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Appendix A Synchrotron radiation characteristics
D. Einfeld

A.1 Introduction

Synchrotron radiation is characterized in general by the following attributes: spectral range, photon
flux, photon flux density, brilliance, and polarization. The photon flux (photons per second and
bandwidth) is the overall flux collected by an experiment and reaching the sample; the photon flux
density is the flux per unit area at the sample; and the brilliance is the flux per unit area and opening
angle. This appendix summarizes the formulas for the calculation of these quantities for the synchrotron
radiation emitted from a stored beam in the bending magnet, wiggler, and undulator [A.1-A.9].

Establishing the theory of synchrotron radiation has been the work of many researchers. Today
most of the calculations use the results of the Schwinger theory [A.6, A.2]. A relativistic electron
moving around an orbit emits a radiation cone tangential to the orbit with a small opening cone, as
shown in Fig. A.1. The aperture of the beam line of width B and height H at a distance D determines
the flux that goes to the sample.
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Fig. A.1: Characteristics of the synchrotron radiation emitted by a relativistic electron moving in a circle

The shape and intensity within the radiation cone, according to the Schwinger theory, is given by

d’® 3a ,Awl X2
dady/:4_n272?Zyz(HXz){Kzz/s(f)*mKﬁg(f)}, (A.1)

where:
® is the photon flux (number of photons per second);
@ 1is the observation angle in the horizontal plane;
 is the observation angle in the vertical plane;
a is the fine structure constant (equal to 1/137);

y is the electron energy (m.c’ where m is the electron mass and c is the velocity of light);
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D. EINFELD
w 1is the angular frequency of photons (4w = photon energy = ¢);
I is the beam current;
e is the electron charge (1.601 x 107" C);
y = wl/w: = &le. (Where wc is the critical frequency, 3y3¢/2p);
E. is the critical photon energy (3%cy 3/2p);

p is the radius of instantaneous curvature of the electron trajectory (E/ecB in practical units, p[m] =
3.3356 x (E/GeV)/(B/T));

c is the speed of light (2.9979 x 10® m/s);

E is the electron beam energy;

B is the magnetic field strength;

ec = ho. (e[keV] = 0.665 x (E/GeV)* x (B/T));
X = yy (normalized angle in the vertical plane);

E=y(1+X2)3/2/2.

The subscripted K’s in equation (A.1) are modified Bessel functions of the second kind. Equation
(A.1) is the basic formula for the calculation of synchrotron radiation characteristics. The polarization
is given by the two terms within the square brackets.

Function G1(y)

0.01 0.1 1 10
Y = E/Ec

Fig. A.2: The parameter G as a function of the normalized photon energy &/ec

For synchrotron radiation users, three parameters are important (see Fig. A.1):
— the ‘photon flux’, i.e. the numbers of photons per second and per unit band width;

— the ‘photon flux density’, which is the photon flux divided by the beam cross-section, i.e. flux
density = flux/4; [photons/(s mm* BW)].
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APPENDIX A: SYNCHROTRON RADIATION CHARACTERISTICS

the ‘brilliance’, which is the flux density divided by the opening angles A8 and Ay, i.e.
brilliance = flux density/(AOA ) [photons/(s mm* mrad” BW)].

A.2 Radiation from a bending magnet
The photon flux of the synchrotron radiation from the bending magnet as a function of the horizontal
opening angle is given by

APW) 5 4sgi0P —PIOOS o) Gevy(1/ AYO/ mrad)- G| £ | (A2)
s-0.1%BW -mrad g

C

According to Eq. (A.2), the photon flux is proportional to the beam current, the energy and the
normalized function Gi(e/e:), which depends only on the critical photon energy (see Fig. A.2). The

equation for the critical photon energy . is
g, =0.655keV-(E/GeV) (B/T). (A.3)
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Fig. A.3: The parameter H- as a function of the normalized photon energy &/ec
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Fig. A.4: The photon flux emitted within the bending magnets for different electron energies (1.5 GeV, 3 GeV,
and 6 GeV) and a current of 500 mA.

The intensity of the synchrotron radiation in the middle of the radiation cone (6 =0 and w = 0) is
given by the following formula (central intensity):

d’d(y) 1326x10" photons

dody 5-0.1%- 6 mrad -  mra

C

(E/GeV) (I/A)-H, [ij . (A4)
d &

The normalized function H»(¢e/e.) is presented in Fig. A.3.

The photon flux as a function of the emitted photon energy for different beam energies (1.5 GeV,
3 Gev, and 6 GeV and a field of 1 T) is presented in Fig. A.4. The photon flux increases with the beam
energy. In order to cover the soft-X-ray region (approximately 610 keV), beam energies of 1.5-2 GeV
are needed. To reach the hard-X-ray region, the beam energy has to be 3—4 GeV. To reach photon
energies of up to 100 keV, a beam energy of roughly 6 GeV is required.

Some users will be interested in the photon flux density (see Fig. A.5), which is the photon flux
divided by the cross-section of the stored electron beam, because the cross-section of the beam will be
imaged on the sample. With beam dimensions of o(x) = 11.3 um and o(y) = 3.2 pm in the middle of the
bending, the flux density should be around four orders of magnitudes higher than the flux, going from
10" to 10"7-10",
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Fig. A.5: The photon flux density (for beam dimensions o(x) = 11.3 um and o(y)=3.2 um) emitted from the
bending magnet of SEE-LS at different energies and a current of 400 mA.

Because the radiation cone gets narrower with higher energy, the central intensity is proportional
to the square of the energy. The spectral dependency is given by the normalized synchrotron function
Hx(y) = Ha(¢/e:). From the definition of the flux (Eq. (A.1)) and the central intensity (Eq. (A.4)), the
vertical opening angle of the synchrotron radiation is given by

20)
. 1.<cw»(,,o) 21 1 GO) 05t L. G0 )

N < &0 3y Hy(y) E/GeV H,(y)

dody

The opening angle of the synchrotron radiation from the bending magnet of SEE-LS for a stored
beam with different energies is presented in Fig. A.6.

The opening angle at the critical photon energy (y =1 or & = &) is, according to Eq. (A.5),

o,(y=1)=0.331mrad- E/l (A.6)

GeV

For a 3.0 GeV machine the corresponding angle is 0.11 mrad.

Most users would be interested in the photon brilliance. The brilliance of the synchrotron
radiation from a bending magnet is given by the central intensity divided by the cross-section of the

beam:
d*® >
(y=0)
Br = <d9 dv (A7)

2nX X,
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Fig. A.6: Opening angle of the synchrotron radiation from the bending magnet at 2.5 Ge.V

with
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where
&x (&) is the electron beam emittance in the horizontal (vertical) plane;
P« (By) is the electron beam beta function in the horizontal (vertical) plane;
#x 1s the dispersion function in the horizontal plane;
or: is the r.m.s. value of the relative energy spread;
yy is the Twiss parameter in the vertical plane;
oy 1s the r.m.s. value of the radiation opening angle;
o, = AM(4no,) is the diffraction-limited source size;

A is the observed photon wavelength.

At a photon energy of 10 keV the corresponding photon wavelength is 0.124 nm and the opening
angle is smaller than 0.1 mrad (see Fig. A.6). This results in a diffraction-limited source size of o, =
1.24 um. The term &,/0, gives a cross-section of 2 pm, and &,,/5,,> has a value between 1 x 10~ and
4 x 107, These factors are at least one order of magnitude smaller than the beam cross-section sizes o,
and o,; hence the overall cross-sections in Eq. (A.8) reduce to

2 =[ep+nicr] . 28], (A.9)

and the brilliance of the synchrotron radiation from the bending magnet of a non-diffraction-limited
light source is given by
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d’o d’®
<d9dy/>("”=0) <d9dy/>("’=0)
Bryjygne = 172 vz . (A.10)
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Fig. A.7: Radiation brilliance from the bending magnet at different energies, a current of 400 mA, and a field of
1T.

Plots of the brilliance of the synchrotron radiation emitted from the bending magnets (for / =
500 mA and B =1 T) at different energies are presented in Fig. A.7. The brilliance, as well the spectrum,
increases with the energy of the beam.

A.3 Radiation from a wiggler

The wiggler is a special magnet with alternating directions of the magnetic field, and the trajectory of
an electron beam through a wiggler is like a snake—a sinusoidal oscillation with the peak field in the
middle of the magnets [A.4, A.5]. The arrangement of the magnets in a so-called ‘hybrid design’ (HYB)
is shown in Fig. A.8. The arrows symbolize the direction of the magnetic field in the different materials.
The green and yellow blocks are special permanent magnets, and the brown blocks are made of
magnetic steel. The trajectory of the electron beam in such a wiggler is presented in Fig. A.9 (blue line).
The red arrows symbolize the emitted radiation, and it follows that an overlapping of the radiation cone
will occur. With this arrangement of magnets, the photon flux, flux density, and brilliance will increase
approximately with the number of poles. The electron beam in the wiggler has a maximum amplitude
Xo and a maximum slope X;.
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v

Fig. A.8: The arrangement of magnets within a wiggler; the green and yellow blocks represent permanent
magnets, and the brown blocks are made of magnetic steel.

Fig. A.9: The trajectory of an electron beam within a wiggler (blue line); the red arrows symbolize the emitted
synchrotron radiation in the horizontal direction.

The maximum slope X; and the maximum amplitude X, characterize the trajectory of the
electron beam. They are given by
1 K 13x107
LK, B0,
2n y (E/GeV)

X, K k- 0.934(B/T)(4, / cm) . (A.11)
y

The photon flux, as well as the central intensity of the radiation emitted by the wiggler, is the
same as from the bending magnet but a factor of N, more intense, where N, is the number of poles
within the wiggler. The value of N, is, according to Table A.1, 86 (twice Nper). For the synchrotron
radiation from the wigglers, the critical energy & determines everything. To reach the same spectral
range as from the bending magnets (given by &; see Eq. (A.3)), the magnetic flux density within the
wigglers must be the same as within the bending magnets or—for shifting the spectrum to higher photon
energies—even higher. At CCRL, Daresbury Laboratory, UK, fields of up to 2.5 T can be attained with
‘hybrid design’. Higher fields are possible with superconducting devices; at the MAX IV Laboratory,
Lund, Sweden, fields of up to 3 T can be reached. In Table A.1 the data needed for calculation of the
wiggler radiation characteristics at the different energies are summarized.
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Table A.1: Parameters for the calculation of the wiggler radiation characteristics

Energy Unit 1.5 GeV 3 GeV 6 GeV
Current mA 500 500 200
Field T 3.7 3.7 3.7

L period mm 46 46 46

N periods 43 43 43

K value 15.88 15.88 15.88
Emittance x pmrad 64.1 251 1005
Emittance y pmrad 5 5 5

o, pum 31 62 124
o, pum 4.7 4.7 4.7
B. 15.16 15.16 15.16
ﬁy 4.44 4.44 4.44
Disp. x m 0 0 0
Energy spread 1.0E-04 44 8.8 17.7
X, pum 39.6 19.8 9.9
X (; prad 5.4 2.7 1.4
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600 mA (1.5 GeV and 3 GeV) and 400 mA (6 GeV).

The wiggler radiation flux and flux density according to the parameters in Table A.1 are plotted
in Figs. A.10 and A.11. The flux from the wiggler as a function of the photon energy has the beam
characteristics of the bending magnet radiation, except that the intensity is higher by a factor 86

(2 % Nper).
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Figure A.10: The radiation flux of wiggler Wi-46 installed at SEE-LS for different energies and currents of
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Fig. A.11: The radiation flux density of wiggler Wi-46 installed at SEE-LS for different energies and currents of
500 mA (1.5 GeV and 3 GeV) and 200 mA (6 GeV).

The wiggler flux density as a function of the photon energy is presented in Fig. A.11 for different
electron beam energies. These characteristics are different from those of the bending magnet radiation

because the emittance increases with the square of the beam energy and correspondingly the beam
cross-section, as given in Table A.1.

The calculation of the brilliance of wigglers needs to take into account the depth of fields, i.e.,
the contribution to the apparent source size from different poles. The expression for the brilliance of the
wigglers is

exp{_l()fé
R0 N2 2\ ol +z20”
BrWiggler - <d9d >(l// - ) 7%:2 o 2 2 (A12)
[O'f+ 2 ’2] { y2+6 +z§0;2}
y/
where:
z, =4, (n+ij . (A.13)

InEq. (A.12) 0, 0], 0,,and 0' are the r.m.s. transverse sizes and angular divergences of the

electron beam at the centre of an insertion straight section (ax = a,, = 0). This means that the brilliance
of the wiggler calculated according to Eq. (A.12) is normalized to the middle of the straight section.

The exponential factor in Eq. (A.12) arises because the wigglers have two points, separated by
2Xo with Xy as in Eq. (A.11). The sum in Eq. (A.12) goes over all poles of the wiggler. As already
discussed in the section on the radiation of the bending magnets, the term ¢,/0,, is at least a factor of 10
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smaller than the cross-section ¢, and so can be neglected. The expression z}p‘y2 is the increase of the
source size from the centre of the insertion device.

Instead of normalizing the brilliance to the centre of the straight section, the cross-sections of the
beam at the positions of the poles, o (1) and 0, (n), can be used, yielding a simpler expression for the

brilliance:
1 X;
&b v P 2letm)
Bl =( ——— ) =0)-2> —- d . (A.14)
dody Nh2n o.(n)o,(n)

The brilliances of the three types of wigglers in Table A.1 are presented in Fig. A.12. The
brilliance is determined by the flux and the cross-sections of the beam; so because the cross-sections at
the locations of the wigglers are three or four times larger than in the bending magnets, the brilliance
of the wigglers is a factor of 20 more intense than that of the bending magnets.
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Fig. A.12: The radiation brilliance of the wiggler Wi-46 installed at SEE-LS for different energies and currents
of 500 mA (1.5 GeV and 3 GeV) and 200 mA (6 GeV).

According to Eq. (A.14), the brilliance of a wiggler is inversely proportional to the cross-section
of the beam and not to the emittance, because the amplitude Xy of the beam oscillation has to be taken
into account. In general the beam cross-section can be manipulated with the beta function in the storage
ring. The dependence of the wiggler brilliance on the photon energy is shown in Fig. A.12 for different
electron beam energies. The dependence on the beam energy is completely different from that of the
bending radiation (cf. Fig. A.7), because the cross-sections are a function of the beam energy.
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A.4 Radiation from an undulator

The opening angle o, of the synchrotron radiation from the bending magnet at the critical photon energy
& 1s, according to Eq. (A.5), about 0.655/y or 1/y. The maximum slope of the electron trajectory in a
wiggler is X' =K / y. For values of K between 1 and 2, the deflection angle in a wiggler is within the

opening angle of the synchrotron radiation [A.7—A.9]. In this special case the radiation from different
periods interferes coherently, thus producing sharp peaks and resulting in completely different radiation
characteristics. This radiation, as symbolized in Fig. A.13, is called undulator radiation, and the
corresponding insertion devices are undulators. A photo of an insertion device is given in Fig. A.15.

Fig. A.13: Characterization of the undulator radiation; L is the period length of the undulator

Fig. A.14: The arrangement of magnets within an undulator; the red, green, blue, and yellow blocks represent
permanent magnets.

Undulators are insertion devices like the wigglers but with a smaller K values (between 1 and 2).
The general set-up of an undulator is shown in Figs. A.14 and A.15. The blocks of different colours
represent the permanent magnets, and the direction of the magnetic field is represented by arrows. The
period length is denoted by A.

The undulator emits radiation only at characteristic wavelengths:

2
A =_j'v [1+K7+ ;/Z(DZJ . (A.15)
ny

The corresponding photon energies are

£ =0.949keV - (E/GeV)’ "

, (A.16)
Qg /em)(1+(K7 /2)+7°0?)
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with bandwidth

n - , (A.17)

where:
n is the harmonic number (=1, 3, 5,7, ...);
Nund is the number of periods;
Aund 18 the period length of the undulator;
K is the deflection parameter (see Eq. (A.11));

O is the observation angle in the horizontal direction.

. ) . _
The opening angle (0, ) and the cross-section (o, ) of the undulator radiation are

A |[A+K* /2N, 1 [1+K*/2
0:“/ ,o‘:—/—, A18
" 4my 2n " v\ 2Nn (4.18)
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The maximum slope X, and the amplitude Xo characterizing the trajectory of the electron beam
are
-5 —4
1 K , 813x10 X X,:£_5.1><10 K

X,=—- =2 = = A.19
0 "y (E/GeV) (A.19)

2t y P (E/GeV)

The K values for the undulators are roughly a factor of 10 smaller than for the wigglers; hence
the amplitude Xo and the divergence X for the undulators are around a factor of 10 smaller than for

the wigglers.

A&/ &, is the energy resolution of the spectral line emitted from the undulator. To reach the
required bandwidth of 0.1%, the product of #» and N must be at least 1000.

The following example (in-vacuum undulator) illustrates the characteristics of the undulator
radiation.

The flux of the undulator radiation within the cone of the harmonics is given by (in practical
units)
@, (1,K)=1.432x10" N, -(I/ A)-Q,(K) [photons/(s 0.1%BW)] . (A.20)

According to Eq. (A.20), the flux of the undulator radiation is proportional to the number of
periods, the current, and the function 0,(K) (see Fig. A.16). It is independent of the energy and the
cross-section of the electron beam and is independent of the machine parameters. To reach a high photon
flux (also for higher harmonics), the deflection parameter K should be in the range of 1 to 3. According
to Eq. (A.16) the photon spectrum is proportional to the square of the energy and inversely proportional
to the period length A. In order to achieve X-ray radiation, the energy has to be in the range of 4-6 GeV
with a period length of 40 mm. The gap would be 11 mm and the magnets of the undulator are outside
the vacuum. Smaller period lengths can be attained only by reducing the gap, which is possible by
putting the undulator inside the vacuum; so this type of undulator is called an ‘in-vacuum undulator’.
The smallest period lengths can be reached with superconducting magnets. These types of undulator
are called ‘mini-undulators’.
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Fig. A.16: The dependence of the O, values on the K values
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The photon flux of the MAX IV undulator with the specifications L = 2m, 4 = 15 m, and
Bmax = 1.5 T at an energy of 3 GeV and with a stored beam of 250 mA is presented in Fig. A.17.

The peak intensity on the axis of the nth harmonic of the undulator radiation is given by (in
practical units of photons/(s mrad0.1%BW))
2
)
%(9=V/=0)=1.744x1014 “N{y(E/GeV)Y(I/A)-F(K) . (A21)
v

The peak intensity is proportional to the electron current, the radiation function F,(K) (see
Fig. A.19), and the square of the period number. The opening angle of the radiation cone is inversely
proportional to the energy, and therefore the peak intensity according to Eq. (A.21) is proportional to
the square of the energy.
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Fig. A.17: The radiation flux of the undulator CPMU _ 16 with an energy of 3 GeV and a stored beam of 500 mA
calculated for the harmonics n =1, 3, 5, 7, and 9. The period length of the undulator is 16 mm, the length is 2 m,
and the maximum magnetic field is 1.5 T.

The brilliance of the undulator radiation is given by
D41, K)

= A22
Blond (ZHZXG Zya)(%rzxa'zya') ’ ( :
with
Zxaza/of +o, zyazﬂlof +o, Zxa'zafa,’f +o, Zya'zﬂfof +o’, (A.23)
where

! 1 1
o, =\e, B, o, =Je. /B, o :E\/Z, o' =JA/L . (A.24)
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Upon substituting A from Eq. (A.15), o, and o are given by

2 2
&, = Jun /(1+K /DN L /M . (A.25)
4y 2n ¥ 2nN

For the aforementioned undulator the cross-sections o, and divergences o according to Eq.
(A.24) are presented in Fig. A.18.
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Fig. A.18: The phase space of the electron and radiation beam for the horizontal (upper diagram) and vertical
(lower diagram) directions.

For the stored electron beam of 4th generation light sources such as MAX 1V, the cross-sections
and divergences are o, = 54 ym, 0, = 2.5 um, o, ~ 6.1 prad, O'; ~ 1.3 prad, o, = 2.8 um, and o, =

4.5 prad (see Fig. A.18). For the calculation of the brilliance, in the horizontal direction the wiggler
radiation cone can be neglected, but in the vertical direction it has to be taken into account.

186



APPENDIX A: SYNCHROTRON RADIATION CHARACTERISTICS
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Fig. A.19: The dependence of the F, values on the K values for the different harmonics
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Fig. A.20: The radiation brilliance of the undulator CPMU_ 16 with an energy of 3 GeV

According to Fig. A.20, with a 4th generation light source such as MAX IV brilliances of up to
10? photons/(s mm* mrad” 0.1BW) can be reached.
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D. EINFELD
A.5 Influence of the beam energy spread on the spectral photon flux

The spectral photon flux is the number of photons per second per 0.1% bandwidth. The bandwidth of
the undulator radiation is given by Eq. (A.17). The dependence of the emitted photon spectrum on the
energy is described by Eq. (A.16). According to the energy spread of the stored electrons, the electrons
emit light with different energies. The relative energy spread (8E/E) of the stored electron beam is in
the range of 107, This gives an energy spread for the undulator radiation of 8E/E = 2 x 107>, For the
aforementioned example we have the following results.

— Natural photon energy spread of undulator radiation:
Agi=16.74eV,Aes=16.74 eV, Aes=16.74 eV, ... ,Ac1=16.74 eV.

— Photon energy spread according to variation of the beam energy:
061=3.2eV,085=9.6eV,0s5=16eV,05=22.6¢eV,ds5=29¢V, ..., d&:=35.0eV.

According to these results, the spectral photon fluxes of the higher harmonics of the undulator
radiation are determined by the energy spread of the stored electron beam. With this example it starts
at the 5th harmonic. This has to be taken into account.
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