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Abstract

We develop tools for symbolic representation of a non-linear accelerator model
and analytical methods for description of non-linear dynamics. Information
relevant to the dynamic aperture (DA) is then obtained from this model and
can be used for indirect DA control or as a complement to direct numerical
optimization. We apply two analytical methods and use multipole magnets to
satisfy derived analytical constraints. The accelerator model is represented as a
product of unperturbed and perturbed exponential operators with the exponent
of the perturbed operator given as a power series in the perturbation parameter.
Normal forms can be applied to this representation and the lattice parameters
are used to control the normal form Hamiltonian and normal form transform-
ation. Hamiltonian control is used to compute a control term or controlled
operator. Lattice parameters are then fitted to satisfy the imposed control con-
straints. Theoretical results, as well as illustrative examples, are presented.
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1 Introduction

The dynamic aperture (DA) is an important parameter for circular accelerators; it can be defined as a
stable area in phase space or, more practically, as an area stable for a fixed number of turns in co-ordinate
space. Reduction of DA is mainly caused by non-linear effects, which manifest themselves through
frequency dependence on the amplitude, appearance of resonances, and chaos. For DA optimization,
usually sophisticated numerical algorithms are used [1]. In this case, the DA is computed directly via
particle tracking. In this study, we try to increase the DA by constructing symbolic constraints with
analytical tools, such as normal forms [2-4] and Hamiltonian control [5, 6]. Thus, analytical results
can be used as a complement to direct DA optimization by providing good initial values for system
parameters and additional constraints; it can also be used for indirect optimization. We use a simple
FODO cell as an example for which a symbolic model is computed and analytical methods are applied

(Fig. 1).

2 Non-linear accelerator model

To study DA, one first needs to build a non-linear model of an accelerator lattice. Here, we use the
framework of single-particle Hamiltonian (or symplectic) dynamics. Relevant information about DA can
be extracted from the accelerator one-turn map:

Z2 :f(xl)v (D

where f is a one-turn map that describes propagation of a particle for one turn in an accelerator, x; are the
initial co-ordinates, and x2 are the co-ordinates after one turn. It is well known [2,3,7] that single-particle
dynamics can be described in terms of compositional operators (M g)(z) := (g o f)(x) = g(f(x));
then the lattice operator is given by

To — (MI)(:Ul) s (2)
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Fig. 1: FODO lattice with sextupole perturbation: (A) layout and lattice functions; (B) phase space trajectories
(black) and dynamic aperture (red); (C) frequency dependence on amplitude.

where 7 is an identity function and the reference to the associated one-turn map f is dropped from now
on.

For analytical (symbolic) calculations, we want to factorize the lattice operator M. Our goal is
to express M as a product of unperturbed and perturbed parts and to obtain their exponential represen-
tations:

M = MMy = exp([FL]) exp([Fn]), 3)

where M, is the unperturbed part, My is the perturbed part, [F7] and [Fy| are Lie operators, and the
Poisson bracket operator is defined as [f|g := [f, g] = 0qf0pg9 — Opf0yg9. The non-linear perturbation
generator Fy = FxyWe + Fy@e?2 4 s computed up to some order of the formal perturbation
parameter &.

Often, the unperturbed part is associated with linear motion and the perturbed part with non-
linear motion. For multipole perturbations, it is common to associate perturbation with homogeneous
polynomials, e.g., for 2D phase space with co-ordinates (g, p), one has

Fz(vk_z) = RO gk 4 =10 k=1, 4 p(Ok)

In the case of accelerators, it is convenient to express the lattice operator as a product of function-
ally independent parts, e.g., each part describes propagation through a certain accelerator element:

M=MMsy... M,, @
where M, = My Mo n = exp([Fa,1]) exp([Fa,n]) is an element operator that satisfies [2]
Ma, - Ma[_Ha] = Ma[_Ha,L - Ha,N] 5 (5)

where H,, is the element’s Hamiltonian function, and H,, 1, and H, y are its linear and non-linear parts,
respectively. The operator M also satisfies this equation for the global Hamiltonian function H, but it
is far more complex than individual Hamiltonian functions and thus is not practical to use. Hence, we
first need to factorize the element’s operators; for the autonomous case, single-exponent representation
is straightforward:

Mo = exp([=sa(Ha,L + Ha,N)]) = exp([Fo,z]) exp([Fa,N]) » (6)
where s, is the element length. It is not the required form, but the linear part is simple to identify:

Fa,L = _SaHa,L . (7)
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Decomposition of Eq. (7) can be motivated by symplectic integrators [8]. In this case, the element is first
split into slices and then factorized with BCH formulae [9] and operator identities. Another possibility
is to use BCH directly for exp([F,, n]) := exp([—Fa,1]) exp([Fu,r] + [Fa,n])- This can be done for
each slice or an exact expression can be obtained in both cases for pure multipole magnets, i.e., when
Fa,L = Fa,L(p)'

These decomposition methods can be used to obtain approximate factorization or exact factor-
ization in the special case. In the generic case, Magnus expansion [10, 11] can be used, which was
originally introduced to obtain an exponential solution Y (t) = exp(£2(¢))Y (0) of the matrix-differential
equation:

Y = A@t)Y . ®)

The exponent §2(¢) satisfies the following differential equation with 2(0) = 0:
1
o => HB;C{Q}’“A,
k=0

where { X}V := {X,Y} = XY —Y X denotes the commutator operator and By, are Bernoulli numbers.
This equation can be solved by iteration, 2(¢) = 1 4+2+. .., and one then has the following recursion:

n—1
1

0 =A, Q;ZZEBkng), n>2,
k=1

—m

n—k
SO ={Q, 134, SEY ={o3 A, SB =Y {8 2<k<n-—1.
m=1
Explicit solutions can be obtained as multidimensional integrals:
t 1 rt t1
O (t) = / A(ty)dtr, Qo(t) = 2/ dtl/ dte {A(t1), A(t2)} .
0 0 0

For the Hamiltonian case, M’ = M[—H] with M = exp([F]) and F = F; + F, + ... one
only needs to replace A with —H and the commutator brackets with Poisson brackets, and change signs
F, = (—1)"*1Q,,. Since the Hamiltonian has an unperturbed part, an additional step is required before
applying the Magnus expansion:

M' = M[-H] = M[-HL — Hy], p=Me[-Hi],  Mg=exp([FL]),
Mg == MpMyMp ™, My = My [-MpHN] = My [-Hu),
My = exp([FM]) = exp([FMJ + FM72 + .. .})a, Fy = MLilFM = exp([—FL])FM .

Here, the operator M j; is defined, for which the Hamiltonian H; is first-order in perturbation. Thus, an

approximation of F}; can be obtained with the Magnus expansion and F)y can then be computed from
it. This formally solves the factorization problem for the element operator.

As an example, we give the factorization of a thick sextupole and a thick sextupole with a
quadrupole component. In the first case, the Hamiltonian is given by

1 1
H=—p*+ -ksq®
2p+35(I>

where kg is the sextupole amplitude. The linear part is F, = —%pQ and the non-linear part Fy can be
computed up to some order with a Magnus expansion, e.g. first and second orders are given by

1 1 1 1
A I43 _ ThoI3p2 Thel2pd® — ~koLd®
N Eks P 3ks pq + 2/-65 Pq 3ks q,
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where L is the element length, FJ(\,1 ) is the first-order perturbation given by a degree-three homogeneous
polynomial with coefficients that depend on sextupole parameters, and F](\,2 Visa degree-four polynomial.

For a thick sextupole with a quadrupole component, the Hamiltonian is H = % (p2 + k:qu) +
%ksq?’, where kg and kg are the sextupole and quadrupole amplitudes, respectively. Fj =

—é (p2 + k:qu) is the linear part and the first-order non-linear part F](\,1 ) = F](\? ’O)q3 + F ](\,2 ’1)q2p +

F](\,1 ’Q)qu + F ](\? 3) p3 is a degree-three polynomial with coefficients that now depend on the quadrupole
amplitude:

PG _ _sin (L\/kq) _ sin (3L\/kq)
N s N NG 7
F](V2,1) ks <_COS (L\/kq)  cos (3Ly/kq) N 1 ) |

Akq 12k 3kg

P _ g sin (3L\ /k:Q) sin (Lw /kQ)
N

12k 4k}
0.3 oS (L,/k‘Q) cos (3L\ /k:Q) 2
¥ = ks <_ wy o sekg, oRg)

Having obtained factorization of individual elements, we can go back to Eq. (4) and, with a slight
change of notation M, = My 1 Mo N = exp([Fo,1]) exp([Fa,n]) = M[a—1, a]M]a], the full lattice
operator can be written as

M = M[0,n)M([1]... M[n], )
where M[0,n] = M]J0,1]...M[n — 1,n] is the linear part, the non-linear part is given by
M(1]... M[n], with transformed perturbation, M[a] = exp([M [, n] Fy, n]), and the operator iden-
tity exp([f]) exp([g]) exp([—f]) = exp([exp(g)f]) was used. The product of linear operators is known
and the product of non-linear operators can be computed using BCH formulae [9]. Finally, the factorized
lattice operator is given by

M = MMy = M[0,n]exp([Fe + FPe2 +..]). (10)

The factorized operator can be used for the normal form and Hamiltonian control computations
with generic polynomial perturbation or can be used for geometric indirect optimization (see Section
5). A comparison of element-by-element tracking and analytical model implicit tracking for a FODO
example is shown in Fig. 2. We also note that non-linear perturbation computed analytically matches that
obtained with COSY INFINITY [12].

3 Normal form computation

In Section 2, it was shown that a circular accelerator can be viewed as a discrete dynamic system specified
by a lattice operator Eq. (10). This operator (or the one-turn map associated with it) contains all the
relevant information about single-particle non-linear dynamics and thus can be used to study non-linear
effects that influence the DA. In this section, for a system defined by xo = f(z1), we want to obtain
a simpler representation yo = ¢(y1), where f is a one-turn map of original system with 1 and zo the
initial and final co-ordinates, and ¢ is a normal form of f with ¢; and ¥ the initial and final normal form
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Fig. 2: Comparison of element-by-element tracking (black dots) and analytical model implicit tracking (red
dots): (A) My, exp([Fl(\,l)e]); (B) M, exp([F](Vl)e + Fj(\,2)52]); (C) My, exp([Fj(Vl)e +-+ F,(\?)s‘j]).

co-ordinates related to the original co-ordinates x by symplectic transformation x = h(y). From these
definitions we have

xo = f(z1) = f(h(y1)) = (f o R) (1),
x2 = h(y2) = h(g(y1)) = (hog)(y1),

and since y; is arbitrary, we obtain the functional relation ho g = f o hor g = h~! o f o h. The goal of
normal form computation is to find a normal form g and a transformation h for a given one-turn map f.
This functional relation can be written in operator form:

My = MMM, (11)

where the definition of the compositional operator Mg := g o f was used and all operators can be
represented by exponential operators or by the product of such operators, since the symplectic case is
assumed.

For a given lattice operator M = M = MMy, we first want to normalize the linear part M ;

to do so, we assume that linear motion is stable (a generic case can be found in Refs. [2,3]). In this case,
M, is conjugate to rotation R = AM . A~! with transformation A. The normal form is given by

R = exp([—2mvI]), (12)

where v denotes the frequency, [ = 1/2 (q2 + p2) is the action, and ¢ and p are normal form co-
ordinates. For the linear case, the normal form relation Eq. (11) can be written in terms of matrices
R = A~' M A. If we use Courant—Snyder parametrization, then

M, — cos(2mv) + asin(27v) Bsin(27v) Ao VB 0
L= —vsin(27v) cos(2mv) — asin(27v) - _% ﬁ )

1 | cos(2mv)  sin(27v)
R=A"MA= [— sin(27v) cos(2mv) |’
where o, 3, and v = 1/f (1 + a2) are lattice functions and matrix R is a rotation. Operator R also
corresponds to rotation, for example:

Rq = exp([—2mv1))q = (1 — [2701] + ~[2m0 1) — é[27ru[]3 +..)q

N =

1 1 1 1
=gq (1 - 5(27w)2 + ﬂ(Zm/)4 +. ) +p <27r1/ - 6(2771/)3 + m(%ﬂ/)s +. )

199



I. MOROZOV AND E. LEVICHEV

= gcos(2mv) + psin(27v) .

Having normalized the linear part, we can proceed with the non-linear part My = exp([Fn])
normalization. The effect of linear normalization on operator M is to normalize its linear part and to
transform the non-linear part:

Mp = AMEMyA™" = (AMpAY) (AMNATY) = RAexp([Fy]) A~
— Rexp(A[Fy]A™Y) = Rexp([AFy]) = Rexp([Frn]) -
Thus, a new system to normalize is
Mp = Rexp([Fry]) = Rexp([eFpn + 2 Fpn +...]) (13)

where the unperturbed part is given by operator R defined by Eq. (12), the perturbation Fr v is given
in linear normal form co-ordinates, and each order is associated with homogeneous polynomials, for
example:

1 3,0 2,1 1,2 0,3
Fion = Fin @ + FEN'@p + Fiy a® + Fn v°.

In general, coefficients of these polynomials depend on lattice parameters, but we can keep this depend-
ence implicit and substitute actual coefficients in the final answer.

According to Eq. (11), the non-linear normal form can be written as
N=TMpT 1, (14)

where A = RK is a normal form of My, K = exp([K]) = exp([cK(") 42K 3 + .. ]) is a non-linear
part of AV, and the normal form transformation is 7 = exp([T]) = exp([eT™" 4 2T 4 ...]). Then,
the non-linear part is

K] — 1 TR olFr ] o[ -T) — R [Fi ] [T _. (X1, [V],02)

The non-linear part can be computed order-by-order, using BCH formulae [9] and the relation between
commutator and Poisson brackets {[f], [g]} = [[f, g]]- The order k& equation is then

K® = x®) 4 yk) 4 7k 4 R

where R*) is known and depends on previous orders. To solve this equation, we expand all functions in
resonance basis with basis functions Q(”’m):

F0) = 37 plam)gum) - gum) T rinegimees
n,m q

And since auxiliary functions X (*) and Z(*) are related to transformation 7(%):

X(k) _ Z T(n,m)efi%rmuQ(n,m) 7 Z(k) - _ Z T(n,m)Q(n,m) ’

n,m
the transformation coefficients are found to be

Tnm) — % (1 — icot(rmwv)) (R“%m) - K("’m)> . (15)
This expression is singular when the resonance condition is satisfied, i.e., mv = p € Z, or when m = 0.

These terms must be absorbed into normal form by setting K (") = R("™) to resolve singularity. For
the case when mv # p € Z, only terms with m = 0 contribute to the normal form. Then K depends
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Fig. 3: Full normal form computation for FODO example: (A) effect of normal form transformation on trajectories;
(B) frequency dependence on the amplitude; (C) invariant conservation for first order (black), second order (red)
and sixth order (blue).

only on actions and thus commutes with the linear part R. Such a full normal form allows one to obtain
dependence of frequencies on the amplitude as well as invariants (Fig. 3).

As an example, we perform full normalization up to second order for the generic case and then
substitute parameters for thin and thick single sextupole perturbation. The normal form procedure is also
applied to the FODO example (Fig. 3). Generic perturbation in resonance basis up to the second order is
given by

Y =YW 4 2y
Yy = y(33)0(=33) 4 y (=13 (=13) 4 y(13)13) 4 y B3 QB:3)
Y(Z) — Y(_4’4)Q(_4’4) + Y(_2’4)Q(_2’4) + Y(OA)Q(OA) + Y(274)Q(274) + Y(4’4)Q(474) X

The first-order normal form K") = 0 and the second-order expression is
K® = (Y(0’4) + gY(*l’?’)YUf’) cot(mv) + gY(*3’3)Y(’3’3) cot(37w)> QY. (16)

This expression is not valid when resonance conditions ¥ = p or 3v = p € Z are satisfied. For a thin
sextupole, the perturbation in original co-ordinates is

1
Fy) = —3ksLe®,  Fy =0,

where L is the sextupole effective length and kg is the amplitude. The transformed perturbation is given
by

1 1
FI(*}])V —y® — —§ﬂ3/2Lq3k‘5 _ —6—ﬂﬂ3/2LkS (Q(—3,3) +3Q013) 43003) 4 Q(3,3)) ’

and the second-order normal form is obtained by substituting corresponding coefficients into Eq. (16):
1
K® = E53k§L2 (3 cot(mv) 4 cot(3mr)) QY .

The thick sextupole perturbation can be computed with a Magnus expansion (see Section 2 for details).
The normal form in this case is

1
K® = 1—663k§L2 (C1 4 3(1 + Cy) cot(nv) 4 (1 + Cs) cot(3mr)) QO |
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One can see that in the limit . — 0 with fixed kgL this expression is reduced to the thin sextupole case.

For DA optimization, we can perform full normalization and then fit lattice parameters to reduce
the frequency dependence on the amplitude and thus reduce the tune footprint size. However, this pro-
cedure can lead to increase in resonance strengths and such resonances (that can be selected based on
FMA [13]) should be reduced as well. Another option is to control the shapes of the frequency curves
to avoid crossing of strong resonances. The shape of invariants can be modified to obtain curves that
resemble circles. All these options do not provide direct control of DA, but can be used in indirect opti-
mization or as a complement to a numerical one. Several examples of indirect optimization are given in
Section 5.

4 Hamiltonian control theory

The goal of Hamiltonian control theory is to modify the perturbed system M by adding a control
operator C = exp([C]), which is second order in the perturbation parameter, i.e., C = C(2e2 403 4
..., such that the controlled system Mg,

Mc = MpC = Rexp([Frn])exp([C]), 17)
is conjugate to a system that is close to the unperturbed one:
e Meel=T1 = Rel9rFrN],
This is the case when the control operator is defined as

elCl .— [=FrN] (9N —9) Fr N [GrRFF.N] |G FF.N] , (18)

where R is an unperturbed part of uncontrolled operator M - is given by Eq. (13), G := G(1 —R )G is
a pseudo-inverse operator of (1 — R‘l), Gy :=(1— R‘l)g is the non-resonant operator, G := 1 — Gy
is the resonant operator, and 7" := G F  is the transformation. The controlled operator is then given by

Me = Re[—RilgFF,N]e[gRFF,N}e[gFF,N] — Relfcl 19)

The perturbation F'r v is transformed into resonance basis and the action of the above operators on the
basis function is given by the following expressions:

g™ — %(1 — i cot(mmw))A(my € Z)QM™) |

RIGQM™ = —%(1 + i cot(mmv))A(my & Z)Q™

GNQM™ = A(my ¢ Z)Q™
GrQ™™ = A(mv € Z)Q™™ |

where the function A is defined as A(T) := 1 and A(L) := 0.
In general, the closed form of the controlled operator (or the control term) cannot be obtained,
but it can be approximated up to some order in the perturbation parameter Fio = F, él)e + F, é2)£2 +...
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Fig. 4: Formal controlled system for FODO example: (A) DA curves for original system and controlled systems
up to order six; (B) corresponding frequency dependence on the amplitude.

with BCH formulae [9]. Control does not change the first-order properties of a system, i.e., F((Jl) =F 1(,11)\,;
1)

thus, to construct the controlled operator one can choose only first-order perturbation Fr y = F 1(? € and,

since FS}V is associated with a homogeneous polynomial of degree three, QRF}(,}])\, = (. Hamiltonian

control theory is very flexible, since one can define both the target system and the perturbation.

As an example, we compute the first term of the control operator for thin sextupole perturbation.
Like normal form computation (see Section 3 for details), the perturbation is first transformed by linear
normalization and then expanded into resonance basis. The first term of the control operator can then be
computed:
1

1
- _EBSLZk%(COt(WV) + cot(3mv))q* — EﬁBLngv(?) cot(m) — cot(3m1))p%e?

c®

The effect of formal control for a FODO example is shown in Fig. 4. In this case, the target system
is R and Fz(rlz)v is a perturbation. It can be seen that formal control provides significant improvement of
the DA. The frequency curves become flatter as the order of computation is increased. This is the case
because the target system is a rotation. If full normal form computation is performed for a controlled

system then the normal form has no tune shifts and the transformation is zero for orders greater than one.

Here, DA optimization is not direct but motivated by the fact that the controlled system is conjugate
to a good one. Control can be realized as a special element or a controlled system can be obtained with
suitable distribution of multipoles. In the following section, examples of fitting octupole and decapole
distributions to realize a controlled system are shown (Fig. 5).

5 Examples of indirect optimization

As stated in Section 1, direct DA optimization requires particle tracking. An accelerator model for direct
optimization can include a number of effects that are difficult and impractical to include in the analytical
model of Eq. (10). The analytical model itself can be used for particle tracking (see Fig. 2) and can
potentially speed up direct optimization.

Indirect optimization, on the contrary, does not use particle tracking and thus can be much faster.
In this case, lattice parameters should be fitted to satisfy constraints derived from theory. Realization
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Fig. 5: Examples of linear L1 and L2 indirect optimization. Original lattice is replaced by 120 multipole magnets.
(A) L2 geometric optimization, second-order perturbation removed; original DA (red) and L2 DA (blue). (B)
Octupole strength distribution for (A). (C) L1 geometric optimization original, second-order perturbation removed;
DA (red) and L1 DA (blue). (D) Octupole strength distribution for (C). (E) Normal form L2 and L1 optimizations,
second-order tune shift removed; original DA (black), L1 DA (blue), L2 DA (red). (F) Frequency dependence on
the amplitude for (E). (G) Normal form L2 and L1 optimizations, second- and fourth-order tune shifts removed
and 4v = 1 and 5v = 1 resonances reduced; original DA (black), L1 DA (blue), L2 DA (red). (H) Frequency
dependence on amplitude for (G). (I) L2 controlled system realization; original DA (black), second order (blue),
third order (red).

of normal form and Hamiltonian control objectives can be reduced to a minimization problem, since in
both cases one needs to fit system parameters so that the coefficients of some polynomials have desired
values. In principle, one can obtain full symbolic representation of the accelerator model, including linear
and non-linear parameters. Usually, one needs to find some lattice parameters (dipole and quadrupole
positions and amplitudes, as well as chromatic sextupoles) and suitable distributions of multipoles. If
the positions of multipoles are allowed to vary, the minimization problem is intrinsically non-linear.
However, for fixed multipole positions, the problem can be partially reduced to linear minimization
(here, we use L1 [14] and L2 linear minimization). This is possible, since leading-order dependence of
the kth coefficients on kth-order multipole amplitudes is linear. Moreover, polynomial coefficients are
linear with respect to kth-order multipole amplitudes up to order 2k — 1, e.g., second- and third-order
coefficients are linear with respect to octupole amplitudes; third, fourth, and fifth orders are linear with
respect to decapole amplitudes. Thus, one can reduce indirect optimization to several linear minimization
problems.

Geometric optimization can be performed directly on the model, i.e., terms in the non-linear part of
the model can be removed. This procedure is motivated by the fact that stable linear systems have infinite
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DA. One can then expect an increase in DA if higher-order terms can be neglected. Another option is
to use normal forms. In this case, one can reduce the shape frequency dependence on the amplitude and
avoid crossing of dangerous resonances. Resonance driving terms can be reduced and invariant shapes
can be modified. For Hamiltonian control, DA optimization is motivated by the fact that controlled system
is conjugate to a good one. The controlled system can be realized by a suitable distribution of multipole
magnets. It should be noted that since fitting is performed up to some order, the effect of higher orders is
assumed to be negligible; this might not be a good assumption. Examples of indirect optimization for a
FODO example are shown in Fig. 5.

6 Summary

An analytical non-linear accelerator model is important for DA aperture optimization. We have imple-
mented the procedure described in Section 2 in a symbolic manipulator. Thus, semi-realistic symbolic
models of accelerator lattices can be computed. Models can include multipole magnets (possibly in-
side quadrupole magnets), non-linear kinematic effects, and simple fringe field effects. We also plan to
include chromatic effects as our next step.

Several methods for non-linear systems analysis were implemented. The full normal form, control
term, and controlled system were precomputed for generic polynomial perturbations; one simply needs
to substitute corresponding polynomial coefficients to obtain results for a given model.

Various analytical constraints can be generated for a given accelerator model based on non-linear
analysis methods. These constraints can be used as a complement to direct DA optimization, or indirect
optimization can be performed. We also provided several examples of indirect optimization for a simple
FODO cell (Fig. 5). It can be seen that indirect optimization can be used to increase DA, but uncontrolled
higher-order terms can lead to DA reduction.
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