correction,

f0(u) = V ���(1) aIR x−ΔIR
−

� u

∞

dx

xK2
νIR

(x)

� x

∞

dy

y1−ΔIR
−

K2
νIR

(y) (88)

However corrections to the leading term of ξ(z; q) in negative powers of z will not be relevant in the
matching procedure, at least not to compute the leading order behavior of the two-point function.

7.2 The small q expansion.
This time we write (82) as

zd−1 d

dz

�
z1−d dξ(z; q)

dz

�
− V ��(t(z))

z2
ξ(z; q) = q2 ξ(z; q) (89)

and consider q small in the sense,

q � |V ��(t(z))| 12
z

(90)

This condition certainly holds in the UV region near z = 0 , but also in the IR region if

q2 z2 � |V ��(t(z)| ∼ m2
IR −→ qz � mIR (91)

that is, when z is large and q small but qz fixed and small enough.

Under this condition we can try a solution for small q as a power series in q2,

ξ(z; q) =
�

m≥0

q2m ξ(m)(z; q) (92)

Plugging this expansion in (89) we get,

zd−1 d

dz

�
z1−d dξ(0)(z; q)

dz

�
− V ��(t(z))

z2
ξ(0)(z; q) = 0 (93)
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zd−1 d

dz

�
z1−d dξ(m)(z; q)

dz

�
− V ��(t(z))

z2
ξ(m)(z; q) = ξ(m−1)(z; q) ; m = 1, 2, . . .

(94)

The solution to lowest order is,

ξ(0)(z; q) = C
(0)
+ (q) ξ+(z) + C

(0)
− (q) ξ−(z) (95)

where C
(0)
± (q) are integration constants. With ξ(0)(z; q) we can determine ξ(1)(z; q) from (94), and so

on.

This iterative procedure yields the solution in the following form. First we introduce the set of
functions,

f
(k)
ij (z) ≡

� z

zi

dw

wd−1
ξi(w) ξ

(k)
j (w) ; i, j = +,− , k = 0, 1, . . .

ξ
(0)
± (z) ≡ ξ±(z) (96)

where
ξ
(k)
± (z) ≡ −f

(k−1)
−± (z) ξ+(z) + f

(k−1)
+± (z) ξ−(z) , k = 1, 2, . . . (97)

All of them are obtained iteratively: first, from (96) with k = 0 we get f (0)
ij (z), then we go to (97) with

k = 1 and get ξ(1)± (z), then we come back to (96) with k = 1 and get f (1)
ij (z) and so on. The functions

ξm(z; q) can be expressed in terms of the ξ
(k)
± (z)’s yielding the full expansion (92) in the form,

ξ(z; q) =
�

m≥0

q2m
m�

k=0

�
C

(m−k)
+ (q) ξ

(k)
+ (z) + C

(m−k)
− (q) ξ

(k)
− (z)

�
(98)

where the C
(k)
± ’s are, as in (95), the integration constants of the homogeneous solution in (94). After

some rearrangement, we can write (98) as,

ξ(z; q) = C+(q)
�

m≥0

q2m ξ
(m)
+ (z) + C−(q)

�

m≥0

q2m ξ
(m)
− (z) (99)

where we have redefined the coefficients

C±(q) ≡
�

k≥0

C
(k)
± (q) q2k (100)

We should not be surprised of this expression; after all (89) is a second order linear differential equation
and both sums in (99) are linearly independent solutions of it as it can be quickly checked. Note further-
more that they are holomorphic in q2; the reason behind this fact can be traced directly to the assumption
(92).

7.3 The two-point function.
For qz � mIR expansion (99) hopefully holds, and it can be used to compute the two-point correlation
function at low momenta as follows. After adjusting the constant of integration in (75) to get rid of the
zΔ

UV
+ term in ξ−(z), we parametrize the z → 0 behavior as

ξ(z; q) →
��
1− q2�UV

−+(q)
�
C+(q)− q2�UV

−−(q)C−(q)
�
aUV
+ zΔ

UV
+ + . . . (101)

+
��
1 + q2�UV

+−(q)
�
C−(q) + q2�UV

++(q)C+(q)
�
aUV
− zΔ

UV
− + . . .
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where
�UV
+±(q) = −

�

m≥0

q2m
� zi

0
dw w1−d ξ+(w) ξ

(m)
± (w) (102)

while we were unable to find a closed expression for �UV
−± without specifying the potential.

Applying the holographic recipe (57) the two-point function results,

G2(q)
q→0−−−→ aUV

+ /aUV
−�

q2 �UV
++(q) +

C−(q)
C+(q)

�
q→0

(103)

The knowledge of the leading order behavior of the quotient C−(q)/C+(q) for q → 0 will allow
to compute the leading power in q of G2(q). The zi-dependence of the coefficients �UV

++ (and the zi-
independence of the physics) gives a hint that this power is −2, as we will confirm below.

7.4 The infrared expansion

Here we define the functions F̄ (m)
ij (z) and the constants ϕ̄(m)

ij by means of the integrals,

aIRi aIRj σ
(m)
j

� z

zi

dw w1+2m+Δ(i)+Δ(j)−d ξ̄
(0)
i (w) ξ̄

(m)
j (w)

≡ ϕ̄
(m)
ij +

aIRi aIRj σ
(m)
j z2+2m+Δ(i)+Δ(j)−d

2 + 2m+Δ(i) +Δ(j) − d
F̄

(m)
ij (z) ; m = 0, 1, . . . (104)

where ϕ̄
(m)
ij is defined to be the only z-independent part in the large z expansion, and

σ
(m)
± ≡ Γ(1∓ νIR)

22mm!Γ(1∓ νIR +m)
; m = 0, 1, . . . (105)

With them we can calculate (m = 1, 2, . . . ),

ϕ
(m)
ij ≡ ϕ̄

(m)
ij +

m−1�

k=0

�
ϕ̄
(k)
i− ϕ

(m−1−k)
+j − ϕ̄

(k)
i+ ϕ

(m−1−k)
−j

�
(106)

ξ̄
(m)
± (z) ≡ 1

νIR

�
(νIR ∓m) F̄

(m−1)
∓± (z) ξ̄

(0)
± (z)±m F̄

(m−1)
±± (z) ξ̄

(0)
∓ (z)

�
(107)

The general form of ξ(m)
± (z) for m = 1, 2, . . . , results,

ξ
(m)
± (z) = aIR± σ

(m)
± zΔ

IR
∓ +2m ξ̄

(m)
± (z) (108)

+
m−1�

k=0

�
−aIR+ σ

(k)
+ ϕ

(m−1−k)
−± zΔ

IR
− +2k ξ̄

(k)
+ (z) + aIR− σ

(k)
− ϕ

(m−1−k)
+± zΔ

IR
+ +2k ξ̄

(k)
− (z)

�

where the ingredients to construct it are iteratively computed as described above.

7.5 The matching procedure.
According to (84) and (91), in the region

z > z∞ ; x ≡ qz � mIR (109)

both expansions (87) and (99) hold and therefore they should coincide exactly, i.e.

ξ∞(z; q)

�
1 +

f0(qz)

z−ΔIR
−

+ . . .

�
= C+(q)

�

m≥0

q2m ξ
(m)
+ (z) + C−(q)

�

m≥0

q2m ξ
(m)
− (z) (110)
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This equation must be used to compute the unknown coefficients C±(q). As we will see shortly, this
is not an easy task in general; fortunately the leading order behavior necessary to compute (103) is
relatively simple to get. To proceed we need the IR behavior of the ξ

(m)
± (z)’s. By plugging (108) in (99)

we get,

z−ΔIR
− ξ(z; q) = z−ΔIR

− r.h.s. (110)

=
��
1− q2 �IR−+(q)

�
C+(q)− q2 �IR−−(q)C−(q)

�
aIR+

�

m≥0

σ
(m)
+ x2m ξ̄

(m)
+

�
x

q

�

+
��
1 + q2 �IR+−(q)

�
C−(q) + q2 �IR++(q)C+(q)

� aIR−
q2νIR

�

m≥0

σ
(m)
− x2m+2νIR ξ̄

(m)
−

�
x

q

�

(111)

where we have introduced the holomorphic functions,

�IRij (q) ≡
�

m≥0

ϕ
(m)
ij q2m (112)

On the other hand, by using the series expansion of ξ∞
�
x
q ; q
�

valid for x < 1 we have,

z−ΔIR
− ξ∞(z; q) =

�

m≥0

�
σ
(m)
+ x2m + γ σ

(m)
− x2m+2νIR

�
; γ ≡ Γ(−νIR)

22 νIR Γ(νIR)
(113)

Now from (110) we have that at fixed x < minimum(mIR, 1), in the limit q → 0 equations (111) and
(113) should coincide. More specifically, if we introduce δC±(q) by,

C+(q) ≡ 1

D(q)

�
1

aIR+

�
1 + q2 �IR+−(q)

�
+

γ

aIR−
q2+2νIR �IR−−(q)

�
+ δC+(q)

C−(q) ≡ 1

D(q)

�
− 1

aIR+
q2 �IR++(q) +

γ

aIR−
q2νIR

�
1− q2 �IR−+(q)

��
+ δC−(q)

(114)

where,
D(q) = 1 + q2

�
�IR+−(q)− �IR−+(q)

�
+ q4

�
�IR++(q) �

IR
−−(q)− �IR+−(q) �

IR
−+(q)

�
(115)

then we should get,

lim
q→0




�

m≥0

σ
(m)
+ x2m

�
ξ̄
(m)
+

�
x

q

�
− 1

�
+ γ

�

m≥0

σ
(m)
− x2m+2νIR

�
ξ̄
(m)
−

�
x

q

�
− 1

�

+
��
1− q2 �IR−+(q)

�
δC+(q)− q2 �IR−−(q) δC−(q)

�
aIR+

�

m≥0

σ
(m)
+ x2m ξ̄

(m)
+

�
x

q

�

+
��
1 + q2 �IR+−(q)

�
δC−(q) + q2 �IR++(q)δC+(q)

� aIR−
q2νIR

�

m≥0

σ
(m)
− x2m+2νIR ξ̄

(m)
−

�
x

q

�
 = 0

(116)

While the first line is automatically zero, the second and third lines should be zero separately because
they present different power series 3. From the third line we get,

δC−(q)
q→0−−−→ −ϕ

(0)
++ q2 δC+(q) + q2νIR A(q) (117)

3A subtlety (not present in the case considered in the text) arises if ξ̄(m)
− (z) contains powers of the form z−2νIR−2n with

n ∈ ℵ; in that case it can be easily showed that the effect is that the coefficients of δC±(q) on the second line of (116) get
modified by holomorphic functions; this fact does not modify the subsequent arguments.
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where A(q)
q→0−−−→ 0. Then the second line of (116) yields,

δC+(q)
q→0−−−→ ϕ

(0)
−− q2νIR+2 A(q) ⇒ δC−(q)

q→0−−−→ q2νIR A(q) (118)

Going to (114) with (118) we get the leading behaviors,

C+(0) =
1

aIR+
; C−(q)|q→0 = − ϕ̄

(0)
++

aIR+
q2 (119)

This yields for the two-point function (103) the Goldstone pole,

G2(q)
q→0−−−→ α

q2
(120)

where by using (102) and (104), i.e.

ϕ̄
(0)
++ =

� ∞

zi

dw w1−d ξ+(w)
2 (121)

we get for the residue,

α =
2 νUV (aUV

+ )2�∞
0 dw w1−d ξ+(w)2

(122)

The result is reassuring in the sense that both contributions in the denominator of (103) add to yield a
zi-independent result.

8 Global symmetries and AdS/CFT
Let us now use all this machinery for a simple d-dimensional strongly coupled system with a sponta-
neously broken global symmetry. We would like to see explicitly what makes Nambu-Goldstone bosons
massless in the AdS/CFT picture: it is the square integrability of the solution ξ+(z) of the perturbation
equation. In other words, a normalizable perturbation is massless.

In general let the original symmetry group be G, spontaneously broken to H . The simplest ex-
ample seems to be SU(3) → SU(2) × U(1), i.e. G =SU(3) and H =SU(2)× U(1). A physically more
appealing case could be the case of the unification group SU(5) → SU(3) × SU(2) ×U(1), which will
not consider here though. The hope is that eventually one could then weakly couple the system to gauge
bosons, i.e. gauge it. Let’s consider a real adjoint transforming under SU(3) as Σ → UΣU †, which we
parametrize as

Σ =
1√
2



t/
√
3 + t3 t1 − it2 w1 − iw2

t1 + it2 t/
√
3− t3 w3 − iw4

w1 + iw2 w3 + iw4 −2t/
√
3


 (123)

and a complex fundamental (under SU(3), F → UF ):

F T =
�
T1 T2 H

�T (124)

The SU(2)×U(1) final symmetry will be preserved by �Σ� = tλ8 (with λ8 the Gell-Mann matrix)
and �F � = 0. To get it let the SU(3) invariant superpotential be

W = Δ

�
1

2
TrΣ2 +

√
6

3
TrΣ3

�
+ F †

�
m−

√
6αΣ

�
F (125)
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The strange relation between the Σ2 and Σ3 coefficients are chosen so that the straightforward
generalization of the potential (39)

V =
1

2

�
∂W

∂t

�2

+
1

2

3�

i=1

�
∂W

∂ti

�2

+
1

2

4�

a=1

�
∂W

∂wa

�2

+
2�

i=1

�
∂W

∂Ti

��
∂W

∂T ∗
i

�
+

�
∂W

∂H

��
∂W

∂H∗

�
− d W (126)

has an extremum at t = 0 and a minimum at t = 1 with all other fields vanishing, and the potential for t
is the same as in [18]:

W (t) = Δ

�
t2

2
− t3

3

�
(127)

V (t) =
1

2
W �2(t)− d W (t)

= Δ(Δ− d)
t2

2
−Δ(3Δ− d)

t3

3
+ 2Δ2 t

4

4
(128)

The solution to the e.o.m. is

t(z) =
zΔ

1 + zΔ
, ti, wa = 0 (129)

One can calculate the mass matrix

∂V

∂t2
≡ m2(t) = Δ(Δ− d)− 2Δ(3Δ− d)t+ 6Δ2t2 (130)

∂V

∂wa∂wb
≡ m2

w(t)δ
ab =

�
Δ(Δ− d)−Δ(3Δ− d)t+ 2Δ2t2

�
δab (131)

∂V

∂ti∂tj
≡ m2

t (t)δ
ij =

�
Δ(Δ− d) + 2Δ(3Δ− d)t+ 2Δ2t2

�
δij (132)

∂V

∂T ∗
α∂Tβ

≡ m2
T (t)δ

αβ =
�
m(m− d)− α(2m+Δ− d)t+ α(α+Δ)t2

�
δαβ (133)

∂V

∂H∗∂H
≡ m2

H(t) = m(m− d) + 2α(m+Δ− d)t+ 2α(2α−Δ)t2 (134)

with all other elements vanishing.

This means that it is easy to solve the perturbation equation since the different modes decouple.
In an obvious notation:

z2 ξ̈(z; q)− (d− 1) z ξ̇(z; q)−
�
q2 z2 +m2(t(z))

�
ξ(z; q) = 0 (135)

z2 ξ̈w(z; q)− (d− 1) z ξ̇w(z; q)−
�
q2 z2 +m2

w(t(z))
�
ξw(z; q) = 0 (136)

z2 ξ̈t(z; q)− (d− 1) z ξ̇t(z; q)−
�
q2 z2 +m2

t (t(z))
�
ξt(z; q) = 0 (137)

z2 ξ̈T (z; q)− (d− 1) z ξ̇T (z; q)−
�
q2 z2 +m2

T (t(z))
�
ξT (z; q) = 0 (138)

z2 ξ̈H(z; q)− (d− 1) z ξ̇H(z; q)−
�
q2 z2 +m2

H(t(z))
�
ξH(z; q) = 0 (139)

The first equation (135) has a well known solution at q2 = 0 (corresponding to the dilaton)
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ξ+(z) = z ṫ(z) (140)

The second one (136) is for the Goldstone-bosons of the global symmetry. Since

m2
w(t) =

1

t
V �(t) (141)

the well-behaved solution at q2 = 0 is simply

ξw+(z) = t(z) (142)

This is why it has a pole at q2 = 0. We just need to do the usual expansion derived in general in
the previous section, see also [18], with the result for the propagator

Gw
2 (q) =

α

q2
(143)

with the general expression

α =
2νUV

�
aUV
+

�2

(
�∞
0 dxx1−d

�
ξw+(x)

�2 (144)

In our specific case (136) we have

aUV
+ = 1 (145)

with the integral in the denominator finite.

Then, what about the third equation (137), i.e. for ξt? One can easily find the solution for q = 0:

ξt(z) = C1z
Δ(1 + zΔ)2 + C2

zd−Δ

1 + zΔ
2F1(1,−5 + d/Δ,−1 + d/Δ,−zΔ) (146)

For z → ∞ we get

ξt(z) → C1z
Δ(1 + zΔ)2 + C2

zd−Δ

1 + zΔ
z5Δ−dΓ(6− d/Δ)Γ(−1 + d/Δ)(1 + zΔ)3

2z3Δ
(147)

and so

C1 = −C2

2
Γ(6− d/Δ)Γ(−1 + d/Δ) (148)

In the opposite limit z → 0 (137) becomes

ξt(z) → C1

�
zΔ + . . .

�
+ C2

�
zd−Δ + . . .

�
(149)

so that due to (148) we get in the IR limit q → 0

Gt
2(0) =

C1

C2
= −1

2
Γ(6− d/Δ)Γ(1− d/Δ) (150)

Obviously there is no pole here at q = 0, a pole is expected at finite q. The reason for no pole at
q = 0 is thus due to the fact that there is no solution finite in the whole positive z-axis. This was true
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for ξ(z) = z ṫ(z) and ξw(z) = t(z), and this is why the next order in q was needed there. In other
words, if the integral in (122) is finite, the propagator obeys (120), if it is not, then the leading term in
this expansion is a constant.

Equations (138) and (139) for ξT and ξH seem to point to the same conclusion as for ξt: no pole,
i.e. no light degree of freedom. So if we would like one of the two to be light, i.e. for example ξH (the
analog of the light SM doublet in SU(5)), we would need to further fine-tune the system, similarly as one
obtains the usual doublet-triplet splitting in a SU(5) grand unified theory.

9 Summary of results
We have studied some simple examples of the AdS/CFT correspondence, i.e. the domain wall solution
in the AdS bulk of a scalar field in the limit of no gravity back-reaction. To obtain analytical results we
rewrote the bulk scalar potential in terms of an appropriate superpotential. The correspondence between
the two is a bit unusual, i.e. it is the one that survives the infinite Planck scale limit. Since the superpo-
tential was written as a simple polynomial of the scalar field, the potential itself is obviously tuned, i.e.
it is not the most general one of given order. We showed explicitly that such tuning of the parameters
is necessary for the solution to exist at all, and that it is just a consequence of a vanishing boundary
cosmological constant, in accord with a known result from the literature. We proved another general
requirement for the existence of such domain walls: the second field derivative of the potential must be
smaller than −d2/4 at least in some interval of the bulk coordinate, where d is the boundary space-time
dimension. We then found the solution of the perturbation equation for the dilaton mode by the WKB
approximation and by the matching method to all orders. We generalized in this way the known result
of a massless mode corresponding to the spontaneously broken Nambu-Goldstone excitation (dilaton)
due to the spontaneously broken translational symmetry in AdS. The existence of a massless mode is
essentially due to the existence of a normalizable mode at q2 = 0: this interpretation is confirmed in
the case of spontaneously broken internal global symmetries. We gave an explicit example in terms of a
SU(3) theory spontaneously broken by an adjoint vev to SU(2)→U(1).
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Abstract
We consider a minimal supersymmetric extension of the Standard Model, with
right-handed neutrinos and local B−L, the difference between baryon and lep-
ton number, a symmetry which is spontaneously broken at the scale of grand
unification. To a large extent, the parameters of the model are determined by
gauge and Yukawa couplings of quarks and leptons. We show that this mini-
mal model can successfully account for the earliest phases of the cosmological
evolution: Inflation is driven by the energy density of a false vacuum of unbro-
ken B−L symmetry, which ends in tachyonic preheating, i.e. the decay of the
false vacuum, followed by a matter dominated phase with heavy B−L Higgs
bosons. Nonthermal and thermal processes produce an abundance of heavy
neutrinos whose decays generate primordial entropy, baryon asymmetry via
leptogenesis and dark matter consisting of gravitinos or nonthermal WIMPs.
The model predicts relations between neutrino and superparticle masses and a
characteristic spectrum of gravitational waves.

1 Introduction
Today we have the Standard Model of particle physics as well as the ΛCDM model of cosmology, which
describe a wealth of experimental and observational data with an accuracy far beyond expectation [1]. On
the other hand, despite this success, it is obvious that both standard models do not represent a final theory.
The symmetry structure of the Standard Model, the smallness of neutrino masses and the discovery of
a Higgs boson [2, 3] with a mass in between the vacuum stability and the triviality bound point towards
grand unification as the next step beyond the Standard Model. Similarly, the parameters of the ΛCDM
model, the abundance of matter and dark matter, the apparent cosmological constant and the temperature
anisotropies of the cosmic microwave background ask for an explanation, which requires physics beyond
the Standard Model.

Supersymmetry is an attractive framework to extrapolate the Standard Model of particle physics
to the energy scale of grand unification, ΛGUT ∼ 1016GeV. It also introduces natural dark matter can-
didates [4–6] and scalar fields which can realize inflation, thereby providing an important link between
particle physics and cosmology. Moreover, neutrino masses require right-handed neutrinos whose large
Majorana masses can account for the tiny masses of the known neutrinos via the seesaw mechanism.
These Majorana masses break the symmetry B−L, the difference between baryon and lepton number,
and their decays can generate a baryon asymmetry via leptogenesis [7]. Extrapolating the feature of
the Standard Model that all masses are generated by spontaneous symmetry breaking, suggests that also
B−L is a spontaneously broken local symmetry.

∗E-mail: buchmuwi@desy.de
†E-mail: valerie.domcke@desy.de
‡E-mail: kohei.kamada@desy.de
§E-mail: kai.schmitz@ipmu.jp



A Minimal Supersymmetric Model of Particle Physics and the Early Universe

Following these arguments we arrive at a minimal supersymmetric extension of the Standard
Model, which is described by the superpotential

W =
√
λΦ

�
v2B−L

2
− S1S2

�
+

1√
2
hni n

c
in

c
iS1 + hνij5

∗
in

c
jHu +WMSSM , (1)

where S1 and S2 are the chiral superfields containing the Higgs field responsible for breaking B−L, and
nc
i denote the superfields containing the charge conjugates of the right-handed neutrinos. The symmetry-

breaking sector of Eq. (1), involving the superfields S1, S2 and Φ, is precisely the superpotential of
F-term hybrid inflation, with Φ being a singlet whose scalar component φ acts as the inflaton [8, 9].
vB−L is the scale at which B−L is broken. The B−L charges are qS ≡ qS2 = −qS1 = 2, qΦ = 0, and
qnc

i
= 1. h and λ denote coupling constants, and WMSSM represents the MSSM superpotential,

WMSSM = huij10i10jHu + hdij5
∗
i 10jHd . (2)

For convenience, all superfields have been arranged in SU(5) multiplets, 10 = (q, uc, ec) and 5∗ =
(dc, l), and i, j = 1, 2, 3 are flavour indices. We assume that the colour triplet partners of the electroweak
Higgs doublets Hu and Hd have been projected out. The vacuum expection values vu = �Hu� and
vd = �Hd� break the electroweak symmetry. In the following we will assume large tanβ = vu/vd,

implying vd � vu � vEW =
�
v2u + v2d. We will restrict our analysis to the case of a hierarchical heavy

(s)neutrino mass spectrum, M1 � M2,M3, where Mi = hni vB−L. Furthermore we assume the heavier
(s)neutrino masses to be of the same order of magnitude as the common mass mS of the particles in the
symmetry-breaking sector, for definiteness we set M2 = M3 = mS . Key parameters of the analysis
are then the B−L breaking scale vB−L, the mass of the lightest of the heavy (s)neutrinos M1, and the
effective light neutrino mass parameter �m1 (cf. [10]),

vB−L � v2EW
mν

, M1 � vB−L , �m1 ≡
(hν†hν)11v2EW

M1
. (3)

Here, mν =
√
m2m3 ∼ 3 × 10−2eV is the geometric mean of the two light neutrino mass eigenvalues

m2 and m3, and characterizes the light neutrino mass scale. In addition to the chiral superfields, the
model also contains a vector supermultiplet V ensuring invariance under local B−L transformations and
the gravity supermultiplet consisting of the graviton G and the gravitino G̃.

In the following sections we shall show that this Minimal Supersymmetric Model (MSM), whose
parameters are largely fixed by low energy experiments, provides a consistent description of the transition
from an inflationary phase to the hot early universe. During this ‘pre- and reheating’ process the matter-
antimatter asymmetry and the dark matter abundance are generated. Most of our discussion will be based
on Refs. [10–12].

Our work is closely related to previous studies of thermal leptogenesis [13, 14] and nonthermal
leptogenesis via inflaton decay [15–18], where the inflaton lifetime determines the reheating tempera-
ture. In supersymmetric models with global B−L symmetry the scalar superpartner �N1 of the lightest
heavy Majorana neutrino N1 can play the role of the inflaton in chaotic [19,20] or hybrid [21,22] inflation
models. Local B−L breaking in connection with hybrid, shifted hybrid and smooth hybrid inflation has
been considered in Ref. [23]. One of the main motivations for nonthermal leptogenesis has been that the
‘gravitino problem’ for heavy unstable gravitinos [24–28] can be avoided by means of a low reheating
temperature. In the following we shall assume that the gravitino is either the lightest superparticle (LSP)
or very heavy, m3/2 � 10 TeV. In the first case, gravitinos, thermally produced at a reheating tempera-
ture compatible with leptogenesis, can explain the observed dark matter abundance [29]. For very heavy
gravitinos, thermal production and subsequent decay into a wino or higgsino LSP can yield nonthermal
WIMP dark matter [30–32].

48



W. Buchmüller, V. Domcke, K. Kamada and K. Schmitz

The MSM, defined in Eq. (1), postdicts the earliest phases of the cosmological evolution. The
energy density of a false vacuum with unbroken B−L symmetry drives inflation. Consistency with the
measured amplitude of the temperature anisotropies of the cosmic microwave background fixes vB−L,
the scale of B−L symmetry breaking, to be the GUT scale. Inflation ends by tachyonic preheating [33],
i.e. the decay of the false vacuum, which sets the stage for a phase dominated by nonrelativistic matter in
the form of heavy B−L Higgs bosons. The further development is described by Boltzmann equations.
Nonthermal and thermal processes produce an abundance of heavy neutrinos whose decays generate pri-
mordial entropy, baryon asymmetry via leptogenesis and gravitino dark matter from scatterings in the
thermal bath. This whole pre- and reheating process is imprinted on the spectrum of primordial gravita-
tional waves [34]. It is remarkable that the initial conditions of the radiation dominated phase are not free
parameters of a cosmological model. Instead, they are determined by the parameters of a Lagrangian,
which in principle can be measured by particle physics experiments and astrophysical observations. The
consistency of hybrid inflation, leptogenesis and dark matter entails interesting relations between the
lightest neutrino mass m1, the gravitino mass and possibly wino or higgsino masses.

The paper is organized as follows. In Section 2 we discuss F-term hybrid inflation. Corrections
from supersymmetry breaking lead to a two-field model which can account for all results deduced from
the recently released Planck data. Section 3 deals with tachyonic preheating and the important topic of
cosmic string formation, with emphasis on the current theoretical uncertainties. The description of the
reheating process by means of Boltzmann equations and the resulting relations between neutrino masses
and superparticle masses are the subject of Section 4. The predictions of the gravitational wave spectrum
due to inflation, cosmic strings, pre- and reheating are reviewed in Section 5. Finally, observational
prospects are addressed in Section 6.

2 Inflation
The superpotential of the MSM, cf. Eq. (1), allows for a phase of F-term hybrid inflation. For |φ| �
vB−L, the B−L Higgs fields are fixed at zero, B−L is unbroken and the energy density of the universe is
dominated by the false vacuum energy, ρ0 � (λ/4) v4B−L ≡ V0, generated by the non-vanishing vacuum
expectation value (vev) of the auxiliary field Fφ and inducing spontaneous supersymmetry breaking.
Here, we briefly review the dynamics and predictions of this inflation model, with particular focus on the
status of F-term hybrid inflation in the light of the recent Planck results [35].

The scalar potential
At the high energy scales involved in inflation, supergravity corrections to the Lagrangian become im-
portant, resulting in a tree-level scalar F- and D-term potential given by

V F
SUGRA = eK/M2

P


�

αβ̄

Kαβ̄ DαW Dβ̄W
∗ − 3

|W |2
M2

P


 , V D

SUGRA =
1

2
g2

��

α

qαKα zα

�2

, (4)

where DαW = Wα+KαW/M2
P ; the subscript α (ᾱ) denotes the derivative with respect to the (complex

conjugate of the) scalar component zα of the superfield Φα carrying the U(1) gauge charge qα, Kαβ̄ is
the inverse Kähler metric and MP = 2.4×1018 GeV is the reduced Planck mass. For a canonical Kähler
potential,

K =
�

α

|zα|2 , (5)

the D-term scalar potential reduces to the expression familiar from global supersymmetry, but an im-
portant supergravity contribution arises from the F-term potential, V F

SUGRA ⊃ |zα|2ρ0/M2
P . This yields

large contributions to the masses of the scalar fields zα of the theory. For the superpotential (1), this
stabilizes the singlet sneutrinos and the MSSM scalars at a vanishing field value. The B−L Higgs bo-
son masses also obtain various supergravity contributions. However, these are suppressed by factors of
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(vB−L/MP )
2 or (φ/MP )

2 compared to the leading order terms, which match the result found in global
supersymmetry,

(mS
±)

2 = λ(|φ|2 ± 1

2
v2B−L) , (mS

f )
2 = λ|φ|2 . (6)

The F-term supergravity contribution discussed above does not give a mass-term to the inflaton φ
because after expanding eK/M2

P in Eq. (4), the term in question is cancelled by the corresponding term in
DφWDφ̄W

∗. The leading order supergravity contribution to the inflaton mass thus stems from the term
proportional to |φ|4v4B−L/M

4
P in the scalar potential [36]. In addition, since supersymmetry is broken

during inflation, we need to take the one-loop Coleman-Weinberg (CW) potential for the inflaton field
into account, obtained by integrating out the heavy B−L Higgs bosons,

V1l =
1

64π2
STr
�
M4

�
ln

�
M2

Q2

�
− 1

2

��
� λ2v4B−L

64π2

�
ln

�
2|φ|2
v2B−L

�
+O

�
v4B−L

4|φ|4

��
, (7)

Here STr denotes the supertrace running over all degrees of freedom of S1 and S2. M is the corre-
sponding mass matrix, cf. Eq. (6), and Q an appropriate renormalization scale, which we have set to
Q2 = λv2B−L/2.

From the resulting scalar potential, V = V F+D
SUGRA + V1l, we find the following picture: For |φ| >

vB−L/
√
2, the Higgs fields s1,2 are fixed at zero and the inflaton slowly rolls towards the origin. At

|φ| = vB−L/
√
2, (mS

−)
2 becomes negative, triggering a tachyonic instability. The Higgs fields acquire a

vev and B−L is broken. Both the Higgs (which, now that B−L is broken, is best parametrized in unitary
gauge as a radial degree of freedom dubbed σ� in Ref. [10], see also Ref. [37] for the explicit relation
between σ� and the symmetry-breaking Higgs mass eigenstate in arbitrary gauge) and the inflaton field
then quickly fall into their true vacuum, |φ| → 0 and σ� →

√
2 vB−L, eliminating the vacuum energy

contributions of the scalar potential and ending inflation.

Slow-roll inflation
In the slow-roll approximation, the dynamics of the homogeneous inflaton field is governed by 3Hφ̇ =
−∂V/∂φ∗ , where H denotes the Hubble parameter. For a scalar potential only depending on the absolute
value of φ, cf. Eq. (7), we can rewrite this in terms of the radial and angular component of φ = 1√

2
ϕe−iθ,

3Hϕ̇ = −V �(ϕ) , θ̇ = 0 . (8)

Turning to the quantum fluctuations of the inflaton field which are visible today in the CMB, we now
evaluate the scalar potential and its derivatives at ϕ = ϕ∗, the value of ϕ at N∗ ≈ 55 e-folds before
the end of inflation, when the reference scale commonly used to describe the CMB fluctuations left the
horizon. With ϕf denoting the value of the inflaton at the end of inflation,1 ϕ∗ is given by

ϕ2
∗ ≈ ϕ2

f +
λ

4π2
M2

P N∗ (9)

Of particular interest in the following will be the predictions from F-term hybrid inflation for the ampli-
tude of the scalar fluctuations As, the scalar spectral index ns and the tensor-to-scalar ratio r:

As =
H2

8π2�M2
P

����
ϕ∗

≈ 1

3

�
vB−L

MP

�4

N∗ ,

ns = 1− 6�+ 2η|ϕ∗ ≈ 1− 1

N∗
,

r =
At

As
= 16�

����
ϕ∗

≈ λ

2π2

1

N∗
,

(10)

1Here, ϕf is determined by either mS
−(ϕc) = 0, cf. Eq. (6), or by the violation of the slow-roll condition, i.e. |η(ϕη)| = 1,

cf. Eq. (11), whatever occurs earlier: ϕf ≈ max{vB−L,
√
λMP /(

√
8π)}.
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Fig. 1: Scalar potential for inflation along the real axis in the complex φ field space after adding a constant term
W0 to the superpotential. Slow-roll inflation is possible both for θ = 0 and θ = π. Here λ = 4.5 × 10−6,
vB−L = 2.9× 1015 GeV and m �G = 47.5 TeV.

where At = 2H2/(π2M2
P )|ϕ∗ denotes the amplitude of the tensor fluctuations, and � and η are the

so-called slow-roll parameters,

� =
M2

P

2

�
V �

V

�2

, η = M2
P

V ��

V
. (11)

Moreover, in Eq. (10) we have employed the the approximation2 ϕ2
∗ � ϕ2

f .

F-term hybrid inflation in the light of Planck
Comparing these results with the recently published Planck data [35, 38],

As = (2.18± 0.05)× 109 , ns = 0.963± 0.0007 , r < 0.26 , (12)

we find that the B−L breaking scale is fixed to vB−L ≈ 8× 1015 GeV by requiring the correct normal-
ization of As, the spectral index ns ≈ 0.98 is rather large and the tensor-to-scalar ratio is easily below
the current bound. In particular the large value for ns has raised the question whether F-term hybrid
inflation is still viable in view of the Planck results. To answer this question, we must go beyond the
approximations leading to Eq. (10). First, we will drop the approximation ϕ2

∗ � ϕ2
f , leading to correc-

tions of the predictions listed in Eq. (10). Second, taking into account soft supersymmetry breaking, the
superpotential receives a constant term W0 = m �GM

2
P proportional to the gravitino mass [39], leading to

an additional contribution to the scalar potential, studied e.g. in Refs [40, 41],

Vm �G
= −2

√
λv2B−Lm �G|φ| cos θ . (13)

This term breaks the degeneracy appearing in Eq. (7), which only depends on the absolute value |φ| of the
inflaton field but not on its phase θ. As a result, the inflationary predictions found in Ref. [40] assuming
θ = π differ from those in Ref. [41], which uses θ = 0.3 In particular, for sufficiently large Vm �G

, we find
a hill-top potential for θ = 0, while for θ = π, one still finds a monotonously decreasing potential along
the inflationary trajectory (along the arrows in Fig. 2), cf. Fig. 1.

Indeed, these are only two extreme cases for possible inflationary trajectories in the full two-field
inflation model resulting from Eqs. (7) and (13). In the two-field model, the ending point of inflation
φf becomes a ‘critical line’ in the complex φ plane, with each point on this line representing a possible

2Note that for small values of λ, the two terms in Eq. (9) can be of similar importance, leading to a slight deviation from the
results listed in Eq. (10).

3Note that Refs. [40, 41] use a different sign convention in the superpotential, implying θ → θ + π.
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Fig. 2: Inflationary trajectories in the full two-field inflation model. Selection of possible trajectories (solid green
lines) in the scalar potential V (φr,φi) depicted by the dot-dashed orange contour lines and the shading. Lines of
constant N are marked by the dashed blue contours, with the beginning and end of inflation (N = N∗ and N = 0,
respectively) marked by thicker contours.

ending point for inflation. Hence as opposed to the single-field case there is an additional degree of
freedom, i.e. the choice of the inflationary trajectory labeled by θf . This is visualized in Fig. 2 which
shows a selection of possible inflationary trajectories (in green) in the scalar potential (dot-dashed orange
countour lines and shading). Contour lines denoting constant numbers of e-folds N are shown as dashed
blue lines, with the ‘critical line’, N = 0, and the onset of the last N∗ e-folds, N = N55 emphasized.
To demonstrate the dependence of the model predictions on the choice of the trajectory, Fig. 3 shows
the predictions for the amplitude As and the spectral index ns as functions of the final phase θf for
λ = 4.5× 10−6, vB−L = 2.9× 1015 GeV and m �G = 47.5 TeV. For this parameter example, we see that
θf � 16◦ reproduces the correct amplitude, cf. Eq. (12), while simultaneously yielding a value for the
spectral index of ns = 0.965 in very good agreement with the data.

A third possibility of manipulating Eq. (10) is by resorting to a non-minimal Kähler potential [42].
This in particular introduces a term quadratic in φ in the scalar potential. Tuning the expansion coeffi-
cients of such a Kähler potential, the spectral index can be tuned to lower values, achieving accordance
with the Planck data even for θ = π. However, the quadratic term then comes with a negative sign,
implying, together with the positive |φ|4 term the existence of a hill-top potential and a local minimum
at |φ| �= 0 where the inflaton can get trapped. Avoiding this requires some fine-tuning in the initial
conditions for |φ| [40].

On top of that, there are also further constraints which must be taken into account in a realistic
model. First, the superpotential Eq. (1) will lead to the production of cosmic strings at the end of inflation,
due to the spontaneous breaking of U(1)B−L. We will come back to this point in Sec. (3.2). Moreover,
the abundance of nonthermally produced gravitinos, controlled by the symmetry-breaking scale, the
common mass of the inflaton and B−L Higgs in the true vacuum, and the reheating temperature [43,44],

Y3/2 ∝
v2B−Lm

2
S

TRH
, (14)

must be sufficiently low, so that the sum of nonthermal and thermal (cf. section 4) gravitino abundance
does not produce a gravitino problem [24–28, 45–47]. Note, however, that the nonthermal gravitino
abundance can be suppressed compared to the estimate in Eq. (14), if the massive particle governing the
universe during the reheating phase decays sufficiently fast.
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Fig. 3: Amplitude and spectral index of the scalar primordial fluctuations for λ = 4.5 × 10−6, vB−L = 2.9 ×
1015 GeV and m �G = 47.5 TeV. The phase of the endpoint of inflation, θf , labels different inflationary trajectories.

Taking all of this together, we find that F-term hybrid inflation is indeed still viable in light of
the Planck data, however some tuning is required. Accepting a non-minimal Kähler potential with some
tuning in its coefficients as well as in the initial conditions for |φ|, accordance with the Planck data can
be achieved for θf ∼ π. Staying with a minimal Kähler potential one has two options to reproduce the
experimental data. Either, one tunes the amplitude of the linear term (13) against the CW term (7) in
the potential, leading to the situation shown in Fig. 2. In this case small values for ns can be achieved
for θf ∼ 0, but again tuning of the initial condition for the radial degree |φ| is necessary to prevent
the inflaton from being trapped on the wrong side of the hill-top potential.4 The second possibility is
to allow the linear term to dominate over the CW term, however then the initial phase of φ must be
tuned because otherwise one lands on a trajectory where inflation does not end, because it ‘misses’ the
minimum generated by the CW term at small |φ|, such that |φ| always remains larger than the critical
value. For a more detailed analysis of the full two-field inflation model, see Ref. [48].

In summary, successful inflation can be achieved but it imposes constraints on the B−L breaking
scale and on the coupling λ. In the context of the Froggatt-Nielsen flavour model used to parametrize the
Yukawa couplings in Ref. [10], this then constrains the mass of the heaviest of the right-handed neutrinos
M1. In the following, we will thus consider the restricted parameter space

vB−L = 5× 1015 GeV ,

109 GeV ≤ M1 ≤ 3× 1012 GeV ,

10−5 eV ≤ �m1 ≤ 1 eV ,

(15)

where the variation of the effective light neutrino mass parameter �m1 accounts for the uncertainties of
the Froggatt-Nielsen model. The values of vB−L and λ quoted here correspond to the option of choosing
θf = π and using a non-minimal Kähler potential, cf. Ref. [40]. For a discussion of cosmological B−L
breaking involving smaller values for vB−L, cf. Ref. [12].

3 Tachyonic Preheating and Cosmic Strings

The end of hybrid inflation induces a negative squared mass term for the B−L Higgs field σ� in the false
vacuum, triggering the U(1)B−L breaking phase transition. The cosmological realization of this phase
transition is accompanied by two important nonperturbative processes, tachyonic preheating [33] and the
formation of cosmic strings [49].

4Note that nevertheless, an arbitrary amount of e-folds of inflation can be realized in this setup.
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3.1 Tachyonic preheating

The phase transition
Tachyonic preheating is a fast and nonperturbative process triggered by the tachyonic instability in the
scalar potential in the direction of the Higgs field. As the inflaton field passes a critical point φc, the
Higgs field σ� acquires a negative effective mass squared −m2

σ, with m2
σ =

√
2λvB−L|φ̇c|t in the

linearized equation of motion for σ� close to the instability point φc. This causes a faster than expo-
nential growth of the quantum fluctuations of the Higgs field σ�

k with wave numbers |�k| < mσ [50],
while the average value of the Higgs field remains zero. Once the amplitude of these fluctuations,
v(t) = 1√

2
�σ�2� = 1√

2
�σ�2(t,x)�1/2x ,5 reaches �σ�2(t∗)� = O(v2B−L), the curvature of the potential

for the homogeneous background field σ� becomes positive and the usual oscillating behaviour of the
modes is re-established [33] while v(t) approaches vB−L. A direct consequence of the early phase of
exponential growth are high occupation numbers in the low-momentum Higgs modes and hence a semi-
classical situation with a large abundance of non-relativistic B−L Higgs bosons.

A further result of this nonperturbative process is the formation of ‘bubble’-like inhomogeneities
which randomly feature different phases of the complex Higgs field [50, 51]. Their initial size is given
by the smallest scale amplified during tachyonic preheating, referred to as k−1

∗ . These bubbles expand at
the speed of light, thereby colliding with each other. This phase of the preheating process is an important
source of gravitational waves (GWs), cf. [53], a point to which we will return in Sec. 5. After this
very turbulent phase the true Higgs vev is reached in almost the entire volume, with the regimes of false
vacuum reduced to topologically stable cosmic strings, cf. Sec. 3.2, separated by the characteristic length
scale k−1

∗ ≈ (
√
2λvB−L|φ̇c|)−1/3.

Secondary Particle production
The mode equations for the particles coupled to the B−L Higgs field, i.e. for the gauge, Higgs, inflaton
and neutrino supermultiplets, feature masses proportional to v(t). The growth of �σ�2� during tachy-
onic preheating thus induces a rapid change of their effective masses. The resulting particle production
was studied in Ref. [52], with the results depicted in Fig. 4. Here, for simplicity, an abrupt transition
of the inflaton vev to zero is assumed, introducing the parameter m = mσ(φ̇ct → φc).6 The left
panel shows the evolution of �σ�2� normalized to the symmetry-breaking scale vB−L, calculated using
a lattice simulation (green curve). For comparison, the red curve shows an analytical approximation,
v(t) =

vB−L

2

�
1 + tanh m(t−t∗)

2

�
. The pink and blue curves depict the number densities of bosonic par-

ticles coupled to the Higgs, again calculated using a lattice calculation and an analytical approximation,
respectively. The right panel examines the momentum distribution of these bosons (and also of fermions
coupled to the Higgs) showing the spectrum of occupation numbers. Again both the numerical and an-
alytical results are shown. We see that just like the Higgs bosons themselves, the particles coupled to it
are produced with very low momentum, i.e. non-relativistically.

Based on these results, the energy and number densities for bosons and fermions coupled to the
Higgs boson after tachyonic preheating have been estimated as [52]7

ρB/ρ0 � 2× 10−3 gσ λ f(x1, 1.3) , nB(x1) � 1× 10−3 gσ m
3
S f(x1, 1.3)/x1 ,

ρF /ρ0 � 1.5× 10−3 gσ λ f(x1, 0.8) , nF (x1) � 3.6× 10−4 gσ m
3
S f(x1, 0.8)/x1 ,

(16)

with f(x1, x2) = (x21 + x22)
1/2 − x2 and x1 = mi/mS , where mi denotes the mass of the respective

particle in the true vacuum and gσ counts its spin and internal degrees of freedom.

5Here, bold letters indicate 3-vectors.
6The effect of the inflaton dynamics on this nonperturbative particle production requires further investigation.
7Note that particle production can be significantly enhanced by quantum effects [54], which require further investigation.
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Fig. 4: Numerical and analytical results for particle production during tachyonic preheating, taken from Ref. [52].
Left panel: Evolution of the quantum fluctuations of the Higgs field φ(t) ≡ σ�(t)/

√
2, normalized to the

symmetry-breaking scale v ≡ vB−L, as well as the number density nB of bosonic particles coupled to it. Right
panel: Spectrum of occupation numbers for bosonic and fermionic particles coupled to the Higgs.

3.2 Cosmic strings

Due to the non-trivial topology of its vacuum manifold, the Abelian Higgs model underlying the B−L
phase transition gives rise to solitonic field configurations, so-called cosmic strings (for a review, see
e.g. [55–57]). These cosmic strings are formed during the process of tachyonic preheating and are
topologically stable. The evolution of the resulting network is governed by the intersection of the infinite
strings, which leads to the formation of closed loops separated from the infinite string, as well as by the
energy loss due to the emission of GWs, Higgs and gauge particles. After a relaxation time the network
reaches the scaling regime, i.e. the typical length scale of the cosmic string network remains constant
relative to the size of the horizon. This implies that a constant fraction of the total energy density is
stored in cosmic strings throughout the further evolution of the universe and that there are O(1) cosmic
strings per Hubble volume.

In the scaling regime, the cosmic string network is characterized by the energy per unit length µ.
In the Abelian Higgs model, which is based on a field theory featuring a spontaneously broken local
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U(1) symmetry, µ is given by [58]
µ = 2πB(β)v2B−L , (17)

where β = (mS/mG)
2 = λ/(8g2) is the ratio of the masses of the symmetry-breaking Higgs boson and

the gauge boson in the true vacuum, and B(β) is a slowly varying function parametrizing the deviation
from the Bogomol’nyi bound,

B(β) �
�

1.04β0.195, if 10−2 < β � 1
2.4 (ln 2

β )
−1, if β < 10−2 . (18)

For the special case of β = 1 the Bogomol’nyi bound is saturated and B(1) = 1 [59].

Further important quantities describing the string network are the cosmic string width, given by
m−1

G in the Abelian Higgs model, and the length scale ξ separating two strings. From Sec. 3.1, we know
that the characteristic length separating two strings at the time of their formation is

ξ = k−1
∗ = (

√
2λvB−L|φ̇c|)−1/3 . (19)

This also determines the relaxation time of the cosmic string network, τstring ∼ ξ [50,60]. Note that in the
Nambu-Goto model, an alternative to the Abelian Higgs cosmic string model which assumes infinitely
thin cosmic strings, the energy scale µ is an input parameter.

Observational prospects
So far, no experimental evidence for the existence of cosmic strings has been found. However, current
and upcoming experiments are starting to seriously probe the cosmologically interesting regions of the
parameter space. First, cosmic strings give rise to anisotropies in the CMB temperature map. They distort
the surface of last scattering of the CMB photons, leaving an imprint on the spectrum observable today.
Since the CMB photons observable today stem from roughly 105 Hubble patches during recombination,
these observations are mainly sensitive to the effect of long (Hubble-sized) strings at recombination and
not to small cosmic string loops. In contrast to the perturbations due to inflation, these anisotropies are
not phase correlated across distant Hubble patches and hence the resulting multipole spectrum of the
two-point correlation function is suppressed at large scales and moreover does not show the oscillations
characteristic to inflation. Moreover, whereas the primordial power spectrum due to inflation is (nearly)
scale-invariant, the anisotropies on the last scattering surface due to cosmic strings are governed by a
characteristic scale. The resulting spectrum thus features a single broad peak associated with this scale.
Due to the re-scattering of a fraction of the CMB photons at reionisation, the CMB spectrum is, to a
lesser extent, also sensitive to the long cosmic strings present at reionisation. This leads to a second,
smaller peak in the spectrum, in particular visible in the power spectrum of the B-mode polarization,
see e.g. [61] for a recent analysis. The fraction of the amplitude of the scalar power spectrum due to a
possible cosmic string contribution to the CMB temperature anisotropies is conventionally measured at
the multipole l = 10 and is referred to as f10. The Planck data implies that f10 can at most be a few
percent, f10 < 2.8% [38].

Second, the gravitational field of cosmic strings gives rise to weak and strong lensing effects of
(CMB) photons on their way from the surface of last scattering or from an astrophysical source to us.
The non-observation of such effects puts a bound on the string tension µ. Again, this effect is mainly
sensitive to long (Hubble-sized) strings.

Third, the energy emitted by cosmic strings in the scaling regime is at least partly emitted in form
of GWs. Due to their extremely weak coupling, these can then propagate freely through the universe and
are therefore in principle detectable today. We will come back to the resulting GW background and the
discovery potential of current and upcoming GW experiments in detail in Sec. 5.

Finally, the Abelian Higgs cosmic string model entails the emission of massive radiation from
cosmic strings, i.e. the emission of the Higgs and gauge particles whose field configurations form the
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string. If this mechanism is still active at late times it could yield ultra-high-energetic cosmic rays and
GeV-scale γ-rays, which have not been observed. This too, can be translated into a (model-dependent)
bound on µ [62–66].

Currently the most stringent and model-independent bound on the cosmic string tension comes
from CMB observations, Gµ < 3.2× 10−7 [38], and we shall mainly employ this in the following.

Numerical simulations and theoretical uncertainties
A quantitative understanding of the formation of cosmic strings, the dynamics of the cosmic string net-
work and the energy loss mechanism during the scaling regime requires lattice simulations. Performing
these is extremely challenging due to the huge range of scales involved in the problem [56]: the width
of the string remains constant while the scales of the network are blown up as the universe expands. Or,
in comoving coordinates, the comoving width of the string shrinks, until it becomes comparable with
the lattice spacing and the simulation loses its validity. There have been different approaches to tackle
this problem. Simulations based on solving the field equations for the Abelian Higgs (AH) model set
the comoving width to a finite constant before it comes too close to the lattice spacing [60, 67, 68]. Sim-
ulations based on the Nambu-Goto (NG) string model assume cosmic strings to be infinitely thin, i.e.
strictly one-dimensional objects, throughout the simulation [69–72]. The outcome of simulations based
on these two models is dramatically different. The AH simulations show the formation of large, Hubble-
sized structures which lose their energy predominantly by emitting massive radiation, i.e. particles of the
Higgs and gauge fields forming the string configuration. The NG simulations on the other hand display
the formation of small loops, which lose their energy into GWs. The size of these loops is thought to
be controlled by gravitational backreaction, but is as yet undetermined [56]. Concerning the network
of long strings, both simulations, however, yield a similar result [56]. Which of these two simulations
methods is closer to reality is currently an open question.

In the following, we will adopt the following hypothesis: For early times, while the comoving
cosmic string width is large compared to the lattice spacing, the AH simulation describes the U(1) phase
transition very well. We will thus use the results from these simulations when discussing the formation
and early evolution of cosmic strings. For late times, the AH simulations become questionable and the
NG approximations of infinitely thin strings appears reasonable. Hence for late times, in particular when
discussing possible GW signatures from cosmic strings, cf. Sec. 5, we shall discuss both the AH as well
as the NG results.

4 Reheating
Tachyonic preheating nonperturbatively generates a large abundance of non-relativistic B−L Higgs
bosons as well as, to a much lesser extent, non-relativistic abundances of the particles coupled to the
Higgs boson, cf. Sec. 3.1. Among these are the particles of the B−L gauge supermultiplet, which de-
cay quickly due to their comparatively strong gauge interactions. This sets the initial conditions for the
following slow, perturbative reheating process, depicted by the solid arrows in the left panel of Fig. 5:
The particles from the symmetry-breaking sector decay into particles of the N1 supermultiplet. These
(s)neutrinos, just as the (s)neutrinos produced through gauge particle decays and tachyonic preheating
as well as thermally produced (s)neutrinos, decay into MSSM particles, thereby generating the entropy
of the thermal bath as well as a lepton asymmetry [73]. Finally, the thermal bath produces a thermal
gravitino abundance, which will turn out to be in the right ball-park to yield the observed dark matter
abundance.

The main tool to obtain a time-resolved description of this reheating process are Boltzmann equa-
tions, which describe the evolution of the phase space densities of the various particles species due to
decay and scattering processes in an expanding universe. After briefly introducing the formalism of
Boltzmann equations in Sec. 4.1, we will turn to the implications for leptogenesis and dark matter pro-
duction in Sec. 4.2. The results presented here are based on the analyses of Refs. [10–12].
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4.1 Boltzmann equations
The evolution of the phase space density fX(t, p) of a particle species X is determined by a coupled set
of Boltzmann equations,

E

�
∂

∂t
−Hp

∂

∂p

�
fX(t, p) =

�

i�j�..

�

ij..

CX(Xi�j�.. ↔ ij..) , (20)

augmented by the Friedmann equation, which governs the evolution of the scale factor. The left-hand
side of Eq. (20) describes the evolution of the phase space density in an expanding Friedman-Robertson-
Walker (FRW) universe whereas the collision operators CX on the right-hand side account for all relevant
scattering, decay and inverse decay processes involving the particle X . The set of Boltzmann equations
we have to solve here is determined by the allowed interactions of the underlying particle physics model,
cf. solid blue arrows in the left panel of Fig. 5.

From the phase space density fX(t, p) one directly obtains the comoving number density NX(t),
i.e. the number of X particles in a volume (a/GeV)3, and the energy density ρX(t) by integrating over
momentum space,

NX(t) =

�
a(t)

GeV

�3

nX =

�
a(t)

GeV

�3

gX

�
d3p

(2π)3
fX(t, p) ,

ρX(t) = gX

�
d3p

(2π)3
EX(p) fX(t, p) ,

(21)

with a denoting the scale factor. A rescaling of a leaves the physical number density nX invariant. For
convenience, we will thus set aPH ≡ 1 at the end of preheating. In the following, decay rates Γ, comoving
number densities N and energy densities ρ will sometimes appear with upper and lower indices. In this
case, the lower index refers to the particle species under consideration, while the upper index refers to its
origin, e.g. its parent particle or ‘PH’ for preheating.
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4.2 Outcome of the reheating process
Solving the Boltzmann equations with the initial conditions given by tachyonic preheating and the suc-
cessive decay of the B−L gauge bosons yields a time-resolved picture of the evolution of all particle
species. In the right panel of Fig. 5, we show an overview of the resulting comoving number densities
for a representative parameter point.

A two-stage reheating process
After the end of preheating, the lion’s share of the energy is stored in non-relativistic B−L Higgs bosons.
Assuming a hierarchical spectrum of heavy Majorana neutrinos, these decay exclusively into heavy,
typically relativistic (s)neutrinos of the first generation, thereby forming the main part of the right-handed
(s)neutrino population. The decay of these (s)neutrinos then generates a thermal bath of MSSM particles.
The process of reheating is hence governed by the interplay of two time-scales, the vacuum decay rate of
the non-relativistic Higgs bosons Γ0

S and the effective decay rate of the neutrinos produced in the Higgs
boson decays ΓS

N1
. The latter differs from the zero-temperature decay rate Γ0

N1
due to the time-dilation

of the relativistic neutrinos,

Γ0
S =

1

32π

�
M1

vB−L

�2

mS

�
1− 4

M2
1

m2
S

�1/2

,

ΓS
N1

:= ΓS
N1

(aRH) = γ−1(aRH)Γ
0
N1

with γ−1(a) =

�
M1

EN1

�(S)

a

, Γ0
N1

=
1

4π

�m1M
2
1

v2EW
.

(22)

In most of the viable parameter space, we find Γ0
S < ΓS

N1
. In this case, Γ0

S determines the overall
time-scale of the reheating process. On the contrary aRH, defined by H(aRH) = ΓS

N1
(aRH), marks

a characteristic point in the middle of the reheating process, which will be in particular relevant for
determining the reheating temperature. Once the Higgs bosons decay into neutrinos, these decay nearly
instantaneously into MSSM particles, so that the era of Higgs domination is directly followed by the
radiation dominated epoch. On the other hand, if Γ0

S > ΓS
N1

, the effective neutrino decay rate governs
the time-scale of reheating. The energy density is then successively governed by non-relativistic Higgs
bosons, relativistic nonthermal neutrinos and finally relativistic thermal MSSM particles.

Solving the Boltzmann equations allows us to determine the temperature of the thermal bath
throughout the reheating process. As a consequence, the ‘reheating temperature’ is no longer a cos-
mological input parameter, but is rather determined by the parameters of the B−L Higgs and neutrino
sector. In Fig. 6 we show the resulting evolution of the temperature. A remarkable feature is the epoch
of nearly constant temperature during the main part of the reheating process, which arises because the
entropy production from the neutrino decays just compensates the expansion of the universe. A typical
value for this plateau is given by TN

RH ≡ T (aRH), with aRH as defined above. The dashed vertical lines
labeled aiRH and afRH in Figs. 5 and 6 mark the beginning and the end of the reheating process, defined as
the period when the effective production rate of MSSM particles exceeds the Hubble rate.

Thermal and nonthermal leptogenesis
The decays of the thermally and nonthermally produced neutrinos give rise to a thermal and a nonthermal
B−L asymmetry, as depicted in Fig. 7. The nonthermal lepton asymmetry receives a first contribution
from the decay of the heavy (s)neutrinos of the second and third generation. To clearly distinguish this
contribution from the main contribution arising due to the decay of the first-generation (s)neutrinos, we
have assigned opposite signs to the parameters �2,3 and �1 quantifying the CP asymmetry in decays of
the respective neutrino generations. This entails the change of sign visible at a � 4.6 × 103 in Fig. 7,
when the decay of NS

1 neutrinos becomes efficient and the main part of the nonthermal asymmetry is
produced. Wash-out effects are negligibly small throughout this process and hence, once the production
of the nonthermal asymmetry becomes inefficient, the asymmetry freezes out.
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The production of the thermal asymmetry is driven by the deviation of the thermal (s)neutrino
abundance from the equilibrium value. This leads to an initially negative asymmetry with a rapidly
increasing absolute value. This increase slows down as the thermal (s)neutrino abundance approaches the
equilibrium value. At around a � 6.3×104 wash-out processes start to play a role, leading to a decrease
of the asymmetry. The situation rapidly changes when the thermal (s)neutrino abundance overshoots the
equilibrium abundance towards the end of the reheating process. This generates an asymmetry with an
opposite sign, which overcompensates the asymmetry generated so far. Shortly after, both the wash-out
rate and production rate drop significantly below the Hubble rate and the asymmetry freezes out.

The final values of thermal and nonthermal asymmetry as depicted in Fig. 7 allow us to infer the
present baryon asymmetry ηB as well as its composition in terms of a nonthermal (ηnt

B) and a thermal
(ηth

B) contribution,

ηB =
n0
B

n0
γ

= ηnt
B + ηth

B , ηnt,th
B = Csph

g0∗,s
gRH∗,s

Nnt,th
L

Nγ

�����
af

. (23)

Here, Csph = 8/23 denotes the sphaleron conversion factor, gRH
∗,s = 915/4 and g0∗,s = 43/11 are the

effective numbers of relativistic degrees of freedom in the MSSM that enter the entropy density s of the
thermal bath in the high- and low-temperature regime, respectively, Nnt,th

L refers to the comoving number
density for the nonthermal and thermal contribution to the lepton asymmetry and Nγ = gγ/g∗,nNr is
the comoving number density of photons. For our parameter example we find

ηB � 3.7× 10−9 , ηnt
B � 3.7× 10−9 , ηth

B � 1.9× 10−14 . (24)

Note that to obtain these values, we have set the CP -violation parameter in the first generation neutrino
decays �1 to the maximally allowed value, see Ref. [10]. Hence ηB in Eq. (24) yields an upper bound on
the baryon asymmetry produced in this setup and is thus perfectly compatible with the observed value,
ηobs
B � 6.2 × 10−10 [74]. In fact, the Froggatt-Nielsen model typically predicts a value for �1 that is

smaller than the maximal possible value by roughly a factor of O(10), cf. Ref. [75], implying excellent
agreement between prediction and observation for this parameter example, ηB � ηobs

B .

Gravitino or neutralino dark matter
The thermal bath produced in the decays of the heavy neutrinos gives rise to a thermal gravitino abun-
dance, which can, depending on the underlying low-energy supersymmetry mass spectrum, be either
directly or via its decay products linked to today’s dark matter abundance. In the former case, we assume
the gravitino to be the lightest supersymmetric particle (LSP), as arises for instance in gaugino-mediated
supersymmetry breaking. In this case, we can deduce today’s gravitino dark matter abundance Ω �Gh

2

from the final value of the comoving gravitino abundance N �G:

Ω �Gh
2 =

ρ0�G
ρc/h2

=
m �G n0

γ

ρc/h2
g0∗,s
gRH∗,s

N �G
Nγ

����
af

, (25)

where ρc = 3H2/(8πG) = 1.05×10−5 h2 GeV cm−3 denotes the critical energy density of the universe,
h the Hubble rate in the units H = h × 100 km s−1 Mpc−1 and n0

γ = 410 cm−3 the present number
density of the CMB photons. Due to the high temperatures reached in this setup, we do not expect
a significant contribution from nonthermal gravitino production. For the parameter example shown in
Fig. 5 we find Ω �Gh

2 � 0.11 , matching the observed amount of dark matter Ωobs
DMh2 � 0.11 [74]8. Note

that in the choice of this parameter example M1 = 5.4 × 1011 GeV was adjusted to obtain this result.
Performing a parameter scan over �m1 and m �G, thereby adjusting M1 to achieve the correct gravitino

8The recently published Planck data yields a slightly larger value, Ωobs
DMh

2 = 0.12 [76]. The effect of this change on the
work presented here is marginal, and in the following we will stay with the value quoted above.
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dark matter abundance, yields the viable parameter space as depicted in Fig. 8. The red shaded region
is excluded due to an insufficient production of baryon asymmetry, whereas in the green shaded region
we produce a sufficient amount of baryon asymmetry (mainly nonthermally) as well as the correct dark
matter abundance. In this region, the reheating temperature ranges from O(108) to O(1010) GeV.

As can be seen from Fig. 8, requiring successful leptogenesis as well as the correct dark matter
abundance thus yields a lower bound on the gravitino mass m �G in terms of the effective neutrino mass
parameter �m1,

m �G ≥ 16GeV
� mg̃

1TeV

�2� �m1

10−3 eV

�0.25−c

, c =

�
−0.01 for �m1 � 10−3 eV
0.21 for �m1 � 10−3 eV

. (26)

with the value of the exponent c determined by numerically solving the Boltzmann equations. Eq. (26)
links a parameter of the neutrino mass sector related to B−L breaking to a parameter involved in low-
energy supersymmetry breaking. Physically, this bound can be understood as follows. For gravitino
masses below O (10) GeV, a reheating temperature TN

RH � O
�
108 − 109

�
GeV is required to avoid

overproduction of gravitinos. According to our reheating mechanism such low reheating temperatures are
associated with relatively small values of the neutrino mass, M1 � O

�
1010

�
GeV. The low temperature

and low mass then entail a small abundance of (s)neutrinos at the time the asymmetry is generated and a
small CP parameter �1. Both effects combine and result in an insufficient lepton asymmetry, rendering
dark matter made of gravitinos with a mass below O (10) GeV inconsistent with leptogenesis.

Alternatively, as discussed in Ref. [32], we can assume a hierarchical supersymmetric mass spec-
trum with the gravitino as the heaviest particle and a neutralino with mass mχ as the LSP,

mχ � msquark, slepton � m �G , (27)
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as is found, for instance, in Refs. [77–79]. Due to this hierarchy the LSP is typically a ‘pure’ gaugino or
higgsino [80]. Generically, the thermal abundance of a bino LSP is too large. We therefore focus on the
possibility of a wino or higgsino LSP9. There are then two relevant production channels for neutralino
dark matter: thermal production, accompanied by the standard thermal freeze-out mechanism for weakly
interacting massive particles (WIMPs), and nonthermal production, as a decay product of the gravitinos
produced during the reheating process. In the parameter regime of interest, the resulting thermal and
nonthermal abundances can be estimated as Ωth

χ [83–85] and Ω
�G
χ , respectively:

Ωth
χ h2 = cχ

� mχ

1 TeV

�2
, c �w = 0.014 , c�h = 0.10

Ω
�G
χh

2 =

�
mχ

m �G

�
Ω �Gh

2 � 2.7× 10−2
� mχ

100 GeV

��TN
RH(M1, �m1)

1010 GeV

�
.

(28)

Here c �w and ch̃ apply to the wino and higgsino case, respectively, and Ω �G refers to the ‘would-be’
gravitino abundance today if the gravitinos were stable. Requiring the total neutralino LSP abundance
to match the observed dark matter abundance constrains the reheating temperature, depending on the
value of the neutralino LSP mass mχ. Additionally taking into account the bounds from successful
leptogenesis and big bang nucleosynthesis (BBN) on the reheating temperature, we find upper bounds
on the neutralino LSP mass and an absolute lower bound on the gravitino mass (for all neutralino LSP
masses) depending on the value of �m1, as depicted in Fig. 9. As in the gravitino LSP case, we thus find
relations between the neutrino and superparticle mass spectrum, induced by the key role of the reheating
temperature in the efficiency of both leptogenesis and thermal gravitino production.

5 Gravitational Waves
So far, we have discussed the birth of the hot early universe in the MSM as well as indirect probes of this
mechanism in terms of the resulting neutrino and dark matter properties. We now turn to the possibility
of directly probing such early universe physics by measuring the gravitational wave (GW) background

9Recently it has been shown that wino DM is strongly constrained by indirect searches using the H.E.S.S. and Fermi
gamma-ray telescopes [81, 82].
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[86]. GWs are generated by nonspherical, inhomogeneous strong gravitational field dynamics, decouple
immediately from their source and to very good approximation propagate freely ever since. Hence, GWs
can carry information on the very early universe.

5.1 Cosmic gravitational wave background
Gravitational waves are tensor perturbations of the homogeneous background metric. In a flat FRW
background, these perturbations can be parametrized as [87]

ds2 = a2(τ) (ηµν + hµν)dx
µdxν . (29)

Here ηµν = diag(−1, 1, 1, 1) and hµν denotes the tensor perturbation. xµ are conformal coordinates
with xi, i = 1..3, denoting the comoving spatial coordinates and τ = x0 the conformal time. These are
related to the physical coordinates and the cosmic time as xphys = a(τ)x and dt = a(τ) dτ , respectively.

The tensor perturbation evolves dynamically according to the Einstein equation. In the vacuum,
hµν contains two physical degrees of freedom. A convenient gauge choice is the transverse traceless
(TT) gauge, i.e. h0µ = 0, hii = 0 and ∂jhij = 0. In the weak field approximation, the linearized Einstein
equation in momentum space yields the following mode equation for the tensor perturbation around the
FRW background in the TT gauge,

h̃
��
ij(k, τ) +

�
k2 − a

��

a

�
h̃ij(k, τ) = 16πGaΠij(k, τ) , (30)

describing the generation and propagation of GWs. Here h̃ij = ahij , Πij denotes the Fourier transform
of the TT part of the anisotropic stress-energy tensor Tµν of the source, k = |k|, k is the comoving wave
number, related to the physical wave number through kphys = k/a, and the prime denotes the derivative
with respect to conformal time.

A useful plane wave expansion for freely propagating GWs is given by

hij (x, τ) =
�

P=+,×

� +∞

−∞

dk

2π

�
d2k̂ hP (k) Tk(τ) e

P
ij

�
k̂
�
e−ik(τ−k̂x) , (31)

where k̂ = k/k, P = +,× labels the two possible polarization states of a GW in the TT gauge and e+,×
ij

are the two corresponding polarization tensors satisfying the normalization condition ePije
ij Q = 2δPQ.

hP (k) denote the coefficients of the expansion after factorizing out the red-shift due to the expansion of
the universe, with the latter captured in the so-called transfer function Tk(τ).

An analytical expression for Tk can be obtained by studying the source-free version of Eq. (30).
The resulting mode equation can be easily solved, revealing that the amplitude hij(k) of a given mode
remains constant in the super-horizon regime, k � aH , while it decreases as 1/a inside the horizon, i.e.
for k � aH . Identifying the transfer function Tk as Tk(τ∗, τ) = hEij(k, τ)/h

E
ij(k, τ∗) , with hEij(k, τ)

denoting the envelope of the oscillating function hij(k, τ), we can employ the approximation10 (see
e.g. [88])

Tk(τ∗, τ0) ≈
a(τ∗)
a(τ0)

with τ∗ =

�
τi for sub-horizon sources
τk for super-horizon sources

. (32)

Here, τi marks the time when the GW was generated and τk denotes the time when a given mode with
wave number k entered the horizon, k = a(τk)H(τk) . In Eq. (32), we assume for super-horizon sources

10In Sec. 4, we set aPH = 1. Another convention used frequently is a0 = 1, with a0 referring to the value of the scale factor
today. In this section, we explicitly keep a0 without specifying a convention. In the end, the dependence on a0 must drop out
of the observables independent of the choice of convention.
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that the amplitude is constant until τ = τk and then drops as 1/a immediately afterwards. The actual
solution to the mode equation yields corrections to both of these assumptions. However, as a numerical
check reveals, these two effects roughly compensate each other so that Eq. (32) reproduces the full result
very well. For super-horizon sources we will use the more compact notation Tk(τ) = Tk(τk, τ) in the
following.

The GW background is a superposition of GWs propagating with all frequencies in all directions.
An important observable characterizing the GW background is the ensemble average of the energy den-
sity [87], which is expected to be isotropic,

ρGW(τ) =
1

32πG

�
ḣij (x, τ) ḣ

ij (x, τ)
�
=

� ∞

−∞
d ln k

∂ρGW(k, τ)

∂ ln k
, (33)

with the angular brackets denoting the ensemble average and the dot referring to the derivative with
respect to cosmic time. Alternatively, one uses the ratio of the differential energy density to the critical
density,

ΩGW(k, τ) =
1

ρc

∂ρGW(k, τ)

∂ ln k
. (34)

In the model considered in this paper, the energy density has a part of quantum origin and a part of
classical origin, ρGW(τ) = ρquGW(τ) + ρclGW(τ) . The former part is due to inflation and is therefore
stochastic, whereas the latter part is determined by the contributions to the stress energy tensor from
cosmic strings and from tachyonic preheating, ρclGW(τ) = ρCS

GW + ρPHGW(τ) .

For a stochastic GW background the Fourier modes hA (k) are random variables and their ensem-
ble average of their two-point function is determined by a time-independent spectral density Sh(k) [87],

�
hP (k)h∗Q

�
k��� = 2π δ

�
k − k�

� 1

4π
δ(2)
�
k̂ − k̂

��
δPQ

1

2
Sh(k) . (35)

This relation reflects the fact that different modes are uncorrelated and that the background is isotropic.
Exploiting Eqs. (31)–(35), we can express the differential energy density due to a stochastic source in
terms of the spectral density as

∂ρGW (k, τ)

∂ ln k
=

a2(τ∗)
16π2Ga4(τ)

k3 Sh(k) . (36)

The classical contribution to the GW energy density is obtained by integrating Eq. (30) from the
initial time τi of GW production until today,

hij(k, τ) = 16πG
1

a(τ)

� τ

τi

dτ � a(τ �)G(k, τ, τ �)Πij(k, τ
�) , (37)

where G(k, τ, τ �) is the retarded Green’s function of the differential operator on the left-hand side of
Eq. (30). For sub-horizon modes, i.e. kτ � 1, one has G(k, τ, τ �) = sin(k(τ − τ �))/k. With this, one
can evaluate the ensemble average �ḣ2� in terms of �Π2� by calculating the derivative of Eq. (37) on
sub-horizon scales. Assuming translation invariance and isotropy of the source,

�
Πij(k, τ)Π

ij(k�, τ �)
�
= (2π)3Π2(k, τ, τ �) δ(k + k�) , (38)

the resulting differential energy density simplifies to

∂ρGW (k, τ)

∂ ln k
=

2G

π

k3

a4(τ)

� τ

τi

dτ1

� τ

τi

dτ2 a(τ1) a(τ2) cos(k(τ1 − τ2))Π
2(k, τ1, τ2) , (39)

Here, in order to perform the ensemble average, we have also averaged the integrand over a period
Δτ = 2π/k, assuming ergodicity.
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at preheating, respectively. f

(s)
PH and f

(v)
PH denote the positions of the peaks in the GW spectrum associated with

the scalar and the vector boson present at preheating. The dashed segments indicate the uncertainties due to the
breakdown of the analytical approximations. From Ref. [34].

5.2 Gravitational waves from a B−L phase transition
We will now in turn discuss the resulting GW background from inflation, from tachyonic preheating
and from cosmic strings in the scaling regime, based on the analysis of Ref. [34]. An overview of the
resulting contributions is depicted in Fig. 10.

Gravitational waves from inflation
During inflation quantum fluctuations of the metric are generated and stretched to ever larger physical
scales so that they eventually cross the Hubble horizon and become classical. Outside the horizon, the
amplitudes of these metric perturbations remain preserved and they only begin to evolve again once
they re-enter the Hubble horizon after the end of inflation. Inflation hence gives rise to a stochastic
background of gravitational waves [88–90] with a spectrum which is determined by the properties of
the primordial quantum metric fluctuations as well as by the expansion history of the universe, which
governs the red-shift of the GWs since horizon re-entry,

ΩGW(k, τ) =
At

12

k2

a20H
2
0

T 2
k (τ) . (40)

Here At, controlled by the Hubble parameter during inflation, denotes the amplitude of the primordial
tensor perturbations. Evaluating the evolution of the scale factor throughout the cosmic history, i.e.
through the epochs of reheating, radiation, matter and vacuum domination, yields the transfer function
Tk and thus

ΩGW(k) =
A2

t

12
Ωr

gk∗
g0∗

�
g0∗,s
gk∗,s

�4/3

×





1
2

�
keq/k

�2
, k0 � k � keq

1 , keq � k � kRH

2RC6
RH (kRH/k)

2 , kRH � k � kPH

, (41)
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with Ωr denoting the fraction of energy stored in radiation today. The parameters CRH and R account
for the deviation from pure matter domination during reheating and the production of relativistic degrees
of freedom after aRH, respectively, and are numerically found to be typically O(1).11 As long as a mode
with wave number k re-enters the Hubble horizon during radiation domination, gk∗ and gk∗,s denote the
usual values of the effective number of degrees of freedom g∗(τ) and g∗,s(τ) at time τk. On the other
hand, during reheating and matter domination gk∗ and gk∗,s correspond to gRH

∗ and gRH
∗,s as well as to g

eq
∗

and g
eq
∗,s, respectively. The wave numbers keq, kRH and kPH refer to the modes which crossed the horizon

at matter-radiation equality, the end of reheating and at preheating, respectively. k0 is correspondingly
given by the size of the Hubble horizon today. Translated into frequencies f = k/(2πa0) at which GW
experiments could observe the corresponding modes, they are given by

f0 = 3.58× 10−19 Hz
�

h

0.70

�
, feq = 1.57× 10−17 Hz

�
Ωmh2

0.14

�
, (42)

fRH = 4.25× 10−1 Hz
�

T∗
107 GeV

�
, fPH = 1.93× 104 Hz

�
λ

10−4

�1/6�10−15 vB−L

5GeV

�2/3�
T∗

107 GeV

�1/3

,

(43)

with Ωm denoting the present value of the fraction of energy stored in matter and T∗ closely related to
the reheating temperature, see footnote 12. Evidently, the energy spectrum ΩGW decreases like k−2 at its
edges and features a plateau in its center, cf. grey curve in Fig. 10. In the context of cosmological B−L
breaking, the height of the plateau is controlled by the coupling λ, which determines the self-interaction
of the B−L breaking Higgs field, as well as by the B−L breaking scale,

Ω
pl
GWh2 = 3.28× 10−22

�
λ

10−4

��
vB−L

5× 1015 GeV

�4� Ωr

8.5× 10−5

�
ḡk , (44)

where ḡk = (4gk∗/427)(427/(4g
k
∗,s))

4/3 is a ratio of energy and entropy degrees of freedom. The small
steps visible in the plateau of the grey curve in Fig. 10 represent the change of the number of relativistic
degrees of freedom due to the QCD phase transition and the crossing of a typical mass-scale for super-
symmetric particles. A remarkable feature of the GW spectrum from inflation is that the position of the
kink, which separates the plateau arising for modes which entered during radiation domination and the
k−2 behaviour from the reheating regime, is directly related to the reheating temperature, providing a
possibility to probe this otherwise experimentally hardly accessible quantity.12

Gravitational waves from preheating
The process of tachyonic preheating forms a classical, sub-horizon source for GWs which is active only
for a short time. The resulting GW spectrum can be obtained by calculating the solution to the mode
equation, Eq. (37), and inserting it into Eq. (33). The anisotropic stress tensor Πij entering Eq. (37) is
determined by the dynamics of preheating and vanishes after the end of preheating, allowing the GWs
to propagate freely for τ � τPH. The remaining challenge is thus to calculate Πij during preheating.
This task can be performed numerically, see e.g. Ref. [91] for a detailed description of the method and
an application to preheating after chaotic inflation, as well as Ref. [92] for an application to tachyonic
preheating after hybrid inflation. Based on analytical estimates supported by the results of these sim-
ulations [53, 91–94], one finds two high-frequency peaks in the resulting GW spectrum, related to the

11For a more detailed discussion of the numerical results, including the precise shape of the ‘kinks’ in the inflationary GW
spectrum, cf. Ref. [34].

12To be more precise, the quantity which is probed is the temperature T̂RH when the energy stored in relativistic degrees
of freedom (MSSM particles and nonthermal (s)neutrinos) overcomes the energy stored in the non-relativistic B−L Higgs
bosons. The quantity T∗ appearing in Eq. (43) is related to T̂RH via two correction factors D and R, T∗ = R1/2D1/3T̂RH.
Here D accounts for the entropy production after a = aRH and, just as R, is typically found to be O(1) by numerically solving
the Boltzmann equations.
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mass of the B−L vector (v) and scalar Higgs (s) bosons at preheating. The corresponding positions and
amplitudes of the peaks in the GW spectrum are given by

f
(s)
PH � 6.3× 106 Hz

�
M1

1011 GeV

�1/3�5× 1015 GeV
vB−L

�2�
mS

3× 1013 GeV

�7/6

,

Ω
(s,max)
GW h2 � 3.6× 10−16 cPH

0.05

�
M1

1011 GeV

�4/3�5× 1015 GeV
vB−L

�−2�
mS

3× 1013 GeV

�−4/3

,

f
(v)
PH � 7.5× 1010 Hz g

�
M1

1011 GeV

�1/3� mS

3× 1013 GeV

�−1/2

,

Ω
(v,max)
GW h2 � 2.6× 10−24 1

g2
cPH

0.05

�
M1

1011 GeV

�4/3�5× 1015 GeV
vB−L

�2�
mS

3× 1013 GeV

�2

,

(45)

and are depicted by the red curves in Fig. 10. Here g is the B−L gauge coupling and cPH is a model-
dependent numerical factor, found to be cPH = 0.05 in Ref. [53].

Gravitational waves from cosmic strings
We now turn to the third source, namely, cosmic strings in the scaling regime, cf. Sec. 3.2. We here
review the calculation of the resulting GW background in the Abelian Higgs (AH) model following
Ref. [95]. In Ref. [34], we additionally discuss an alternative approach based on the Nambu-Goto model
of cosmic strings. Here, we will merely give the final result of the latter calculation in order to quantify
the theoretical uncertainties involved.

The GW background generated by an AH string network can be estimated analytically starting
from Eq. (39). Exploiting general properties of the unequal time correlator of a scaling, sub-horizon
source as discussed in Ref. [96] and introducing the dimensionless variable x = kτ , we can evaluate the
unequal time correlator of the AH string network, Π2(k, τ, τ �), as

Π2(k, τ, τ �) =
4v4B−L√

ττ �
CT (x, x�) . (46)

Here CT (x, x�) is essentially local in time [96], CT (x, x�) ∼ δ(x − x�) �C(x) , with �C some function
which falls off rapidly for x � 1, i.e. for modes well inside the horizon. Inserting this into Eq. (39)
yields

ΩGW(k) =
k2

3π2H2
0a

2
0

�
vB−L

MPl

�4 � x0

xi

dx
a2(x/k)

a20 x
�C(x) . (47)

As a result of the rapid decrease of �C(x) for x � 1, this integral is dominated by its lower boundary. For
scales which entered the Hubble horizon after the B−L phase transition, xi = k τk is an O(1) constant.
Hence, the k-dependence of Eq. (47) can be traced back to a(x/k). For radiation domination, we have
a(τ) � √

ΩrH0τa
2
0, where we have neglected the change in the effective number of degrees of freedom.

This yields

� x0

xi

dx
a2(x/k)

a20 x
�C(x) � Ωr H

2
0 a

2
0

2 k2
F r , (48)

where F r is a constant, and therefore a flat spectrum, ΩGW ∝ k0. For matter domination, one has
a(x/k) ∝ k−2, which yields ΩGW ∝ k−2.

In summary, we can express today’s spectrum of GWs from a scaling network of AH cosmic
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strings as13

ΩGW(k) � Ω
pl
GW ×





(keq/k)
2, k0 � k � keq

1, keq � k � kRH

(kRH/k)
2, kRH � k � kPH

. (49)

Here, keq, kRH and kPH are determined by Eqs. (42), and (43), and the height of the plateau Ω
pl
GW can be

estimated using the result of the numerical simulations in Ref. [95],

Ω
pl
GWh2 = 4.0× 10−14 F r

F r
FHU

�
vB−L

5× 1015GeV

�4� Ωrh
2

4.2× 10−5

�
, (50)

where F r
FHU = 4.0 × 103 is the numerical constant determined in Ref. [95] for global cosmic strings.

The corresponding constant for local strings is expected to have the same order of magnitude [97].

Eq. (49) strikingly resembles the result found for the stochastic GW background from inflation,
cf. Eq. (41), up to an overall normalization factor, cf. Fig. 10. Note, however, that the origin is quite
different. On the one hand, in the case of inflation, the GWs can be traced back to vacuum fluctuations of
the metric which remain ‘frozen’ outside the horizon. After horizon re-entry, they propagate according to
the source-free wave equation in FRW space. The amplitude of the resulting stochastic GW background
today is determined by the redshift of these modes after entering the horizon. On the other hand, the
GWs from cosmic strings stem from a classical source, which is active until today. Only the nature of
the unequal time correlator, with its rapid decrease for x � 1, effectively removes the impact of the
source when the corresponding mode is well within the horizon. In more physical terms, this implies
that the dominant source for GWs from cosmic strings are Hubble-sized structures of the cosmic string
network. This explains why the wave numbers associated with the horizon at aRH and aeq play crucial
roles in the GW spectrum from AH cosmic strings, although the GW modes associated with cosmic
strings never actually ‘cross’ the horizon. For cosmic strings the height of the plateau is enhanced by a
very large numerical factor F r. On the contrary, GWs from inflation are suppressed by the small Yukawa
coupling λ. This explains the enormous difference in amplitude between GWs from inflation and cosmic
strings.

The calculation presented here, resulting in Eq. (49), was based on the Abelian Higgs (AH) cos-
mic string model. For comparison, Fig. 11 shows the result obtained in the Nambu-Goto (NG) model,
cf. Ref. [34]. In both approaches the radiation-dominated epoch leads to a plateau for intermediate fre-
quencies. Compared to the AH result, the boundaries in the NG case are shifted to higher frequencies by
a factor 1/α, where α denotes the size at which cosmic string loops are formed relative to the respective
horizon size.14 This shift in frequency is directly related to the maximal loop size which is determined
by αH−1 in the NG case. Furthermore, the frequency dependence for small and large frequencies dif-
fers, which is a consequence of the different mechanisms of gravitational radiation: in the AH model
the dominant contribution to the GW background comes from Hubble-sized structures, in the NG model
the dominant contribution is due to ‘cusps’ in small cosmic string loops, which are formed when waves
moving in opposite directions on the loop collide. The striking difference in amplitude by five orders of
magnitude between the AH and NG model is due to the different energy loss mechanisms of the string
network in the scaling regime. While the energy loss of AH strings is mainly due to massive radiation,
NG strings deposit all their energy into GWs. Hence, these two cases provide lower and upper bounds
on the GW background from cosmic strings, and it is conceivable that the true answer corresponds to
some intermediate value. Assuming a transition between the AH model at early times and the NG model

13Note that in Eq. (49), the normalization of the ‘1/k2-flanks’ was obtained by matching to the plateau value for k = kRH

and k = keq, respectively. However, since close to these points the dominant component of the energy density is not much
larger than the other components, a more detailed knowledge of �C(x) is necessary to evaluate Eq. (47) at these points.

14Note that α cannot take arbitrarily small values. A lower bound is given by the requirement that, in the area of application
of the NG model, the loop size should be larger than the string width obtained in the AH model (controlled by m−1

S ,m−1
G ) or

at the very least larger than M−1
P .
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Fig. 11: Comparison of the GW spectra predicted by AH strings and NG strings for two values of α (which governs
the initial cosmic string loop size in the NG model). The other parameters are chosen as in Fig. 10, which yields a
cosmic string tension of Gµ = 2× 10−7. From Ref. [34].

at later times sometime during radiation domination, a notable point is that, due to the shift of the GW
spectrum of NG strings to higher frequencies, the GWs generated at later times in the NG regime might
cover up the GWs generated at earlier times in the AH regime. To address this important question of how
to correctly describe the evolution of cosmic strings is clearly a theoretical challenge.

6 Observational Prospects and Outlook
In this paper we have demonstrated that the MSM, a minimal supersymmetric extension of the Standard
Model with right-handed neutrinos and spontaneously broken local B−L symmetry, is capable of reme-
dying several shortcomings of the Standard Model while at the same time successfully accounting for the
earliest phases of the cosmological evolution. While the MSM allows for grand unification and explains
the smallness of the observed neutrino masses on the particle physics side, it accommodates inflation
and the generation of entropy, baryon asymmetry and dark matter during the reheating process on the
cosmology side. These successes of the MSM therefore truly render it a minimal consistent model of
particle physics and the early universe.

The MSM gives rise to a rich phenomenology that can be probed in on-going and upcoming cos-
mological observations and high energy physics experiments. First of all, future data on the temperature
anisotropies as well as on the polarization of the CMB radiation will test the dynamics of the B−L
breaking sector of the MSM. Dedicated experiments searching for tensor modes in the CMB, such as
CMBPol [98] or LiteBIRD [99], have, for instance, the potential to rule out supersymmetric F-term hy-
brid inflation by measuring a tensor-to-scalar ratio r of O(10−2) or larger, cf. Eq. (10). Meanwhile,
indications in the CMB for the presence of local cosmic strings could provide evidence in favour of cos-
mological B−L breaking, cf. Sec. 3.2. For parameter values compatible with inflation, the AH model of
the B−L phase transition typically predicts a cosmic string tension Gµ only shortly below the current
observational bound, Gµ < 3.2× 10−7. From the perspective of the MSM, it is thus expected that signs
of cosmic strings should soon be seen.

Next to the CMB, cosmic strings ought to reveil their existence also in weak and strong lensing
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Fig. 12: Predicted GW spectrum and the (expected) sensitivity of current and upcoming experiments. The GW
spectrum due to inflation (gray), preheating (red) as well as AH and NG cosmic strings (black) is shown for
vB−L = 5 × 1015 GeV, M1 = 1011 GeV, mS = 3 × 1013 GeV, and α = 10−12. The current bounds on the
stochastic GW spectrum from (1) millisecond pulsar timing (taken from Ref. [88], with (2) marking the update
from EPTA [100] and (3) LIGO [101] are marked by solid blue lines. The dashed blue lines mark the expected
sensitivity of some planned experiments: (4) SKA [102], (5) ET [103], (6) advanced LIGO [103], (7) eLISA [104],
(8) BBO and DECIGO [105]. Note that with a correlation analysis ultimate DECIGO has a sensitivity down to
10−18. From Ref. [34]

surveys, in the spectrum of ultra-high-energy cosmic rays and GeV-scale γ-rays and finally also in the
spectrum of GWs. In Sec. 5, we discussed this latter characteristic signature of the MSM in more detail.
In doing to, we put a particular emphasis on the uncertainties in the theoretical calculations, which we as-
sessed by calculating the spectrum of GWs either emitted by AH or by NG cosmic strings. Our result for
the GW spectrum related to cosmological B−L breaking is shown in Fig. 12, which compares the GW
signals that are respectively expected to originate from AH strings, NG strings, inflation and preheating.
In addition to that, Fig. 12 also indicates current bounds on ΩGWh2 as well as the expected sensitivity of
upcoming GW experiments, cf. Ref. [106] for a review. The observation of a GW signal coming from
cosmic strings in the scaling regime in the not too far future is clearly challenging. Depending on the
parameters of the AH model, the reheating temperature and the cosmic string loop parameter α, future
experiments will either see a flat plateau in the GW spectrum or detect a kink-type feature related to the
transition between two successive stages in the expansion history of the universe. Particularly intriguing
in this context is the possibility to determine the reheating temperature by measuring the position of
the kink in the GW spectrum that is incuded by AH strings at frequencies around fRH, cf. Eq. (43) and
footnote 12. Nonetheless it is important to realize that at present our understanding of the formation,
evolution and decay of cosmic strings is still far from complete. For one reason or another, the GW
background due to cosmic strings might be suppressed or even absent, cf. Ref. [34] for details, thereby
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potentially rendering inflation and preheating the dominant sources of GWs. At least in the case of in-
flation, the exact shape of the GW spectrum and in particular of its kinks could then be predicted with a
much better precision than as for cosmic strings [34]. As both the GW signals from inflation as well as
from preheating are however rather faint, a positive observation by any of the planned GW experiments
seems to be out of reach.

The dynamics of the neutrino sector in the MSM can be tested on the basis of the parameter
relations that we derived in our study of the reheating process, cf. Sec. 4.2. Assuming the gravitino to
be the LSP, the requirement of consistency between leptogenesis and gravitino dark matter provided us
with relations between the neutrino mass parameters �m1 and M1 on the one hand and the superparticle
masses m �G and mg̃ on the other hand, cf. Fig. 8. In particular, we found a lower bound on the gravitino
mass that scales quadratically with the gluino mass and that at the same time slightly varies with �m1,
cf. Eq. (26). As an alternative to gravitino dark matter, we also considered the possibility of very heavy
gravitinos, in the case of which dark matter is accounted for by partly thermally, partly nonthermally
produced winos or higgsinos. In this scenario, requiring consistency between leptogenesis, WIMP dark
matter and primordial nucleosynthesis, we were able to derive upper bounds on the neutralino mass mLSP
as well as absolute lower bounds on the gravitino mass as functions of �m1, cf. Fig. 9.

Owing to these relations and bounds, a determination of �m1, M1, m �G, mg̃ and/or mLSP in present
or upcoming experiments would therefore allow to constrain the parameter space of the MSM or even to
falsify it. The absolute mass scale of the Standard Model neutrinos, which is closely related to �m1, is, for
instance, probed by low-energy neutrino experiments such as GERDA [107] and KATRIN [108] that are
looking for neutrinoless double-β decay and studying the β-decay of tritium, respectively. Meanwhile,
it is hard to experimentally access the neutrino mass M1 directly; but fortunately the MSM offers a
possibility to determine M1 indirectly. As reheating after inflation is driven by the decay of heavy
(s)neutrinos in the MSM, the plateau temperature TN

RH turns out to be a function of �m1 and M1, cf.
Ref. [10] for details. Once �m1 is known, there thus exists a one-to-one relation between values of M1

and TN
RH, at least as long as all Yukawa couplings are kept fixed. As mentioned above, it is conceivable

that the reheating temperature could possibly be determined by means of GW observations. Such an
observation would then also allow for a measurement of M1.

Depending on the scale of soft supersymmetry breaking and the details of the superparticle mass
spectrum, a determination of m �G, mg̃ and mLSP is potentially within the reach of experiments aiming
at the direct or indirect detection of dark matter and/or collider searches for supersymmetry. If dark
matter should be composed of gravitino LSPs, direct and indirect detection experiments would actually
be bound to yield null observations. However, if R parity was slightly violated, gravitino dark matter
would be unstable [109,110], which could lead to observable signals in the fluxes of gamma rays, charged
cosmic rays and cosmic neutrinos [111]. At the same time, the decays of the next-to-lightest superparticle
(NLSP) via its R parity-violating interactions might be observable in collider experiments in the form of
displaced vertices with distinctive decay signatures [112, 113]. A slight violation of R parity is in fact
motivated from cosmology—if R parity was exactly conserved, the late-time decays of the NLSP could
spoil the successful predictions of primordial nucleosynthesis [?, 47]—and hence we are confident that
the nature of dark matter is not doomed to remain obscure, even if it is made out of gravitinos. Finally,
dark matter composed of partly thermally, partly nonthermally produced winos or higgsinos could soon
be seen in indirect detection experiments such as H.E.S.S. and Fermi-LAT, cf. footnote 9. On the other
hand, for the hierarchical superparticle mass spectrum in Eq. (27), the prospects for a direct detection of
WIMP dark matter via its scattering off heavy nuclei do not look particularly promising, cf. Ref. [32].
Also the discovery of a wino or higgsino LSP at colliders seems to be rather challenging in this scenario.
Given the large masses for the gluinos and squarks, the characteristic missing energy signature of events
with LSPs in the final state may be absent. On the contrary, the wino- or higgsino-like chargino, almost
mass degenerate with its neutral partner, might leave macroscopic charged tracks in the detector, which
could increase the discovery potential of this dark matter scenario. In addition to that, monojets caused
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by the Drell-Yan production of LSP pairs in association with intial state gluon radiation may also provide
a possible discovery channel. We therefore conclude that the MSM is experimentally accessible not only
in cosmological observations, but also in a number of high energy physics experiments. Upcoming data
will thus shed more light on whether or not the MSM is indeed a good description of particle physics up
to the multi-TeV scale as well as of the earliest phases of our universe.

Before concluding, we would still like to compare the MSM with a closely related model, the
νMSM [115], the non-supersymmetric minimal Standard Model with right-handed neutrinos, which can
also account for inflation, entropy production, baryon asymmetry and dark matter. The νMSM is a
model with minimal particle content as well as minimal symmetry. The local symmetry is that of the
Standard Model and the global B−L symmetry is explicitly broken by Majorana masses of the right-
handed neutrinos. Baryogenesis via leptogenesis and dark matter require these masses to lie in the keV
and GeV range, far below the electroweak scale, which leads to predictions that are experimentally
testable in the near future. The Higgs field of electroweak symmetry breaking also plays the role of
the inflaton, which requires a large non-minimal coupling to gravity, tuned to account for the observed
amplitude of the CMB temperature anisotropies. In the νMSM there is no unification of strong and
electroweak interactions. Also the MSM has minimal matter content. However, the symmetry group is
enlarged, and in addition to the Standard Model gauge group it contains local U(1)B−L symmetry and
local supersymmetry. Assuming quark and lepton mass matrices compatible with grand unification, and
therefore hierarchical right-handed neutrinos, one finds that U(1)B−L is broken at the GUT scale. The
symmetry breaking sector contains an inflaton field and the GUT scale automatically yields the right
order of magnitude for the amplitude of CMB temperature anisotropies. The lightest superparticle is the
constituent of dark matter, which can be searched for at the Large Hadron Collider as well as with direct
and indirect detection experiments. Direct evidence for the MSM may eventually be obtained via the
spectrum of relic GWs. In summary, supporting evidence for or falsification of the νMSM or the MSM
will decide whether or not physics beyond the Standard Model is tied to symmetries larger than those
already revealed by the Standard Model.
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Abstract

It is a common wisdom that properties of macroscopic bodies are well de-
scribed by (semi)classical physics. As we have suggested [1–3] this wisdom
is not applicable to black holes. Despite being macroscopic, black holes are
quantum objects. They represent Bose-Einstein condensates of N -soft gravi-
tons at the quantum critical point, where N Bogoliubov modes become gap-
less. As a result, physics governing arbitrarily-large black holes (e.g., of galac-
tic size) is a quantum physics of the collective Bogoiliubov modes. This fact
introduces a new intrinsically-quantum corrections in form of 1/N , as opposed
to e−N . These corrections are unaccounted by the usual semiclassical expan-
sion in � and cannot be recast in form of a quantum back-reaction to classical
metric. Instead the metric itself becomes an approximate entity. These 1/N
corrections abolish the presumed properties of black holes, such as non exis-
tence of hair, and are the key to nullifying the so-called information paradox.

1 Essence of Macro-Quantumness
It is a common wisdom that the properties derived in idealized semi-classical treatment, such as, e.g.,
Hawking’s exact thermality [5] [6] and absence of hair [7], must be well-applicable to the real macro-
scopic black holes. From the first glance, this sounds reasonable. After all, the common effective-field-
theoretic sense tells us that for large objects all the microscopic quantum physics averages out in effective
macroscopic characteristics, which are classical. When applying this reasoning to ordinary macroscopic
objects such as planets, stars or galaxies, no apparent paradoxes or inconsistencies appear. For example,
treating the earth as a semi-classical gravitating source gives a consistent picture.

In contrast, when applying the same common sense to realistic macroscopic black holes of finite
mass, one ends up with puzzles and paradoxes, perhaps the most prominent being Hawking’s information
paradox [8]. The purpose of this short note is not to discuss the existing puzzles one by one, but instead to
point out the misconception that underlies all of them. Namely, the quantum effects for the macroscopic
black holes are much more important than what is suggested by straightforward application of semi-
classical reasoning. This is the lesson from the recently-developed black hole quantum portrait [1–4]. In
this respect there is nothing new in the present note, but we shall provide a sharper focus and specifically
reiterate the key point that we believe sources the black hole mysteries. We would like to explain why it
happens that some macroscopic bodies are more quantum than others.

The short answer is that despite being macroscopic, black holes are systems at the critical point
of a quantum phase transition [3]. As a result, no matter how large and heavy, they can never be treated
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fully classically. Indeed the very nature of the phase transition as quantum requires a great amount of
quantumness in the form of entanglement. Of course, for some aspects (e.g., large distance gravitational
effects on probe bodies) the semi-classical treatment is fine, but is non-applicable for other aspects, such
as information storage and processing.

In order to explain this profound difference, let us compare a black hole to an ordinary macroscopic
object, e.g., a planet or a bucket of water. Of course the common property of all the macroscopic objects,
that allows to treat them in long-distance regimes classically, is the large number of quantum constituents,
N . Property, N � 1 is universally shared by all the macroscopic bodies of our interest.

For such objects we can define some quantum characteristics, such as, N (e.g., number of atoms
in the bucket of water) and their quantum coupling strengths. However, in ordinary objects with size
much bigger than the de-Broglie wave-lengths of the constituents, the coupling αij between a pair of
constituents i and j strongly depends on the relative positions of the constituents (for example, a nearest
neighbor coupling in atomic systems ) and cannot be defined universally.

In contrast, an universal coupling can be defined in the systems in which everyone talks to everyone
at an equal strength. Such is the property of Bose-Einstein condensates (BECs) where all the constituents
are in a common quantum state. In particular, the black holes represent such condensates of gravitons.
For such a system we can define a very useful parameter,

λ ≡ Nα , (1)

which is somewhat analogous to the ’t Hooft coupling for gauge theories with N -colors [9]. Despite the
crucial difference that in our case N is not an input of the theory, but rather a characteristic of a particular
BEC, we shall refer to λ as the ’t Hooft coupling.

This parameter plays the central role in our considerations since it determines how close is the
system from quantum criticality. Thus, level of classicality of the system is not determined by only how
large N is, but most importantly how far it is from the critical value N = 1/α. This is the fundamental
difference between black holes and other macroscopic bodies with many constituents. For the ordinary
macroscopic objects, such as planets, the analog of the ’t Hooft’s coupling either cannot be defined or it
is far from quantum criticality. This is why the ordinary macroscopic objects can be treated classically
with a very good approximation, without encountering any seeming paradoxes. Contrary, as we have
shown, black holes are always at the quantum critical point Nα = 1 up to 1/N corrections. As a result,
black holes can never be treated classically. There are certain quantum effects (such as mass gap and
degeneracy of Bogoliubov modes) that for large black holes become extremely important. In particular,
at the quantum critical point small subsystems are maximally entangled i.e the entanglement entropy for
the reduced one particle density matrix is maximal.

We thus, have outlined the following sequence of macroscopic systems with increasing level of
quantumness:

Ordinary macroscopic objects (e.g., planets or buckets of water).
Quantum Characteristics : N exists, λ cannot be defined.

↓
Generic (non-critical) Bose-Einstein-Condensates.

Quantum Characteristics : Both N and λ are well defined, but λ �= 1.

↓
Black holes: Bose-Einstein condensates stuck at the quantum critical point.

Quantum Characteristics : Both N and λ are well defined, and λ = 1.
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In order to explain this profound difference, let us consider a hypothetical gravitating source of the
mass of a neutron star. We shall use an oversimplified model in which we shall approximate the source by
a collection of NB particles of baryonic mass, mB ∼ GeV, stabilized by some non-gravitational forces.
We shall ignore the contribution to the energy from the stabilizing force. Then by dialing the strength of
the stabilizing force, we can bring the system to the critical point of black hole formation. In the classical
approximation such a "neutron star" outside produces a gravitational field identical to the one produced
by a classical Schwazschild black hole. So why is the case that for the neutron star the quantum effects
are not important whereas for a black hole of the same mass they are absolutely crucial?

In order to answer this question let us reduce the quantum portrait of the above system to its bare
essentials. We are dealing with a source, represented by a multi-baryon state of occupation number
NB ∼ 1057 and size L ∼ 106 cm. This source is not a Bose-Einstein condensate, since baryons (even
if spin-0) are not in the same state, and in particular their de Broglie wave-lengths are much shorter
than the size of the system. However, these baryons source gravity and produce gravitational field that
contains approximately N ∼ 1077 gravitons. The two occupation numbers are related as,

N = N2
B(mB/MP )

2 , (2)

where MP is the Planck mass, and we shall also define the Planck length LP ≡ �/MP . Unlike baryons,
these gravitons are much closed to being a Bose-Einstein condensate, because the majority of them
occupy the same state, and in particular have comparable characteristic wave-lengths L given by the size
of the baryonic source, L ∼ Lstar. Due to this, in contrast to the baryonic constituents of the star, for
gravitons we can define an universal quantum coupling,

α ≡ (LP /L)
2 (3)

and the corresponding ’t Hooft’s coupling λ given by (1). The only caveat is that the graviton condensate
is not self-sustained as long as Lstar > rg. That is, the gravitational mass (self-energy) of the graviton
condensate Mgr = N�/L is below the mass of the baryonic source Mstar = NBmB and alone is not
enough to keep the gravitons together. Classically, we think of this situation as the size of the source
Lstar being larger than the corresponding gravitational radius rg ≡ MstarL

2
P /�, but we see that the

quantum-mechanical reason is that the ’t Hooft coupling is far from criticality. Indeed, expressing N and
α through their dependence on L and rg, we have,

λ ≡ Nα = (rg/L)
2 = (rg/Lstar)

2 . (4)

Thus, the classical statement that a given source is not a black hole (rg < Lstar), quantum-
mechanically translates as the condition that the ’t Hooft coupling of graviton condensate is weak, λ < 1.
Thus, the standard semi-classical expansion in powers of rg/L is nothing but an expansion in the ’t Hooft
coupling λ. This expansion ignores additional 1/N -effects. That is, it represents a planar approximation:

λ = fixed, N = ∞ . (5)

Such approximation is justified only as long as λ is sub-critical.

Now imagine that by changing the parameters of the model (say, by decreasing a stabilizing force)
we bring the source to the point Lstar = rg. Classically, we think of this point as a point of classi-
cal black hole formation, but in reality this is a critical point of a quantum phase transition! As we have
shown [3], there are dramatic quantum effects which take place at this point. In particular, of order N Bo-
goliubov modes of the graviton condensate become gapless and nearly degenerate. The condensate starts
a quantum depletion, leakage and a subsequent collapse. This is the underlying quantum-mechanical
nature of the process that semi-classically is viewed as Hawking evaporation. But, Hawking’s semi-
classical limit in our language corresponds to planar limit, in which only λ-corrections are kept whereas
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1/N -corrections are not taken into the account. In reality every act of emission differs from this idealized
approximation by 1/N -corrections. Our point is to stress the extreme importance of these corrections.

In other words for a generic BEC the quantity 1/N measures the quantum noise of the system.
For N � 1 these effects can be thought as very tiny and effectively negligible. This is in fact the case
provided the constituents of the system are not entangled. However, and this is the key of the quantum
phase transition, quantum noise makes a dramatic difference when the constituents are maximally entan-
gled i.e at the quantum critical point. In fact at this point the entanglement entropy for the reduced one
particle density matrix becomes maximal and a new branch of light Bogoliubov modes appear [10]. This
is something completely alien to any classical system. In this sense black holes are intrinsically quantum
objects. This phenomenon is fully missed in classical or semi-classical analysis. Its discovery requires a
microscopic quantum view.

Thus, even macroscopic black holes are quantum.

This is a very general message we wanted to bring across in this short note.

2 Quantumness Versus Semi-Classicality
Can the quantum effects we are pointing out be somehow read off in the standard semi-classical treat-
ment? We shall now explain why the answer is negative.

In standard treatment the black holes are introduced through the metric gµν(x), which is an
intrinsically-classical entity. The effects of quantum gravity are then thought to be accounted in terms of
quantum corrections to metric, without abandoning the very concept of the (classical) metric. In other
words, both before and after the quantum corrections the metric itself is treated as a background classical
field. The role of the quantum gravity is reduced to understanding the rules of corrections according
to which this classical entity changes, without abolishing the very concept of a background metric. We
claim that for certain macroscopic systems, such as black holes, the above treatment is inconsistent.

It is absolutely crucial to understand that 1/N -corrections are intrinsically-quantum and can never
be recast in form of some quantum-back-reacted metric. Instead the very notion of the metric needs to
be abandoned and be treated as approximate. In order to explain this, let us go through the three levels
of quantumness:

Classical: � = 0, 1
N = 0;

↓
Semi-Classical: � �= 0, 1

N = 0 ;
↓

Quantum: � �= 0, 1
N �= 0 .

Consider a light test body and a heavy source of energy momentum tensors τµν and Tµν respec-
tively. In classical GR a scattering of a probe on a source can be understood in terms of a propagation of
the former in a background classical metric created by the latter, with an amplitude,

ACl =

�

x
gµν(x)τ

µν(x) , (6)

where integration is performed over a four-dimensional space-time volume. The metric gµν is obtained
by solving the classical Einstein equation with the source Tµν . It is well-known that exactly the same
amplitude can be reproduced by summing up the infinite series of tree-level Feynman diagrams with
intermediate graviton lines,

A = GN

�

x,y
T (x)Δ(x− y)τ(y) +
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G2
N

�

x,y,z,w
T (x)T (y)Δ(x− w)Δ(y − w)Δ(z − w)O(w)τ(z) + ...

(7)

Here Δ(x) is a graviton propagator, and tensorial indexes are suppressed. These series are non-zero
despite the fact that we are working in � = 0 limit, and they fully reproduce the result obtained by
considering the motion in the classical metric (6). In fact, order by order the above series reproduce
the expansion of a classical solution of Einstein equation in series of GN . For example, for a spherical
source of mass M , the above series reproduce the expansion of Schwarzschild metric in series of rg

r
where rg ≡ 2GNM is the gravitational radius of the source and r is a radial coordinate [11].

Let us now move towards the quantum picture, � �= 0. The standard idea about how to take into
the account quantum gravity effects is to integrate out loops and write down the �-corrected effective
action for gµν(x). The action obtained in this way will in general contain an infinite series of curvature
invariants, with each power of curvature being accompanied by a factor of L2

P (in absence of other
input scales). The effective quantum-corrected metric is then represented as a solution to the equations
obtained by varying the effective action. In this philosophy, the quantum gravity effects are accounted
in form of a back reaction to the classical metric. The quantum-corrected metric obtained in such a way,
although formally includes �-effects is still treated as a classical entity:

gµν(x) → g�µν = gµν(x) + δgµν(x, �) . (8)

In particular, the quantum-corrected scattering of a probe over the source in this limit can still be reduced
to the effects of propagation in the background metric obtained by replacing in (6) gµν by g�µν .

As a result, such an analysis is not really quantum, but rather semi-classical, as it never resolves
the quantum constituents of the metric (1/N = 0).

This is the essence of semi-classical approximation: It reduces quantum effects to the �-correction
of classical entities, without resolving their constituency.

We thus claim, that the above treatment of quantum gravity misses out the 1/N -corrections, which
are absolutely crucial for black holes. The physics generated by these corrections, is impossible to be
reproduced by any quantum corrections to the classical metric. Instead, the very notion of the metric
must be abandoned and only treated as approximate.

In our language it is clear why this is the only consistent treatment. Indeed, it is impossible to
keep all three quantities M,LP and � finite, and simultaneously keep 1/N = 0. Putting it differently,
rg-corrections are corrections in terms of series in ’t Hooft coupling λ = (αN), which are different from
1/N -series. Naively, it seems that one can consistently keep the former while discarding the latter by
taking the planar limit (5). However, this is an illusion, since in this limit also the black hole evaporation
time ( which scales as N3/2) becomes infinite, so that the integrated effect is still finite.

Notice, that 1/N corrections are present already in the tree-level scattering of a probe over a
black hole and come from the processes in which the probe exchanges the momentum with individual
constituent of the graviton condensate. Because the condensate is at the quantum critical point, such
exchanges cost 1/N as opposed to e−N .

The resulting quantum scattering amplitude AQ differs from its classical counterpart by 1/N -
effects,

AQ = ACl + O(1/N) . (9)

However, the crucial point is that, unlike the semi-classical case, these effects cannot be recast in form
of propagation in any new corrected metric. That is, the quantum amplitude AQ does not admit any
representation in form of

AQ =

�

x
gµν(x)

�τµν , (10)
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where gµν(x)� could be any sensible metric. Such representation of the amplitude ceases to exist as soon
as we correctly account for 1/N -effects. 1

3 1/N -Corrections Account for Information
Obviously, the 1/N -corrections to semi-classical results are much stronger than the naively-expected
e−N -correction. However, from the fist glance these enhanced corrections still look very small. This
smallness is an illusion and in reality 1/N -corrections are precisely what one needs for the correct
accounting of information-retrieval in black hole decay.

The reason is that 1/N -corrections to planar results are taking place for each act of emission.
Over a black hole half-lifetime this deviation accumulates to order-one effect, which is sufficient to start
resolving the information at order-one rate. As we have shown [2], this reproduces Page’s time [12],
which automatically follows from our picture.

It is crucial that N is not a fixed characteristics of the theory (unlike in gauge theories with N -
colors) but rather a characteristic of a particular black hole. Moreover, it is a good characteristic only
during the time ∼

√
NLP , during which the black hole depletes and leaks decreasing N by one unit.

This process continues self-similarly

N → N − 1 → N − 2.... (11)

Each elementary step of the cascade reveals a distinct feature (information) encoded in a 1/N -suppressed
deviation from the Hawking’s idealized semi-classical result. To resolve this feature immediately is
extremely improbable, but this is not an issue. Unitarity does not require the information to be resolvable
immediately. It only requires that information is resolvable on the time-scale of black hole evaporation.

This is exactly the case, since probability to recognize the given feature over the black hole half-
lifetime, which scales as ∼ N3/2LP , is of order one. In other words, the increase of N suppresses the
probability of decoding a given feature per emission time as N−3/2, but correspondingly the black hole
life-time increases as N3/2, so that the product is always of order one. As a result, for arbitrarily large
N the information starts to be recognizable at order-one rate after a half-lifetime of a black hole.

To reiterate the picture, let us imagine a situation when Alice is observing evaporation of a solar
mass black hole. For simplicity, we shall exclude all non-gravitational species from the theory. Then
from our point of view, such a black hole is a BEC of approximately kilometer wavelength gravitons of
occupation number N ∼ 1076, with ∼ N gapless Bogoliubov modes. From the point of view of the
quantum information this black hole is a message encoded in a N ∼ 1076 long sequence of 0-s and 1-s,

BH = (0, 0, 1, 0, 1, 1, 1, .......), (12)

where, the sequence is determined by the state of Bogoliubov modes.

After every time interval of approximately Δτ ∼
√
NLP ∼ 10−5 sec the message emits

a graviton and becomes shorter by one unit. In the semi-classical (planar) approximation (5) Alice
thinks that she sees a thermal evaporation of a black hole with a featureless (exactly thermal) spec-
trum. However, in reality she sees a depletion and leakage of graviton BEC, with features encoded
in sub-leading 1/N -corrections. As we know [1, 2], this correction to the black hole rate goes as
Γfeature ∼ N−3/2L−1

P . Thus, probability for Alice to recognize the feature per emission time is
ΔP = ΓfeatureΔτ ∼ 1/N . For a solar mass black hole this probability is 10−71 and is tiny. How-
ever, the time-scale available for Alice to resolve the feature is also enormous, and is given by the black
hole life-time τ = NΔτ ∼ N3/2LP ∼ 1073sec! The probability to resolve the feature during this time
is

P ∼ ΔPN ∼ 1 . (13)
1The quantity N defined in [1] as a measure of classicality also emerges in [14]. However, there this quantity is unrelated

to any quantum resolution of the constituents of the metric.
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Notice, that by then Alice has witnessed ∼ N acts of emission and had of order τ ∼ N3/2LP time for
analyzing each of them. Consequently she accumulated order one knowledge about roughly the half of
the structure of the message. This knowledge brings her to the point starting from which she begins to
resolve information with order one probability.

It is important to stress that we are not modifying Hawking’s entanglement at each step of the
emission process by a factor 1

N ln2. This would not do the job of reproducing Page’s time [13]. What we
are instead doing is to use 1/N effects ( at the quantum critical point ) to trigger depletion of one bit of
information with probability 1/N in each step of the evaporation process.

This completes our point of nullifying the information paradox. Notice, that increasing N is not
changing the final answer, since although it suppresses the feature per emission time, it also increases
the available time for resolving it so that the two effects always balance each other.

This analysis also makes clear the fundamental mistake in the standard semi-classical reasoning.
If the features were suppressed by e−N instead of 1/N , Alice would have never had enough time for
resolving these features, and the paradox would follow. It is now clear that this "paradox" was a result of
our misconception about the quantum properties of macroscopic black holes.

In summary the Bose-Einstein condensate approach to the black hole information paradox lies on
the following basic points:

– Black hole emission is due to quantum depletion triggered by quantum noise. This quantum emis-
sion is not based on any form of Hawking pair creation in the near horizon geometry. It is a
perfectly unitary process with a rate determined by the microscopic dynamics of the condensate.

– This emission rate is modified by 1/N effects.
– In particular if we tag a subset of NB quanta the rate of leakage of any form of information

encoded in those quanta ( as could be a baryon number of the black hole ) goes like NB

N
3
2

. This in
particular means that the black hole can successfully hide some information as its baryon number
– or any other form of message encoded within the tagged quanta – but only until reaching the
half-evaporation point. The observable prediction of this picture is 1/N hair. In case of baryon
number this hair can have observable effects for astrophysical black holes, that are mostly made
out of baryons.
In this respect we need to stress the following. Of course, one could argue that a general believe
that unitary quantum gravity should not result in information paradox implicitly assumes that some
mechanism should purify Hawking radiation. However, an issue that has never been addressed
previously is how this potential purification of Hawking radiation affects the folk dictum that in
any consistent theory of gravity there are no global symmetries. We want to stress that in the
Bose-Einstein portrait approach to the mechanism of information retrieval, gravity is perfectly
consistent with global symmetries [2]. Obviously, how purification affects the dictum depends on
the strength of the corrections used to purify the emitted quanta. Our 1/N -corrections revoke the
dictum.

In short, semi-classicality breaks down whenever quantum noise 1/N -effects become significant. This
is unavoidably the case at the quantum phase transition point. The black hole emits as a normal quantum
system, but its identity card is to be at a quantum phase transition point.

Finally, we wish to note on a possible avenue of probing the large N -picture. Recently, Veneziano
[15] suggested a very interesting stringy computation that reveals 1/N -hair in string - string-hole scat-
tering. Viewed as a black hole of occupation number N = 1/g2s (gs ≡ string coupling), this result
represents a manifestation of 1/N -hair suggested by black hole quantum N -portrait.
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Abstract
We give an introduction to massive spin-2 theories (including massive gravity)
and the problem of their non-linear completion. We review the Boulware-
Deser ghost problem and two ways to circumvent classic no-go theorems. In
turn, massive spin-2 theories are not uniquely defined. In the case of truncated
theories, we show that the Boulware-Deser ghost may only be avoided if the
derivative structure of the theory is not tuned to be Einsteinian.

1 Introduction
If low energy physics is described by the language of effective field theory (EFT), an important question
to ask is what (interacting) degrees of freedom can in principle be used on four-dimensional Minkowski
space.

In a Poincaré invariant theory, such as an EFT constructed on a four-dimensional flat space, differ-
ent degrees of freedom as well as their corresponding one-particle states may be labelled by their mass
and spin, which are Casimir operators of the Poincaré group.

This classification is of course most useful when the one-particle states under consideration are
eigenstates of the full Hamiltonian. However, in almost all cases diagonalization of the interacting Hamil-
tonian is extremely involved. Therefore, one introduces the concept of asymptotic states, eigenstates of
the quadratic part of the Hamiltonian. This is due to the fact that a typical measurement involves a
scattering experiment where the experimental apparatus may only monitor the in and out states far away
from the scattering interactions. This brings about the concept of the S-matrix

P (in, out) = �in|S|out� , (1)

where P ≤ 1 is the probability that the in asymptotic (far away from the scattering process) state scatters
into the out asymptotic state where, importantly, in and out states are eigenstates of the free Hamiltonian.
In almost all cases, these states are also eigenstates of the Casimir operators of the Poincaré group, thus
allowing the above classification on the asymptotic states. Here, we will follow this trend.

Fundamental theories must have that for all processes P ≤ 1. This condition is what is commonly
called the unitarity bound. In an EFT instead, the considered action is only an approximation to the full
quantum effective action; it corresponds to the first terms of a perturbative expansion in terms of the
dimensionless parameters E/Λs and φ/Λs, where E is the energy, φ represents any field content and Λs

is the so-called cut-off or strong coupling scale. Of course, if Λs → ∞, the theory is valid up to any
energy scale and it is called renormalizable.

Whenever the perturbative expansion breaks down, for sufficiently high transfer-energies E > Λs,
one obtains P > 1. In this case, if one insists on this theory still being described in terms of a perturbative
expansion, it must be rewritten in terms of new degrees of freedom materializing at an energy scale
E > Λs. This is what is commonly called a Wilsonian UV completion.

∗E-mail: Sarah.Folkerts@physik.uni-muenchen.de
†E-mail: cristiano.germani@lmu.de
‡E-mail: nico.wintergerst@physik.uni-muenchen.de



Massive spin-2 theories

Theories with massive and massless spin 0 and spin 1/2 fields together with massless spin 1 fields
can be constructed without violation of unitary. This is, in fact, the content of the Standard Model of
particle physics.

Any other degrees of freedom will inexorably violate unitarity at some energy scale (non-renormalizable
theories). If it was not for gravity, a massless spin 2 particle, we could just ignore these other degrees of
freedom. However, as gravitational interactions do exist, one may ask whether other non-renormalizable
degrees of freedom also exist up to energy scales that are not experimentally probed yet.

A self-interacting massive vector field with mass m has a typical strong coupling scale Λ ∼ m.
The violation of unitarity is due to the fact that the longitudinal mode of the vector, which is non-physical
in the massless case, has a polarization �� ∝ �k

m . Thus, the larger is the mass, the later we need to postpone
the completion necessary to restore unitarity.

This can be understood by (schematically) considering the interaction in Fourier space

�
d4xAµJ

µ ∼
�

dt d3kJµ;(k)

3�

λ=1

�µk,λAk , (2)

where the sum extends over the three polarizations defined by the conditions

kµ�
µ
k,λ = 0 ,

�µ;k,λ�
µ
k,λ = 1 . (3)

The spatial part of the longitudinal polarization is defined to be parallel to the three-momentum, i.e.
�ik,3 ∝ ki. Explicitly, it takes on the form

�µk,3 =

� |k|
m

,
k

|k|
Ek

m

�
, (4)

thus giving rise to a vertex
Jµ;(k)�

µ
k,3Ak (5)

which becomes strong at energies of order m.

Note that for large |k|,

�µk,3 ≈
1

m
kµ . (6)

This signals a straightforward way to avoid the violation of unitarity. If the source Jµ is conserved,
∂µJ

µ = 0, in the large momentum limit Jµ;(k)�
µ
k,3 → 0.

We can understand this effect in a different way. We can construct one particle states by defining
creation and annihilation operators aλk, generating the eigenstates of the non-interacting Hamiltonian.
We write

Aλ
µ =

�
d3k√
2Ek

�λµ(k)
�
aλke

ik·x + a†λk e−ik·x
�

. (7)

At the same time we can define a new scalar field φ as

φ =

�
d3k√
2Ek

��
ia

(3)
k

�
eik·x +

�
ia

(3)
k

�†
e−ik·x

�
. (8)

On an asymptotic state |k� of four-momentum kµ one has

∂µφ|k� =
1√
2Ek

kµ

�
a
(3)
k eik·x + a

†(3)
k e−ik·x

�
|k� . (9)
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Henceforth
�
A(3)

µ − 1

m
∂µφ

�
|k� ∼

k�m

m

|k| k̂µa
(3)
k |k� →

k→∞
0 . (10)

Here, k̂µ is the unit vector pointing in the direction of k. We thus see that the longitudinal polarization
in the high energy limit is well described by a scalar field up to corrections O

�
m
k

�
. This is the essence

of the Stückelberg decomposition of the massive vector. There, the field is decomposed into a massless
vector and a scalar where the scalar is nothing else than the re-incarnation of the gauge direction of the
massless case.

To be precise, in the massless case the action is invariant under the gauge transformation

Aµ → Aµ +
∂µφ

m
, (11)

for any φ and some mass scale m. In the massive case however φ represents the extra polarization at
high energies as in (10). In this case, we can decompose

Aµ = Ãµ +
∂µφ

m
. (12)

As a consequence, Aµ, and hence any action constructed from it, is invariant under transformations of Ãµ

of the type (11) (U(1)) if the change is absorbed by a shift in the scalar φ. We see that that the interaction
of the scalar degrees of freedom to external conserved sources Jµ is absent:

�
d4xAµJ

µ =

�
d4xÃµJ

µ +
1

m
boundary . (13)

Thus a massive linearly interacting vector can exist without unitarity problems. The would be strong
coupling scale appears in fact only in the boundary term.

The question is now whether interacting higher spins s ≥ 3/2 can be consistently constructed.
First of all, one notes that, because of the non-trivial tensorial structure of s ≥ 3/2 fields, all interactions
must be unitarity violating [1]. Furthermore, in the case of massive fields, the extra longitudinal polar-
ization does not decouple in the massless limit even if the field interacts with a conserved source. This is
simply due to the fact that these extra polarizations always carry contributions which are not proportional
to the four-momentum even in the high-energy limit.

Let us take as an example a massive spin 2 field hαβ . Similar to the massive vector field discussed
above, the properties of this theory can also be investigated through a helicity or linear Stückelberg
decomposition.

The decomposition of the field into helicity eigenmodes is in complete analogy to the massive
vector. For high energies the helicity-1 component (or vectorial polarization) can be described by the
derivative of a Lorentz vector (Aµ), whereas the helicity-0 component (or longitudinal polarization) can
be described by a scalar field χ [2,3]. The helicity-2 component (the transverse polarization) is described
by a tensor h̃µν .

One then decomposes the massive spin-2 field as

hµν = h̃µν +
∂(µAν)

m
+

1

3

�
∂µ∂νχ

m2
+

1

2
ηµνχ

�
. (14)

Here we used the symmetrization convention a(µbν) =
1
2(aµbν + aνbµ).

Similar to the massive vector, interactions of the longitudinal polarization violate unitarity. The
coupling to the energy momentum tensor is of the form (recall that the energy momentum tensor must
be of dimension 4)

1

Λs

�
d4xhαβT

αβ =
1

6Λs

�
d4xχT + . . . , (15)
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and violates unitarity at the scale Λs.

If we were instead considering a non-conserved source Jµν of mass dimension d ≥ 2 1 we would
have in addition the interaction

�
d4xhαβJ

αβ =
Λ3−d

3m2

�
d4x∂µνχJ̃

µν + . . . , (16)

where Λ is the mass scale of the source J and J̃ = J/Λ3−d is the dimensionless source. This interaction
creates a strong coupling scale Λs ≡ ( 3m2

Λ3−d )
1

d−1 proportional to the mass m.

What we thus see is that theories describing interactions of fields of spin s ≥ 3/2, as EFTs
on a Minkowski background, cannot be fundamental (unless free) and must be UV completed in the
Wilsonian sense if they are to be described in perturbation theory. For a different route to UV completion
see, e.g, [4–6].

A Poincaré invariant consistent theory of massless spin-2, at least at the lowest momentum expan-
sion, must be Einstein’s theory [7, 8]. Therefore, at least in the low momentum limit, a massless spin-2
theory is unique up to a strong coupling scale Λs. The question we would like to address is whether a
similar "uniqueness" theorem holds for a massive spin 2 at least up to a generic strong coupling scale Λs.
As we shall demonstrate, this is not the case.

2 Massive spin-2 without self-interactions
The action of a free massive spin-2 particle is given by what is commonly called the Fierz-Pauli action
and is unique [9].

Its construction can be understood most easily by considering the aforementioned helicity or
Stückelberg decomposition. Demanding the absence of higher derivatives, which signal the appearance
of new degrees of freedom, removes all arbitrariness in the action; only the Fierz-Pauli form allows for
this property. It is given by

S =

�
d4xL =

�
d4x

�
∂µh

µν∂νh− ∂µh
ρσ∂ρh

µ
σ +

1

2
∂µh

ρσ∂µhρσ − 1

2
∂µh∂

µh

−1

2
m2(hµνhµν − h2)

�
, (17)

where h ≡ hµµ.

Inserting (14) into the quadratic action (17) leads to

LPF = h̃µνEρσ
µν h̃ρσ − 1

8
FµνF

µν +
1

12
χ�χ− 1

2
m2
�
h̃µν h̃µν − h̃2

�
+

1

6
m2χ2

+
1

2
m2χh̃+m

�
h̃∂µA

µ − h̃µν∂µAν

�
+

m

2
χ∂µA

µ , (18)

where h̃µνEρσ
µν h̃ρσ = ∂µh̃

µν∂ν h̃−∂µh̃
ρσ∂ρh̃

µ
σ+

1
2∂µh̃

ρσ∂µh̃ρσ− 1
2∂µh̃∂

µh̃ describes the linear part of the
Einstein action. For k2 � m2, the action becomes diagonal in field space. The individual kinetic terms
for h̃µν and Aµ correspond to massless linearized Einstein and Maxwell theory, respectively. Thus, in the
limit where the mixing of the individual fields can be neglected, h̃µν carries precisely the two helicity-2,
Aµ the two helicity-1 and χ the single helicity-0 degrees of freedom.

Note that requiring the diagonalization of the kinetic term fixes the relative factor of 1/2 between
the χ-terms in (14). Similarly, the factors of m in (14) normalize the kinetic terms. The coefficient of
the kinetic term for χ is determined by the coupling of hµν to sources:

�
d4xTµνhµν . The propagator of

a massive spin-2 field hµν between two conserved sources Tµν and τµν is given by

1For dimension d < 2 we just have kinetic or mass mixing.
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TµνDµν,ρστ
ρσ = Tµν

�
ηµρηνσ + ηµσηνρ − 2

3ηµνηρσ
�

p2 −m2
τρσ

= Tµν

�
ηµρηνσ + ηµσηνρ − 1

2ηµνηρσ
�

p2 −m2
τρσ + Tµν 1

6

ηµνηρσ
p2 −m2

τρσ . (19)

The first term in the last line corresponds to the helicity-2 state h̃µν . The second term is an additional
interaction from the extra scalar degree of freedom χ and fixes the overall normalization of it in our
helicity decomposition. By considering non-conserved sources one can accordingly fix the normalization
of Aµ in (14).

For m = 0, the action (17) describes linearized Einstein gravity and is invariant under linearized
diffeomorphisms,

hµν → hµν +
1

2
(∂µξν + ∂νξµ) , (20)

where ξµ(x) defines the linear coordinate transformation. The gauge redundancy fixes the relative coeffi-
cients of the two-derivative terms. Since both vector and scalar appear with derivatives in the Stückelberg
decomposition, the only way for their equations of motion to be second order is for these derivative terms
to drop out from the two-derivative kinetic term for hµν . In other words, we impose on the kinetic part
of the Lagrangian the condition

L(hµν) = L(hµν + ∂(µÃν) + ∂µν χ̃) + boundaries , (21)

where Ãµ and χ̃ are respectively a vector and a scalar. This is equivalent to the gauge invariance (20) for
a specific ξµ.

The uniqueness of said structure can also be understood from a Hamiltonian analysis. Let us first
examine the kinetic term. After having integrated by parts such that h00 and h0i do not appear with time
derivatives, the canonical momenta of the Lagrangian (17) are

πij =
∂L
∂ḣij

= ḣij − ḣiiδij − 2∂(ihj)0. (22)

The other canonical momenta (π00 and π0i) are zero due to the integration by parts. Inverting (22), one
obtains

ḣij = πij − πkkδij + 2∂(ihj)0. (23)

Performing the Legendre transformation and rewriting the Lagrangian in terms of the canonical momenta
yields

L = πij ḣij −H+ 2h0i∂jπij + h00(∇2hii − ∂i∂jhij) ,

where H =
1

2
π2
ij −

1

4
π2
ii +

1

2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk −

1

2
∂ihjj∂ihkk.

(24)

The canonical momenta for h00 and h0i are zero and the variables themselves appear only linearly
in terms without time-derivatives. They are Lagrange multipliers which give the constraint equations
∇2hii − ∂i∂jhij = 0 and ∂jπij = 0. All these constraints commute, in the sense of Poisson brackets,
with each other. Hence, the constraints are first class (for an introduction to constrained systems see for
example [10, 11]). This is characteristic for theories with a gauge symmetry. The constraints together
with the gauge transformations reduce the physical phase space to a four dimensional hypersurface,

91



Massive spin-2 theories

which is described by the canonical coordinates of the two physical polarizations of the massless spin-2
graviton and their conjugate momenta.

Adding a mass term to the analysis changes the Hamiltonian and the Lagrangian of (25) in the
following way

L = πij ḣij −H+m2h20i + 2h0i∂jπij + h00(∇2hii − ∂i∂jhij −m2hii) ,

where H =
1

2
π2
ij −

1

4
π2
ii +

1

2
∂khij∂khij − ∂ihjk∂jhik + ∂ihij∂jhkk

−1

2
∂ihjj∂ihkk +

1

2
(hijhij − h2ii). (25)

Note that the conjugate momenta are unchanged by the additional mass term. However, the structure
of the Lagrangian is different and h0i is no longer a Lagrange multiplier. Nevertheless, it is still non-
dynamical and its equation of motion yields the algebraic relation

h0i = − 1

m2
∂iπij . (26)

h00 still is a Lagrange multiplier and it enforces the constraint

∇2hii − ∂i∂jhij −m2hii = 0 (27)

which is now of second class. Requiring that the constraint is conserved in time, i.e. that it commutes
with the Hamiltonian, gives rise to a secondary constraint. Since h0i is determined by (26) and h00
gives two second class constraints (one primary and one secondary), the resulting physical phase space
is then ten dimensional describing the five physical polarizations of the massive spin-2 particle and their
conjugate momenta. Departing from the Fierz-Pauli mass term introduces nonlinearities in h00 and the
constraint which fixes the trace hii to zero is lost resulting in either a tachyonic or ghost-like sixth degree
of freedom [12, 13].

Let us briefly mention coupling to sources. Adding a source term to the Lagrangian (17) of the
form hµνT

µν does not change the linear constraint analysis. No matter whether the source is conserved,
∂µT

µν = 0, or not, the source coupling will only introduce h00 and h0i linearly and without time
derivatives and therefore it will not affect the number of constraints. Note that this holds true for any
linear coupling of hµν to sources.

3 Self-interacting theories
We now focus on the question of self-interactions in massive spin-2 theories. We address subtleties in
the construction and inquire whether uniqueness theorems can exist similar to the case of the Einstein
theory for a massless spin-2 field.

3.1 Boulware-Deser ghost
Boulware and Deser (BD) argued in [13] that simply introducing a mass term for the full nonlinear
theory of general relativity reintroduces the sixth degree of freedom which could be tuned away in the
Fierz-Pauli theory. Although this result turned out to be not generic, it is instructive to see their reasoning.

Let us first consider pure general relativity. Using the ADM formalism [14] in which a general
metric can be re-written as

ds2 = gαβdx
αdxβ = −N2dt2 + γij

�
dxi +N idt

� �
dxj +N jdt

�
, (28)
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where γij ≡ gij , N ≡ (−g00)−
1
2 (lapse), Ni ≡ g0i (shift). The full action reads (for simplicity we set

the Planck mass to one)

S =

�
d4x

√−g R =

�
d4x(πij γ̇ij −NR(0) −NiR

i − 2(πijNj −
1

2
πN i +N |i√γ)|j), (29)

All curvatures are functions of γij and πij , but do not depend on N or Ni. R is the four dimensional
Ricci scalar and −R(0) ≡ 3R + γ−

1
2 (12π

2 − πijπ
ij) and 3R is the three dimensional Ricci scalar with

respect to the metric γij . Ri = −2πij
|j , where the bar “|” denotes covariant differentiation with respect to

the spatial metric γij .

In the massless theory, N and Ni are Lagrange multiplier which enforce first class constraints on
the system, thereby eliminating four (and correspondingly eight phase space) degrees of freedom yielding
2 propagating helicities of the massless spin-2 particle. We now introduce the Minkowski background
by expanding

gαβ = ηαβ + hαβ , (30)

where ηαβ is the Minkowski metric and hαβ is a tensor on the flat background. Its indices are conse-
quently raised and lowered by the Minkowski metric. The inverse metric gαβ is given by an infinite
series of hαβ and can be obtained from gαµgµβ = δαµ . At linear order N = 1− 1

2h00 and Ni = h0i and
one recovers the result of the previous section. At nonlinear order, however,

N2 = (1− h00)− h0ih0jg
ij , (31)

whereas Ni remains unchanged.

The Fierz-Pauli mass term f = (hµνh
µν − h2) can nevertheless easily be expressed in terms of

Ni and the nonlinear N [13],

f = h2ij − h2ii − 2N2
i + 2hii(1−N2 −NiN

i). (32)

In contrast to the linear case, here N (which to linear order is equivalent to h00) appears quadratically in
the mass term although still appearing linearly in the full non-linear derivative (Einstein) structure of the
theory. Therefore now neither N nor Ni are Lagrange multipliers.

Thus, at the full non-linear level, the trace hii is no longer constrained since the constraint was
related to the fact that N was a Lagrange multiplier. Therefore, there are six degrees of freedom prop-
agating: The so-called Bouleware-Deser ghost propagates on top of the five degrees of freedom of the
Fierz-Pauli massive spin-2. We will see that this conclusion, although correct generically, can be avoided
for specific theories.

The simplest example is the free Fierz-Pauli theory discussed above. There, since the expansion
is truncated at the linear level we have that N = 1− 1

2h00 and the mass term in the Lagrangian is

f = h2ij − h2ii − 2N2
i + 2hii(1− 2N). (33)

Thus, as in the derivative part of the action (the linearized Einstein-Hilbert Lagrangian), N only appears
linearly. In other words, the lapse is here again a Lagrange multiplier, as in General Relativity.

The philosophy of avoiding the BD ghost will be the same for interacting theories: we will search
for theories that can be written in terms of a linear lapse function acting as a Lagrange multiplier. In
order to do that and to avoid the BD conclusions, we will have to either deform the derivative structure
of the massless theory and/or the non-derivative structure.
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3.2 Cubic interactions for a massive spin-2 particle

We will start by considering the simplest possible interaction, a cubic interaction as described in [2].

There, the idea was to consider a cubic interaction that keeps the structure of the linear Fierz-
Pauli action. In other words, by deviating from the Einsteinian derivative structure at the cubic order,
N = 1 − 1

2h00 remains a Lagrange multiplier also in the nonlinear theory. Non-derivative interactions
can then be constructed that preserve this property.

This construction can straightforwardly be achieved by considering the most general cubic inter-
action with at most two derivatives on hµν . Demanding linearity in h00 fixes all coefficients besides
respective prefactors of the zero- and two-derivative terms.

The unique structure is found to be [2]

L(3) =
k1
Λ7

�
hαβ∂αh

µν∂βhµν − hαβ∂αh∂βh+ 4hαβ∂βh∂µh
µ
α − 2hµν∂αh∂

αhµν + h∂µh∂
µh

−3hµν∂αh
α
µ∂βh

β
ν − 4hµν∂νh

α
µ∂βh

β
α + 3h∂µh

µν∂αh
α
ν + 2hµν∂αhµν∂βh

β
α

−2h∂αh∂βh
αβ + hµν∂αhνβ∂

βhαµ + 2hµν∂βhνα∂
βhαµ − h∂αhµν∂

νhµα − h∂αh
µν∂αhµν

�

+
k2
Λ5

�
2hµνh

ν
ρh

ρ
µ − 3hhµνh

µν + h3
�
. (34)

In terms of the components of hµν , for example, the non-derivative part is given by

L =
3k2
2

h00(h
2
ii − h2ij) + terms independent on h00. (35)

Hence, h00 and h0i appear in the same way as in the free action. We do not display the explicit expression
for the derivative part because the expression is rather lengthy. Still, one can easily check that also there
h0i remains non-dynamical and can be solved for algebraically, yielding 3 constraints on hµν . Further-
more, h00 appears as a Lagrange multiplier in (34) and accordingly eliminates another two degrees of
freedom [2].

The fact that the action (34) propagates five degrees of freedom can also be checked in the helicity
decomposition (14). Inserting the decomposition into (34) reveals that the corresponding equations of
motion are free of higher time derivatives on the helicity components.

Indeed, this is in direct correspondence to the Hamiltonian analysis outlined above. The com-
ponents h00 and h0i are exactly those components of hµν which can introduce higher time derivatives
on the equations of motion as, in terms of helicities, these correspond to ∂2

0χ, ∂0A0, ∂0∂iχ and ∂0Ai.
Therefore, any action free of higher derivatives on the helicities, requires h00 to be a Lagrange multiplier
and h0i to be nondynamical.

Up to boundary terms, one can rewrite the above Lagrangian in a compact form [15] as follows

L(3) = k1�
α1...α4�β1...β4∂α1∂β1hα2β2 . . . hα4β4 + k2�

α1...α3σ4�β1...β3
σ4

hα1β1 . . . hα3β3 . (36)

�α1...α4 denotes the totally antisymmetric four-tensor in four dimension. From its antisymmetry proper-
ties it is then simple to conclude that the constraint structure of the free Lagrangian is preserved. If there
is one h00 in (36), then there cannot be any other factor of it in that term. Therefore, h00 can only appear
as a Lagrange multiplier. Terms with h0i can carry at most one time derivative and one power of h0i
or only spatial derivatives and at most two powers of h0i; all other terms have spatial indices. Variation
with respect to h0i, thus, leads to a constraint equation for itself which defines it algebraically in terms
of the components hij .
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3.3 Resummed theories
The second possible route to find nonlinear extensions of the Fierz-Pauli theory is to retain the Einsteinian
derivative structure and construct a nonlinear extension of the mass term. In this case one searches for
a theory preserving a similar constraint structure of the lapse for the full Einstein theory. This approach
was taken in [16].

What we learned from the analysis of BD is that the lapse N cannot be a lagrange multiplier if the
the two following assumptions co-exist

– The derivative structure is Einsteinian
– N and N i are independent variables.

As we are interested in the class of theories that fulfill the former assumption, one needs to relax the
latter, thereby keeping N as a Lagrangian multiplier such to eliminate the BD ghost. The theory with
this property has been found by [16], the so-called dRGT massive gravity.

In other words, the theory of [16] is a deformation of General Relativity with non-derivative term
such that [17]

– The derivative structure is Einsteinian.
– N i can be fully traded by a new variable ni(N,N i, hij).
– After the field redefinition, N only appears linearly in the action and without derivatives.

The second condition forces the redefinition to be of type

N i =
�
δij +NDi

j

�
nj , (37)

where Di
j is an appropriate matrix independent upon N .2 Of course, any truncation in powers of hij of

this construction would bring back the BD ghost.

For our purposes, we adopt the notation of [17]. We write the resummed theory of [16] in terms of
the inverse metric g−1 and an auxiliary background metric η. The action of dRGT massive gravity can
then be written according to [17] (here we re-introduce the Planck mass MP )

S = M2
P

�
d4x

√−g

�
R(g) + 2m2

2�

n=0

βnen

��
g−1η

��
, (38)

where m is the graviton mass and the en(X) are functions of matrix traces given by

e0(X) = 1 , e1(X) = [X], e2(X) =
1

2
([X]2 − [X2]) . (39)

The square brackets denote the trace and β0 = 6, β1 = −3 and β2 = 1 for dRGT massive gravity [16,17].
Note that the coefficients are chosen such that the action describes a flat background without a cosmo-
logical constant. The matrix

�
g−1η is defined by

�
g−1η

�
g−1η = gµνηνρ. Since ηµν transforms as a

rank-two tensor, the action (38) is invariant under general coordinate transformations.

Expanding the action (38) to second order in the metric perturbations gµν = ηµν + hµν , one
recovers the Fierz-Pauli action (17).

As suggested in [16] and later shown in [17–20], the action (38) indeed only propagates five
degrees of freedom. In order to see this, one can redefine the shift as (37). This has been also done for
the full nonlinear action in [17]. We will briefly discuss their findings.

2Note that we would get exactly the same results by not doing the field redefinition. This field redefinition only makes
manifest that the lapse is a Lagrange multiplier.
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A constraint analysis is most conveniently carried out by using the ADM decomposition [14].
Using (28), the Lagrangian (38) is given by

M−2
P L = πij∂tγij +NR0 +RiN

i + 2m2
�
det γN

2�

n=0

βnen

��
g−1η

�
. (40)

The mass term includes N in a non-linear way and is, therefore, responsible for the seeming loss of the
constraint. However, one can redefine the shift Ni by (37) and finds the following Lagrangian [17, 19]

M−2
P L = πij∂tγij −H0(π

ij , γij , nj) +NC(πij , γij , nj) , (41)

where H0 is the Hamiltonian and C is the additional constraint ensuring that only five of the six com-
ponents of γij are propagating. Thus, we have established that there are three independent variables ni

which are not propagating and algebraically determined by their equations of motion and there is one
Lagrange multiplier N which yields a constraint equation for πij and γij . Therefore, there are only five
propagating independent degrees of freedom which constitute the massive graviton.

It is, however, important to note that the redefinition (37) can only be used when considering the
full non-linear action (38). Whenever truncating the theory, this ceases to be valid and thus one is left
with six propagating degrees of freedom.

One might be puzzled by analyzing the action (38) in terms of the helicity decomposition (14).
There, indeed, are higher derivatives (apparently signaling new degrees of freedom) appearing on the
equations of motion of, e.g., the scalar helicity χ for the nonlinear terms [2]. The lowest suppression
scale of these terms is Λ5 = (m4MP )

1
5 . In the full theory, however, this scale is redundant and can

be removed by a field redefinition [18]3. With this field redefinition also the higher derivative terms
disappear. It can be shown that this happens for all scales below Λ3 = (m2MP )

1
3 [18], such that the

theory in terms of the redefined fields is free of higher derivative interactions. Note, however, that when
truncating the theory to any finite order this is no longer the case.

In works subsequent to [16, 17], it was furthermore shown that the absence of the sixth ghost like
degree of freedom can also be confirmed in the Stückelberg language [20].

4 Conclusions
Within this work we have addressed the question whether theories of a single interacting massive-spin 2
field obey similar uniqueness theorems as in the massless case.

For a long time, it was doubtful whether there even exists one consistent theory that describes
self-interactions of a massive spin-2 particle. The fact that adding the Fierz-Pauli mass term to the
Einstein-Hilbert action introduces nonlinearities in the lapse into the action was taken as the basis of
a no-go-theorem for nonlinear extensions of Fierz-Pauli theory. It was argued that any such extension
necessarily leads to the appearance of a sixth unphysical and ghost-like polarization in the theory, the
Boulware-Deser ghost.

We have reviewed two possible ways to circumvent this apparent theorem. One is to sacrifice the
Einsteinian derivative structure, such that the (00)-component of the tensor field hµν enters the action
only linearly even when self-interactions are added. This ensures that only five degrees of freedom are
propagating. We have shown that this property can equivalently be checked in a helicity decomposition
of the massive tensor. The found action is characterized by the absence of higher derivatives on the
helicity components. It is the unique theory with this property.

3Note that this field redefinition is in fact necessary in order to define a Hamiltonian in terms of the helicities. Without it,
the relation between the canonical momenta and time derivatives of fields is not invertible. This reflects the redundancy of the
coupling in the full theory.
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The second route is to leave the derivative structure untouched, but instead adding a potential for
the massive spin-2 field in such a way that guarantees the presence of a Lagrange multiplier in the system.
By casting the action into an appropriate form, this Lagrange multiplier is once again given by the lapse.

The latter approach, since it relies on redundancies of the full action, requires a full resummation
of the theory. Any truncation to finite order appears to propagate more than five degrees of freedom.
However, the scale at which this additional degree of freedom appears coincides with the scale at which
nonlinearities become important. Henceforth, conclusions can only be drawn from the resummed theory.

We have further addressed the issue of higher derivatives in the helicity decomposition in the
latter class of theories. While these are present, the fact that redundancies are present prevents one from
constructing a Hamiltonian. A field redefinition is necessary in order to be able to invert the canonical
momenta; after this redefinition, no more higher derivatives are present. The Hamiltonian of the theory
does not suffer from an Ostrogradski linear instability.

The experimental viability of either theory is unknown. The former deviates from the well probed
Einsteinian cubic vertex and is therefore not viable as a massive graviton. The latter has the correct vertex
structure. However, choosing its mass to be of the order of the Hubble scale leads to a strong coupling
already at very low energies, Λs = (m2MP )

1/3 ∼ (1000 km)−1.

Either theory could in principle describe self-interactions of a massive spin-2 meson and could
therefore be of different phenomenological interest.
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Abstract
All-loop Finite Unified Theories (FUTs) are N = 1 supersymmetric Grand
Unified Theories (GUTs) based on the principle of reduction of couplings,
which have a remarkable predictive power. The reduction of couplings implies
the existence of renormalization group invariant relations among them, which
guarantee the vanishing of the beta functions at all orders in perturbation theory
in particular N = 1 GUTs. In the soft breaking sector these relations imply
the existence of a sum rule among the soft scalar masses. The confrontation of
the predictions of a SU(5) FUT model with the top and bottom quark masses
and other low-energy experimental constraints leads to a prediction of the light
Higgs-boson mass in the range Mh ∼ 121−126 GeV, in remarkable agreement
with the discovery of the Higgs boson with a mass around ∼ 125.7 GeV. Also
a relatively heavy spectrum with coloured supersymmetric particles above ∼
1.5 TeV is predicted, consistent with the non-observation of those particles at
the LHC.

1 Introduction
In the last thirty years a large and sustained effort has been made to achieve a unified description of all
interactions. Among the main efforts in this direction are superstring theories, and non-commutative
geometry. The two approaches have common unification targets and share similar hopes for exhibit-
ing improved renormalization properties in the ultraviolet (UV) as compared to ordinary field theories.
Among the numerous important developments in both frameworks, it is worth noting two conjectures
of utmost importance that signal the developments in certain directions in string theory. The conjec-
tures refer to (i) the duality among the 4-dimensional N = 4 supersymmetric Yang-Mills theory and
the type IIB string theory on AdS5 × S5 [1]; the former being the maximal N = 4 supersymmetric
Yang-Mills theory is known to be UV all-loop finite theory [2,3], (ii) the possibility of “miraculous” UV
divergence cancellations in 4-dimensional maximal N = 8 supergravity leading to a finite theory, as has
been confirmed in a remarkable 4-loop calculation [4–8]. However, despite the importance of having
frameworks to discuss quantum gravity in a self-consistent way and possibly to construct there finite
theories, it is very interesting too to search for the minimal realistic framework in which finiteness can
take place. In addition, the main goal expected from a unified description of interactions by the particle
physics community is to understand the present day large number of free parameters of the Standard
Model (SM) in terms of a few fundamental ones. In other words, to achieve reduction of couplings at a
more fundamental level.
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‡E-mail: George.Zoupanos@cern.ch
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To reduce the number of free parameters of a theory, and thus render it more predictive, one is
usually led to introduce a symmetry. Grand Unified Theories (GUTs) are very good examples of such a
procedure [9–13]. GUTs can also relate the Yukawa couplings among themselves, again SU(5) provided
an example of this by predicting the ratio Mτ/Mb [14] in the SM. A natural extension of the GUT idea
is to find a way to relate the gauge and Yukawa sectors of a theory, that is to achieve Gauge-Yukawa
Unification (GYU) [15–17]. This can be done by searching for renormalization group invariant (RGI)
relations [16–35] holding below the Planck scale down to the GUT scale, leading to more predictive
theories as compared to supersymmetric GUTs [16, 21–26]. An outstanding feature of the use of RGI
relations is that one can guarantee their validity to all-orders in perturbation theory by studying the
uniqueness of the resulting relations at one-loop [27, 28]. Even more remarkable is the fact that it is
possible to find RGI relations among couplings that guarantee finiteness to all-orders in perturbation
theory [29–31].

The above programme, called Gauge–Yukawa unification scheme, applied in the dimensionless
couplings of supersymmetric GUTs, such as gauge and Yukawa couplings, predicted correctly, among
others, the top quark mass in the finite and in the minimal N = 1 supersymmetric SU(5) GUTs [21–23].

The search for RGI relations was extended to the soft supersymmetry breaking sector (SSB) of
these theories [26,36], which involves parameters of dimension one and two. The β-functions of the pa-
rameters of the softly broken theory can be expressed in terms of partial differential operators involving
the dimensionless parameters of the unbroken theory, which in turn can be transfomed into total deriva-
tive operators [37–40]. It is possible to do this in the RGI surface which is defined by the solution of the
reduction equations.

Concerning the boundary conditions for the soft breaking terms, the first attempts involved using
a “universal” value for the scalar masses, but this led to phenomenological problems, of which the worst
was a they lead to charge and/or colour breaking minima deeper than the standard vacuum [41]. Then
it was realized that in N = 1 Gauge–Yukawa unified theories there exists a RGI sum rule for the soft
scalar masses at lower orders; at one-loop for the non-finite case [42] and at two-loops for the finite
case [32]. The sum rule manages to overcome the phenomenological problems of the universal boundary
conditions. It was also proven [40] that the sum rule for the soft scalar massses is RGI to all-orders for
both the general as well as for the finite case.

In here we review an SU(5) finite model and its predictions coming both from the dimensionless
sector, namely the top and quark masses and tanβ, as well as the ones coming from the dimensionful
sector, which are the SUSY spectrum and the Higgs masses. We take into account the restrictions result-
ing from the low-energy observables [35, 43], which include the recent values of BR(Bs → µ+µ−) and
the value of the light Higgs boson mass.

2 Finiteness
Finiteness can be understood by considering a chiral, anomaly free, N = 1 globally supersymmetric
gauge theory based on a group G with gauge coupling constant g. The superpotential of the theory is
given by

W =
1

2
mij ΦiΦj +

1

6
Cijk ΦiΦj Φk , (1)

where mij (the mass terms) and Cijk (the Yukawa couplings) are gauge invariant tensors and the matter
field Φi transforms according to the irreducible representation Ri of the gauge group G. All the one-
loop β-functions of the theory vanish if the β-function of the gauge coupling β

(1)
g , and the anomalous

dimensions of the Yukawa couplings γj(1)i , vanish, i.e.

�

i

�(Ri) = 3C2(G) ,
1

2
CipqC

jpq = 2δji g
2C2(Ri) , (2)
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where �(Ri) is the Dynkin index of Ri, and C2(G) is the quadratic Casimir invariant of the adjoint
representation of G. These conditions are also enough to guarantee two-loop finiteness [44]. A striking
fact is the existence of a theorem [29–31] that guarantees the vanishing of the β-functions to all-orders in
perturbation theory. This requires that, in addition to the one-loop finiteness conditions (2), the Yukawa
couplings are reduced in favour of the gauge coupling to all-orders (see [34] for details). Alternatively,
similar results can be obtained [45–47] using an analysis of the all-loop NSVZ gauge beta-function
[48, 49].

Next consider the superpotential given by (1) along with the Lagrangian for soft supersymmetry
breaking (SSB) terms

−LSB =
1

6
hijk φiφjφk +

1

2
bij φiφj +

1

2
(m2)ji φ

∗ iφj +
1

2
M λλ+ h.c., (3)

where the φi are the scalar parts of the chiral superfields Φi, λ are the gauginos and M their unified
mass, hijk and bij are the trilinear and bilinear dimensionful couplings respectively, and (m2)ji the soft
scalars masses. Since we would like to consider only finite theories here, we assume that the gauge group
is a simple group and the one-loop β-function of the gauge coupling g vanishes. We also assume that the
reduction equations admit power series solutions of the form

Cijk = g
�

n

ρijk(n)g
2n . (4)

According to the finiteness theorem of ref. [29–31, 50], the theory is then finite to all orders in perturba-
tion theory, if, among others, the one-loop anomalous dimensions γj(1)i vanish. The one- and two-loop
finiteness for hijk can be achieved through the relation [51]

hijk = −MCijk + · · · = −Mρijk(0) g +O(g5) , (5)

where . . . stand for higher order terms.

In addition it was found that the RGI SSB scalar masses in Gauge-Yukawa unified models satisfy
a universal sum rule at one-loop [42]. This result was generalized to two-loops for finite theories [32],
and then to all-loops for general Gauge-Yukawa and finite unified theories [40]. From these latter results,
the following soft scalar-mass sum rule is found [32]

( m2
i +m2

j +m2
k )

MM † = 1 +
g2

16π2
Δ(2) +O(g4) (6)

for i, j, k with ρijk(0) �= 0, where m2
i,j,k are the scalar masses and Δ(2) is the two-loop correction

Δ(2) = −2
�

l

[(m2
l /MM †)− (1/3)] �(Rl), (7)

which vanishes for the universal choice, i.e. when all the soft scalar masses are the same at the unification
point. This correction also vanishes in the models considered here.

3 SU(5) Finite Unified Theories
Finite Unified Models have been studied for already two decades. A realistic two-loop finite SU(5)
model was presented in [52], and shortly afterwards the conditions for finiteness in the soft susy breaking
sector at one-loop [44] were given. Since finite models usually have an extended Higgs sector, in order
to make them viable a rotation of the Higgs sector was proposed [53]. The first all-loop finite theory
was studied in [21, 22], without taking into account the soft breaking terms. Naturally, the concept
of finiteness was extended to the soft breaking sector, where also one-loop finiteness implies two-loop
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finiteness [51], and then finiteness to all-loops in the soft sector of realistic models was studied [38, 54],
although the universality of the soft breaking terms lead to a charged lightest SUSY particle (LSP).
This fact was also noticed in [55], where the inclusion of an extra parameter in the Higgs sector was
introduced to alleviate it. With the derivation of the sum-rule in the soft supersymmetry breaking sector
and the proof that it can be made all-loop finite the construction of all-loop phenomenologically viable
finite models was made possible [32, 40].

Here we will study an all-loop Finite Unified theories with SU(5) gauge group, where the reduc-
tion of couplings has been applied to the third generation of quarks and leptons. An extension to three
families, and the generation of quark mixing angles and masses in Finite Unified Theories has been ad-
dressed in [56], where several examples are given. These extensions are not considered here. Realistic
Finite Unified Theories based on product gauge groups, where the finiteness implies three generations of
matter, have also been studied [57].

The particle content of the model we will study consists of the following supermultiplets: three
(5 + 10), needed for each of the three generations of quarks and leptons, four (5 + 5) and one 24
considered as Higgs supermultiplets. When the gauge group of the finite GUT is broken the theory is no
longer finite, and we will assume that we are left with the MSSM.

Thus, a predictive Gauge-Yukawa unified SU(5) model which is finite to all orders, in addition to
the requirements mentioned already, should also have the following properties:

1. One-loop anomalous dimensions are diagonal, i.e., γ(1) ji ∝ δji .
2. Three fermion generations, in the irreducible representations 5i,10i (i = 1, 2, 3), which obviously

should not couple to the adjoint 24.
3. The two Higgs doublets of the MSSM should mostly be made out of a pair of Higgs quintet and

anti-quintet, which couple to the third generation.

The superpotential which describes the model is [21, 22, 32]

W =
3�

i=1

[
1

2
gui 10i10iHi + gdi 10i5iH i ]

+ gu23 102103H4 + gd23 10253H4 + gd32 10352H4

+

4�

a=1

gfa Ha 24Ha +
gλ

3
(24)3 , (8)

where Ha and Ha (a = 1, . . . , 4) stand for the Higgs quintets and anti-quintets.

After the reduction of couplings, the symmetry is enhanced, and we are left with the following
superpotential [58], we will from now on refer to this model as FUTB

W =

3�

i=1

[
1

2
gui 10i10iHi + gdi 10i5iH i ] + gu23 102103H4 (9)

+gd23 10253H4 + gd32 10352H4 + gf2 H2 24H2 + gf3 H3 24H3 +
gλ

3
(24)3 ,

The non-degenerate and isolated solutions to γ
(1)
i = 0 give us:

(gu1 )
2 =

8

5
g2 , (gd1)

2 =
6

5
g2 , (gu2 )

2 = (gu3 )
2 =

4

5
g2 , (10)

(gd2)
2 = (gd3)

2 =
3

5
g2 , (gu23)

2 =
4

5
g2 , (gd23)

2 = (gd32)
2 =

3

5
g2 ,
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(gλ)2 =
15

7
g2 , (gf2 )

2 = (gf3 )
2 =

1

2
g2 , (gf1 )

2 = 0 , (gf4 )
2 = 0 ,

and from the sum rule we obtain:

m2
Hu

+ 2m2
10 = M2 , m2

Hd
− 2m2

10 = −M2

3
,

m2
5
+ 3m2

10 =
4M2

3
, (11)

i.e., we have only two free parameters m10 ≡ m103 and M for the dimensionful sector.

As already mentioned, after the SU(5) gauge symmetry breaking we assume we have the MSSM,
i.e. only two Higgs doublets. This can be achieved by introducing appropriate mass terms that allow
to perform a rotation of the Higgs sector [21, 22, 52, 53, 59], in such a way that only one pair of Higgs
doublets, coupled mostly to the third family, remains light and acquire vacuum expectation values. To
avoid fast proton decay the usual fine tuning to achieve doublet-triplet splitting is performed. Notice that,
although similar, the mechanism is not identical to minimal SU(5), since we have an extended Higgs
sector.

Thus, after the gauge symmetry of the GUT theory is broken we are left with the MSSM, with the
boundary conditions for the third family given by the finiteness conditions, while the other two families
are not restricted.

4 Predictions of Low Energy Parameters
Since the gauge symmetry is spontaneously broken below MGUT, the finiteness conditions do not restrict
the renormalization properties at low energies, and all it remains are boundary conditions on the gauge
and Yukawa couplings, see Eq. (10), the h = −MC relation, see Eq. (5), and the soft scalar-mass sum
rule at MGUT, as applied in the model Eq. (11). Thus we examine the evolution of these parameters
according to their RGEs up to two-loops for dimensionless parameters and at one-loop for dimensionful
ones with the relevant boundary conditions. Below MGUT their evolution is assumed to be governed
by the MSSM. We further assume a unique supersymmetry breaking scale Ms (which we define as the
geometric mean of the stop masses) and therefore below that scale the effective theory is just the SM.

We now review the predictions of the model with the experimental data, starting with the heavy
quark masses see ref. [35] for more details. We use for the top quark the value for the pole mass [60]

mexp
t = (173.2± 0.9) GeV , (12)

and we recall that the theoretical prediction for mt of the present framework may suffer from a correction
of ∼ 4% [15, 16, 33, 61]. For the bottom quark mass we use the value at MZ [62]

mb(MZ) = (2.83± 0.10) GeV, (13)

to avoid uncertainties that come from the further running from the MZ to the mb mass.

In fig.1 we show the FUTB model predictions for mt and mb(MZ) as a function of the unified
gaugino mass M , for the two cases µ < 0 and µ > 0. In the value of the bottom mass mb, we have
included the corrections coming from bottom squark-gluino loops and top squark-chargino loops [63],
known usually as the Δb effects. The bounds on the mb(MZ) and the mt mass clearly single out the sign
µ < 0, as the solution most compatible with this experimental constraints. Although µ < 0 is already
challenged by present data of the anomalous magnetic moment of the muon aµ [64, 65], a heavy SUSY
spectrum as the one we have here (see below) gives results for aµ very close to the SM result, and thus
cannot be excluded.

We now analyze the impact of further low-energy observables on the model FUTB with µ < 0.
As additional constraints we consider the following observables: the rare b decays BR(b → sγ) and
BR(Bs → µ+µ−).
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Fig. 1: The bottom quark mass at the Z boson scale (left) and top quark pole mass (right) are shown as function
of M , the unified gaugino mass.
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Fig. 2: The lightest Higgs mass, Mh, as function of M for the model FUTB with µ < 0, see text.

For the branching ratio BR(b → sγ), we take the value given by the Heavy Flavour Averaging
Group (HFAG) is [66]

BR(b → sγ) = (3.55± 0.24+0.09
−0.10 ± 0.03)× 10−4. (14)

For the branching ratio BR(Bs → µ+µ−), the SM prediction is at the level of 3 × 10−9, while we use
an experimental upper limit of

BR(Bs → µ+µ−) = 4.5× 10−9 (15)

at the 95% C.L. [67] This is in relatively good agreement with the recent direct measurement of this
quantity by CMS and LHCb [68]. As we do not expect a sizable impact of the new measurement on our
results, we stick for our analysis to the simple upper limit.

For the lightest Higgs mass prediction we use the code ��������� [69–72]. The prediction for
Mh of FUTB with µ < 0 is shown in Fig. 2, where the constraints from the two B physics observables
are taken into account. The lightest Higgs mass ranges in

Mh ∼ 121− 126 GeV , (16)
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where the uncertainty comes from variations of the soft scalar masses. To this value one has to add at
least ±2 GeV coming from unkonwn higher order corrections [71]. 1 We have also included a small
variation, due to threshold corrections at the GUT scale, of up to 5% of the FUT boundary conditions.
The masses of the heavier Higgs bosons are found at higher values in comparison with our previous
analyses [35, 74–76]. This is due to the more stringent bound on BR(Bs → µ+µ−), which pushes the
heavy Higgs masses beyond ∼ 1 TeV, excluding their discovery at the LHC. We furthermore find in
our analysis that the lightest observable SUSY particle (LOSP) is either the stau or the second lightest
neutralino, with mass starting around ∼ 500 GeV.

As the crucial new ingredient we take into account the recent observations of the Higgs boson
discovered at LHC [77–80]. We impose a constraint on our results to the Higgs mass of

Mh ∼ 126.0± 1± 2 GeV , (17)

where ±1 comes from the experimental error and ±2 corresponds to the theoretical error, and see how
this affects the SUSY spectrum. 2 Constraining the allowed values of the Higgs mass this way puts a limit
on the allowed values of the unified gaugino mass, as can be seen from Fig. 2. The red lines correspond
to the pure experimental uncertainty and restrict 2 TeV <∼ M <∼ 5 TeV. The blue line includes the
additional theory uncertainty of ±2 GeV. Taking this uncertainty into account no bound on M can be
placed. However, a substantial part of the formerly allowed parameter points are now excluded. This in
turn restricts the lightest observable SUSY particle (LOSP), which turns out to be the light scalar tau.
In Fig. 3 the effects on the mass of the LOSP are demonstrated. Without any Higgs mass constraint all
coloured points are allowed. Imposing Mh = 126 ± 1 GeV only the green (light shaded) points are
allowed, restricting the mass to be between about 500 GeV and 2500 GeV. The lower values might be
experimentally accessible at the ILC with 1000 GeV center-of-mass energy or at CLIC with an energy
up to ∼ 3 TeV. Taking into account the theory uncertainty on Mh also the blue (dark shaded) points
are allowed, permitting the LOSP mass up to ∼ 4 TeV. If the upper end of the parameter space were
realized the light scalar tau would remain unobservable even at CLIC.
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Fig. 3: The mass of the LOSP is presented as a function of M . Shown are only points that fulfill the B physics
constraints. The green (light shaded) points correspond to Mh = 126±1 GeV, the blue (dark shaded) points have
Mh = 126± 3 GeV, and the red points have no Mh restriction.

1We have not yet taken into account the improved Mh prediction presented in [73] (and implemented into the most recent
version of ���������), which will lead to an upward shift in the Higgs boson mass prediction.

2In this analysis the new Mh evaluation [73] may have a relevant impact on the restrictions on the allowed SUSY parameter
space shown below.
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Mbot(MZ) 2.74 Mtop 174.1
Mh 125.0 MA 1517
MH 1515 MH± 1518
Stop1 2483 Stop2 2808
Sbot1 2403 Sbot2 2786
Mstau1 892 Mstau2 1089
Char1 1453 Char2 2127
Neu1 790 Neu2 1453
Neu3 2123 Neu4 2127
Mgluino 3632

Table 1: A representative spectrum of a light FUTB, µ < 0 spectrum, compliant with the B physics constraints.
All masses are in GeV.

The full particle spectrum of model FUTB with µ < 0, compliant with quark mass constraints
and the B-physics observables is shown in Fig. 4. In the upper (lower) plot we impose Mh = 126 ±
3(1) GeV. Without any Mh restrictions the coloured SUSY particles have masses above ∼ 1.8 TeV in
agreement with the non-observation of those particles at the LHC [81–83]. Including the Higgs mass
constraints in general favours the lower part of the SUSY particle mass spectra, but also cuts away the
very low values. Neglecting the theory uncertainties of Mh (as shown in the lower plot of Fig. 4) permits
SUSY masses which would remain unobservable at the LHC, the ILC or CLIC. On the other hand, large
parts of the allowed spectrum of the lighter scalar tau or the lighter neutralinos might be accessible at
CLIC with

√
s = 3 TeV. Including the theory uncertainties, even higher masses are permitted, further

weakening the discovery potential of the LHC and future e+e− colliders. A numerical example of the
lighter part of the spectrum is shown in Table 1. If such a spectrum were realized, the coloured particles
are at the border of the discovery region at the LHC. Some uncoloured particles like the scalar taus, the
light chargino or the lighter neutralinos would be in the reach of a high-energy Linear Collider.

5 Conclusions
It is a remarkable fact that many interesting ideas that have survived various theoretical and phenomeno-
logical tests, as well as the solution to the UV divergencies problem, find a common ground in the frame-
work of N = 1 Finite Unified Theories, which we have briefly described here. These theories, which
are based on the principle of reduction of couplings (expressed via RGI relations among couplings and
masses) show very promising features. From the theoretical side they solve the problem of ultraviolet
divergencies in a minimal way, whereas on the phenomenological side, they provide strict selection rules
for choosing realistic models which lead to testable predictions. The success of predicting the top-quark
mass [21–24, 26, 84] was extended to the predictions of the Higgs masses and the supersymmetric spec-
trum of the MSSM [35]. The predictions of the FUTB SU(5) finite model in light of the recent discovery
of a Higgs-like state at the LHC and on the new bounds on the branching ratio BR(Bs → µ+µ−) shows
that compared to our previous analysis [35], the new bound on BR(Bs → µ+µ−) excludes values for the
heavy Higgs bosons masses below 1 ∼ TeV, and in general allows only a very heavy SUSY spectrum.
The Higgs mass constraint favours the lower part of this spectrum, with SUSY masses ranging from
∼ 500 GeV up to the multi-TeV level, where the lower part of the spectrum could be accessible at the
ILC or CLIC [43].
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Fig. 4: The upper (lower) plot shows the spectrum after imposing the constraint Mh = 126± 3 (1) GeV of model
FUTB with µ < 0, where the points shown are in agreement with the quark mass constraints and the B-physics
observables. The light (green) points on the left are the various Higgs boson masses. The dark (blue) points
following are the two scalar top and bottom masses, followed by the lighter (gray) gluino mass. Next come the
lighter (beige) scalar tau masses. The darker (red) points to the right are the two chargino masses followed by the
lighter shaded (pink) points indicating the neutralino masses.
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Abstract
There has been significant recent progress in observational cosmology. This,
in turn, has provided an unprecedented picture of the early universe and its
evolution. In this review I will present a (biased) view of how one can use
these observational results to constraint fundamental physics and in particular
physics beyond the standard model.

1 Introduction
Over the last two decades we have seen phenomenal progress in our observational understanding of
the Universe. It was in the early 90s that the first image of the fluctuation of the Cosmic Microwave
Background (CMB) was obtained by the COBE satellite. It was around the same time that the first
survey of galaxies was carried out by the CfA. Twenty years later we have had our knowledge of the
cosmos revolutionised by the outstanding data collected by two galaxy surveys: 2dF and SDSS and by
two CMB satellites WMAP & Planck, which have provided both full sky temperature and polarization
measurements of the CMB. In fact, Planck has already obtained all information in the temperature power
spectrum that is available in the scale (cosmic variance limited) at angular scales larger than 5’. While
these datasets have had a profound impact on our understanding of the cosmos, they also provide an
invaluable tool to extract information about fundamental physics. The future is even brighter, because
there are current and future cosmological experiments planned to map out the whole sky at all wave-
lengths. Further, the promise of detecting gravitational waves should be realised during this decade with
advanced ground-based observatories like LIGO, and therefore a new window will open at mapping the
Universe. In this talk, I will give a (presenter biased) view of some insights into fundamental physics
that have been obtained using cosmological observations. Namely: constraints on dark energy, neutrino
masses and hierarchy and beyond the standard model physics. Most of the material shown here has been
presented elsewhere in many of my own referred publications, but is presented here coherently to give a
panchromatic view of how to shed light on beyond the standard model physics with cosmology.

2 Dark energy
Direct supernova measurements of the deceleration parameter [1], as well as indirect measurements based
upon a combination of results from the cosmic microwave background (CMB) [2], large-scale structure
(LSS) [3,4], and the Hubble constant [5] indicate that the expansion is accelerating. This suggests either
that gravity on the largest scales is described by some theory other than general relativity and/or that the
Universe is filled with some sort of negative-pressure “dark energy” that drives the accelerated expansion
[6]; either way, it requires new physics beyond general relativity and the standard model of particle
physics. These observations have garnered considerable theoretical attention as well as observational
and experimental efforts to learn more about the new physics coming into play.

The simplest possibility is to extend Einstein’s equation with a cosmological constant, or equiv-
alently, to hypothesize a fluid with an equation-of-state parameter w ≡ p/ρ = −1 (with p and ρ the
pressure and energy density, respectively). However, it may well be that the cosmological “constant”
actually evolves with time, in which case w �= −1, and there are a variety of theoretical reasons [7] to
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believe that this is the case. Precise measurement of w(z) (with, in general, a parameterized redshift
dependence) or, equivalently, the cosmic expansion history, has thus become a central goal of physical
cosmology [8, 10].

Among the techniques to determine the cosmic expansion history are supernova searches, baryon
acoustic oscillations (BAO) [11,12,14,15], weak lensing [16], and galaxy clusters [17]. These techniques
all have different strengths, and they all also suffer from a different set of weaknesses. As argued in the
ESO/ESA and Dark Energy Task Force reports [8, 10], robust conclusions about the cosmic expansion
history will likely require several avenues to allow for cross checks. There may also still be room for
other ideas for determining the expansion history.

A common weakness of supernova searches, BAO (at least the angular clustering), weak lensing,
and cluster-based measurements is that they rely largely on integrated quantities. For example supernovae
probe the luminosity distance,

dL(z) = (1 + z)

� 0

z
(1 + z�)

dt

dz�
dz�. (1)

The other probes rely on similar quantities, which depend on an integral of the expansion history, to
determine the expansion history, rather than the expansion history itself. The purpose of the differential-
age technique [18] is to circumvent this limitation by measuring directly the integrand, dt/dz, or in
other words, the change in the age of the Universe as a function of redshift. This can be achieved by
measuring ages of galaxies with respect to a fiducial model, thus circumventing the need to compute
absolute ages. From Galactic globular clusters age-dating we know that relative ages are much more
accurately determined than absolute ages (e.g., Refs. [19–21]). A preliminary analysis, with archival
data, has already been carried out [22,23], and the results applied to constrain dark-energy theories (e.g.,
Refs. [24]).

The challenge with the differential-age measurement is to find a population of standard clocks
and accurately date them. There is now growing observational evidence that the most massive galaxies
contain the oldest stellar populations up to redshifts of z ∼ 1−2 [25–29]. Refs. [28] and [30] have shown
that the most massive galaxies have less than 1% of their present stellar mass formed at z < 1. Ref. [29]
shows that star formation in massive systems in high-density regions — i.e., galaxy clusters — ceased
by redshift z ∼ 3 and Ref. [31] shows that massive systems, those with stellar masses > 5 × 1011 M�,

BC03 models MaStro models
z H(z) σstat σsyst σtot % error H(z) σstat σsyst σtot % error

0.1791 75 3.8 0.5 4 5% 81 4.1 2.5 5 6%
0.1993 75 4.9 0.6 5 7% 81 5.2 2.6 6 7%
0.3519 83 13 4.8 14 17% 88 13.9 7.9 16 18%
0.5929 104 11.6 4.5 13 12% 110 12.3 7.5 15 13%
0.6797 92 6.4 4.3 8 9% 98 6.8 7.1 10 11%
0.7812 105 9.4 6.1 12 12% 88 8 7.4 11 13%
0.8754 125 15.3 6 17 13% 124 14.3 8.7 17 14%
1.037 154 13.6 14.9 20 13% 113 10.1 11.7 15 14%

Table 1: H(z) measurements (in units of [km s−1Mpc−1]) and their errors; the columns in the middle
report the relative contribution of statistical and systematic errors, and the last ones the total error (esti-
mated by summing in quadrature σstat and σsyst). These values have been estimated respectively with
BC03 and MaStro stellar population synthesis models. This dataset can be downloaded at the address
http://www.astronomia.unibo.it/Astronomia/Ricerca/ Progetti+e+attivita/cosmic_chronometers.htm (alternatively
http://start.at/cosmicchronometers).
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Fig. I: The H(z) measurement from a sample of passively evolving galaxies. The points at z > 1 are taken from
Ref. [33], while the point at z = 0 is from the Hubble Key Project [5]. The solid line is the ΛCDM model.

have finished their star-formation activity by z ∼ 2. There is thus considerable empirical evidence for
a population of galaxies, harboured in the highest-density regions of galaxy clusters, that has formed
its stellar population at high redshift, z > 2, and that since that time this population has been evolving
passively, without further episodes of star formation. These galaxies trace the “red envelope,” and are
the oldest objects in the Universe at every redshift. The differential ages of these galaxies should thus be
a good indicator for the rate of change of the age of the Universe as a function of redshift.

The most recent measurements of the expansion history obtained from the ages of passively-
evolving galaxies in galaxy clusters at z < 2.0 have been reported by [32–34] (see Fig. 1 and Table 1).
Such observations provide a promising new cosmological constraint, particularly for understanding the
evolution of the dark-energy density (Fig. II). The current measurements already provide valuable con-
straints [35–37], and the success of this effort should motivate further measurements along these lines
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Fig. II: The effective potential of accelerated expansion U(q) in units of the critical density ρcrit as function of
the displacement of the field q in Mp units. Different tracks are plotted for values with 68% confidence (dark
blue lines) and 95% confidence (light blue lines). The best-fit model is shown as a solid red line, which is better
described physically as a pseudo-Goldstone boson. The trajectories correspond to how much the field has moved
in the full redshift range of the observational data (0 < z < 1.1). Note that the potential is very flat at the few 6%
level and that for many models the field displacement is very small. The data strongly favor a flat potential.

as well as a more intensive investigation of the theoretical underpinnings of the calculations and the
associated uncertainties. Further, there has been significant advancement in the last few years in mod-
elling stellar populations of LRG galaxies and the differential technique has been recently applied very
successfully to determine the metallicity of LRGs.

The main highlight is that the expansion history of the Universe is consistent with that predicted
by a flat potential, i.e. a cosmological constant. The data do not require extra parameters beyond a
constant term in the Lagrangian to explain the current accelerated expansion. Further, deviations in the
potential from a constant are constrained to be below 6%. Observational constraints allow the parameters
describing the Lagrangian to vary only within certain limits; the relative range of the allowed variation
of the parameters confirms a well defined hierarchy where the linear and quadratic terms dominate over
higher-order terms, justifying the basic assumption of the effective theory approach. Observational con-
straints also give some indications of the relevant energy scales involved. Because a direct determination
of a Lagrangian allows us to determine the underlying symmetries in the theory, our results can be used
to shed light on this as well.

Additional effort on both the theoretical and observational side may ultimately promote the differential-
age technique as an important new dark-energy avenue which complements supernova searches, weak
lensing, baryon acoustic oscillations, and cluster abundances. The differential-age technique can po-
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tentially provide model independent measurements of the expansion history of the universe at the %
level [38–41]. Also, absolute ages of stellar ages have proven very valuable to establish possible devia-
tions from the LCDM model [42, 43]

3 Measuring the neutrino mass and its hierarchy

In the past decade, there has been great progress in neutrino physics. It has been shown that atmospheric
neutrinos exhibit a large up-down asymmetry in the SuperKamiokande (SK) experiment. This was the
first significant evidence for a finite neutrino mass [44] and hence the incompleteness of the Standard
Model of particle physics. Accelerator experiments [45, 46] have confirmed this evidence and improved
the determination of the neutrino mass splitting required to explain the observations. The Sudbury Neu-
trino Observatory (SNO) experiment has shown that the solar neutrinos change their flavors from the
electron type to other active types (muon and tau neutrinos) [47]. Finally, the KamLAND reactor anti-
neutrino oscillation experiments reported a significant deficit in reactor anti-neutrino flux over approxi-
mately 180 km of propagation [48]. Combining results from the pioneering Homestake experiment [49]
and Gallium-based experiments [50], the decades-long solar neutrino problem [51] has been solved by
the electron neutrinos produced at Sun’s core propagating adiabatically to a heavier mass eigenstate due
to the matter effect [52].

As a summary, two hierarchical neutrino mass splittings and two large mixing angles have been
measured, while only a bound on a third mixing angle has been established. Furthermore the standard
model has three neutrinos and the motivation for considering deviations from the standard model in the
form of extra neutrino species has now disappeared [54, 55].

New neutrino experiments aim to determine the remaining parameters of the neutrino mass matrix
and the nature of the neutrino mass. Meanwhile, relic neutrinos produced in the early universe are
hardly detectable by weak interactions but new cosmological probes offer the opportunity to detect relic
neutrinos and determine neutrino mass parameters.

It is very relevant that the maximal mixing of the solar mixing angle is excluded at a high signifi-
cance. The exclusion of the maximal mixing by SNO [47] has an important impact on a deep question in
neutrino physics: “are neutrinos their own anti-particle?". If the answer is yes, then neutrinos are Majo-
rana fermions; if not, they are Dirac. If neutrinos and anti-neutrinos are identical, there could have been
a process in the Early Universe that affected the balance between particles and anti-particles, leading to
the matter anti-matter asymmetry we need to exist [56]. This question can, in principle, be resolved if
neutrinoless double beta decay is observed. Because such a phenomenon will violate the lepton number
by two units, it cannot be caused if the neutrino is different from the anti-neutrino (see [53] and refer-
ences therein). Many experimental proposals exist that will increase the sensitivity to such a phenomenon
dramatically over the next ten years (e.g., [57] and references therein).

The crucial question cosmology can address is if a negative result from such experiments can lead
to a definitive statement about the nature of neutrinos. Within three generations of neutrinos, and given
all neutrino oscillation data, there are three possible mass spectra: a) degenerate, with mass splitting
smaller than the neutrino masses, and two non-degenerate cases, b) normal hierarchy, with the larger
mass splitting between the two more massive neutrinos and c) inverted hierarchy, with the smaller spitting
between the two higher mass neutrinos. For the inverted hierarchy, a lower bound can be derived on
the effective neutrino mass [53]. The bound for the degenerate spectrum is stronger than for inverted
hierarchy. Unfortunately, for the normal hierarchy, one cannot obtain a similar rigorous lower limit.

Neutrino oscillation data have measured the neutrino squared mass differences, which are hierar-
chical. Given the smallness of neutrino masses and the hierarchy in mass splittings, we can characterize
the impact of neutrino masses on cosmological observables and in particular on the the matter power
spectrum by two parameters: the total mass Σ and the ratio of the largest mass splitting to the total mass,
Δ. One can safely neglect the impact of the solar mass splitting in cosmology. In this approach, two
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Fig. III: Left: constraints from neutrino oscillations and from cosmology in the m-Σ plane. Right: constraints
from neutrino oscillations (shaded regions) and from cosmology in the Σ-Δ plane. In this parameterization the
sign of Δ specifies the hierarchy.

masses characterize the neutrino mass spectrum, the lightest one, m, and the heaviest one, M .

Neutrino oscillation data are unable to resolve whether the mass spectrum consists in two light
states with mass m and a heavy one with mass M , named normal hierarchy (NH) or two heavy states with
mass M and a light one with mass m, named inverted hierarchy (IH). Near future neutrino oscillation
data may resolve the neutrino mass hierarchy if

one of the still unknown parameters that relates flavor with mass states is not too small. On the
contrary, if that mixing angle is too small, oscillation data may be unable to solve this issue. Analogously,
a total neutrino mass determination from cosmology will be able to determine the hierarchy only if the
underlying model is normal hierarchy and Σ < 0.1 eV (see e.g., Fig III). If neutrinos exist in either an
inverted hierarchy or are denegerate, (and if the neutrinoless double beta decay signal is not seen within
the bounds determined by neutrino oscillation data), then the three light neutrino mass eigenstates (only)
will be found to be Dirac particles.

Massive neutrinos affect cosmological observations in a variety of different ways. For example,
cosmic microwave background (CMB) data alone constrain the total neutrino mass Σ < 1.3 eV at the
95% confidence level [58]. Neutrinos with mass < 1eV become non-relativistic after the epoch of
recombination probed by the CMB, thus massive neutrinos alter matter-radiation equality for a fixed
Ωmh2. After neutrinos become non-relativistic, their free streaming damps the small-scale power and
modifies the shape of the matter power spectrum below the free-streaming length. Combining large-scale
structure and CMB data, at present the sum of masses is constrained to be Σ < 0.3 eV [59]. Forthcoming
large-scale structure data promise to determine the small-scale (0.1 < k < 1 h/Mpc) matter power
spectrum exquisitely well and to yield errors on Σ well below 0.1 eV (e.g., [60–62]).

The effect of neutrino mass on the CMB is related to the physical density of neutrinos, and there-
fore the mass difference between eigenstates can be neglected. However individual neutrino masses can
have an effect on the large-scale shape of the matter power spectrum. In fact, neutrinos of different
masses have different transition redshifts from relativistic to non-relativistic behavior, and their individ-
ual masses and their mass splitting change the details of the radiation-domination to matter-domination
regime. As a result the detailed shape of the matter power spectrum on scales k ∼ 0.01 h/Mpc is affected.
In principle therefore a precise measurement of the matter power spectrum shape can give information
on both the sum of the masses and individual masses (and thus the hierarchy), even if the second effect
is much smaller than the first.
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We define the relation between the neutrino masses m and M and the parameters Σ and Δ as

NH : Σ = 2m+M Δ = (M −m)/Σ (2)

IH : Σ = m+ 2M Δ = (m−M)/Σ (3)

(recall that m denotes the lightest neutrino mass and M the heaviest).

In Fig III we show the current constraints on neutrino mass properties in the m-Δ and Σ-Δ planes.
While many different parameterizations have been proposed in the literature to account for neutrino mass
splitting in a cosmological context [63, 65, 66] here we advocate using the Δ parameterization for the
following reasons. Δ changes continuously through normal, degenerate and inverted hierarchies; Δ
is positive for NH and negative for IH. Finally, see Ref. [64], cosmological data are sensitive to Δ
in an easily understood way through the largest mass splitting (i.e., the absolute value of Δ), while
the direction of the splitting (the sign of Δ) introduces a sub-dominant correction to the main effect.
This parameterisation is strictly only applicable for Σ > 0, but oscillations experiments already set
Σ > M > 0.05eV.

It is important to note that not the entire parameter space in the Σ-Δ plane (or of any other param-
eterization of the hierarchy used in the literature) is allowed by particle physics constraints and should
be explored: only the regions around the normal and inverted hierarchies allowed by neutrino oscillation
experiments should be considered (see Fig III).

To gain a physical intuition on the effect of neutrino properties on cosmological observables, such
as the shape of the matter power spectrum, it is useful to adopt the following analytical approximation,
as described in Ref. [65]. The matter power spectrum can be written as:

k3P (k; z)

2π2
= Δ2

R

2k2

5H2
0Ω

2
m

D2
ν(k, z)T

2(k)

�
k

k0

�(ns−1)

, (4)

where Δ2
R is the primordial amplitude of the fluctuations, ns is the primordial power spectrum spec-

tral slope, T (k) denotes the matter transfer function and Dν(k, z) is the scale-dependent linear growth
function, which encloses the dependence of P (k) on non-relativistic neutrino species.

Each of the three neutrinos contributes to the neutrino mass fraction fν,i where i runs from 1 to 3,

fν,i =
Ων,i

Ωm
= 0.05

� mνi

0.658eV

�� 0.14

Ωmh2

�
(5)

and has a free-streaming scale kfs,i,

kfs,i = 0.113
�mνi

1eV

�1/2�Ωmh2

0.14

5

1 + z

�1/2

Mpc−1 . (6)

Analogously, one can define the corresponding quantities for the combined effect of all species, by using
Σ instead of mνi . Since we will only distinguish between a light and a heavy eigenstate we will have e.g.,
fν,m, fν,Σ, kfs,m, kfs,Σ etc., where in the expression for fν,m one should use the mass of the eigenstate
(which is the mass of the individual neutrino, or twice as much depending on the hierarchy) while in
kfs,m one should use the mass of the individual neutrino.

The dependence of P (k) on non-relativistic neutrino species is in Dν(k, z), given by

Dνi(k, z) ∝ (1− fνi)D(z)1−pi (7)

where k � kfs,i(z) and pi = (5 −
�
25− 24fνi)/4. The standard linear growth function D(z) fitting

formula is taken from [67].

117



Beyond the Standard Model of Physics with Astronomical Observations

Fig. IV: LSS (left) and Weak Lensing (right) forecasts for neutrino mass parameters Σ and Δ. We assume the
LSS survey consists of a comoving volume of 600 Gpc3 at z = 2 and 2000 Gpc3 at z = 5. The Weak Lensing
survey covers 40,000 sq. deg. with a median redshift of 3.0 and a number density of 150 galaxies per square
arcminute. Several fiducial models (Σ,Δ) were used to derive by Fisher matrix approach the expected errors. The
upper panel shows the 1-σ errors on Δ and Σ, the errors in Σ are so small that are barely visible. The lower panel
shows the expected evidence ratio between the normal and inverted constraints as a function of neutrino mass. The
dashed line shows the lnB = 1 level: in Jeffrey’s scale lnB < 1 is ‘inconclusive’ evidence, and 1 < lnB < 2.5

corresponds to ‘substantial’ evidence.

In summary there are three qualitatively different regimes in k-space that are introduced by the
neutrino mass splitting

Dν(k, z) = D(k, z) k < kfs,m (8)

Dν(k, z) = (1−fν,m)D(z)(1−pm) kfs,m<k< kfs,Σ (9)

Dν(k, z) = (1− fν,Σ)D(z)(1−pΣ) k > kfs,Σ , (10)

where the subscript m refers to the light neutrino eigenstate and Σ to the sum of all masses.

This description is, however, incomplete: the transitions between the three regimes is done sharply
in k while in reality the change is very smooth. In addition, the individual masses change the details of
the matter-radiation transition which (keeping all other parameters fixed) adds an additional effect at
scales k > kfs,Σ.

In order to explore what constraints can be placed on Δ and Σ for a given survey set-up we can
use a Fisher matrix approach. The elements of F, the Fisher information matrix [68], are given by

Fθγ = −2

�
∂2 lnL

∂θ∂γ

�
(11)

where θ and γ denote cosmological parameters (and the Fisher matrix element’s indices) and L denotes
the likelihood of the data given the model. Marginalised errors on a parameter are computed as σ2(θ) =
(F−1)θθ . We can also calculate expected Bayesian evidence for cosmological parameters using the
approach of Ref. [69, 70]. In the case that we are considering we use the formula from [70] for the
expectation value of the evidence, in this case the expected Bayes factor is simply the log of ratio of the
Fisher determinants.

Following Ref. [71] the Fisher matrix for the galaxy power spectrum is

Fθγ =
Vs

8π2

� 1

−1
dµ

� kmax

kmin

k2dkN
∂ lnP (k, µ)

∂θ

∂ lnP (k, µ)

∂γ
(12)
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Are neutrinos their own anti-particle?(are they Majorana or Dirac?)

0��� (next generation) 

Yes No

Majorana

Because Dirac  OR

because below threshold (still unknown)?

Normal Degenerate

unknown Dirac

Inverted

�<0.1eV
0.1eV<�<0.15eV 0.15eV<�<0.25eV

Determine �

COSMOLOGYCOSMOLOGY

unknown

�>0.25eV

Fig. V: Role of cosmology in determining the nature of neutrino mass. Future neutrinoless double beta decay
(0νββ) experiments and future cosmological surveys will be highly complementary in addressing the question of
whether neutrinos are Dirac or Majorana particles. Next generation means near future experiments whose goal is
to reach a sensitivity to the neutrinoless double beta decay effective mass of 0.01 eV. We can still find two small
windows where this combination of experiments will not be able to give a definite answer, but this region is much
reduced by combining 0νββ and cosmological observations.

with N = [nP (k, µ)/(nP (k, µ) + 1)]2 and Vs is the volume of the survey. The integration over the
projected angle along the light of sight 1 µ is analytical and the maximum and minimum wavenumbers
allowed depend on the survey characteristics with the constraint that kmax must be in the linear regime.
The derivatives are computed at the fiducial model chosen.

The degeneracies between Σ and Δ are small, and the very small constraint on Σ results in the
constraints being effectively un-correlated in the Σ-Δ plane. We note that the constraints on Δ around
the IH and NH peaks are tighter for weak lensing than LSS, this is due to lensing providing constraints
on both the geometry and the growth of structure, which provides a smaller raw constraint and a more
orthogonal constraint to the CMB resulting in smaller errors. Interestingly, even though the weak lensing
constraints on Δ are smaller than for the power spectrum, the evidence ratio is comparable (see Fig. IV),
because, due to the multi-dimensional degeneracy directions, a naive correspondence between error-bars
and evidence is not applicable (it is to a first approximation the difference between the two error bars that
is important).

Note that the evidence calculation explicitly assumes two isolated peaks, and so is only applicable
when the fiducial points are seperated by multiple-sigma. As a result of this, the evidence calculations
may be slightly optimisic for large masses. However, for Σ < 0.2 eV, the χ2 difference between the

1As it is customary, µ denotes the cosine of the angle with respect to the line of sight.

119



Beyond the Standard Model of Physics with Astronomical Observations

two minima becomes noticeable as well as the shift between the location of one of the two minima and
the central Δ value for the oscillations experiments (which induces an additional χ2 difference). While
this information is not fully accounted for in a Bayesian approach to forecasting the evidence, it may be
included at the moment of analyzing the data, using different approaches such as the likelihood ratio, and
may slightly improve the significance for the hierarchy determination.

While we have used the oscillation results to center the Fisher and evidence calculations on the
NH and IH, combining the oscillation experiments constraints will not improve the evidence; in fact,
oscillation experiments give symmetric errors on Δ (i.e. they do not depend on the sign of Δ). The final
scheme is shown in Fig. V which illustrates how the hierarchy can be determine in future cosmology
experiments.

Better perspectives at measuring the neutrino hierarchy from the sky can be attained by exploiting
the non-linear part of the power spectrum of galaxies as was shown by Ref. [72]. Non-linearities enhance
the dependence of the power spectrum on the different neutrino hierarchies, thus making the observa-
tional signature more pronounced. If all other cosmological parameters are known (including the sum of
neutrino masses Σ), the two hierarchies can be distinguished with confidence, as illustrated in Fig. VII
as function of the maximum k considered, making the effect potentially measurable. We have assumed
an effective volume of 1 (Gpc/h)3 at z = 0 (red lines) and 10 (Gpc/h)3 at z = 1 (blue lines).2 Whether
degeneracies with other cosmological parameters and systematic effects (galaxy bias, baryonic physics,
observational limitations etc.) will cancel the detectability of the effect remains to be explored.

Cosmology has the potential of determining the neutrino hierarchy in the interesting window Σ �
0.1eV. Signal-to-noise estimates done using linear theory predictions indicated that if Σ happens to be
in the window 0.15eV < Σ < 0.25eV, cosmology could not help determine the hierarchy and thus
the nature of neutrino masses [64], leaving an important gap in our knowledge of neutrino properties.
The fact that non-linearities enhance the effect compared to the linear prediction, will potentially enable
cosmology to determine the hierarchy in a wider Σ range and possibly close the gap.

As an aside and already noted in Ref. [64], cosmology is more sensitive to |Δ| than to its sign:
a measurement of |Δ| in agreement with that predicted by oscillations experiments for the measured Σ
would provide a convincing consistency check for the total neutrino mass constraint from cosmology.

4 Using astronomical distances to constraint beyond the standard model physics
Cosmological observations provide constraints on different distance measures: luminosity distance (as
provided e.g., by supernovae), angular diameter distance (as provided e.g., by baryon acoustic oscilla-
tions) and even on the expansion rate or the Hubble parameter as a function of redshift z. Both luminosity
distance and angular diameter distance are functions of the Hubble parameter. While combining these
measurements helps to break parameter degeneracies and constrain cosmological parameters, comparing
them helps to constrain possible deviations from the assumptions underlying the standard cosmological
model (e.g. isotropy), or to directly constrain physics beyond the standard model of particle physics (e.g.
couplings of photons to scalar or pseudo-scalar matter).

The Etherington relation [73] implies that, in a cosmology based on a metric theory of gravity, dis-
tance measures are unique: the luminosity distance is (1 + z)2 times the angular diameter distance. This
is valid in any cosmological background where photons travel on null geodesics and where, crucially,
photon number is conserved.

There are several scenarios in which the Etherington relation would be violated: for instance we
can have deviations from a metric theory of gravity, photons not traveling along unique null geodesics,
variations of fundamental constants, etc. Here we want to restrict our attention to violations of the
Etherington relation arising from the violation of photon conservation.

2These volumes roughly correspond to the volume out to z = 0.5 and between z = 0.5 and z = 1.5 in 1/10 of the sky
respectively in a standard ΛCDM universe.
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Fig. VI: Fractional difference in the total matter power spectrum (CDM+baryons+massive neutrinos) of the in-
verted hierarchy and normal hierarchy run (the sum of neutrino masses is kept fixed and only the mass splitting
is varied). Note that also in this case, non-linearities enhance the effect on mildly non-linear scales compared to
linear theory predictions (solid lines).

A change in the photon flux during propagation towards the Earth will affect the Supernovae
(SNe) luminosity distance measures but not the determinations of the angular diameter distance. Photon
conservation can be violated by simple astrophysical effects or by exotic physics. Amongst the former
we find, for instance, attenuation due to interstellar dust, gas and/or plasmas. Most known sources of
attenuation are expected to be clustered and can be typically constrained down to the 0.1% level [74,75].
Unclustered sources of attenuation are however much more difficult to constrain. For example, gray
dust [76] has been invoked to explain the observed dimming of Type Ia Supernovae without resorting to
cosmic acceleration.

More exotic sources of photon conservation violation involve a coupling of photons to particles
beyond the standard model of particle physics. Such couplings would mean that, while passing through
the intergalactic medium, a photon could disappear –or even (re)appear!– interacting with such exotic
particles, modifying the apparent luminosity of sources. Here we consider the mixing of photons with
scalars, known as axion-like particles, and the possibility of mini-charged particles which have a tiny, and
unquantised electric charge. A recent review [77] highlights the rich phenomenology of these weakly-
interacting-sub-eV-particles (WISPs), whose effects have been searched for in a number of laboratory
experiments and astronomical observations. In particular, the implications of this particles on the SN
luminosity have been described in a number of publications [78–82].

One of the most interesting features of these models is that the exotic opacity involved could
in principle “mimic" the value of a non-zero cosmological constant inferred from SNe measurements.
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However, this possibility can already be excluded (at least in the simplest WISP models) by the absence
of distortions in the CMB or the spectra of quasars for axion-like-particles, and by arguments of stellar
evolution in the case of mini-charged particles.

4.1 Calculating cosmic opacity
In reference [93], the authors use Type Ia SN brightness data (namely the SCP Union 2008 compilation
[94]) in combination with measurements of cosmic expansion H(z) from differential aging of luminous
red galaxies (LRGs) [23,95] to obtain constraints on non-trivial opacity, at cosmological scales. The basic
idea is to study possible violations from the “Etherington relation” [73], the distance duality between
luminosity distance, dL, and angular diameter distance, dA:

dL(z) = (1 + z)2dA(z) . (13)

This identity depends only on photon number conservation and local Lorentz invariance. It holds for
general metric theories of gravity, where photons travel along unique null geodesics. Since Lorentz
violation is strongly constrained for the low energies corresponding to optical observations [83], the
study of possible violations of Eq. (13) through SN observations directly constrains photon number
violation. Any such systematic violations can then be interpreted as an opacity effect in the observed
luminosity distance, parametrised through a generic opacity parameter, τ(z), as:

d2L,obs = d2L,truee
τ(z) . (14)
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Note that this “opacity” can have in principle both signs. In other words, this parametrisation also
allows for apparent brightening of light sources, as would be the case, for example, if exotic particles
were also emitted from the source and converted into photons along the line of sight [81]. From Eq. (14)
it is clear that the inferred distance moduli for the observed SNe picks an extra term which is linear in
τ(z):

DMobs(z) = DMtrue(z) + 2.5[log e]τ(z) . (15)

On the other hand, one can also use other determinations of distance measures, which are in-
dependent of τ , to constrain possible deviations from Eq. (13). This approach was initiated in refer-
ence [92] (see also [84–87] for related earlier work) where the authors used measurements [88] of the
baryon acoustic oscillation (BAO) scale at two redshifts, namely z = 0.20 and z = 0.35, to obtain
a parameterization-independent upper-bound for the difference in opacity between these two redshifts,
Δτ < 0.13 at 95% confidence. In reference [93] this constraint was improved (and also extended over
a wider redshift range, but for a general parameterised form for τ ) by using, instead of measurements of
the BAO scale at these two redshifts, measurements of cosmic expansion H(z) from differential aging of
LRGs at redshifts z < 2. This method of distance determination relies on the detailed shapes of galaxy
spectra but not on galaxy luminosities, so it is independent of τ .

In particular, the authors introduced a parameter � to study deviations from the Etherington relation
of the form:

dL(z) = dA(z)(1 + z)2+� , (16)

and constrained this parameter to be � = −0.01+0.08
−0.09 at 95% confidence. Restricted to the redshift range

0.2 < z < 0.35, where τ(z) = 2�z+O(�z2), this corresponds to Δτ < 0.02 at 95% confidence. Below,
we will apply similar constraints on different parametrisations of τ which correspond to particular models
of exotic matter-photon coupling, namely axion-like particles (ALPs), chameleons, and mini-charged
particles (MCPs).

Before moving to these models, we briefly update the above constraint on � using the latest H(z)
data [32], which include two extra data points at redshifts z = 0.48 and z = 0.9, as well as the latest
determination of H0 [89]. Even though the addition of these two extra data points alone significantly
improves the constraints of reference [93], the effect of H0 is also quite significant, because it acts as an
overall scale in the distance measures, which is marginalised over a Gaussian prior, and the measurement
error in this determination is about half of that of the HST Key Project determination [90] used in [93].

Fig. VIII shows the updated constraints obtained using the above data in combination with the
SCP Union 2008 Compilation [94] of type Ia Supernova data, compared to the previous constraints of
reference [93]. On the left, the darker blue contours correspond to the (two-parameter) 68% and 95%
joint confidence levels obtained from SN data alone, while lighter blue contours are the corresponding
confidence levels for H(z) data. Solid-line transparent contours are for joint SN+H(z) data. For com-
parison we also show the previous H(z) and SN+H(z) contours in dotted and dashed lines respectively.
On the right we show one-parameter (marginalized over all other parameters) constraints on �, again
for the current analysis (solid line) and for that of reference [93] (dotted). For the reader familiar with
Bayesian methods, this plot corresponds to the posterior

P (�|S,E) =
�

Ωm

�

H0

P (Ωm, H0|E)P (�,Ωm, H0|S) dΩmdH0 , (17)

where P (Ωm, H0|E) and P (�,Ωm, H0|S) are the posterior probabilities for the corresponding model
parameters, given the H(z) (Expansion) and SN (Supernovae) data respectively. These are given by
the likelihoods of the two data sets in the model parameters, assuming Gaussian errors and using flat
priors on all three parameters. In particular, we have taken � ∈ [−0.5, 0.5], Ωm ∈ [0, 1] and H0 ∈
[74.2− 3× 3.6, 74.2 + 3× 3.6] (Riess et. al. [89]), all spaced uniformly over the relevant intervals, in a
flat ΛCDM model. Similarly, the solid line transparent contours on the left plot of Fig. VIII correspond to
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taking only the integral over H0 in the right hand side of Eq. (17), yielding, therefore, the two-parameter
posterior P (�,Ωm|S,E).

Fig. VIII: Updated constraints of reference [93], using H(z) data [32] and the Riess et al. determination of
H0 [89] in combination with the SCP Union 2008 SN Ia compilation. Left: Two-parameter constraints on the
� − Ωm plane. Darker blue contours correspond to 68% and 95% confidence levels obtained from SN data alone,
lighter blue contours are for H(z) data, and solid line transparent contours are for joint SN+H(z). Previous H(z)

and joint SN+H(z) from [93] are shown in dashed and dotted lines respectively. Right: One-parameter joint
constraints on � for the current analysis (solid line) and that of reference [93] (dotted line). The dashed line shows
the 95% confidence level, Δχ2 = 2.

As seen in Fig. VIII, the improvement in these constraints is significant. The new result on
�, marginalised over all other parameters, is � = −0.04+0.08

−0.07 at 95% confidence, which for redshifts
between 0.2 and 0.35 (currently probed by BAO data), corresponds to a transparency (i.e., τ ≥ 0) bound
Δτ < 0.012, a factor of two tighter than the result in reference [93]3. We now move on to study more
general parametrisations of cosmic opacity, tailored for particular models of exotic matter coupled to
photons.

4.2 Axion-like Particles and Chameleons
New scalar or pseudo scalar particles from physics beyond the standard model, here denoted as φ, may
couple to photons through

Lscalar =
1

4M
FµνF

µνφ (18)

and
Lpseudo−scalar =

1

8M
�µνλρF

µνF λρφ (19)

where M is the energy scale of the coupling (another widely used notation is gφγ = 1/M ), Fµν the
electromagnetic field strength and �µνλρ the Levi-Civita symbol in four dimensions. Such fields are
collectively known as Axion-Like Particles (ALPs), as a coupling of the form (19) arises for the axion
introduced by Peccei and Quinn (PQ) to solve the strong CP problem [96]. Interestingly, these fields also
arise naturally in string theory (for a review see [97]).

Axions, or axion-like-particles, can arise from field theoretic extensions of the standard model
as Goldstone bosons when a global shift symmetry, present in the high energy sector, is spontaneously

3Note that the data slightly favour negative � (thus the much stronger constraint on a positive Δτ ), but only at < 1-σ level.
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broken. In the PQ axion case, this symmetry is colour anomalous and the explicit breaking makes the
axion pick up a small mass. This mass is, up to a model-independent constant, proportional to the
coupling (19). For a generic ALP, however, the mass is in principle independent of the strength of its
coupling, and in particular can be zero if the releted shift symmetry remains intact. That is, for instance,
the case of Arions [98], the orthogonal combination of the PQ axion, if there are two independent colour
anomalous shift symmetries.

Chameleon scalar fields are another very interesting type of ALPs [99]. They were originally
invoked in [100, 101] to explain the current accelerated expansion of the Universe with a quintessence
field which can couple to matter without giving rise to large fifth forces or unacceptable violations of
the weak equivalence principle. The chameleon achieves this because its mass depends on the local
energy density. The environmental dependence of the mass of the chameleon means that it avoids many
of the constraints on the strength of the coupling, which normally apply to standard scalar and pseudo-
scalar fields as they are derived from physics in dense environments. For a more detailed discussion see
[102]. The cosmology of the chameleon was explored in detail in [103], the possibility of the chameleon
coupling to photons was first discussed in [104] and such a coupling was shown to be generic in [99].

The Lagrangian terms given above mean that ALPs can affect the propagation of photons; in
particular, if photons traverse a magnetic field there is a non-zero probability that they will oscillate into
ALPs [105]. Notice however that only photons polarized perpendicular (parallel) to the magnetic field
mix with scalar (pseudo-scalar) particles. Therefore, the interactions between photons and ALPs in the
presence of a magnetic field not only imply that photon number is not conserved, but can also alter the
polarization of the light beam. Both effects have been exploited in many searches for ALPs both in the
laboratory and in astronomical observations, see [77] for a recent review.

Fig. IX: Forecast constraints from joint EUCLID (orange scale), shown together with the corresponding con-
straints from current data, namely SN (Union08) joint with chronometer H(z) (blue scale). Dark and light con-
tours correspond to 1- and 2-σ respectively. From top left to bottom right: constraints on the opacity parameter �,
parameter P/L for the simple ALP model of section, parameters A & P/L for chameleons, and parameter κ for
MCPs see Ref. [106] for more details.
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If new particles from physics beyond the standard model couple to photons then the propagation of
light may be altered. We have reviewed two scenarios for exotic particles which can significantly modify
the propagation of photons as they pass through magnetic fields. Measurements of cosmic opacity are
a strong tool to constrain such scenarios, as interactions between photons and exotic particles in the
magnetic fields of the intergalactic medium leads to a new source of cosmic opacity. Uniform deviations
from cosmic transparency (i.e. opacity) can be constrained through their effects on distance duality, by
parameterizing possible deviations from the Etherington relation.

More exotic sources of photon-conservation violation involve a coupling of photons to particles
beyond the standard model of particle physics. We have focused on axion-like particles, new scalar or
pseudo scalar fields which couple to the kinetic terms of photons, and mini-charged particles which are
hidden sector particles with a tiny electric charge. Photons passing through intergalactic magnetic fields
may be lost by pair production of light mini-charged particles. If the mixing between axion-like particles
and photons is significant, then interactions in the intergalactic magnetic fields will also lead to a loss of
photons due to conversion into ALPs. However if the coupling between photons and ALPs is sufficiently
strong, one-third of any initial flux will be converted into ALPs, and two-thirds into photons, resulting
in a redshift-independent dimming of supernovae which we cannot constrain or exclude with cosmic
opacity bounds.

The improved measurement of the cosmic opacity found here leads to improved bounds on these
exotic physics scenarios which are summarised in Fig. IX. Future measurements of baryon acoustic
oscillations, and an increase in the number of observations of high redshift supernovae will lead to
further improvements in the constraints on physics beyond the standard model.
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Abstract
This is a short review of the established and the proposed by physics beyond
Standard Electroweak Model and beyond Standard Cosmological Model neu-
trino characteristics. In particular, cosmological effects of and cosmological
constraints on: extra neutrino families, neutrino mass differences and mixing,
lepton asymmetry in the neutrino sector, neutrino masses, light sterile neutrino,
are discussed.

1 Introduction
Astrophysical and cosmological observational data require Physics beyond Standard Electroweak Model
(EWM) and beyond Standard Cosmological Model (SCM) (called further Beyond Standard Models
(BSMs)) to explain the dark energy (DE), dark matter (DM) and dark radiation (DR) components of
our Universe and their nature. BSMs physics is needed also for the explanation of the peculiar initial
conditions of the pre-Friedmann epoch: its flatness, homogeneity, isotropy, etc., initial anisotropies pro-
viding the pattern of observed today structures, and also the locally observed baryon asymmetry. I.e.
BSMs physics is necessary for revealing the nature and the characteristics of inflation and CPV or/and
BV mechanism in baryogenesis models.

Alas, there is no firm experimental detection of BSMs candidates for DM and DE, only experi-
mental and observational constraints on the hypothetical candidates or/and theories exist.

In neutrino sector, however, BSM was established experimentally: Experimental data on neutrino
oscillations firmly determined three neutrino mixing angles and three mass differences. Cosmology pro-
vides complementary knowledge: Neutrino had a considerable influence on the processes in the Universe
during different cosmological epochs - they were dynamically important ingradient during radiation stage
of the Universe, influenced light elements synthesis during Big Bang Nucleosynthesis (BBN), Cosmic
Microwave Background (CMB) anisotropies, and played a role in the formation of galaxies and their
structures. Thus, BBN, CMB and LSS provide information and stringent constraints on neutrino charac-
teristics.

In this work we present cosmological constraints on BSMs neutrino properties, namely, on the
number of neutrino families, neutrino mass differences and mixing, lepton asymmetry hidden in the
neutrino sector, neutrino masses and sterile neutrino characteristics, and discuss DR problem.

2 Established and Predicted Neutrino Properties by EWM and SCM
Neutrinos in EWM: In standard EWM neutrinos are massless, spin 1/2 fermions, SU(2)W doublets.
There are 3 neutrino flavors of light neutrinos, νe, νµ and ντ . The experimental measurement of the
number of light (with m < mZ/2) neutrino types was provided by LEP experiments: Nν = 2.984 ±
0.008.

Experimental evidence for BSM physics in the neutrino sector exists: Neutrinos oscillate, there
exist neutrino mixing and there are non-zero neutrino mass differences. The origin of neutrino masses is
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not known, it is predicted by various mass generation mechanisms, usually involving the introduction of
extra BSMs particles.

BSM physics, like GUT models, models with large extra dimensions, Manyfold Universe models,
mirror matter models, etc., predicts "sterile" neutrinos νs, i.e. SU(2)W singlets.

SCM neutrinos: SCM predicts massless relic neutrinos, with equilibrium Fermi-Dirac distribu-
tion, zero chemical potential and neutrinos energy density at RD stage comparable to that of photons:

ρν = 7/8(Tν/T )
4Neffργ(T ). (1)

where Neff is the effective number of the relativistic neutrino species. Then neutrino were dynamically
important, because the expansion rate at RD is determined by the relativistic density H ∼

�
8πGNρ/3.

At T > 1 MeV neutrinos were in equilibrium, since neutrino weak interaction rates were fast
enough Γw ∼ σ(E)nν(T ) > H . Γw decreased faster than H with the cooling of the universe, hence
at T ∼ 1 MeV neutrino interactions froze out and cosmic neutrino background (CNB) was formed.
Due to the extreme smallness of neutrino mass, neutrinos kept their equilibrium FD distribution after
decoupling.

In SCM, since T ∼ me neutrino temperature became lower than the photons one Tν = (4/11)1/3Tγ

due to photons heating by e+e−-annihilation. However, neutrino shared a small part of the entropy
release due to non-instantaneous decoupling, QED finite temperature effects and flavor neutrino oscil-
lations [1, 2]. Thus, the cosmology predicts the exact number of neutrino species Nν = 3.046, CNB
temperature today - T = 1.9 K, total neutrino number density nν = 339.3 cm−3, neutrino energy
density Ων(t0) = 2× 7/8× (π2/30)T 4

ν,0/ρc ∼ 10−5.

Though CNB neutrinos have been only indirectly detected till now, SCM puts numerous con-
straints on neutrino and physics BSM neutrino characteristics due to neutrino cosmological effects on
processes which have left observable relics.

3 Neutrino Beyond Standard Models - established and hypothetical
3.1 Neutrino Oscillations
It has been observationally and experimentally proved that neutrinos oscillate, i.e. there exists flavor
neutrino mixing in vacuum and neutrino mass eigenstates νj do not coincide with the flavor eigenstates
νf ,

νf =

3�

i=1

Ufiνi, δm2
ij = m2

j −m2
i �= 0, (i �= j) (2)

This implies BSM characteristics for neutrino: non-zero neutrino mass and mixing and non-
conservation of the individual lepton charges Lf .

Neutrino oscillations occur also in medium, called matter oscillation. The data from solar neutrino
detectors showed evidence for matter effects in the solar νe transitions. For the early Universe, matter
oscillations were studied as well [3].

The medium changes the oscillation pattern: suppresses oscillations by decreasing their amplitude
or enhances oscillation, when a resonant condition between the oscillation parameters and the character-
istics of the medium holds. In the equilibrium situation when working in terms of mean neutrino energy,
the resonant condition is:

Q∓ L = cos 2ϑ. (3)

where Q = −bET 4/(δm2M2
W ), L = −aET 3Lα/(δm2), Lα is given through the fermion asymmetries

of the plasma, a and b are positive constants different for the different neutrino types, −L corresponds
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to the neutrino and +L to the antineutrino case. For Q = 0 this is the well known Mikheev-Smirnov-
Wolfenstein effect [4]. In non-equilibrium case the spectrum distribution of neutrino in the early universe
must be taken into account and the resonance condition and the description of neutrino propagation is
more complicated [5, 6].

3.2 Neutrino masses
Two non-zero mass differences are measured by neutrino oscillation experiments, so at least 2 neutrino
types have different and non-zero masses. (The discussion of the indications for a third mass difference
in ∼ eV 2 range is presented in the next section.)

Neutrinos with a definite mass can be Dirac fermions or Majorana particles. The mass pattern,
normal m1 < m2 << m3 or inverted hierarchy m3 << m1 < m2, is also still unknown. The absolute
neutrino masses have not been measured yet. Atmospheric neutrino oscillations data point to at least
one neutrino type with mass m > 0.048 eV and put lower limit on the relic neutrino density today:
Ων > 0.003, where Ων = 3m/(93.14h2 eV2).

Cosmology provides the most stringent constraints on the total neutrino density and mass Ων <
0.02, m < 0.66 eV. The constraints are obtained from the analysis of neutrino role in structure formation
of the Universe: Flavor neutrino are hot dark matter and predicted LSS in a Universe filled with hot DM
is incompatible with observations.

Neutrinoless double beta decay and beta decay experiments give the limit m < 2.05 eV at 95%
C.L.

3.3 Active-sterile neutrino oscillations
Though solar and atmospheric neutrino anomalies are well described in terms of flavor neutrino oscilla-
tions, there exist some indications of sub-leading active-sterile oscillations [25–28,62]. The phenomenol-
ogy of sterile neutrino and the experimental, astrophysical and cosmological constraints on them can be
found in ref. [8, 9].

In case of active-sterile oscillations beyond SCM physics is expected: i) excitation of additional
light particles into equilibrium [10–12], i.e. 4 or more neutrino families, instead of 3 may exist; ii)
distortion of the neutrino energy spectrum from the equilibrium FD form, in case of oscillations after
neutrino decoupling [13–15]. iii) change in neutrino-antineutrino asymmetry of the medium: either
suppress pre-existing asymmetry [12, 17]or enhance it (in MSW resonant active-sterile oscillations) [14,
16, 18] 1 iv) neutrino oscillations may be changed by L: may be suppressed [5, 18] or enhanced [5, 6].
v)Sterile neutrino, produced by neutrino oscillations, may be DM candidate [19]: 1 − 2 KeV mass
sterile neutrino are warm DM candidates, compatible to cosmological observational data [20, 21]. vi)
Sterile neutrinos are employed in leptogenesis models, where CP violating νs decays produce the locally
observed baryon asymmetry of the Universe.

In BBN with active-sterile neutrino oscillations spectrum distortion and L generation lead to dif-
ferent nucleon kinetics, and modified BBN element production. BBN stringent limits on oscillation
parameters exist [29–34], and are discussed in more detail in the next section. Active-sterile oscilla-
tions may play important role for neutrino involved processes in the Universe also during CMB and LSS
formation.

3.4 Neutrino-antineutrino asymmetry
Lepton asymmetry of the Universe, L = (nl − nl̄)/nγ , may be contained mainly in the neutrino sector.
Its value is not directly measured, it is only constrained by cosmology.

1More precisely, there exists interplay between neutrino oscillations and asymmetry L of the medium in the early universe
plasma [22]
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L increases the radiation energy density: ΔNeff = 15/7[(ξ/π)4 + 2(ξ/π)2], where ξ = µ/T
is the ν degeneracy parameter. Hence, L leads to faster expansion, delaying matter/radiation equality
epoch, thus influencing BBN, CMB, LSS. Besides, BBN feels also the kinetic effect of electron neutrino
asymmetry and provides more restrictive constraints on Le(see ref. [35] and refs there in.)

L with much smaller values, L << 0.01 may influence BBN through its interplay with electron-
sterile neutrino oscillations, indirect kinetic effect [5, 6]. Thus, CMB, LSS and BBN constrain L due to
its cosmological effects.

4 Cosmological Constraints on BSMs Neutrino
Most precise constraints on many BSMs characteristics of neutrino are obtained from BBN considera-
tions.

BBN is theoretically well established and observationally and experimentally supported (see for
example [38]. The inputs include: the neutron lifetime τn = 885.7 ± 0.8 , the gravitational constant
GN = 6.7087 ± 0.001 × 10−39 GeV−2, the baryon-to-photon number density η = nB/nγ and the
nuclear rates. Precise data on nuclear processes rates from laboratory experiments at low energy (10
KeV - 1 MeV) is available. η until recently was considered as the only parameter of the standard BBN
and was estimated from the data on the primordial abundances of the 4 elements, produced during BBN.
Today η is known from the analysis of CMB anisotropies (which corresponds, however, to the epoch of
CMB formation).

In standard BBN 4 light nuclides: D, He-3, He-4, Li-7 are produced in non-negligible quantities
during the first few minutes of the RD stage, between 1 - 0.01 MeV. Precise astrophysical data on the
predicted by BBN theory light elements abundances exists. The accepted today primordial values are:
D/H = (2.87 ± 0.22) × 10−5, Yp = 0, 2534 ± 0, 0083 [36], Li/H = (1.230.34−0.16) × 10−10. BBN
abundances predictions are consistent with observations. D and He-4 are used as most reliable probes
for BSMs physics.

In general BBN depends on all known interactions and thus cosmology can be used to constrain
their BSM modifications. In particular, BBN produced abundances, besides on the baryon-to-photon
ratio, depend on i) the expansion rate ii) weak interaction rates and neutron lifetime. The nucleons
freezing, and hence, the primordial yields, depend strongly on the competition between the weak rates of
n-p transitions and the expansion rate H(Neff ). Thus, BBN is used as a probe of non-standard physics
leading to changes in H , Γw, pre-BBN nucleon kinetics or BBN itself. BBN probes any additional light
i.e. m < MeV , relativistic during BBN, particles species, nonstandard interactions relevant at BBN
epoch, departures from equilibrium distributions of particle densities of nucleons and leptons (caused by
neutrino oscillations, lepton asymmetry, inhomogeneous distribution of baryons, etc.) BBN produced
He-4 is known to be the best speedometer and is usually used to constrain additional radiation. It is also
the most exact leptometer at the early stage.

Due to the closeness of the BBN epoch and the epoch of formation of the CNB, and due to the
strong influence of neutrino on BBN, BBN constraints on BSM neutrino characteristics are the most
stringent one.

4.1 Cosmological Constraints on Neff

BBN constrains most strongly the effective number of relativistic species Neff [38]. BBN constraints,
based on recent He − 4 data [36], read: δNeff = 0.66 ± 0.46, Neff = 3.71+0.47

−0.45. [39, 42]. Much
stringent bound follows from BBN D abundance and CMB data: Neff = 3.53 + 0.66 − 0.63 [41].
Recent BBN analysis [42] favors δNeff ∼ 1, while δNeff ∼ 2 is disfavored at more than 95% C.L.

The BBN bounds on Neff are tightened in the presence of active sterile oscillations [24].

CMB experiments provide the constraint: Neff = 3.361+0.68
−0.64 at 95% C.L. [45]. Higher than the
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standard value δNeff > 0 is favored. In case of no entropy release between BBN and CMB epochs,
CMB+BBN constraints holds, namely: Neff = 3.41± 0.3 (68% Planck +WP+high l+Y(Aver et al.))

CMB data allow simultaneous constraints on extra radiation and the total flavor neutrino mass: for
massless sterile case: Neff = 3.29+0.67

−0.64 (95% Planck +WP+high l) and m < 0.6 eV. The bounds are
marginally compatible with fully thermalized sterile neutrino with sub-eV mass ms < 0.5 eV , necessary
to explain the oscillations anomalies, called DR.

4.2 Cosmological Effects and Constraints of Active-Sterile Neutrino Oscillations
Active-sterile neutrino oscillation, effective before neutrino decoupling, introduce extra relativistic parti-
cles [7, 11, 12] and change the expansion rate and the BBN production of He-4.

Active-sterile neutrino oscillation, effective after neutrino decoupling, cause deviations of neutrino
energy spectrum from the equilibrium FD form, and influence electron neutrino and antineutrino number
densities and/or spectrum, thus effecting the weak rates Γw ∼ GFEνnνe of n-p transitions.

Active-sterile oscillations may cause the following kinetic effects: i) change of the particle densi-
ties of electron neutrino and antineutrino by fast electron-sterile neutrino oscillations [11,12]; ii)distortion
in the energy spectrum distribution of electron neutrino caused by late electron-sterile neutrino oscilla-
tions, proceeding after decoupling [13–16]; iii) change of the asymmetry: production of L > 0.01
(capable to influence n-p kinetics) in the electron neutrino sector by fast resonant electron-sterile oscil-
lations [14, 16, 18],or suppression of a preexisting L, and thus changing the BBN in comparison with
the case of absence of oscillations and finally to iv) indirect kinetic effect due to oscillations-asymmetry
interplay, in case of small L. This influences the oscillations pattern, which reflects in change of BBN.

Hence, due to these effects of neutrino oscillations BBN is the sensitive probe to neutrino oscil-
lation parameters. Most recent constraints on the neutrino oscillation parameters in case of relatively
fast oscillations have been obtained in ref [31].BBN constraints on electron-sterile oscillations, effective
after neutrino decoupling, are considered in refs. [16, 29, 30, 32, 33]. The precise account of the energy
spectrum distribution of oscillating neutrino allows to extend the BBN constraints towards very small
mass differences - down to 10−9 eV2.

4.3 Cosmological constraints on L
BBN provides the most stringent constraints on L. In BBN with the known flavor neutrino oscillations,
degeneracies in different neutrino sectors equilibrate before BBN due to flavor neutrino oscillations.
Hence, the stringent BBN constraint on Le applies to other neutrino types [23]. Thus the contemporary
BBN bound is L < 0.1. CMB and LSS provide looser bounds [46].

In the case of modified BBN with active-sterile neutrino oscillations, very stringent constraints on
L are possible [5,6,47]. As far as in such non-standard BBN L > δm2 inhibits oscillations, the detection
of active-sterile oscillations will provide the bound L < δm2 [6, 22]. For example, from the indications
for active-sterile oscillations with δm2 ∼ 10−5 [25] follows BBN upper limit L < 10−3.3. BBN with late
electron-sterile neutrino oscillations can measure tiny L with close to the baryon asymmetry values [6].

4.4 Dark radiation and eV neutrino saga
Different types of cosmological indications suggested additional relativistic density: BBN [36,48], CMB
and LSS data, as well as their combined analysis pointed to excess radiation [49–51].

Besides, different neutrino oscillations experiments (reactor, LSND, MiniBooNe, Gallium) data
presented indications for neutrino oscillations with 1 or 2 sterile neutrinos with sub-eV masses [26–28,
62]. Recent analyses of neutrino data prefer 3+1 models [27].

Hence, beyond SMC models, including extra neutrinos, were studied. Analysis of different type
of cosmological data provided during the last years showed that the sub-eV neutrinos would have been
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brought into thermal equilibrium before BBN [53–56], and thus restricted by BBN. Besides, sub-eV
neutrinos produce too much hot dark matter [52, 57].Thus, two additional νs are in tension both with
BBN and with LSS and are difficult to realize in SCM [52, 58–60]. Cosmology favors one additional
sterile neutrino, but prefers it to be lighter than eV [45, 58]. Accepting m = 0.6 eV and allowing for
massive sterile neutrino the following CMB constraints on extra radiation and sterile neutrino mass have
been obtained: Neff < 3.91 (95% Planck +WP+high l) and ms < 0.59 eV.

To relax the cosmological constraints, modifications of SCM have been explored. It was shown
that excess radiation cannot be explained by degenerate BBN [65]. However, the presence of L may
be the solution in case its value is large enough to suppress active-sterile oscillations and prevent the
thermalization of the sterile neutrinos and circumvent BBN constraints [22, 61].

Other possible explanations employing decays of heavy neutrinos were discussed in refs. [63,64].

5 Conclusions
BBN, CMB and LSS cosmological data provides a powerful test for BSM neutrino characteristics. In
particular, cosmology provides the most stringent constraints on neutrino masses, neutrino active-sterile
oscillations, the extra radiation, the neutrino families, lepton asymmetry or/and neutrino chemical poten-
tials, sterile neutrino, etc. Hopefully, future terrestrial physical experiments and future cosmic missions
and surveys will discover not only BSMs neutrino physics but also solve the DM, DE, inflation and
matter-antimatter asymmetry quests.

Acknowledgements
The author is glad to thank the organizers and especially prof. G. Djorjievic for the kind invitation to
the SEENET-MTP Workshop: Beyond the Standard Models - BW2013, Vrnjacka Banja, Serbia, and
acknowledges the financial support for participation into it.

References
[1] Dolgov, A., Hansen S., Semikoz, D., Nucl. Phys. B 503, 426 (1997)
[2] Mangano, G., Miele, G., Pastor, S., Pinto, T., Pisanti, O., Serpico, P., Nucl. Phys. B 729, 221 (2005)
[3] D. Notzold, G. Raffelt, Nucl. Phys. B307, 924 (1988)
[4] S. Mikheyev, A. Smirnov, Sov. J. Nucl. Phys. 42, 913 (1985); Nuovo Cimento9C, 17 (1986); L.

Wolfenstein, Phys. Rev. D17, 2369 (1978).
[5] Kirilova, D., Chizhov M., Nucl. Phys. B 534,447 (1998) 2000 in Verbier 2000, Cosmology and

particle physics 433, astro-ph/0101083.
[6] Kirilova D., JCAP 06, 007 (2012)
[7] Dolgov, A., Sov. J. Nucl. Phys. 33, (1981) 700.
[8] M. Drewers, arXiv: 1303.6912
[9] Kusenko A., Physics Reports, 481,1 (2009)

[10] G. Mangano, G. Miele, S. Pastor, T. Pinto, O. Pisanti, P. Serpico, Nucl.Phys. B729, 221-234 (2005)
[11] Barbieri, R., Dolgov, A., Phys. Lett. B 237, 440 (1990).
[12] Enqvist K., Kainulainen K., Thompson M., Nucl. Phys. B 373, 498 (1992).
[13] Kirilova, D., JINR preprint E2-88-301, (1988)
[14] Kirilova, D., Chizhov, M., in Neutrino96, 478 (1996)
[15] Kirilova, D., Int. J. Mod. Phys. D 13, 831 (2004).
[16] Kirilova, D., Chizhov, M., Phys. Lett. B 393, 375 (1997).
[17] R. Foot, R. R. Volkas Phys.Rev.Lett.75 4350 (1995); Phys.Rev.D55 5147 (1997); Phys.Rev.D56

6653 (1997);Phys.Rev.D59 029901 (1999)

136



Daniela Kirilova

[18] Foot R., Thomson, M., Volkas R. 1996: Phys. Rev. D 53, R5349; X. Shi, Phys. Rev. D 54 2753
(1996)

[19] A. Boyarsky, D. Iakubovskyi, O. Ruchayskiy, Physics of the Dark Universe, V.1, Issue 1, 136-154
(2012)

[20] T.Asaka, M. Laine, M. Shaposhnikov, JNEP 01,091 (2007)
[21] A. Boyarsky, J. Lesgourgues, O Ruchayskij, M.Viel, JCAP 0905, 012 (2009).
[22] Kirilova D., Hyperfine Interact. 215 1-3, 111-118, (2013); Proc. 5th International Symposium on

Symmetries in Subatomic Physics 18-22 June, 2012, Groningen (2012).
[23] A. Dolgov, S. Hansen, S. Pastor, S.Petcov, G.Raffelt, D.Semikoz, 2002, Nucl. Phys. B 632, 363;

Y.Y.Y. Wong, Phys. Rev. D66, 025015 (2002)
[24] Kirilova D., Prog. Part. Nucl. Phys. (2010)
[25] P. Holanda, A. Smirnov Phys.Rev.D 83 113011 (2011)
[26] K.N. Abazajian et al. htSterile Neutrinos: A White Paper e-Print: arXiv:1204.5379 (2012)
[27] C. Giunti, M. Laveder, PRD 84, 093006 (2011); PRD 84, 073008 (2011)Phys.Lett B706, 200

(2011)
[28] Maltoni M., T. Schwetz, PRD 76, 093005 (2007); J. Kopp, M. Maltoni, T. Schwetz, Phys.Rev.Lett.

107, 091801 (2011)
[29] Kirilova, D., Chizhov, M., Phys. Rev. D 58, 073004 (1998)
[30] Kirilova, D., Chizhov, M., Nucl. Phys. B 591, 457 (2000).
[31] Dolgov A., Villante F., Nucl. Phys. B 679, 261 (2004).
[32] Kirilova D., Int. J. Mod. Phys. D 16, 1197, (2007)
[33] Kirilova D., Panayotova M., JCAP, 12, 014 (2006)
[34] Panayotova M., Bulg.J.Phys. 38, 341 (2011)
[35] Simha, G. Steigman, JCAP0808 011 (2008)
[36] Yu. I. Izotov, T. X. Thuan, ApJ 710 L67 (2010)
[37] Steigman, G., JCAP 04 029 (2010)
[38] Iocco, F., Mangano, G., Miele, G., Pisanti, O., Serpico, P. D., Phys. Rept. 472, 1(2009)
[39] Mangano G.,Serpico P., PLB 701, 296 (2011)
[40] E. Komatsu et al.?(WMAP 7 year) ApJ Suppl. 192, 18 (2011)
[41] N ollet K., Holder G., arXiv: 1112.2683
[42] Steigman arXiv: 1208.0032, 2012
[43] A. Cuocco, J. Lesgourgues, G. Mangano, S. Pastor, PRD 71, 123501 (2005)
[44] M. Shiraishi, K. Ichikava, K. Ichiki, N Sugiyama, M. Yannaguchi, JCAP 0907, 005 (2009)
[45] Planck Collaboration, arXiv: 1303.5076
[46] Lesgourgues, J., Pastor, S., Physics Reports, 429, 307 (2006).
[47] Kirilova D. Prog. Part. Nucl. Phys.66, 260 (2011)
[48] Aver,E., Olive, K.A., Skillman, E.D., JCAP 05, 003 (2010a); arXiv:1012.2385 v1. et al. 2010
[49] Komatsu et al. 2011, arXiv:1001.4538;Komatsu et al. (WMAP),Astrophys. J. Suppl.180, 330 (2009)
[50] R. Keisler et al., Ap.J 743, 28 (2011); arXiv:1105.3182
[51] Dunkley J. et al., A.J 739, 52 (2011); arXiv:1009.0866; Hou Z. et al., arXiv:1104.2333
[52] Hamman et al. 2012; Hamman J. et al., JCAP 1109, 034 (2011); arXiv:1108.4136 J. Hamann, et.

al. (2010) Phys. Rev. Lett. 105 181301.
[53] P. Di Bari, PRD 65, 043509 (2002)
[54] K. Abazajian, Ap.Phys. 19, 303 (2003)

137



Neutrinos and Physics Beyond Electroweak and Cosmological Standard Models

[55] M. Cirelli, G. Marandella, A. Strumia, F. Vissani, NPB 708, 215 (2005)
[56] S. Hannestad, I. Tamborra, T. Tram, JCAP 1207, 025 (2012); arXiv:1204.5861
[57] Dodelson S., Melchiorri A., Slosar A., Phys. Rev. Lett. 97, 14130 (2006); astro/ph 0511500
[58] Giusarma E. et al, Phys. Rev. D 83 115023 (2011); arXiv:1102.4774
[59] Nollet K., Holder G., 1112.2683
[60] Hou Z. et al., arXiv:1104.2333
[61] Mirizzi A. et al., arXiv:1206.1046; S. Hannestad, I Tamborra, T. Tram, arXiv:1204.5861
[62] Karagiorgi G., PRD 80,073001 (2009); arXiv:1110.3735 (2011)
[63] Dolgov A.,Kirilova D., Int.J.Mod.Phys. A3, 267 (1988);Kirilova D., School and Workshop

on Space Plasma Physics,83-89, AIP Conf. Proc., 1121, 31.08-07.09,Sozopol, Bulgaria, ed.I.
Zhelyazkov, 2009

[64] O. Ruchayskiy, A. Ivashko, arXiv:1202.2841 (2012)
[65] Mangano G., G. Miele, S. Pastor, O. Pisanti, S. Sarikas, JCAP 11, 035 (2011);
[66] Barenboim G., Borissov L., Lykken J., Smirnov A., JHEP, 0210, 001 (2002)

138



Is there a fundamental cosmological dipole?

Leandros Perivolaropoulos∗

Department of Physics, University of Ioannina, 45110 Ioannina, Greece

Abstract
Early hints for deviation from the cosmological principle and statistical isotropy
are being accumulated. After reviewing these hints, I focus on four cosmolog-
ically observed axes which appear to be either marginally consistent or in con-
flict with the standard ΛCDM isotropic and homogeneous cosmology. These
axes are abnormally aligned with each other and include: (a) The Fine Struc-
ture Constant α Dipole (b) the Dark Energy Dipole (c) the Dark Velocity Flow
and (d) the CMB Maximum Temperature Asymmetry. I also discuss a sim-
ple physical model (extended topological quintessence) that has the potential
to explain the existence and alignment of these axes. The model is based on
the recent formation of a global monopole with Hubble scale core by an O(3)
symmetric scalar field, non-minimally coupled to electromagnetism.

1 Introduction
The consistency level of the standard cosmological model (ΛCDM) with geometric and dynamical cos-
mological observations has been increasing during the past decade [1]. However, there are some puzzling
conflicts between the predictions of ΛCDM and specific observations. These observations include pecu-
liar velocity bulk flows on scales larger than 100h−1Mpc (z ≥ 0.03) [2–4], planarity and alignment of
the quadrupole and octopole CMB map moments [5] and alignment of quasar optical polarization along
a particular cosmological axis. Most of the observations that are in tension with the standard model
ΛCDM involve the existence of preferred cosmological axes which appear to be anomalously close to
each other [6–8] given that these observations should be mutually uncorrelated.

Hints for two new cosmological dipoles have emerged during the past five years. They include
the Fine Structure Constant α Dipole which deviates about 4σ from isotropy [8, 9] and the Dark Energy
Dipole which deviates about 2σ from isotropy [8].

Quasar absorption line spectra can determine the value of the fine structure constant at various
cosmological redshifts and directions. The Keck+VLT sample consists of 295 absorbers at a redshift
range 0.2 < z < 4.2 and indicates a spatially varying fine structure constant α with dipole angular
distribution. Isotropy is found to be 4.1σ away from the best fit dipolar angular distribution [8, 9].

Correspondingly, the distance moduli residuals from the ΛCDM best fit also exhibit a dipole
anisotropy. In this case isotropy is found to be 2σ away from the best fit dipolar angular distribution. This
Dark Energy dipole is obtained [8] from the 557 Type Ia supernovae (SnIa) of the Union2 sample [10]
(0 < z < 1.4).

In view of the existence of these new cosmological dipoles, the following questions emerge:

1. What is the alignment level of these dipoles?
2. What is the probability to produce the observed combination of these two dipoles in a homogeneous-

isotropic cosmological model where the two dipoles are uncorrelated?
3. What physical model has the potential to predict the existence of the above combined dipoles?

The detailed presentation of the answers to these questions will be the focus of this brief review. These
answers may be briefly stated as follows [8]:
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1. The Dark Energy dipole and the α dipole are abnormally aligned with each other (angular separa-
tion 11.3◦ ± 11.8◦.

2. The probability that the combined quasar absorber and SnIa data are obtained in the context of a
homogeneous and isotropic cosmology with no correlation between the datasets, is less than one
part in 106.

3. There is a physical model based on a Hubble scale topological defect non-minimally coupled to
electromagnetism that has the potential to explain the observed aligned dipoles

The structure of this brief review is the following: In section II I review the derivation of the α
and Dark Energy dipoles and obtain the probability that these dipoles would be produced in the context
of isotropic cosmology. In section III I review the physical model that has the potential to explain the
aligned cosmic dipoles and discuss additional hints for a CMB temperature asymmetry axis that appears
to be abnormally aligned with the α and Dark energy dipoles. The connection of this CMB axis with the
proposed physical model is also discussed. Finally in section IV I conclude and briefly discuss future
extensions of this research programme.

2 Cosmic Dipoles
2.1 The α Dipole
Consider a quasar emitting an continuous emission spectrum of radiation at a redshift zem (see Fig. 1).

Fig. 1: The absorption spectrum of a galaxy gas cloud absorber superposed on the emission spectrum of a quasar
can provide information about the value of the fine structure constant α at the time and location where the radiation
was absorbed (courtesy of J. Webb).

If this radiation goes through a gas cloud in a galaxy before it it is observed on Earth, an absorption
spectrum will emerge. From the absorption lines we can find both the absorber redshift and the fine struc-
ture constant α = e2/hc at the time and location of the absorption. While cosmological redshift shifts
the spectral lines always towards larger wavelengths, variation of α shifts spectral lines in both directions
(Fig. 2) depending on the atom (or ion) and the energy levels involved. The sensitivity in determining
α from the absorption lines is significantly improved by using the Many Multiplet Method where sev-
eral absorption lines of different atoms and ions (eg iron and magnesium) are used simultaneously to
determine α [11].

Using the Many Multiplet Method in quasar absorber northern hemisphere data from the Keck
Telescope in Hawaii, Webb et. al. [11] found a statistically significant (3σ) variation of α at high redshifts
(z > 1). The value of α was found to be smaller in the past as shown in Fig. 3.
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Fig. 2: While cosmological redshift shifts the spectral lines always towards larger wavelengths, variation of α
shifts spectral lines in both directions depending on the atom (or ion) and the energy levels involved. The shift of
various absorption lines for specific values of α are shown (courtesy of J. Webb).

Fig. 3: Using quasar absorbers from the Keck Telescope in Hawaii (Northern hemisphere), the values of α were
found to be smaller in the past at higher redshift bins (middle panel) while using quasar absorbers from the VLT
in Chile (Southern hemisphere), the values of α were found to be larger in the past (lower panel). The combined
sample results are shown in the upper panel (courtesy of J. Webb)

Using the same method and a full sky combination of Northern Hemisphere quasar absorber data
(Keck in Hawaii) and Southern Hemisphere data (VLT in Chile), Webb et. al. [9] found that the values
of α have a non-isotropic variation across the sky. This angular variation is well described by a dipole.
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The Keck+VLT dataset used by Webb et. al. consists of 295 absorbers. The best fit dipole distribution
was found to be 4.1σ away from isotropy (Fig. 4).

Fig. 4: The combination of Keck+VLT data indicated a spatial variation of α described well by a dipole. (from
Ref. [9])

The current constraints on variation of α are summarized in Table 1 (from Ref. [12]). The hints for
cosmological variation of α come from studies using the Many Multiplet Method while all other studies
are consistent with no variation of α. Particularly strong bounds are those coming from the Oklo natural
reactor [13–15] which has operated for about 2 billion years. The Oklo bounds are obtained using the
extremely low resonance energy (Er = 97.3meV) of the reaction

149Sm + n → 150Sm + γ, (1)

It implies that the abundance of 149Sm (one of the nuclear fission products of 235U ) observed at the
Oklo can be a good probe of the variability of the coupling constants [16]. Note however that the strong
time variation bounds on α obtained from Oklo are consistent with a spatial variation of α obtained by
the Keck+VLT data. A sample of the 295 quasar absorber Keck+VLT data are shown in Fig. 5 [9].
The important columns are the J2000-name which includes the equatorial coordinates of each quasar,
zabs which gives the absorber redshift, da/a and err which provide the derived variation of α and its
corresponding error estimate. In Fig. 6 we show the locations of the absorbers in galactic coordinates
with the corresponding α variation denoted by color variation. This dataset was fit to a dipole plus
monopole angular distribution in Refs [8,9] using the maximum likelihood method. We find the cartesian
coordinates of the unit vectors n̂i corresponding to each quasar with galactic coordinates (l, b). We thus
have

n̂i = cos(bi) cos(li)̂i+ cos(bi) sin(li)ĵ + sin(bi)k̂ (2)

We then use the dipole+monopole angular distribution model
�
Δα

α

�
= A cos θ +B (3)

where cos θ is the angle with the dipole axis defined by the vector

�D ≡ c1î+ c2ĵ + c3k̂ (4)

such that
n̂i · �D = A cos θi (5)

142



Leandros Perivolaropoulos

redshift Δα/α α̇/α(yr−1)

Atomic Clock(Yb+/Hg+/H) [18] 0 (−0.3± 2.0)× 10−15

Atomic Clock(Hg+/Yb+/H) [19] 0 (−0.55± 0.95)× 10−15

Atomic Clock(Sr/Hg+/Hg+/H) [20] 0 (−3.3± 3.0)× 10−16

Atomic Clock(Al+/Hg+) [21] 0 (−1.6± 2.3)× 10−17

Atomic Clock(162Dy/163Dy) [22] 0 (−2.7± 2.6)× 10−15

Oklo(Damour-Dyson [15]) 0.16 (−0.9 ∼ 1.2)× 10−7 (−6.7 ∼ 5.0)× 10−17

Oklo(Fujii et al. [13]) 0.16 (−0.18 ∼ 0.11)× 10−7 (0.2± 0.8)× 10−17

Oklo(Petrov et al. [14]) 0.16 (−0.56 ∼ 0.66)× 10−7 (−3.7 ∼ 3.1)× 10−17

Oklo(Gould et al. [23]) 0.16 (−0.24 ∼ 0.11)× 10−7 (−0.61 ∼ 1.3)× 10−17

Re/Os bound [24] 0.43 (−0.25± 1.6)× 10−6 (−4.0 ∼ 2.9)× 10−14

HI 21 cm [26] 1.8 (3.5± 5.5)× 10−6 (−3.3± 5.2)× 10−16

HI 21 cm [25] 0.25,0.68 < 1.7× 10−5

QSO absorption line(SiIV) [26] 2.67− 3.55 < 3.5× 10−4

QSO absorption line(MM) [27] 0.5− 1.6 (−1.09± 0.36)× 10−5

QSO absorption line(MM) [28] 0.5− 3.5 (−0.72± 0.18)× 10−5

QSO absorption line(SiIV) [29] 2.01− 3.03 (−0.5± 1.3)× 10−5

QSO absorption line(MM) [30] 0.2− 3.7 (−0.543± 0.116)× 10−5

QSO absorption line(MM) [31] 0.2− 4.2 (−0.573± 0.113)× 10−5

OH [32] 0.247671 (0.51± 1.26)× 10−5 (−1.7± 4.3)× 10−15

OH [33] 0.247 (−3.1± 1.2)× 10−6 (1.1± 0.4)× 10−15

QSO absorption line(MgII/FeII) [34] 0.4− 2.3 (−0.06± 0.06)× 10−5

QSO absorption line(MgII/FeII) [35] 0.4− 2.3 (−0.44± 0.16)× 10−5

QSO absorption line(SiIV) [36] 1.59− 2.92 (0.15± 0.43)× 10−5

QSO absorption line(FeII) [37] 1.84 (5.66± 2.67)× 10−6 (−5.51± 2.60)× 10−16

QSO absorption line(FeII) [37] 1.15 (−0.12± 1.79)× 10−6 (0.14± 2.11)× 10−16

QSO absorption line(FeII) [38] 1.15 (0.5± 2.4)× 10−6 (−0.6± 2.8)× 10−16

QSO absorption line(FeII) [39] 1.58 (−1.5± 2.6)× 10−6 (1.5± 2.7)× 10−16

CMB [40] 103 −0.06 ∼ 0.01 < 5× 10−12

CMB [41] 103 −0.013 ∼ 0.015 < 1× 10−12

BBN [42] 109 < 6× 10−2 < 4.4× 10−12

Table 1: Summary of the experimental bounds on the time variation of the fine structure constant. Δα/α ≡
(αthen − αnow)/αnow (from Ref. [12]).

Finally, we minimize

χ2( �D,B) =
295�

i=1

��
Δα
α

�
i
−A cos θi −B

�2

σ2
i + σ2

rand

(6)

where
�
Δα
α

�
i

and σi are obtained from the Keck+VLT dataset [9] and σrand is an internal random error,
assumed to be the same for all data points and representing an estimate of the aggregation of all additional
random errors. The magnitude and direction of the best fit dipole in galactic coordinates is obtained from
the best fit ci coordinates (e.g. A =

�
c21 + c22 + c23).

We find Afs = (1.02±0.25)×10−5 with direction (b = −11.7◦±7.5◦, l = 320.5◦±11.8◦) while
for the best fit monopole term we have Bfs = (−2.2± 1.0)× 10−6. This result shows that the isotropic
model A = 0 is more than 4σ away from the best fit value of the dipole magnitude. The Keck+VLT
dataset along with the best fit direction of the dipole in galactic coordinates is shown in Fig. 6. By the
definition of

�
Δα
α

�
and the construction of the dipole model, the obtained dipole direction shown in Fig. 6
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Fig. 5: A sample of the 295 quasar absorber Keck+VLT data.
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Fig. 6: Keck+VLT datapoints and α-dipole direction. Datapoints in three different redshift bins are represented
with different shapes. For comparison the direction of the Dark Energy dipole obtained from the best fit of the
Union2 data is shown with a star. The light blue blob represents the 1-σ error on the α-dipole direction.
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Fig. 7: Distribution of α-dipole magnitudes obtained from the Monte Carlo simulation. The arrow points to the
position of the observed best fit value for the α-dipole magnitude.

is the direction towards larger values of the fine structure constant α.

This deviation from isotropy can also be verified by considering 104 Monte Carlo simulations
obtained from the Keck+VLT dataset under the assumption of an isotropic monopole model [8]. The
distribution of the dipole magnitudes dK/V obtained in these simulations are shown in Fig. 7. The
arrow points to the observed magnitude Afs = (1.02 ± 0.25) × 10−5 of the dipole. Clearly, none of
the isotropic simulated Keck+VLT datasets had a dipole magnitude as large as the observed. Therefore,
the probability to obtain the observed value for the dipole magnitude is less than one part in 104 (about
3.9σ) in agreement with the 4σ result obtained with the covariance matrix in the context of the maximum
likelihood approach.
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2.2 The Dark Energy Dipole
The Union2 dataset provides 557 distance moduli of SnIa along with their 1σ errors and their redshift.
The galactic coordinates of each SnIa may be found in Refs. [6, 43]. The distance modulus is connected
with the Hubble free luminosity distance DL(z) as

µth ≡ mth −M = 5 log10(DL(z)) + µ0 (7)

where mth and M are the apparent and absolute magnitudes, µ0 = 42.3− 5 log10 h and

DL(z) = (1 + z)

� z

0
dz�

H0

H(z�,Ω0m)
(8)

where H(z�,Ω0m) is the Hubble parameter ansatz for ΛCDM.

Assuming a ΛCDM parametrization of the expansion rate

H(z)2 = H2
0 [Ω0m(1 + z)3 + (1− Ω0m)] (9)

the best fit distance modulus µ̄(z) is determined by minimizing

χ2(Ω0m, µ0) =

557�

i=1

[µobs(zi)− µth(zi)]
2

σ2
µ i

(10)

where σ2
µ i are the distance modulus uncertainties which include both the observational and the intrinsic

random magnitude scatter.

A dipole+monopole fit may be performed [8] using the Union2 data. Instead of
�
Δα
α

�
which cor-

responds to fine structure constant deviations from its earth measured value we use the distance modulus
deviation from its best fit ΛCDM value

�
Δµ(z)

µ̄(z)

�
≡ µ̄(z)− µ(z)

µ̄(z)
(11)

where µ̄ is the best fit distance modulus in the context of ΛCDM. A minimization of χ2(Ω0m, µ0) using
the Union2 dataset leads to the best fit parameter values Ω0m = 0.269 ± 0.020 and µ0 = 43.16 ± 0.01
which completely specify µ̄(zi) and therefore also

�
Δµ(zi)

µ̄(zi)

�

obs

≡ µ̄(zi)− µ(zi)

µ̄(zi)
(12)

for all Union2 datapoints.

In performing the same analysis as for the Keck+VLT data, we replace the
�
Δα
α

�
datapoints by

the
�
Δµ(z)
µ̄(z)

�
datapoints. In the SnIa we set σrand = 0 since the random intrinsic magnitude scatter has

already been included in the distance moduli errors σi. We find the direction of the dark energy dipole
to be (b = −15.1◦ ± 11.5◦, l = 309.4◦ ± 18.0◦). The magnitudes of the dipole and monopole terms are
found to be

Ade = (1.3± 0.6)× 10−3 (13)

Bde = (2.0± 2.2)× 10−4 (14)

The statistical significance of the dark energy dipole is at the 2σ level (significantly smaller that the 4σ
of the fine structure constant dipole) but its direction is only 11◦ away from the corresponding direction
of the fine structure constant dipole. The direction of the dark energy dipole along with the Union2 data
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Fig. 8: Union2 datapoints and Dark Energy dipole direction. Datapoints in three different redshift bins are rep-
resented with different shapes. For comparison the direction of the α-dipole obtained from the best fit of the
Keck-VLT data is shown with a star. The light blue blob represents the 1-σ error on the Dark Energy dipole
direction.
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Fig. 9: Distribution of dark Energy dipole magnitudes obtained from the Monte Carlo simulation. The arrow
points to the position of the observed best fit value and the light green area indicates fraction of the Monte Carlo
datasets that give a dipole magnitude bigger than the observed best fit one.

�
Δµ(zi)
µ̄(zi)

�
obs

are shown in Fig. 8 in galactic coordinates. The proximity of the two dipole directions is
also made apparent in the same plot as well as by comparing with Fig. 6.

The direction of the dipole in Fig. 8 points towards brighter SnIa compared to best fit isotropic
ΛCDM. This implies less accelerating expansion in that direction (assuming isotropic µ0).

The 2σ deviation of the Dark energy dipole from isotropy may also be confirmed by using a
Monte Carlo simulation consisting of 104 Union2 datasets constructed under the assumption of isotropic
ΛCDM.

In an effort to determine the likelihood of the observed dark energy dipole magnitude combined
with its angular proximity to the fine structure dipole we have performed a Monte Carlo simulation
consisting of 104 Union2 datasets constructed under the assumption of isotropic ΛCDM. In Fig. 9 we
show the probability distribution of the dark energy dipole magnitude in the context of isotropic ΛCDM
along with the observed dipole magnitude indicated by an arrow. As expected from eq. (13) only 4.75%
of the simulated isotropic datasets had a dark energy dipole magnitude larger than the observed value.
This is consistent with eq. (13) which indicates that the statistical significance of the existence of a dark
energy dipole is about 2σ.

In Fig. 10 we show the probability distribution of the angular distance of the isotropic simulated
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dipoles from the observed fine structure constant dipole. Only 6.12% of the Monte Carlo datasets had
such an angular distance smaller than the observed one. The probability for a Monte Carlo isotropic
Union2 dataset to have both a dipole magnitude larger than the observed one and an angular separation
from the fine structure dipole smaller than the observed one is 0.98%. This is larger than the anticipated
value of 0.0612 × 0.0475 = 0.29% due to the nonuniform distribution of the SnIa in the sky. We
conclude that obtaining simultaneously the observed magnitude of the α dipole (0.01%) and the observed
magnitude and alignment of the Dark Energy dipole (1%) is (0.01% × 1% = 0.0001%) ie one part in
106.

6.12�

20 40 60 80

ΘU2�K �V

100

200

300

Fig. 10: Angular distances between the observed α-dipole direction and the dipole direction obtained from the
Monte Carlo simulations on the Union2 data. The arrow points to observed angular distance value and the light
green area represents the Monte Carlo datasets that give an angular distance smaller than the observed one.

2.3 Redshift Tomography

It is interesting to identify the redshift range that contributes mostly to the large dipole magnitudes and
to their alignment. To achieve this goal we use two approaches: a redshift bin approach and a variable
upper redshift cutoff approach. In the redshift bin approach, we divide each dataset in three redshift bins
of approximately equal number of datapoints and perform a separate dipole magnitude and alignment
analysis in each bin. Thus we compare the results of each bin with respect to the quality of data (errorbar
sizes), the dipole magnitudes and the dipole directions. In the variable upper redshift approach we start
with truncated datasets with an upper redshift cutoff consisting of about 1/2 of the datapoints. Then we
increase the upper redshift cutoff in five steps so that in the final step the full dataset is obtained in each
case. We analyse each one of the six cumulative dataset parts with respect to their dipole magnitudes and
their directions.

The directions of the best fit dipoles for each one of the redshift ranges is shown in Fig. 11 (the
cumulative redshift parts are separately connected in increasing redshift order).

In Fig. 12 we show the angular separation of each Union2 redshift bin from the best fit dipole
direction of the full Keck+VLT dataset, as a function of redshift range for each Union2 bin. Clearly,
the lowest redshift bin which also has the smallest angular separation error is the one that has its dipole
best aligned with the Keck+VLT dipole. in Fig. 13 we show the angular separation of each Keck+VLT
redshift bin from the best fit dipole direction of the full Union2 dataset, as a function of redshift range
for each bin. Clearly, the highest redshift bin has the lowest error and good alignment with the Union2
dipole. In this case however, the best fit dipole direction appears to be more consistent among the three
redshift bins while the directional errorbars are significantly smaller than the Union2 case.
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Fig. 11: Fine structure α and Dark Energy dipole directions for the different redshift bins. The ’stars’ denote the
bins corresponding to the redshift range that is common to the Keck+VLT and Union2 samples. For this range
however, the dipole uncertainty obtained from the Union2 data is very large.
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Fig. 12: Angular distances (with errors) between the Dark Energy dipole obtained in the different redshift bins
and the α-dipole obtained from the full redshift range Keck+VLT data. Notice that the lowest Union2 redshift bin
dipole has the best alignment with the Keck+VLT dipole and also has the smallest error.

3 Physical Mechanism: Extended Topological Quintessence

3.1 Global Monopole

If the observed coincident large dipole anisotropies are due to a physical mechanism and not to sys-
tematic or statistical fluctuations, then it is of particular interest to investigate what could be a physical
model that could give rise simultaneously to these coincident dipoles. Such a mechanism could involve
for example an inhomogeneous scalar field which couples to electromagnetism through a non-minimal
coupling and whose potential energy could provide the dark energy required for accelerating expansion.
Due to negative pressure such a scalar field would tend to quickly become homogenous and isotropic on
Hubble scales. However, nontrivial topology would naturally generate sustainable inhomogeneity [44]
of such a scalar field.

For a proper potential, the scale of the inhomogeneity would be the observationally required Hub-
ble scale. In such a Hubble scale topological defect, an off center observer would observe aligned dipoles
in both dark energy and the fine structure constant. For a large enough core scale, such a defect would
become effectively homogenous and indistinguishable from ΛCDM. The dipole nature of observations
of off-center observers located in spherically symmetric inhomogeneities has been discussed in detail in
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Fig. 13: Angular distances (with errors) between the α-dipole obtained in the different redshift bins and the Dark
Energy dipole obtained from the full redshift range Union2 data. Notice that the alignment of all Keck+VLT
redshift bin dipoles with the full Union2 dipole is consistent with each other and similar to the alignment of the
full Keck+VLT dataset.

Refs [45, 46]

Consider the action

S =

� �
1

2
M2

pR− 1

2
(∂µΦ

a)2 − V (Φ) +
1

4
B(Φ)F 2

µν + Lm

�√−gd4x, (15)

where M−2
p = 8πG is the reduced Planck mass, Lm is the Lagrangian density of matter fields, Φa (a =

1, 2, 3) is an O(3) symmetric scalar field, B(Φ) is a non-minimal coupling to electromagnetism and

V (Φ) =
1

4
λ(Φ2 − η2)2, Φ ≡

√
ΦaΦa . (16)

We assume the existence of a Hubble scale global monopole formed during a recent cosmological phase
transition. The vacuum energy density in the monopole core and the size of the core are determined by
the two parameters of the model η (the vacuum expectation value) and λ (the coupling constant). The
global monopole field configuration is described by the hedgehog ansatz

Φa = Φ(r, t)r̂a ≡ Φ(r, t)(sin θ cosϕ, sin θ sinϕ, cos θ) (17)

with boundary conditions
Φ(0, t) = 0 , Φ(∞, t) = η , (18)

where η is the scale of symmetry breaking assumed to be such that [44]

λη2

3H2
0

>∼ 1 (19)

In eq. (17) we have allowed for a time dependence having in mind a cosmological setup of an expanding
background.

Consider now a non-minimal coupling of the form

B(Φ) = 1− ξ
Φ2

η2
(20)

where ξ is constant. The fine structure ‘constant’ is related to the coupling B(Φ) as

α(Φ) =
e20

4πB(Φ)2
(21)
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where e0 is the bare charge that remains constant throughout the cosmological evolution. Therefore for
small values of Φ/η we have �

Δα

α

�
� 2ξ

(Φ2 − Φ2
0)

η2
(22)

where Φ0 is the field magnitude at the location of the observer. The dipole directions shown in Figs. 6
and 8 correspond to higher value of α and lower accelerating expansion (brighter SnIa compared to
ΛCDM) respectively. Thus, in the extended topological quintessence picture, for an off-center observer,
this would be the direction pointing away from the global monopole core where the potential energy of
the monopole is lower and the field magnitude Φ is larger. In order to have a higher value of the fine
structure constant in the same direction we need ξ > 0.

In Fig. 14 we illustrate the location of an off-centre observer with respect to the monopole core.
In Fig. 14a we plot the observer location along with the field magnitude and direction denoted by the
arrows at each point of the x − y plane. Clearly, the field magnitude is smaller towards the centre of
the monopole and this justifies the variation of α in that direction. Similarly, in Fig. 14b we show the
energy density distribution of the global monopole and the location of the observer. Clearly, there is
higher dark energy density towards the monopole centre and this justifies the higher acceleration rate in
that direction.

3.2 Global Vortex
The extended topological quintessence monopole discussed above is distinct from the varying α defects
[47] based on Bekensteins’s theory [48]. According to this model, the electric charge e (and therefore
also the fine structure constant α) is promoted to a dimensionless scalar field ϕ ∼ ln e with zero potential
and a kinetic term multiplied by a large dimensionful parameter ω. This is similar to the corresponding
extension of General Relativity along the lines of the Brans-Dicke theory where Newton’s constant is
promoted to a scalar field. As in the Brans-Dicke theory, the parameter ω is used to partly freeze the
dynamics of ϕ so that the charge variation in spacetime becomes consistent with observational and
experimental constraints [12, 49]. The dynamics of the charge field ϕ affects the dynamics of the gauge
field Aµ which in turn affects the dynamics of any scalar field Φ that couples to Aµ via a gauge symmetry.
Varying α defects [47] are gauged defects formed if the vacuum manifold of Φ has a non-trivial homotopy
group and their dynamics is indirectly affected by the dynamics of the fine structure constant (and of ϕ).
A potential source of severe constraints for this class of defects is that they predict massive photons
(spontaneous breaking of electromagnetism) in regions away from the defect core.

In contrast to these varying α defects, in extended topological quintessence, the defect is global and
is formed by the same field that represents α. These are global defects non-minimally coupled to elec-
tromagnetism. As a simple example in Minkowski spacetime, consider a global vortex non-minimally
coupled to electromagnetism. The dynamics of the complex scalar field Φ, is determined by the La-
grangian density

L = (∂µΦ)
∗ (∂µΦ)− 1

4
B(Φ)Fµν F

µν − V (Φ) , (23)

The field equations obtained by variation of Φ∗ and Aµ are

∂µ ∂
µΦ = − ∂ V

∂ Φ�
− 1

4

∂B(Φ)

∂ Φ∗ Fµν F
µν . (24)

and
∂ν [B(Φ)Fµν ] = 0, (25)

For a non-minimally coupled global vortex to form we set

V (Φ) =
λ

4

�
Φ∗Φ− η2

�2
, (26)
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Fig. 14: (a) The observer location (thick dot) along with the field magnitude and direction denoted by the arrows
at each point of the x−y plane. Clearly, the field magnitude is smaller towards the centre of the monopole and this
justifies the variation of α in that direction. (b) The energy density (ρ) distribution of the global monopole and the
location of the observer. Clearly, there is higher dark energy density towards the monopole centre and this justifies
the higher acceleration rate in that direction.

and

B(Φ) = 1− ξ
|Φ|2
η2

(27)

We now use the global vortex the ansatz allowing for a coaxial magnetic field

Φ = f(r) einθ , (28)

Aθ = a(r) , (29)

where f(r) and a(r) are real functions of r and all other components of aµ are set to zero. We thus
obtain the static field equations for f(r) and a(r) as

1

r

d

dr

�
r
df

dr

�
−
�
n2

r2
− η2 λ

2
+

λ

2
f2

�
f − 1

2

dB(f2)

df

�
1

r

d

dr
(ra)

�2

= 0, (30)
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d

dr

�
B(f2)

1

r

d

dr
(ra)

�
= 0, (31)

since

Fµν F
µν = 2F rθ Frθ = 2

�
1

r

d

dr
(ra)

�2
. (32)

The corresponding energy density of the vortex is:

ρ =

�
df

dr

�2

+
1

2 r2
B(f2)

�
d (r a)

dr

�2

+
n2

r2
f2 +

λ

4

�
f2 − η2

�2
. (33)

If there is no external source of electromagnetic field and if B(f2) > 0 everywhere, we obtain the usual
global vortex solution f(r) = f0(r), a(r) = 0. However, if there are regions of space where B(f2) < 0,
an instability develops which proceeds with spontaneous creation of electromagnetic field in the region
where B(f2) < 0. For example for B(f2) = 1 − qV (f2)/η4, an instability develops in the core, for
large enough values of q.

If there is an external source of electromagnetic fields (e.g. a localised magnetic field in the z
direction), then the profile of f(r) will be affected in accordance with eq. (30) and a local additional
variation of α will occur. Thus, a robust prediction of this class of models is a correlation between regions
of strong electromagnetic fields and variation of α. The non-observation of such variation could impose
strong constraints on the form of the coupling B(f2). The detailed investigation of these constraints
and their consistency with the form of B(f2) required to explain the observed α dipole represents an
interesting extension of this project.

3.3 Signatures on the CMB
Extended Topological Quintessence is expected to also produce a dipole asymmetry in CMB maps.
In these maps however, the dipole term is dominated by our motion with respect to the CMB frame
and therefore it has been removed completely. This removal has also swept away any subdominant
cosmological contribution to the dipole. However any axial cosmological anisotropy that is not perfectly
described by a dipole could have left a trace after the removal of the dipole. The detection of this trace
may be possible by using specially designed statistical tests. In an effort to identify this trace we consider
three large scale Healpix pixelizations of the WMAP7 ILC map and identify those pairs of opposite
pixels in the sky that correspond to Maximum Temperature Difference. We compare the magnitude
of this Maximum Temperature Asymmetry (MTA) with that expected from an isotropic model using
gaussian simulated CMB maps. We also compare the direction of the MTA with the direction of the
other observed cosmic asymmetry axes (Dark Flow, Dark Energy Dipole and α Dipole). We find the
likelihood that the observed magnitude and alignment would occur by chance in an isotropic model with
no correlation between the CMB and the other observables.

We thus construct a Temperature Difference Map (TDM) obtained by assigning to each pixel a
number equal to the difference between its temperature value and the value of the temperature of the
opposite pixel in the sky. Thus we have

D−(n̂i) = (T (n̂i)− T (−n̂i)) , (34)

where n̂i is the direction of the ith Healpix pixel. In the context of the Healpix pixelization the opposite
pixel is always simply defined and identified. By construction, opposite pixels of the TDM are assigned
to opposite values. In the TDM we select the pixel D−

max(n̂k) with the maximum absolute value. This
pixel along with the pixel located opposite to it defines the axis of MTA. The direction of the MTA is
then compared with the directions of other cosmic asymmetry axes (α dipole, Dark Energy dipole and
dark flow) and the corresponding angular differences are identified.
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The WMAP7 ILC maps using Healpix pixelizations with Nside = 4, 8, 16 (pixel size
�
4π/

�
12N2

side

�

rad i.e. about 14.7◦, 7.3◦ and 3.7◦ respectively) are shown in Figure 15 along with the MTA pixels. The
original map has Nside = 512.

�������� �����������

��������� ����������

��������� ����������

Fig. 15: Degraded temperature maps obtained from the 7 years ILC CMB map with Nside = 4, 8, 16. The white
dots define the maximum temperature differences direction.

In Figure 16 we show the four cosmic asymmetry directions (α dipole, Dark energy Dipole, Dark
Flow and MTA) in a Mollweide projection. The filled contours around each direction correspond to the
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Fig. 16: Directions in galactic coordinates for the α (blue) and Dark Energy (green) dipoles, for the Dark Flow
direction (red) and for the direction of MTA in the 7 years ILC CMB map degraded to Nside = 8 (yellow).

1σ error regions.

The alignment between the four asymmetry axes is remarkable. A Monte Carlo simulation [51]
of 104 ILC maps based on the best fit ΛCDM model has indeicated that the probability of a larger than
observed magnitude of the MTA and alignment with the α dipole in the context of ΛCDM is between
0.1% and 0.5%.

In view of these observational results indicating alignment of the four basic cosmic asymmetries
and the physical model of Extended Topological Quintessence that has the potential to explain this align-
ment, an important question remains to be answered: What are the detailed quantitative predictions of
Extended Topological Quintessence and how do they compare with the corresponding data? The search
for the answer to this question is currently in progress.

4 Conclusion - Outlook

I have reviewed early observational hints for deviation from the cosmological principle and statistical
isotropy. This appears to be one of the most likely directions that may lead to new fundamental physics
in the coming years. Four independent cosmologically observed asymmetry axes appear to be mutually
aligned at a level that is not consistent with homogeneous isotropic cosmology. These axes include
the Fine Structure Constant Dipole (4σ away from isotropy), the Dark energy Dipole (2σ away from
isotropy), the Dark Flow Axis (3σ away from isotropy) and the CMB Maximum Temperature Asymmetry
Axis (1.5σ away from isotropy).

A simple mechanism that has the potential to give rise to such an alignment of cosmological axes
assumes that we are off-center observers in an approximatelly spherical dark energy inhomogeneity in-
duced by non-minimally coupled to electromagnetism, topologically non-trivial scalar field (Extended
Topological Quintessence). The detailed quantitative predictions of this mechanism constitute and im-
portant extension of this research programme.

Publicly Available Files: The PowerPoint file of the talk is available at:
http://leandros.physics.uoi.gr/talks/fund-dipole.pptx . The numerical analysis files used for the construc-
tion of all the figures are available through Refs. [8, 51].
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Can we push the fundamental Planck scale above 1019GeV?
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Abstract
The value of the quantum gravity scale is MPl = 1019GeV. However, this is
inherently a three-dimensional quantity. We know that we can bring this scale
all the way down to TeV if we introduce extra dimensions with large volume.
This will solve the hierarchy problem by destroying the desert between the
electroweak and gravity scales, but will also introduce a host of new problems
since some things (e.g. proton stability, neutrino masses etc) have their natu-
ral habitat in this desert. In contrast, we can also solve the hierarchy problem
by reducing the number of dimensions at high energies. If the fundamental
theory (which does not have to be gravity as we understand it today) is lower
dimensional, then the fundamental energy scale might be much greater than
1019GeV. Then, some experimental and observational limits (e.g. on Lorentz
invariance violation) which are coming close to or even exceeding the scale
of 1019GeV can be evaded. In addition, scattering of particles at transplanck-
ian energies will not produce mini-black holes which could prevent us from
probing arbitrarily short distances, and thus avoid "the end of short distance
physics".

The scale at which quantum effects in gravity become important is known as the Planck scale. In
3D, there is a unique expression with dimensions of mass (energy) that involves all the known funda-
mental constants

M3D
Pl =

�
�c
G3D

(1)

If we substitute the measured vales for c, � and G3D, we get the numerical value of M3D
Pl = 1019GeV.

However, this is inherently a three-dimensional value. In theories where the number of dimensions is not
three, the numerical values of MPl maybe quite different. In the context of large extra dimensions [1, 2]
(see also [3,4]), we learned that MPl could be as low as 1TeV if gravity can propagate in more than three
spatial dimensions. To make the model realistic and not in obvious contradiction with experiments, the
authors of proposed that all the standard model particles are confined on a (3+ 1)-dimensional subspace
(a brane) of a higher-dimensional manifold, while gravitons, being geometrical degrees of freedom, can
propagate everywhere. In this framework, fundamentally strong gravity is diluted due to the presence of
extra dimensions. An observer located on the brane, observing only the force lines along the brane, does
not register the gravitational force lines which propagate through the bulk, so he concludes that gravity is
weak (i.e. suppressed by much larger energy scale). Bringing the scale of quantum gravity down to 1TeV
requires having a large enough volume of the extra space. If the number of extra dimensions is three
or greater, then we can have large enough volume, and still avoid conflict with table-top gravitational
experiments. Among the other things, this setup resolves the standard model hierarchy problem.

Going exactly in the opposite direction, a framework of “vanishing" or “evolving" dimensions
was proposed in [5–10], (see also [11–18] for related work). In this framework the dimensionality of the
space we live in is not fixed, but actually depends on the length scale we are probing. As the length scale
increases, new dimensions open up. At short scales the space is lower dimensional; at the intermediate
scales the space is three-dimensional, and at large scales, the space is effectively higher dimensional. This
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setup is free of many problems that plague three-dimensional theories. If the space is lower dimensional
in the high energy regime, then there are no ultraviolet divergencies in field theories, it is possible to
quantize gravity, and the theory of matter plus gravity is free of divergencies and renormalizable. If the
space is higher dimensional at cosmological scales, then some cosmological problems (including the
cosmological constant problem) can be attacked from a completely new perspective.

In the context of evolving dimensions, the fundamental energy scale is much more peculiar. For
example, in 2D, we would like to find the quantity with dimensions of mass which can be expressed in
terms of the constants c, � and G. Thus we write

M = cn1�n2Gn3
2D (2)

Since dimensionally c = L/T , � = ML2/T , and G2D = L2/(MT 2), the system of equations that we
have to solve is

n1 + 2n2 + 2n3 = 0 (3)

−n1 − n2 − 2n3 = 0

n2 − n3 = 1

The solution is n1 = 2, n2 = 0, and n3 = −1. Thus, in two dimensions, there is no quantity with
dimensions of mass that involves all the constants c, � and G. The only quantity that we can construct in
2D is

M2D
Pl =

c2

G2D
(4)

The absence of � is notable. This may be perhaps connected with the fact that 2D general relativity has
no local propagating degrees (i.e. no gravitons in quantum case). Since G2D, unlike G3D, is a number
of unknown magnitude, the exact numerical value of M2D

Pl is also unknown. In principle, the value of
M2D

Pl could be much greater than 1019GeV.

If we formally extend our discussion to one spatial dimension, where G1D = L/(MT 2) while c
and � remain the same, the system of equations that we have to solve becomes

n1 + 2n2 + n3 = 0 (5)

−n1 − n2 − 2n3 = 0

n2 − n3 = 1

We find that there is no solution to this system, i.e. there is no quantity with dimensions of mass that
involves any combination of c, � and G (or at least some of them). This is perhaps connected with the
fact that 1D general relativity is not a dynamical theory.

If we accept the assumption that a fundamental high energy theory is lower dimensional, and our
3D theories are just low energy approximations, then it appears that general relativity is also an emergent
theory that emerges for the first time in 2D, and becomes a fully fledged propagating theory only in 3D.
In that case M3D

Pl = 1019GeV plays no fundamental role. The ultimate theory of space-time has its own
fundamental scale, which for all we know could be much lower or much greater than 1019GeV. This
would also imply that it does not make much sense to quantize gravity as we know it, especially not in
3D.

If M3D
Pl = 1019GeV loses its fundamental role, then we have to re-examine many concepts that

we are taking for granted. As we mentioned, the scale at which quantum effects become important in
gravity does not have to be 1019GeV. There are two options: this scale can be either smaller or greater
than 1019GeV. Our experience with quantum gravity energy scale much smaller than 1019GeV is very
unpleasant. For example, low scale quantum gravity may introduce unacceptably fast proton decay.
Conservation of baryon number is just an accidental global low-energy effective symmetry, and quantum
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gravity is not expected to preserve it (as opposed to local gauge symmetries which are dynamically
preserved) [19]. The proton life-time for gravitationally induced decay (in 3D) is

τproton ≈ m−1
proton

�
MPl

mproton

�4

. (6)

In the context of the large extra dimensions, where MPl = 1TeV, the proton lifetime is just a tiny fraction
of a second, thus requiring elaborate setups to avoid it. In general, to satisfy the current lower limit on the
proton lifetime of 1034 years, we need MPl > 1016GeV. Another potentially dangerous quantum gravity
induced process comes from neutron-antineutron oscillations. An operator responsible for this process
is “UDDUDD" where “U" stands for the up-quark and “D" for the down quark. This is a dimension-nine
operator, so in 3D it is suppressed by five powers of MPl, which lifts this process safely above the current
experimental limits for MPl > 105GeV.

While there are many other potential dangers of the low scale quantum gravity (e.g. large mixings
between leptons, large flavor changing neutral currents, etc.) perhaps the most serious one comes from
the limits on the scale at which Lorentz invariance is violated. Near the Planck scale, the space-time
metric is expected to fluctuate wildly. Hawking suggested that that we can view these wild fluctuations
as virtual black holes which constantly pop in and out of vacuum [20]. Thus, the space-time at these
scales may not be smooth, but actually full of bumps. Particles propagating in such a background are
just slightly affected by these tiny bumps, but the effect may accumulate for particles that travel long
cosmological distances. For example, high energy photons from gamma ray bursts (GRBs) propagating
from a distant part of the universe toward us may be affected by these quantum fluctuations, which in
turn could modify their dispersion relation. Recent observations established extremely tight limits on
such effects limiting the scale at which Lorentz invariance is violated to greater than 1019GeV for linear
(and close to that value for quadratic) energy corrections to the dispersion relations [21].

Many problems that plague low scale quantum gravity indicate that the possibility of having quan-
tum gravity scale higher than 1019GeV is much more plausible. If that is really the case, then there will
be some immediate interesting consequences. For example, the perturbative quantum gravity effects,
which are usually suppressed by powers of Planck scale [22] are now much more suppressed than in
theories where MPl = 1019GeV. This could obviously evade the limits where the current experiments
and observations are already excluding effects suppressed by MPl = 1019GeV (e.g. Lorentz invariance
violation). It would also be much more difficult to look for the signature of the Planck scale physics
in the Cosmic Microwave Background Radiation [23–28]. In an extreme case where MPl → ∞, there
would effectively be no quantum gravity.

Many consequences of a high scale quantum gravity would be model dependent. For example,
in the “vanishing dimensions" scenario where the space-time is just an ordered lattice which is lower
dimensional on short scales [5, 6], once we are probing the length scales shorter than the dimensional
crossover (say TeV−1), we do not expect our 3D intuition to hold. While in 3D scattering of particles
at transplanckian energies inevitably produces Planck-size black holes, which effectively represents “the
end of short distance physics", this does not have to be true anymore. Most of the conventional 2D
theories of gravity do not contain true singularities, and thus there are no true black holes in 2D (unless
we add cosmological constant or radically modify gravity). In 1D, gravity stops being dynamical theory,
unless augmented by some extra fields (eg. dilaton gravity). Thus scattering at transplanckian energies
does not have to produce a mini-black hole and prevents us from probing arbitrarily short distances.
In addition, a large 3D black hole, approaching the end of its evolution by emitting Hawking quanta,
inevitably reaches lower dimensional regime where it stops being a true black hole. This scenario might
effectively circumvent the information loss paradox.

In conclusions, the purpose of this note is to point out that the scale of quantum gravity, or rather
the scale of fundamental physics of space-time (which does not have to be gravity as we understand it to-
day), could be greater than 1019GeV. One of the concrete realizations of this possibility is the framework
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of “vanishing" or “evolving" dimensions where the number of dimensions depends on the energy scale
that we are probing. If the fundamental theory is lower dimensional, and observed 3D gravity is just a
low energy effective theory, then the fundamental scale might be larger than 1019GeV. There are many
interesting consequences of this proposal. Some experimental and observational limits which in recent
years came close to, and in some cases even exceeded the scale of 1019GeV can be obviously evaded.
Since there are no true singularities in generic lower dimensional space-times, scattering of particles at
the center of mass energies higher than the fundamental energy scale will not yield black holes. This
implies that we can in principle probe arbitrary short distances, which was not possible in 3D. Absence
of true singularities may also have important implications for the information loss paradox. Finally, hav-
ing the fundamental scale which is much higher than 1019GeV implies that our calculations concerning
early universe must be revisited.
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Abstract
We investigated the reverse engineering method (REM) for constructing the
potential of the scalar field in cosmological theories based on metric f(R) grav-
ity and Friedman Robertson Walker (FRW) metric. Then transposing the new
field and Friedman equations in an algebraic computing special library (in
Maple + GrTennsorII platform) we graphically investigate the shape of the
potentials in terms of the scalar field in at least two type of cosmology with
exponential and linear scale factor expansion. Some perspectives and conclu-
sions relating these results with tachyonic cosmology theories are noticed.

1 Introduction
The reverse engineering method (REM) was proposed [1] in order to reconstruct the shape of the scalar
field potentials, including tachyon-like, in cosmology starting with a certain time behavior of the scale
factor. Recently we studied REM in cosmologies with minimally and non-minimally coupled scalar field
[2] for Friedmann-Robertson-Walker metrics. We extended our study for higher order metric theories of
gravity (generically called f(R) theories [3–6]).

This time we are mostly focused on a lagrangian of the theory having the form L = R+αR2+Lφ

, where R is the Ricci scalar and Lφ represents the lagrangian of the scalar field (minimally coupled with
gravity). The field equations (modified Friedmann equations in FRW metric) will contain second order
derivatives of the scale factor. It is hard to find analytical solutions for this type of field equations and
thus a numerical investigation is necessary. For this reason we developed a series of Maple+GrTensorII
programs, organized in a special library, using the symbolic computation and graphical facilities for
processing REM in several cases: exponential, linear or sinusoidal expansion of the Universe. The
shape of the potential as a function of the scalar field is graphically investigated in order to establish a
convenient theory producing the respective time evolution of the universe.

We also present the classical behavior of several tachyon-like scalar-field potentials [1] which are
still good candidates for describing a realistic scale factor of the Universe, in particular for describing
inflation, with accent on its early phase on archimedean and nonarchimedean spaces. This approach
applied in [7] on classical and quantum dynamics for a tachyonic field with exponential potential, here
is briefly extended applied on a model with V (T ) ∼ cosh−1(T ). Possibility for its generalization and
quantization is pointed out in Section 4.

2 Scalar field cosmology in metric f(R) gravity
We are dealing with cosmologies based on Friedman-Robertson-Walker (FRW) metric

ds2 = c2dt2 − a(t)2
�

dr2

1− kr2
+ r2

�
dθ2 + sin2θ dϕ2

��
(1)
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where a(t) is the scale factor and k = −1, 0, 1 for open, flat or closed cosmologies. The dynamics of
the system with a scalar field minimally coupled with metric f(R) gravity is described by the following
action [4, 6]

S =

�
d4x

√−g

�
1

2

M2
P

8π
f(R) +

1

2
∇µφ∇µφ− V (φ)

�
+

�
d4xLM (gµν ,ψM ) (2)

where f(R) is in principle an arbitrary function of the Ricci scalar R, V (φ) is the potential of the scalar
field and LM represents the Lagrange density for regular matter (dust, radiation, etc).

As in the Starobinsky model [5] (known to be an excellent model of chaotic inflation) we choose
for f(R) the following expression

f(R) = R+ αR2 (3)

where we consider α to be a real constant (inversely proportional with the rest mass of the scalar particle
in the Starobinsky model).

Varying the action S with respect to the metric gµν we get the new field equations

(1 + 2αR)Rαβ−
1

2

�
R+ αR2

�
gαβ − 2αgµν (∇α∇β − gαβg

στ∇σ∇τ )Rµν =

= −φ,αφ,β + gαβ

�
1

2
gµνφ,µφ,ν − V (φ)

� (4)

3 Algebraic computing, "Cosmo" library and some graphical results
As reported previously [1] we composed a new library (called generically "Cosmo") for use in cosmology
embedded in Maple+GrTensorII algebraic computing platform (see at http://grtensor.org ). GrTensorII
is a free library (developed by a community of users) which incorporates a Riemannian geometry in a
Maple symbolic computation environment. The Cosmo library defines the main cosmological functions
and operators (Hubble constant/function, deceleration, scale factor etc.) producing the main Friedman
equations from Einstein eqs. in FRW metric. This time for our purposes we cannot use the predefined
(in GrTensorII) Einstein equations, thus we have to define new tensor components for the field equations
above mentioned by introducing a sequence of GrTensorII commands as

> grdef(‘Ec{a b} := (1+2∗alpha∗Ricciscalar)∗R{a b}−(1/2)∗g{a b}∗(Ricciscalar+
alpha ∗Ricciscalar2)− s{, a} ∗ s{, b}+(1/2) ∗ g{a b} ∗ ((1/2) ∗ g{∧i ∧ j} ∗ s{, i} ∗ s{, j}−V )‘);

where s represents the scalar field and Ec{a b} is a tensorial object having as components the main
field equations here replacing the Einstein equations.

Fortunately we still can use the Riemannian environment defined by GrTensorII (Riemann and
Ricci tensors, Christoffell symbols for covariant derivatives, the Ricci scalar - called Ricciscalar in the
above command line, etc.). Finally after loading the FRW metric (using qload GrTensorII command)
and a sequence of gralter, simplify and subs commands we obtain the new Friedmann equations as

V (φ) = 3Ḣ(t) + 6H(t)2 + 3
k

a(t)2
+ h1(k,α, Ḣ, Ḧ..) (5)

φ̇2 = −2Ḣ(t)2 + 2
k

a(t)2
+ h2(k,α, Ḣ, Ḧ..) (6)

where H(t) = ȧ(t)/a(t) is the Hubble function. We arranged the equations to resemble the form of eqs.
(12)-(13) in [1] and we collected in h1 and h2 the terms containing higher order time derivatives of H(t).
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Thus treating analytically these equations as we done in REM for previous cases mentioned above is
almost impossible so we analyzed them graphically, using the numerical and graphic facilities of Maple.
Actually the aim of REM is to recover the shape of the potential in term of the scalar field (eliminating
the time from the above equations).

To illustrate our graphical results obtained after processing the Cosmo library, we concentrate on
some examples (mainly the exponential and the linear expansion of the universe) taken from Table no. 1
of [1]. For the exponential case, when we have

a(t) = a0e
ωt, (7)

ω being a real constant, we obtained the results presented in Figure 1.

Fig. 1: V (φ) in terms of different ω at k = 0 (left panel) and of different α at k = 1 and ω = 0.1 (right
panel)

Similar results were obtained in the case of a linear expansion. For the sake of completeness we
analyses also several cases for the time behavior of the potential which also can offer valuable informa-
tion on the interaction theory governing the universe. Figure no. 2 below illustrates some of these results
for the two cases we processed, the exponential and the linear one.

Fig. 2: Time behavior of V in terms of different α at k = 0, 1,−1 in the exponential case (left panel)
and the linear case (right panel)
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4 Concluding remarks and the connection with tachyonic cosmological theories
Our investigations proved that the REM is feasible even in non-Einsteinian gravity cosmologies when
no analytical solution of the REM is possible to obtain. Actually the graphical solution we applied and
processed can show the shape of the potential of the scalar field providing good information for building
an interaction theory in non-standard cosmologies.

Besides several possible approaches to include tachyonic potentials in cosmology, first of all in its
inflationary phase, we will notice here an approach triggered by Sen‘s conjecture on tachyonic matter in
context of D-brane dynamics [8]. In short, he proposed the following lagrangian

Ltach = Ltach(V, ∂µT ) = −V (T )
�
1 + gµν∂µT∂νT (8)

For a spatially homogenous (tachyon) field T (t), a simplified lagrangian and the corresponding
equation of motion are respectively

Ltach = Ltach(T (t), Ṫ (t)) = −V (T )
�
1− Ṫ 2 (9)

T̈ (t)− 1

V (T )

dV

dT
Ṫ 2(t) +

1

V (T )

dV

dT
= 0 (10)

There are numerous interesting potentials that can be incorporated in Lφ, either motivated by string
theory or by its solvability in context of inflation theory and “Friedmanology“. For instance

V1(T ) = e−αT V2(T ) =
Vm

cosh(β T )
(11)

One gets, up to some unimportant constants, equations of motion for these potentials

T̈ (t) + α Ṫ 2(t)− α = 0 (12)

T̈ (t) + β tanh(β T )Ṫ 2(t) = β tanh(β T ) (13)

However, this form of lagrangian (action), as well equation of motion, is highly nonlinear and
quite unsuitable for analytic solutions of Friedman equations, and in particular for quantization of any
particular potential, i.e. model. However, as it was shown in [7] in case of exponential potential it is
possible to find a locally equivalent lagrangian in the standard form producing the same equation of
motion. In case of the later of of above mentioned potentials it can be shown [9] that

L1(Y1, Ẏ1) =
1

2
Ẏ 2
1 (t) +

α2

2
Y 2
1 (t) (14)

L2 =
1

2
cosh2(β T )(1 + Ṫ 2(t)) =

1

2
Ẏ 2
2 (t) +

β2

2
Y 2
2 (t) +

1

2
(15)

where
T → Y1 = α−1eαT T (t) → Y2(t) = β−1 sinh(β T (t)) (16)

A generalization of this approach for a wide class of tachyonic potentials and quantization of the
corresponding models with quadratic lagrangians via path integral technique will be presented elsewhere
[9]. These results, as well as our REM approach to f(R) theories and (non)minimally coupled tachyonic
fields with gravity [2] are a good point for testing string-theory motivated potentials and scale factor
obtained from this approach, in least complicated solvable models and shape of potentials obtained from
rather realistic models using REM methods [10].
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Abstract
Since its launch five years ago, the Large Area Telescope, onboard of the Fermi
Gamma-ray Space Telescope, has detected the largest amount of gamma rays
in the 20 MeV - ≥ 300 GeV energy range (nicely covering electro weak scale)
with good angular resolution and good rejection power of more numerous
charged cosmic rays. These impressive performance allows to attempt to learn
about New Physics with astronomical and astro-particle data. We will present
the latest results on these searches.

1 Introduction
The Large Area Telescope (LAT), one of two instruments onboard the Fermi Observatory, [1], is a pair
conversion telescope for photons above 20 MeV up to a few hundreds of GeV. The field of view is ∼2.4 sr
and the LAT observes the entire sky every ∼ 3 hours (2 orbits). The operation of the instrument through
the first five years of the mission was smooth: the LAT has been collecting science data for more than
99% of the time spent outside the South Atlantic Anomaly.

Its data are made public and distributed to the Community through the Fermi Science Support
Center (FSSC) 1 and have been used widely.

In what follows we will present some of the most important results of the Fermi LAT mission,
focusing on those related to searches for signatures of Dark Matter (DM) annihilations in our and neigh-
boring Galaxies.

2 The Second Fermi-LAT catalog
The high-energy gamma-ray sky is dominated by diffuse emission: more than 70% of the photons de-
tected by the LAT are produced in interactions of the Galactic cosmic rays with interstellar medium and
radiation fields. As a consequence the disk of our Milky Way Galaxy shines brightly in the Fermi sky.
An additional diffuse component with an almost-isotropic distribution presents another significant frac-
tion of the LAT photons. Due to its isotropic distribution it is thought to be of extragalactic in origin.
The rest consists of various different types of point-like or extended sources: extragalactic ones as Ac-
tive Galactic Nuclei (AGN) and normal star forming galaxies, as well as Galactic sources as pulsars and
their relativistic wind nebulae, globular clusters, binary systems, shock-waves remaining from supernova
explosions and nearby solar-system bodies like the Sun and the Moon.

The Second Fermi-LAT catalog (2FGL) [2] is the deepest catalog ever produced in the energy
band between 100 MeV and 100 GeV, containing more than 1800 sources. Most of the sources are of
extragalactic origin, blazars being the most numerous kind, with more than 800 detected ones. Among
Galactic sources, LAT identified 117 gamma ray pulsars [3] and discovered millisecond gamma ray
pulsars, being therefore dubbed the ’pulsar machine’. In addition to firmly identified sources, based
either on periodic variability or on spatial morphology or on correlated variability, 576 (i.e. 31% of

∗E-mail: gzaharij@ictp.it
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the total number of entries in the catalog) are still unassociated with known astrophysical objects. In
addition, the first catalog of high energy sources has recently been published [4] and the first catalog of
Super Nova Remnants (SNRs) is in preparation [5].

3 Indirect Dark Matter searches
One of the major open issues in our understanding of the Universe is the nature of an extremely-weakly
interacting form of matter, the dark matter. The evidence for its existence is supported by a wide range
of observations including large scale structures, the cosmic microwave background and the isotopic
abundances resulting from the primordial nucleosynthesis, all of them being sensitive to its gravitational
interaction. Due to the universal nature of gravity a different kind of probe is needed to pinpoint its
particle physics properties. Complementary to direct searches being carried out in underground facilities
and at accelerators, the indirect search for DM is one of the main of goals of Fermi Science. The indirect
searches look for signatures of Weakly Interactive Massive Particle (WIMP) annihilation or decay in the
surplus of its final products: stable standard model particles as gamma-rays, electrons and positrons,
antiprotons. Among many other ground-based and space-borne instruments, the LAT plays a prominent
role in this search through a variety of distinct search targets: gamma-ray lines, Galactic and isotropic
diffuse gamma-ray emission, dwarf satellites, Cosmic Ray (CR) electrons and positrons.

3.1 Galactic center

The center of our Galaxy is expected to be the strongest source of γ-rays from DM annihilation, due to
its coincidence with the cusped part of the DM halo density profile [6], [7], [8].

The diffuse gamma-ray backgrounds and discrete sources, as we know them today, can account
for the large majority of the detected gamma-ray emission from the Galactic Center. Nevertheless in
a preliminary analysis of the data, taken during the first 11 months of the Fermi satellite, a residual
emission not accounted for by the above models was found [9], [10]. Improved modeling of the Galactic
diffuse emission (for example, by taking advantage of advanced statistical analysis tools to scan over
many parameters of the diffuse emission, along the lines of work presented in [11, 13]), as well as the
potential contribution from other astrophysical sources (for instance unresolved point sources) should
provide a more robust description of the data. Analyses are underway to investigate these possibilities.
At the same time the community has responded actively to this issue, with many papers discussing
properties and nature of such residual emission, e.g. [14, 15]. It should be noted that based only on
gamma ray signatures in the Galactic Center it might be impossible to distinguish between dark matter
signal and that of the unresolved population of pulsars. In such case DM detection can be claimed only
if its signatures are confirmed by some other probe and/or in a different target.

3.2 Galactic halo

In order to minimize uncertainties connected with the region of the Galactic Center, analysis in [11]
considered a region of interest consisting of two off-plane rectangles (50 ≤ |b| ≤ 150 and |l| ≤ 800)
and searched for continuum emission from dark matter annihilation or decay in the smooth Galactic
dark matter halo. They considered two approaches: a more conservative one in which limits were set
on DM models assuming that all gamma ray emission in that region might come from dark matter (i.e.
no astrophysical signal is modeled and subtracted). In a second, arguably more realistic approach, dark
matter source and astrophysical emission were fit simultaneously to the data, marginalizing over several
relevant parameters of the astrophysical emission. As no robust signal of DM emission is found, further
conservative choices were made in a process of setting the DM limits.

These limits are particularly strong on leptonic DM channels, which are hard to constrain in most
other probes (notably in the analysis of the dwarf Galaxies, described below). This analysis strongly
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Fig. 1: Upper limits on WIMP annihilation cross sections in the Milky Way halo, for the muon (left) and tau (right)
annihilation channels, as derived in [11].

Fig. 2: Left: 95% C.L. upper limits on WIMP annihilation cross sections for different channels, from [21]. Right:
Predicted 95% C.L. upper limits on WIMP annihilation cross sections in 10 years for bbar channel, from [22].

challenges DM interpretation [12] of the positron rise, observed by PAMELA [16], Fermi LAT [17, 18]
and most recently AMS-02 [19] (see figure 1).

3.3 Dwarf galaxies

Dwarf spheroidal (dSphs) satellites of the Milky Way are old system with small amount of interstellar
gas and with a very large mass-to-luminosity ratio (i.e. systems which are largely DM dominated).
Detection of gamma rays from dwarf Galaxies is therefore considered to be one of the ”smoking guns”
of dark matter detection. The LAT so far detected no significant emission from these objects and the
upper limits on the γ-ray flux were used to put stringent constraints on the parameter space of well
motivated WIMP models [21].

A combined likelihood analysis of the 10 most promising dwarf galaxies, based on 24 months of
data was presented in [21]. The main advantages of the combined likelihood are that the background
analysis can be individually optimized for location of each dwarf galaxy, while the combined limits are
more robust under individual background fluctuations and under uncertainties related to the estimated
dark matter content, when compared to the limits from each individual dwarf galaxy. The derived 95%
C.L. upper limits on WIMP annihilation cross sections for different channels are shown in figure 2 (left).
The most generic cross section (∼ 3 · 10−26cm3s−1 for a purely s-wave cross section) is plotted as
a reference. These results are obtained for NFW profiles [20] but for cored dark matter profile the J-
factors for most of the dSphs would either increase or not change much so these results includes J-factor
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uncertainties [21].

With the present data we are able to rule out large parts of the parameter space, in particular
thermally produced WIMPS with mass of few tens of GeV.

Future improvements (apart from increased amount of data) will include an improved event selec-
tion with a larger effective area and photon energy range, and the inclusion of more satellite galaxies.
In figure 2 (right) are shown the predicted upper limits in the hypothesis of 10 years of data instead of
2; 30 dSphs instead of ten (supposing that the new optical surveys, such as Dark Energy Surrvey (DES)
and PanSTARSS will find new dSph due to their larger coverage of the sky) and due to the inclusion of
the spatial extension of dSphs in the analysis (source extension increases the signal region at high energy
E ≥ 10 GeV,M ≥ 200 GeV ) as calculated in [22].

Other complementary limits derived with the Fermi LAT collaboration include the search for DM
signatures in Galaxy clusters [23], possible anisotropies generated by the DM halo substructures [24],
the search for Dark Matter Satellites [25] and a search for high-energy cosmic-ray electrons from the
Sun [26].

3.4 Gamma-ray lines
A gamma-ray spectral line at the WIMP mass could be produced in annihilations or decays of DM
particles to two photons (via loop processes, as direct coupling to photons is usually considered forbidden
for standard dark matter candidates2). It could be observed as a particular feature in the astrophysical
source spectrum [8]. Such an observation would be another “smoking gun” for WIMP DM as it is
difficult to explain such feature by usual astrophysical processes, specially if it is observed over several
directions in the sky. A presence of a feature due to annihilation into γZ in addition would be even more
convincing. No significant evidence of gamma-ray line(s) has been found in the first two years of data
from 7 to 200 GeV [27] (see also [28]).

In early 2012, the claim of an indication of line emission in Fermi-LAT data [29, 30] has drawn
considerable attention. Using an analysis technique similar to [28], but doubling the amount of data as
well as optimizing the region of interest for signal over square-root of background, [29] found a (trial
corrected) 3.2 σ significant excess at a mass of ∼ 130 GeV that, if interpreted as a signal would amount
to a cross-section of about < σv >∼ 10−27cm3s−1.

The signal is found to be concentrated on the Galactic Centre with a spatial distribution consistent
with an Einasto profile [31]. This is marginally compatible with the upper limit presented in [27].

The follow up analysis of the Fermi LAT team uses 4 year data and has improved over the two year
paper in three important aspects: i) the search was performed in five regions of interest optimized for
DM search under five different assumptions on the morphology of the DM signal, ii) new improved data
set (pass 7 reprocessed, [32]) was used, as it corrects for loss in calorimeter light yield due to radiation
damage during the four years of the Fermi mission and iii) point spread function (PDF) was improved by
adding a second dimension to the previously used triple Gaussian PDF model (such procedure is shown
to increase the sensitivity to a line detection by 15%). In that analysis [33, 34] no globally significant
lines have been fond and new limits to this DM annihilation channel were set (see figure 3). In a close
inspection of the 130 GeV feature it was found that indeed there exist a 133 GeV signal at 4.5σ local
significance, when a ’1D’ PSF and old data sets were used (consistently with what [29, 30] have found).
However, the significance drops to 3.3σ (local, or ≤ 2σ global significance once trials factors are taken
into account). In addition, a weaker signal is found at the same energy in the control sample (in the
Earth limb), which might point to a systematics effect present in this data set. In order to examine this
possibility weekly observations of the Limb are scheduled, and a better understanding of a nature of the
excess in the control sample should be available soon.

2However, there are several models which can generate the γ-ray line from tree level. For instance, some composite Dark
Matter models or magnetic dipole interaction have the photon production directly.
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Fig. 3: Dark matter annihilation 95% CL cross section upper limits into γγ for the Einasto profile for a circular
region of interest (ROI) with a radius RGC = 16◦ centered on the GC with |b| < 5◦ and |l| > 6◦ masked, [34].

A new version of the event-level reconstruction and analysis framework (called Pass 8 , [35]) is
being prepared for release within the Fermi LAT collaboration. With this new analysis software we
should increase the efficiency of the instrument at high energy and have a data set based on independent
event analysis thus gaining a better control of the systematic effects. Also, a new observational strategy
exposing favorably the region of the Galactic Center has recently been recommended3 and could start
already towards the end of this year.

4 Conclusions
The Fermi LAT turned five years in orbit on June, 2013, and it is living up to its expectations in terms
of richness of scientific results delivered to the community. The mission is planned to continue at least
four more years with many remaining opportunities for discoveries, both astrophysics-related and some
hopefully in the fundamental sector.
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Abstract
We review the tachyon model derived from the dynamics of a 3-brane moving
in the AdS5 bulk. The bulk geometry is based on the Randall–Sundrum II
model extended to include the radion. The effective tachyon Lagrangian is
modified due to the back-reaction of the brane on the bulk geometry.

In the Randall- Sundrum model (RS II) [1] the bulk metric is AdS5/Z2 with the observer brane at
y = 0 and a negative tension brane at the AdS horizon (y = ∞). However, the naive AdS5 geometry is
distorted by a scalar mode, the radion, related to the interbrane distance. One arrives at the 5-dimensional
line element [2]

ds2(5) =
�
φ+ e−2ky

�
gµν(x)dx

µdxν −
�

e−2ky

φ+ e−2ky

�2

dy2, (1)

where the field φ = φ(x) represents the radion. Integrating the 5-dim bulk action over the fifth coordinate
from y = 0 to y = ∞ and imposing the RS II fine tuning condition

σ0 = −σ∞ =
6k

K(5)
≡ σRS (2)

one obtains the effective 4-dim action on observer’s brane [2]

Sbulk =

�
d4x

√−g

�
− R

2K
+

1

2
gµνΦ,µΦ,ν

�
. (3)

Here we have introduced the 4-dim gravitational constant K = K(5)k and the φ(x) substitute

Φ(x) =

�
6

K
sinh−1

�
φ(x) (4)

is the canonically normalized radion.

Next we consider a 3-brane moving in the 5-dimensional bulk with the geometry (1). The brane
may be parameterized by XM = (xµ, Y (x)). The 5-th coordinate Y is treated as a dynamical field. By
making use of the induced metric

gindµν = g(5)MNXM
,µ XN

,ν (5)

we find the brane action in the form

Sbrane = −σ

�
d4x

√−g (e−2kY + φ)2
�
1− (e−2kY )2

(e−2kY + φ)3
gµνY,µY,ν

�1/2

. (6)
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Changing Y to a tachyon field θ = ekY /k, we obtain the total effective Lagrangian

L =
1

2
gµνΦ,µΦ,ν −

σ

k4
(1 + k2θ2φ)2

θ4

�
1− gµνθ,µθ,ν(1 + k2θ2φ)−3. (7)

If the radion were absent we would have an undistorted AdS5 geometry and the above Lagrangian would
describe a pure tachyon condensate with inverse quartic potential [3].

The total energy momentum tensor may be expressed in terms of two ideal fluids. As usual we
identify the pressure with the Lagrangian (7) from which we derive the energy density as the Hamilto-
nian. We then derive Hamilton’s equations and examine the model assuming a homogeneous isotropic
evolution. We take σ = σRS/3 = 2k2/K and solve numerically Hamilton’s equations starting from
t = 0 with appropriately chosen initial conditions. We find that the radion field φ undergoes damped
oscillations with the amplitude decreasing as 1/t. Unlike the pressure of a pure tachyon with inverse
quartic potential, the modified pressure does not vanish as the tachyon rolls near minimum. The effective
equation of state obtained by averaging over large scales describes a warm dark matter [4, 5].

We have found the effective tachyon Lagrangian modified by the interaction with the radion in
an AdS−5 geometry distorted by the back-reaction. As a consequence of the back-reaction, the tachion
fluid behaves as a kind of warm dark matter in contrast to pressureless pure tachyon matter
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