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The mass of the top quark can be measured in a well-defined scheme and with unrivalled
precision at a future electron–positron collider, like the FCC-ee. The most sensitive observable
is the total production cross-section for bb̄W+W−X final states near the top pair production
threshold. I review the state of the art in theory predictions for this quantity.

11.1 Introduction
The total cross-section for inclusive bb̄W+W−X production can be measured with very high
precision at a future high-energy electron–positron collider. Owing to the potential for large
integrated luminosity, the FCC-ee is especially well-suited for such a measurement. The line
shape for centre-of-mass energies close to the top–antitop production threshold is highly sensi-
tive to the mass of the top quark, which allows its determination with unprecedented precision.
Since the statistical uncertainty of the measurement is projected to be significantly below the
current theory error [1, 2], it is crucial to continuously improve the theoretical prediction.

11.2 Effective theory framework
The bb̄W+W−X final state is mostly produced through the creation and decay of non-relativistic
top–antitop pairs, interacting predominantly via a colour Coulomb potential. The dynamics of
this system are described by potential non-relativistic effective field theory (PNREFT) [3–5],
combined with unstable particle effective field theory [6, 7]. Within this framework, higher-
order corrections can be treated systematically through a simultaneous expansion in the non-
relativistic velocity v and the strong, electromagnetic, and top Yukawa couplings αs, α, and yt.
We adopt the power counting v ∼ αs ∼

√
α ∼ yt with the top quark width Γt ∼ mtα. Powers

of αs/v from the bound-state interaction are resummed to all orders in perturbation theory.
At leading order, the PNREFT Lagrangian is given by

LPNREFT, LO = ψ†
(

i∂0 +
~∂2 + imtΓt

2mt

)
ψ+Lanti-quark−

∫
d3~r

[
ψ†ψ

]
(~x+~r)CFαs

r

[
χ†χ

]
(~x) , (11.1)

where ψ is the quark field and χ the antiquark field. The resulting top pair propagator is the
Green function of the Schrödinger equation with the colour Coulomb potential interaction.
Its imaginary part is closely related to the resonant top pair production cross-section via the
optical theorem.

11.3 Higher-order corrections
Higher-order corrections to the PNREFT Lagrangian are obtained by matching to the full
Standard Model. In the first step, hard modes with large four-momenta k ∼ mt are integrated
out. This gives rise to a non-relativistic effective field theory with local effective vertices. These

∗This contribution should be cited as:
A. Maier, Top pair production and mass determination, DOI: 10.23731/CYRM-2020-003.117, in: Theory for
the FCC-ee, Eds. A. Blondel, J. Gluza, S. Jadach, P. Janot and T. Riemann,
CERN Yellow Reports: Monographs, CERN-2020-003, DOI: 10.23731/CYRM-2020-003, p. 117.
© CERN, 2020. Published by CERN under the Creative Commons Attribution 4.0 license.

- 117 -

http://dx.doi.org/10.23731/CYRM-2020-003.117
http://dx.doi.org/10.23731/CYRM-2020-003
http://creativecommons.org/licenses/by/4.0/


A. Maier

t
b

W

t̄

γ, Z

e−

e+

b̄
t̄

W

b

γ, Z

e−

e+

W
b

t̄

W

γ, Z

e−

e+

e−

ν

e+

W

W

b

t̄

Fig. B.11.1: Non-resonant diagrams contributing to the W+bt̄ final state at NLO. The final
state W−b̄t follows from charge conjugation.

matching corrections are known to NNNLO in the QCD and Higgs sector [8–11] and to NNLO
in the electroweak sector [12–16].

In the second matching step, soft modes k ∼ mtv and potential modes k0 ∼ mtv
2, ~k ∼ mtv

for gluons and light quarks are also eliminated from the theory. The most challenging part is
the calculation of the corrections to the static colour Coulomb potential to NNNLO, which is
reported in Refs. [17–19].

11.3.1 Resonant production
With the matched PNREFT Lagrangian, the resonant top pair production cross-section can
be calculated, including NNNLO QCD and Higgs effects and NNLO electroweak effects, by
computing corrections to the Green function to this order. The complete result for the QCD
corrections was first presented for the S-wave contribution in Ref. [20] and for the P-wave
contribution in Ref. [9] (see also Ref. [21]). Schematically, the known contributions to the top
pair production cross-section can be written as

σres ∼ α2v
∞∑
k=0

(
αs

v

)k
×



1 LO
αs, v,

α
v

NLO
α2

s , αsv, v
2, α

v
×
{
α
v
, αss, v

}
, yt
√
α, y2

t NNLO
α3−i

s vi, y2
t ×

{
α
v
, αs, v

}
NNNLO

. (11.2)

11.3.2 Non-resonant production
Top quarks are unstable and the final state bb̄W+W−X can also be produced in non-resonant
channels that do not involve the creation of a top–antitop pair near the mass shell. According to
unstable particle effective field theory, the full cross-section is given by the sum of the resonant
and non-resonant contributions:

σ = σres + σnon-res . (11.3)

While non-resonant production is suppressed by one power of α, it does not suffer from the
same phase space suppression as resonant production and therefore contributes with a factor
of α/v relative to the leading-order cross-section, i.e., at NLO. The diagrams at this order are
shown in Fig. B.11.1; their contribution was first detailed in Ref. [22]. The NNLO non-resonant
cross-section was later detailed in Ref. [16].

Virtual top quarks in the non-resonant channels are formally far off-shell with squared
momenta p2

t − m2
t ∼ m2

t � mtΓt, so the width must not be resummed in the propagators.
Since we integrate over the full phase space, endpoint divergences occur whenever p2

t − m2
t

vanishes. At NNLO, this leads to poles proportional to Γt/ε in 4 − 2ε dimensions. As usual
in asymptotic expansions, these cancel against poles in a different expansion region. In this
case, the corresponding poles appear in the form of finite-width divergences in the resonant
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Fig. B.11.2: Total cross-section for the process e+e− → at various orders in perturbation theory.
Left: Cross-section without ISR from NLO to NNNLO with the pure NNNLO QCD result as
comparison. Right: Effect of ISR on the cross-section.

cross-section. A detailed account of the NNLO calculation including the arrangement of pole
cancellations is given in Ref. [16].

11.3.3 Initial-state radiation
Formally, photonic corrections in the initial state are suppressed by one order in α and therefore
contribute at NNLO according to our power counting. However, it is well-known that these
corrections are enhanced by logarithms of mt over me, which have to be resummed to all
orders. The resummed cross-section is given by [23,24]

σ(s) =
∫ 1

0
dx1

∫ 1

0
dx2 ΓLL

ee (x1)ΓLL
ee (x2)σ̂(x1x2s) + σISRconst(s) , (11.4)

where ΓLL
ee (x) is a leading logarithmic structure function, σ̂ is the ‘partonic’ cross-section without

ISR resummation and σISRconst accounts for the non-logarithmic NNLO contribution.

11.4 Cross-section predictions
The formulae for the cross-section can be evaluated numerically with the code
QQbar_threshold [25], which includes all aforementioned corrections. Figure B.11.2 shows the
behaviour of the total cross-section near threshold for a top quark mass of mt(20 GeV) =
171.5 GeV in the potential-subtracted scheme [26] and input parameters Γt = 1.33 GeV,
mH = 125 GeV, αs(mZ) = 0.1177, α(mZ) = 1/128.944. The uncertainty bands originate from a
variation of the renormalization scale between 50 and 350 GeV.

Figure B.11.3 shows the effect of changing various parameters. The variation suggests
that it should be possible to extract the top quark width and mass in the potential-subtracted
scheme with an uncertainty of better than 100 MeV. The sensitivity to the top Yukawa coupling
and the strong coupling is less pronounced and there is a considerable degeneracy between the
two parameters. A precise knowledge of the strong coupling constant from other sources will be
crucial to meaningfully constrain the Yukawa coupling. In any case, a dedicated experimental
analysis will be needed to determine the exact precision with which the various top quark
properties can be extracted from a measurement of the cross-section.
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Fig. B.11.3: Sensitivity of the cross-section to parameter variation. Top left: Variation of the top
quark mass by up to ±100 MeV. Top right: Variation of the top quark width by up ±100 MeV.
Bottom left: Variation of the top Yukawa coupling. Bottom right: Variation of the strong
coupling constant.
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