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Passive Power Filters
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Abstract

Power converters require passive low-pass filters which are capable of
reducing voltage ripples effectively. In contrast to signal filters, the
components of power filters must carry large currents or withstand large
voltages, respectively. In this paper, three different suitable filter structures
for d.c./d.c. power converters with inductive load are introduced. The
formulas needed to calculate the filter components are derived step by step
and practical examples are given. The behaviour of the three discussed filters
is compared by means of the examples. Practical aspects for the realization
of power filters are also discussed.
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1 Introduction

Switched mode d.c./d.c. power converters very often have the structure shown in Fig. 1.
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Fig. 1: General structure of a switched mode converter

The input transformer and rectifier form a non-controlled d.c.-link voltage with a rather large
voltage ripple. An input low-pass filter is needed to reduce this voltage ripple. This filter deals with
voltage ripples of typically six times the mains frequency and higher-order harmonics of that.
Therefore the components must be designed for frequencies up to a few kilohertz. The capacitor also
acts as a voltage source for the d.c./d.c. converter and therefore has to carry large currents at high
frequencies. Such input filters require rather large components, the requirements regarding high-
frequency behaviour are moderate.

Usually, an output filter is also required to filter the output voltage ripple. An inductive load
acts itself as a very effective filter for the current. However, without the output filter the cabling
between the converter and the load would carry large a.c. voltages with large voltage slopes. That can
cause large electro-magnetic interferences and the cables would need to be shielded. The fundamental
frequency of the voltage ripple is equal to the switching frequency of the converter or a multiple of
that. High-stability converters for accelerator applications must have a high closed-loop bandwidth in
order to react to errors quickly enough. The output filter limits the closed-loop bandwidth; its cut-off
frequency must therefore be as high as possible. On the other hand, the cut-off frequency must be well
below the switching frequency to reduce the ripple voltage effectively. This leads to converters with
rather high switching frequencies of several tens of kilohertz combined with high-order output filters.
The filter components must therefore be designed for frequencies up to a few hundred kilohertz.
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Various structures for passive low-pass filters are listed and evaluated in Table 1 for their

suitability for power converters.

Table 1: Suitable filter structures

For signal filters simple RC circuits are commonly used.
They offer an attenuation of only 20 dB/decade. The full
current flows through the resistor, which causes high losses.

Not suitable!

With an LC structure we get 40 dB/decade, but there is a
large resonance!

Not suitable!

Series damping in order to overcome the resonance problem:
the full current flows through the resistor. If the parasitic
resistance of the inductor is large enough, this might be ok.

Usually not suitable!

Parallel damping in order to overcome the resonance
problem: the full voltage is across the resistor, which causes
high losses.

Not suitable!

Parallel RC damping in order to overcome the resonance
problem: the resonance can be damped effectively and the
losses are reasonable.

Suitable; see Section 2.

Two LC stages offer an attenuation of 80 dB/decade, but
there is again the resonance problem.

Not suitable!

Parallel RC damping in the first stage in order to overcome
the resonance problem: losses are moderate.

Suitable, but not optimal; see Section 3.1.

Parallel RC damping in the second stage in order to
overcome the resonance problem: losses are low.

Suitable; see Section 3.2.
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2 Design of a second-order low-pass filter

In this section a low-pass filter according to Fig. 2 is outlined.

L, Z(s)

Fig. 2: Second-order low-pass filter
The complex impedance Z(s) is

1 1 RDCDS +1

) Cos+—1 gy CpS  CiRpCps?+ (G + Cp)s @
1 1 1 RpCps + 1
RD + m
The transfer function of the entire filter is then
RDCDS + 1
G(S) _ 172(5) _ Z(S) _ ClRDCDSZ + (Cl + CD)S
(S Lis+Z(s) g o4 RpCps +1
1 ClRDCDSZ + (Cl + CD)S

RpCps + 1

plpS )

T L,C.RpCp $% + Ly (Cy + Cp)s® + RpCps + 1

Note that the s terms in the numerator and in the denominator are equal. Therefore we can write
Eq. (2) as

kis+1

G(s) = ki3s3 +k,s2+kis+1 (32)
with k; = RpCp, (3b)

ky = L1(Cy + Cp), (3¢)

ks = L,C;RpCp. (3d)

G(s) can be expressed as the combination of a third-order PT (time-delay element) in the
denominator and a first-order PD (proportional plus derivative element) in the numerator. Let us have
a closer look at the third-order PT. This can be split into one second-order and one first-order PT, both
connected in series. It can be expressed in its normalized form as

1

s s s2y
(1+alw—0)-(1+a2w—0+b2w—02)

Gpr(s) = 4)
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The transfer function of such a combination of first- and second-order PTs can be optimized
according to different methods [1], which results in particular values for g; and b;. The commonly used
optimization methods with their corresponding coefficients are given in Table 2.

Table 2: Coefficients for a third-order PT for different optimization methods

Method a a; by

Butterworth 1.0000 1.0000 1.0000
Bessel 0.7560 0.9996 0.4772
Critical damping 0.5098 1.0197 0.2599

By expanding Eq. (4) we get

1
Gpr(s) =
Gy b2 2 O MOy Gby s
1+wos+w025 +wos+ ol se+ g S
1
~ab (aia, + by) (a; +ay) ' ®)
Wo Wo Wo
By comparing the coefficients with Eq. (3a), we get
a; +a,
ki = Rp(p = ——, (6a)
Wo
a,a, + bz
ky =L1(C; + Cp) =———, (6b)
0
a.b
ks = L,C;RpCp = ﬁ (6¢)

For a given optimization method, the three independent Eqs. (6a)—(6¢c) contain five unknowns
(L1, Cy, Rp, Cp, and wy). Therefore, we have the choice to select two of them and the remaining three
depend on that selection.

Selection of the cut-off angular frequency w,: for a given angular frequency wg well in the
blocking area of the filter (wg >> w,) we can define the desired attenuation Gp. In the blocking area
the highest-order terms of both the numerator and the denominator in Eq. (2) dominate; therefore it
can be simplified to

a1+a2

RpCps Wy © a4 ta; we® a;+a; wy?
B L,C,RpCps? al_bZS3 a;b, s? a;b, wp?¥
3
Wo
GB ' ale (7)
wo = wg* |————=.
a, +a,

Selection of C;: if C| serves also as a commutation capacitor of a converter, it carries large a.c.
currents. Therefore its capacitance must often be selected according to the current capability, in order
to limit the temperature rise and to prevent early aging.
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Selection of L,: the inductance L, should be optimized for a reasonable ripple current. For cost
reasons L, should be as low as possible, but a too low inductance results in an excessive ripple current.
As an example, Fig. 3 shows the inductor ripple current for a buck converter.

i, L Aj,
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N
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O
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||

V
‘v vy @ ; t

® ® o— m*T T=1/fs

Fig. 3: Ripple current in the inductor L, of a buck converter

If m is the duty cycle of the switch, the d.c. voltage across C; is m*V4.. When the switch is on,
the current in L, increases and the peak—peak ripple current A/, can be calculated as

dij,
Via =Ly = =Vac—Ver =Vac- (1= m),
AL = m-T diy 1 Vger(1=—m) Vge-(1—m)-m
L= m dt =m ]CS Ll N f; " Ll '
The function (1 — m)*m has its maximum of 0.25 at m = 0.5. Therefore, L, can be calculated as:
0.2
L= Yac - 025 (8a)

fs ALy

Figure 4 illustrates an alternative approach to determine L, for sinusoidal ripple currents and
voltages.

Fig. 4: Ripple current in the inductor L, for sinusoidal ripple currents and voltages

The filter eliminates the voltage ripple of v, nearly entirely, so the voltage ripple in v, is much
smaller. Therefore, the a.c. ripple of v, (with frequency f)) is also present across L; and generates a
ripple current in L;:

I _ V1 _ripple_peak_peak
L1_ripple_peak_peak — . . ’
2-m-fy oLy

V1_ripple_peak_peak

Ly (8b)

2-m-fy- I11_ripple_peak peak
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As mentioned before, we have the choice to preselect two of the three parameters Cj, L;, and
. By substituting Eq. (6a) into Eq. (6¢) we get an equation that can be solved for the remaining
parameter:

a b,
= 9a
G Liwo*(a; + ap)’ O
a b,
L, = , 9b
T Cwe?(ay + ay) o0
a1 b,
wy = |[—————. (9¢)
0 \/Llcl(al + a;)
By solving Eq. (6b) for Cp we get
a,a, + bZ
=< < _C. (10)
p Llwoz !
By solving Eq. (6a) for Rp we get
a, + a;
Rp = . 11
D= (11)

Example 1: Design a second-order filter, which will be placed between a diode rectifier and a
buck converter according to Fig. 5 and will reduce the 300 Hz ripple voltage from the rectifier bridge.
The d.c.-link voltage is 200 V and the ripple current in L; must not exceed 50 A peak to peak. The
design of the buck converter has shown that C; needs to be 22 mF to get a reasonable capacitor
current. Make the design for all three given optimization methods and compare the results.

Fig. 5: Input filter for a buck converter

The diode rectifier produces a 300 Hz voltage ripple of approximately 13% of 200 V, i.e., 26 V
peak to peak. To keep it simple, we consider this ripple to be sinusoidal. That means we can determine
L, according to Eq. (8b) as follows:

V1 _ripple_peak_peak 26 V peak to peak

L, = 276 uH.

“ 2 f1 " I11_ripple_peak peak 273005 1-50A peak to peak

Select L; = 300 uH and C, = 22 mF and calculate the remaining filter components by using
Egs. (9¢), (10), and (11). The results are listed in Table 3.
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Table 3: Results for Example 1

Parameter Butterworth Bessel Critical damping
wo 275 177s™ 1155

fo 44 Hz 28 Hz 18 Hz

L, 300 uH 300 uH 300 uH

C 22 mF 22 mF 22 mF

Cp 66 mF 110 mF 176 mF

Rp 0.11 Q 0.09 Q 0.08 Q

Figure 6 shows the Bode plots of the three filter designs according to Example 1. The three
designs differ only around the cut-off frequency. In the Butterworth optimization Cp is minimal but
with the drawback of a high resonance gain of 4.5 dB. With critical damping, this resonance gain is
reduced to 2.3 dB with the drawback of a large Cp. The Bessel optimization is between the two and

could be a good compromise.

W0FTT R . i :
=== | ———Butterworth

A : : : : : : Critical damping
A0 : HRE : : A T

Q0L R I o R s

30k

Magnitude (dB)

-40F

50

o b L L L N

Phase {deg)

Frequency (Hz)

Fig. 6: Bode plots for the filter designs according to Example 1

Example 2: Design a second-order filter for a buck converter with a d.c.-link voltage of 120 V, a
switching frequency of 20 kHz, and a maximum output current of 500 A; refer to Fig. 7. The ripple
current in L, should not exceed 50 A peak to peak. The filter should have an attenuation of 0.004 at the
switching frequency. Design the filter for all three optimization methods and compare the results.

Fig. 7: Output filter for a buck converter
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Select L in order to meet the ripple requirement by using Eq. (8a):
_ V4025  120V-0.25

YT f-AlL; ~ 20KkHz-50A

= 30 uH.

Select wy in order to meet the attenuation requirement by using Eq. (7):

Gg - a;b;
a, + a;

=2-m*20kHz"

Calculate the remaining filter components by using Egs. (9a), (10), and (11). The results are
listed in Table 4.

Table 4: Results for Example 2

Parameter Butterworth Bessel Critical damping
wo 56205 3600s™ 23405

fo 890 Hz 570 Hz 370 Hz

L 30 uH 30 uH 30 uH

C 528 uF 528 uF 528 uF

Cp 1580 uF 2640 uF 4220 uF

Rp 022Q 0.18Q 0.15Q

Figure 8 shows the Bode plots of the three filter designs according to Example 2. The Bode
plots are similar to the ones for Example 1 except for the frequency scaling. The attenuation at 20 kHz
is —48 dB, which corresponds to a factor of 0.004, as required. The same trade-off between small
capacitor values and low resonance amplitude applies; refer to Example 1.
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Fig. 8: Bode plots for the filter designs according to Example 2
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3 Design of a fourth-order low-pass filter

For the fourth-order low-pass filter there are two alternatives. One of them has the RC-damping circuit
in the first, the other one in the second LC stage. Both alternatives are outlined in detail in Sections 3.1
and 3.2, respectively, and are compared with each other in Section 4.

3.1 Fourth-order low-pass filter with damping circuit in the first LC stage

In this section a low-pass filter according to Fig. 9 is outlined.

Fig. 9: Fourth-order low-pass filter with RC damping in the first LC stage

The complex impedance Z(s) is

2(5) 1 1
S = =
1 1 Cps C,s
st T H T Ot RGsTI T Lo T
DT (Cphs 7227 (C,s
3 (L,Cs* +1) - (RpCps + 1)
T (5 (LyCys? + 1) - (RpCps + 1) + Cps - (LpCy5%2 + 1) + Cps - (RpCps + 1)
3 (LyCys% + 1) - (RpCps + 1) _
N L2C1C2RDCDS4 + L2C1C253 + ClRDCDSZ + Cls + LzCzCDS3 + CDS + CzRDCDSZ + Czs,
L,Cys% +1) - (RpCps + 1
265) = (L2Co5® + 1) (RoCps +1) 1)

L2C1C2RDCDS4 + L2C2(C1 + CD)S3 + RDCD(CI + Cz)Sz + (Cl + CZ + CD)S.
The transfer function can be split into two partial transfer functions G(s) and G,(s):

vy (s) ] v3(s) _ v3(s) .

G(s) = 61(5) : GZ(S) = 171(5) 172(5) - 171(5) '

va(s)  Z(s)
v1(s)  Lis+Z(s)

Gi(s) =

(L,Cys* +1) - (RpCps + 1)

L2C1C2RDCDS4 + LZCZ(Cl + CD)S3 + RDCD(CI + Cz)SZ + (Cl + CZ + CD)S
(L,Cys2 + 1) - (RpCps + 1)

chchRDCDS4 + LzCz(Cl + CD)S3 + RDCD(Cl + Cz)Sz + (Cl + CZ + CD)S

Lis+
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3 (L,Cs% +1) - (RpCps + 1)
"~ L1L,C,CoRpCps5 4+ LiL,Co(Cy + Cp)s* + LiRpCp(Cy + C,)s3 + -

Ly (CL+ Cy + Cp)s2 + LyCoRpCps® + LyCys? + RpCps + 17

6.(s) (LyCys% + 1) - (RpCps + 1)
s) =
1 LlLZCICZRDCDSS + L1L2C2(C1 + CD)S4 + RDCD [Ll(Cl + Cz) + L2C2]53 + .-

T F[L1(Cy + Gy + Cp) + LyCals® + RpCps + 1

1
Cys 1
Go(s) = 2 = > ;
L,s + Cis L,Cys?2+1

G(s) = G1(s) " Gz(s);

)= L1L2C1C2RDCDSS + L1L2C2(C1 + CD)S4 + RDCD [Ll(Cl + Cz) + L2C2]S3 + A

U [Ly(Cy+ Cy + Cp) + LyCyls? + RpCps + 1

Note that the s terms in the numerator and the denominator are equal. Therefore we can write
Eq. (13) as follows:

kis+1
G(s) = kes® + kys* + k;s3 +kys?2+kis+1 (142)
with k, = RpCp, (14b)
ky, = L(Cy + C, + Cp) + LGy, (14c)
ks = RpCp(L1C; + L,Cy + L1 Cy), (14d)
ky = LL,C,(C, + Cp), (14e)
ks = LyL,C,CyCpRp. (14f)

G(s) can be expressed as the combination of a fifth-order PT and a first-order PD. Let us have a
closer look at the fifth-order PT, which is the denominator part of G(s). This can be split in two

second-order PTs and one first-order PT, all connected in series. It can be expressed in its normalized
form as

1
Gpr(s) =

(15)

s s s2 s s2
(1+a1w—0)-(1+a2w—0+b2w—02)-(1+a3w—0+b3w—02)
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The transfer function of such a combination of first- and second-order PTs can be optimized
according to different methods [1], which results in particular values for g; and b;. The commonly used
optimization methods with their corresponding coefficients are given in Table 5

Table 5: Coefficients for a fifth-order PT for different optimization methods

Method a; a, b, as bs

Butterworth 1.0000 1.6180 1.0000 0.6180 1.0000
Bessel 0.6656 1.1402 0.4128 0.6216 0.3245
Critical damping 0.3856 0.7712 0.1487 0.7712 0.1487

By expanding Eq. (15) we get

1
Gpr(s) =
b, a a,a ab b
1+ s+ 2,52+ Lg 1252 4 LLg3 1+ s +—3552
( -z wo® T wg? 0y ) ( P )
1
- b b b b
1+w s+2% 52+ +‘Z:2352+‘2033’s3+w§252+‘2fo3253+---
b2b354+ S+a1a3 +a1b353+a1a2 2+a1a2a353 Foe
0 0 (O 0 w3

N aa,b ab a,aszb a{b,b Z
.t 124354+ 13253+ 134zs4+ 125355
Wo Wo wWo wWo

1
Gpr(s (16)
pr(s) = 1b2b3 §5 4+ (bybs + a1a2b3 + ajaszby) st 4.
wo®° wo*
.t (azbs + azb, + a1b§ +a,a,a3 + a1b2)83 .
(2N
+ (b; + ayaz + b, -;— a;az + a;a,) $2 4 (ay +a, + a3)s + 1'
Wo Wo
By comparing the coefficients with Eq. (14a) we get
a,+a,+a
k; = RpCp = - 3 3; (17a)
Wo
b; +a,a; + b, +aa; + a,a
ky=L,(C,+Cy+Cp)+ 1,0, =—— 23 2 13 172, (17b)

wo2 ’
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a;bz + azb, + a;b3 + a;aa3 + a1 b,
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(17¢)

(2N

ky = L1L,C5(Cy + Cp) =

bybs + aya;bs + ajazb;

)

; (17d)

(1.)04

ks = L1L,C,C,CpRp = SLeLe

(J)OS

(17e)

For a given optimization method, the five independent Egs. (17a)—(17e) contain seven
unknowns (L, L,, C, C,, Rp, Cp, and ®,). Therefore, we have the choice to select two of them and the
remaining five depend on that selection; here we preselect @, and L,. Refer to Section 2 for the

evaluation of L,.

Selection of the cut-off angular frequency w,: For a given angular frequency wg well in the
blocking area of the filter (wg >> w,) we can define the desired attenuation Gp. In the blocking area
the highest-order terms of both the numerator and the denominator in Eq. (13) dominate, therefore it

can be simplified to
a; +a, +a;

Gy

RpCps W, S_a1+a2+a3_a)04_a1+a2+a3_w04

:L1L2C1C2RDCD55: —albzb?’ss ~ ajhybs
5
Wo

4 GB ' a1b2b3
Wy =wg* |————.
0B o, +a,+as

a1 b, bs (UB‘V

(18)

The cut-off angular frequency w, of the filter depends only on the required attenuation and on
the selected optimization method. The equation system (17a)—(17¢) has to be solved for L,, C;, C,, Rp,

and CD.

By solving Eq. (17a) for Cp and substituting Cp, into Egs. (17b)—(17e) we reduce the system to

four equations:
ky
k2 = L1 <C1 + C2 + _) + L2C2;
Rp
ks =ky(L1Cy + LyCy + Ly Cp);

kq
ky =L1L,C, (C1 + —) ;
Rp
ks - k1L1L2C1C2 .

By dividing Eq. (19¢) by Eq. (19d) we get

Ky lalaCa (c.+ ’g—;) (c.+ ’g—;) 1

(192)

(19b)

(19¢)

(19d)

1

ks~ kalilGiC | kG ki GRp

kik4RpCy — ksRpCy = kiks,
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kik
RD = —1 5 X (20)
Cy(kiks = ks)
By substituting Eq. (20) in Eq. (19a) we reduce the system further to three equations:
kiCi(kiky—k
k2=L1(C1+CZ+ ! 1( 14 5))+L262,
kiks
kik,
:LI(CZ >+L2C2—L C2+L Cl k +L2C2,

kik
= (L + Ly)Cy + L1 Cy ;{ —2; (21a)

5
k3 = kl(Llcl + L2C2 + L1C2) ; (21b)
ks = k1L1L2C1C2 . (210)

By solving Eq. (21c¢) for C; and substituting C; in Egs. (21a) and (21b), we reduce the system
further to two equations:

k kik, Ky
> L = C2(L1 + Lz) + — (223)

k, = (L L,)C L,- .
2= (L +L)C + Ly KiLiL,Cy ke LG,

ks ks
k=k<L-— L,C LC) kiCy(Ly + L 22b
3=Ki(lq k1L1L2C2+ 202 +L10; 1G5 (L, + 2)+L262 (22b)
By subtracting Eq. (22b) from Eq. (22a) we get
ks  kiky —k; ky ks kiky, — ks
ky——=———"=Co(Ly+ L)+ ——— Co(Ly + L) — = ;
2k ky et e, AT ki L,Cy o kLG

k1k4 - k5 (23)

C=——F7—"—.
P Ly(kiks — ks)
By substituting Eq. (23) in Eq. (22a) we get
_ (kiks —ks) - (L1 + L) 4 kalp(Riky — k3)

2o Ly(kiky — k3) Ly(kiky —ks) '
(kiks —ks) - (L + L) o ky(kiky — k3) _ kikoky — koks — kikoky + ksky
Ly(kiky — ks3) 2 kiksy — ks kiks — ks
_ k3ky —koks
© kyky— ks

Litl, Iy +1= (k3ky —kyks) - (kik, —k3)

L, L - (kiky — ks)? '
—1 [(k3k4 — kaks) - (kika —k3) 7.
’ (kykes = ks)? '
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L

L, = : 24

2= Uhaky —Fgks) (il —Fp) .
ks — k)2

Example 3: Design a fourth-order filter for a buck converter with a d.c.-link voltage of 120 V, a
switching frequency of 20 kHz, and a maximum output current of 500 A; refer to Fig. 10. The ripple
current in L, should not exceed 50 A peak to peak. The filter should have an attenuation of 0.004 at the
switching frequency. Design the filter for all three optimization methods and compare the results. In
order to enable a comparison between different filter structures (refer to Section 4), the same
parameters are given as in Example 2.

— i

-z —
T

@
Fig. 10: Output filter for a buck converter

Select L in order to meet the ripple requirement by using Eq. (8a):
_ V4025  120V-0.25
Y7 f-AlL;  20KkHz-50A

= 30 uH.

Select wy in order to meet the attenuation requirement by using Eq. (18):
4| Gg *a,b,b 4]0.004 - a,b,b

Wy = Wg - B T2"8 _ 5.gp-20KkHz: |— 17273
a1+a2+a3 a1+a2+a3

Calculate the remaining filter components by using Eqgs. (24), (23), (21c¢), (20), and (17a) in that
order. The results are listed in Table 6. Depending on the selected optimization method, L, is
approximately either double, equal to, or half the size of L,. This leads to a simplified design as L, and
L, can be realized with either two or three identical chokes.

Table 6: Results for Example 3

Parameter Butterworth Bessel Critical damping
wo 23,6005 13,800 5™ 82005

fo 3.75 kHz 2.20 kHz 1.30 kHz

L 30 uH 30 uH 30 uH

L, 57 uH 31 uH 17 uH

C 23 uF 24 uF 25 uF

(@) 26 uF 44 uF 80 uF

Cp 217 uF 342 uF 597 uF

Rp 0.63 Q 0.51Q 0.40 Q
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Figure 11 shows the Bode plots of the three filter designs according to Example 3. The
attenuation at 20 kHz is —48 dB, which corresponds to a factor of 0.004, as required. Compared to the
second-order filter (see Fig. 8) the resonance amplitudes are slightly higher and the same trade-off
between small capacitor values and low resonance amplitudes applies.

[ . L PR T : | ———Buttenworth
~ Dot — — -Bessel H
: Critical damping |

] O 0 TV TNRSO0S NOCDNINFONPNE TS N0 R

Magnitude (dB)

N
=
—

Sof

A5k :
-135F-

‘ ~
S2T0F

Phase {deg)

S35

360 oo .‘ s .. R <.‘. Lot e

Frequency (Hz)

Fig. 11: Bode plots for the filter designs according to Example 3

3.2 Fourth-order low-pass filter with damping circuit in the second LC stage

In this section a low-pass filter according to Fig. 12 is outlined. The derivation is similar to the one in
Section 3.1. For the sake of completeness it is repeated in detail.

Z(s)

Fig. 12: Fourth-order low-pass filter with RC damping in the second LC stage

The complex impedance Z(s) is given by

1 1 RDCDS +1

) Cﬁ"'; Czs_i_i C2RpCps? + (C2 + Cp)s @
1 RpCps +1
Ro + 75 b=D

The transfer function can be split into two partial transfer functions G(s) and G,(s):

vy (s) ) v3(s) _ 173(5)_
vi(s) v2(s)  vi(s)’

G(s) = G1(s) " Gz(s) =
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1
Cis + 1 Lys +Z(s)
Gy (s) = Lys+Z(s)  _ CiLys? + CiZ(s)s+ 1
' Lis+ L Lis+ Lys +Z(s)
Y et 1 T CiLys?+ CZ(s)s +1
12 T Lys+ Z(s)

_ Lys +Z(s)
" LyLyCis3 + LiCiZ(s)s% + (Ly + Ly)s + Z(s)’

Z(s)

Go(s) = m;

Z(s)
LiL,Cys3 4+ L1CZ(s)s? + (L + Ly)s + Z(s)

G(s) = G1(s) " Gz(s) =

RDCDS +1
CzRDCDSZ + (CZ + CD)S

L1C1RDCDS + L1C1 RDCDS +1

L,L,Cys3 +

s2+ (Ly + Ly)s +

CzRDCDSZ + (CZ + CD)S CzRDCDSZ + (CZ + CD)S

_ RDCDS +1
"~ LL,C,C,RpCps® + (C, + Cp)L1L,Cys* + L1 C{RpCps3 + L, Cys2 + -

o (L + L) CyRpCps® + (Ly + Ly)(Cy + Cp)sZ + RpCps + 1

RDCDS +1

G(s) =
(S) L1L2C1C2RDCDSS + (CZ + CD)L1L2C154 + -

R. KUNzZI

(26)

¥ [LCRpCp + (Ly + Ly)CoRpCpls® + [LiCy + (L + Ly)(Cy + Cp)]s2 + RpCps + 1

Note that the s terms in the numerator and the denominator are equal. Therefore we can write

Eq. (26) as

kis+1

G = )
) kes® + kys* + k3s3 + kys? + kys+ 1

with k; = RpCp;
ky = L1(Cy + C3 + Cp) + Lo (C; + Cp);
ks = RpCp(L1Cy + LyCy + L1 Cy);
ky = L1L,C1(C; + Cp);

k5 = L1L2C1C2CDRD.

(27a)

(27b)
(27¢)
(27d)
(27¢)

(271)

G(s) can be expressed as the combination of a fifth-order PT and a first-order PD. Let us take a
closer look at the fifth-order PT, which is the denominator part of G(s). This can be split in two
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second-order PTs and one first-order PT, all connected in series. It can be expressed in its normalized
form as

Gpr(s) = 2 2 (28)
S S S S S
(1+a1w—0)-(1+a2w—0+b2w—02)-(1+a3w—0+b (1)2)

The transfer function of such a combination of first- and second-order PTs can be optimized
according to different methods [1], which results in particular values for a; and b;. The commonly used
optimization methods with their corresponding coefficients are given in Table 7.

Table 7: Coefficients for a fifth-order PT for different optimization methods

Method a a b, as b;

Butterworth 1.0000 1.6180 1.0000 0.6180 1.0000
Bessel 0.6656 1.1402 0.4128 0.6216 0.3245
Critical damping 0.3856 0.7712 0.1487 0.7712 0.1487

By expanding Eq. (28) we get
1

Gpr(s) =
(1+22 s+b252+ s+ %5 2+0‘1b2 ) A +22 s+b252)
0 (1)0 (l)

1+ s+b252+ 2523 s? 2 4 92bg
Wo wo? wg?

b a3b2 3

252+ s3+-
wo?

s3+

bb aa ab aa aa,a
LOLERE Y oS+ 352+—1 353+ Fs2 4+ L2363 4o
ot Wo (O (Oh) Wo

' aa,b ab a,aszb a{b,b Z
.t 124354+ 13253+ 134zs4+ 125355
0 Wo wWo wWo

1
a1b2b3 55 + (b2b3 + a1a2b3 + a1a3b2) S4 + .-
wg® wo*

Gpr(s) = (29)

(azbs + asby + a1bs + 410,03 + a4 by) 5 .

..+
wg3

+ (b3 + a,as + b, + aja; + a;a,) $2 4 (a; +a, +as)

s+1
wo? wo

By comparing the coefficients with Eq. (27a) we get
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k. =R o taytaz
1= DCD——wO ; (30a2)

bs + azaz + b, + a;a3 + a1a;

k, =L(C;+ Cy + Cp) + L,(C, + Cp) = 0o ; (30b)
ky = Ry Cp (LyCy + LyCy + Ly Cy) = azbs + azb, + al(f33+ a;aaz + albz; (300)
0
ky =L1L,C1(C; + Cp) = babs al(jjb: * a1a3b2; (30d)
0
ke = LyL,C,C,CoRp = alcfzsb 3 (30¢)

0

For a given optimization method, the five independent Egs. (30a)—(30e) contain seven
unknowns (L, L,, Ci, C,, Rp, Cp, and wg). Therefore we have the choice to select two of them and the
remaining five depend on that selection; here we preselect @, and L,. Refer to Section 2 for the
evaluation of L.

Selection of the cut-off angular frequency w,: For a given angular frequency wg well in the
blocking area of the filter (wp >> w,) we can define the desired attenuation Gg. In the blocking area
the highest-order terms of both the numerator and the denominator in Eq. (26) dominate, therefore it
can be simplified to

a, +a, +as

o= RpCps B W, S_a1+a2+a3_a)04_a1+a2+a3_w04_
B LL,CCoRpCps® %55 "~ aybybs st ajbybs wpt’
Wo

wg = wy | LB Aab2bs 31)
a; +a;+as

The cut-off angular frequency w, of the filter depends only on the required attenuation and on
the selected optimization method. The equation system (30a)—(30e) has to be solved for L,, C, C,, Rp,
and Cp.

By solving Eq. (30a) for Cp and substituting Cp in Egs. (30b)—(30¢) we reduce the system to
four equations:

k k
ky =Ly <C1 +C + _1) + L, (Cz + —1); (32a)
Rp Rp
k3 = kl(Llcl + L2C2 + L1C2); (32b)
ky
ky=L1LyCy (Cz + —); (32¢)
Rp
k5 = k1L1L2C1C2. (32d)
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By dividing Eq. (32c) by Eq. (32d) we get:

b _ bk (Gr) (G+Ry)

ks kyL,L,C;C, —  kiC,
kik
kik,Cy — ksCy = - 5;
Rp
kik
RD = —1 5 . (33)
Co(kiky — ks)
By substituting Eq. (33) in Eq. (32a) we reduce the system further to three equations:
k1 Co(kiks — ks) k1 Co(kiks — ks
k,=1L (C C ) L (C )
2 =L\Cp+ 0+ Kike + L\ G2+ kike
k.k kik k.k kik
=1L, (cl +C(14+——— 1)) +L, (62(1 2 1)) =L,C; + —L,Cy + —21,C,
ks ks ks ks
k.k
= L1Cy + Coly + Ly) 5= (342)
5
k3 = kl(Llcl + L2C2 + L1C2); (34b)
ks = k1L1L2C1C2. (340)

By solving Eq. (34c) for C; and substituting C; in Egs. (34a) and (34b) we reduce the system
further to two equations:

1k4-

k C,(L L ; 35a
2= k1L2C2 ———+ C(Ly + L) —— s (35a)
ke ks
—_ C,(L L 35b
3 k1L2C2+ 2(Ly + Ly). (35b)

By subtracting Eq. (35b) from Eq. (35a) we get

(k1k4 1) kiky —ks _kiky — ks

k3
ko, — PR Co(Ly +Ly) s I s

1

C(Lqy + Ly);

ks(kiky — k3)
ky(kiky —ks)(Ly + L)

C, = (36)

By substituting Eq. (36) in Eq. (35a) we get

_ ksky(kiks —ks)(Ly + Ly)  kyksks(kiky — k3)(Ly + Ly)
2 kiks(kiky, — k3)L, kiks(kiky — ks)(Ly + Ly)

_ Uaka = kes) (Lo + Lo) | ka(kiky = ks)
(kiky = k3)L, (kiky —ks)
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(kiky —ks)(Ly+Lo) _  kalkaky —ks) _ kikaks — koks — kikoka + ksky
(kiky — k3)L, 2 kyks — ks kiky — ks
_ k3ky — kyks
© kyky— ks

L +1L, _ Ly 1= (ksky — kyks)(kiky —k3)

L, L, (kiky — ks)? '
L =1, [(k3k4 - kaS)(klkZZ —ks3) _ 1];
(kiks — ks)
L, = Ly
27 (kzky — koks)(kiky — k3) 1
(k1ky — ks)?

(37)

Example 4: Design a fourth-order filter for a buck converter with a d.c.-link voltage of 120 V, a
switching frequency of 20 kHz, and a maximum output current of 500 A; refer to Fig. 13. The ripple
current in L, should not exceed 50 A peak to peak. The filter should have an attenuation of 0.004 at the
switching frequency. Design the filter for all three optimization methods and compare the results. In
order to enable a comparison between different filter structures (refer to Section 4), the same

parameters are given as in Examples 2 and 3.

L,
—(O01A — AN\ C¢=
T @ @ o

Fig. 13: Output filter for a buck converter

Select L in order to meet the ripple requirement by using Eq. (8a):
_ V4025  120V-0.25
7 fi-Al, ~ 20kHz-50A

= 30 uH.

Select w, in order to meet the attenuation requirement by using Eq. (31)

4| Gga1byb +10.004 - a.b,b
wO:wB.\/uzz.n.ZOkHz.\/¢_

a, +a; +as a; +a;+az

Calculate the remaining filter components by using Eqgs. (37), (36), (34c), (33) and (30a) in that
order. The results are listed in Table 8. Depending on the selected optimization method, L, is
approximately either double, equal to, or half the size of L,. This leads to a simplified design as L, and

L, can be realized with either two or three identical chokes.
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Table 8: Results for Example 4

Parameter Butterworth Bessel Critical damping
wo 23,600 s 13,800 s 8200s™

fo 3.75 kHz 2.20 kHz 1.30 kHz

L, 30 uH 30 uH 30 uH

L, 57 uH 31 uH 17 uH

C 74 uF 90 uF 124 uF

G 7.9 uF 12 uF 16 uF

Cp 75 uF 168 uF 382 uF

Rp 1.83 Q 1.05Q 0.62 Q

Figure 14 shows the Bode plots of the three filter designs according to Example 4. They are
exactly the same as for Example 3. The attenuation at 20 kHz is —48 dB, which corresponds to a factor
of 0.004 as required. Compared to the second-order filter (see Fig. 8) the resonance amplitudes are
slightly higher and the same trade-off between small capacitor values and low resonance amplitudes
applies.
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L
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1
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Frequency (Hz)

Fig. 14: Bode plots for the filter designs according to Example 4
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4 Comparison of different filter designs

In Examples 24 we have designed three filters with different structures but with the same
performance (attenuation factor of 0.004 at 20 kHz). This allows a direct comparison of the three filter
structures. Table 9 summarizes the results for the Bessel optimization.

Table 9: Results for Bessel optimization Examples 2—4

Parameter Example 2 Example 2 Example 2 Example 3 Example 4

Ly =100 uH L, =100 uH

Gp=0.01

L 30 uH 100 uH 100 uH 30 uH 30 uH
L, 31 uH 31 uH
C 528 uF 158 uF 63 uF 24 uF 90 uF
G 44 uF 12 uF
Cp 2640 uF 790 uF 320 uF 342 uF 168 uF
C+C+Cp 3168 uF 948 uF 383 uF 410 uF 270 uF
Rp 0.18Q 0.62 Q 0.98 Q 051 Q 1.05 Q
Jo 570 Hz 570 Hz 910 Hz 2200 Hz 2200 Hz
Losses in Cp 026 W 0.076 W 030 W 37TW 0.042 W

In Example 2 (second-order filter) the total installed capacitance (C; + C, + Cp) becomes huge
and the resulting cut-off frequency is low compared to Examples 3 and 4 (see Table 9). In order to
achieve comparable capacitances for Example 2, two alternative filters have been calculated. The first
alternative has a larger inductance L;, which reduces the total capacitance remarkably. The transfer
function stays the same (same Bode plot, see Fig. 15). The selection of L, allows an optimization of
the components in terms of space required, weight, costs, etc., but in general it is much cheaper to
store energy in capacitors than in inductors. The second alternative also has a larger inductance L; and
additionally the attenuation factor was relaxed to 0.01 (instead of 0.004). This modification reduces
the total capacitance further and the cut-off frequency becomes higher. However, the drawback is a
higher output voltage ripple.

Examples 3 and 4 are both fourth-order filters and they have the same transfer function (see the
Bode plot in Fig. 15). The only difference is the placement of the damping circuit. Example 4
(damping circuit in second LC stage) is the preferred solution for two reasons: first, the total
capacitance is remarkably smaller, which is a space and cost factor. Second, the power dissipation in
Rp is three orders of magnitude smaller! Although losses of 37 W might still be acceptable, it requires
a larger element, which needs to be cooled sufficiently.

At first glance, the fourth-order filter is more complex, and therefore it is often considered as
non-practical. However, the comparison in Table 9 reveals several advantages. High precision power
converters need high bandwidth in order to react rapidly to errors. The closed-loop bandwidth is
limited by the output filter cut-off frequency (see the Bode plot in Fig. 15). Therefore, higher-order
filters, as presented in Example 4, are the preferred choice. If we compare Example 2 with
L, =100 uH with Example 4, there is in total 1.6 times more inductance and 3.5 times more
capacitance needed to obtain the same attenuation.

Figure 15 shows the comparison of the five examples listed in Table 9. Note, that for Example 2
the two alternatives with L; = 30 uH and L, = 100 xH have the same transfer function. Also the Bode
plots for Examples 3 and 4 are identical.
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Fig. 15: Bode plots for the filter designs according to Examples 2—4 with Bessel optimization

5 Practical aspects

5.1 Load impedance

The presented calculations do not consider the load impedance. In many cases, where the load
impedance is high enough and inductive (magnets), this approach is acceptable. However, if the load
impedance is low and/or complex, it has an impact on the filter behaviour. In that case, the load
impedance has to be considered in the calculation, or at least the complete circuit has to be analysed.

5.2 Parasitic circuit elements

The presented calculations were made considering ideal elements. In practice, this is not the case. As
an example, the parasitic resistances and inductances of C; and C, in Example 4 should be estimated
by considering two alternatives: a ‘good’ and a ‘bad’ design. There are two main effects to be
considered: the cable that connects C; and C, to the circuit, and the ESR (equivalent series resistance)
of these two capacitors. In the damping circuit these effects do not have a significant impact.

For the ‘bad’ design we use a 50 cm long wire with a cross-section of 16 mm” to connect C; and
a 50 cm long wire with a cross-section of 2.5 mm? to connect C,. Due to the skin effect, the effective
cross-sections of the wires are reduced to 6.3 mm’ for C; and 2.0 mm® for C,. These wires add
parasitic resistances and inductances of 1.40 mQ and 0.53 4H to C,, and 4.2 mQ and 0.63 xH to C,.
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It is strongly recommended, that C, and C, are connected as directly as possible (using shorter
connections) to the main bus bars. If we consider connections shorter by a factor of 5 (10 cm) for the
‘good’ design, the parasitic elements are reduced to 0.27 mQ and 0.075 uH for C;, and 0.83 mQ and
0.093 uH for C,.

The ESR values are given in the data sheets. The situation can be improved by selecting good
capacitors with a small ESR and by paralleling many small capacitors rather than only a few large
ones. The ESR values from a data sheet are given in Table 10 for capacitors suitable for the realization
of the output filter according to Example 4 with critical damping (see Section 3.2).

Table 10: ESR of metalized film capacitors

Capacitor ESR

1.5 uF /250 V 6.8 mQ
10 uF /250 V 1.8 mQ
20 uF /250 vV 1.9 mQ
60 uF /250 V 1.9 mQ

According to Example 4 with optimization method critical damping, C; should be 124 uF and
C, should be 16 uF. The filter should be realized with capacitors from Table 10.

For the ‘bad’ design, we use two 60 uF capacitors with a resulting ESR of 0.95 mQ for C, and
one 20 uF capacitor with an ESR of 1.9 mQ for C,. Refer also to Table 11.

For the ‘good’ design, we use 12 10 u4F capacitors with a resulting ESR of 0.15 mQ for C, and
11 1.5 uF capacitors with a resulting ESR of 0.62 mQ for C,. Refer also to Table 11.

Figure 16 shows the fourth-order filter as outlined in Section 3.2 expanded with the parasitic
elements.

@
Fig. 16: Fourth-order filter with parasitic elements

The corresponding element values are listed in Table 11 for three different designs called
‘ideal’, ‘good’, and ‘bad’. The main filter elements are rounded to practically realizable values.
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Table 11: Filter components including parasitic elements

Parameter Design Design Design
‘ideal’ ‘bad’ ‘good’
L, 30 uH 30 uH 30 uH
L, 17 uH 15 uH 15 uH
C 124 uF 120 uF 120 uF
ESR(, 0 mQ 0.95 mQ 0.15 mQ
R 0 mQ 1.40 mQ 0.27 mQ
Lo 0uH 0.53 uH 0.075 uH
G, 16 uF 20 uF 16.5 uF
ESR 0 mQ 1.90 mQ 0.62 mQ
Ry 0 mQ 4.20 mQ 0.83 mQ
L 0uH 0.63 uH 0.093 uH
Cp 382 uF 360 uF 360 uF
Rp 0.62 Q 0.60 Q 0.60 Q

Figure 17 shows the Bode plots for the three designs listed in Table 11. For the ‘bad’ design,
there is a steep phase shift right at the switching frequency, and the higher harmonics of the switching
frequency are suppressed much less than in the ideal design. For the ‘good’ design in principle the
same occurs, but at higher frequencies and at a much lower amplitude level.
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Fig. 17: Bode plots for the filter designs with parasitic elements
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