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Chapter 1.4

Longitudinal beam dynamics

Alexandre Lasheen
CERN, Geneva, Switzerland

Longitudinal beam dynamics in particle accelerators treats the acceleration as well as the focusing
(bunching) of the particles in the longitudinal direction. In this lecture, general aspects of particle
acceleration are first exposed before focusing on acceleration with RF systems and the synchrotron
design. The concept of synchronous particle and the relevant differential equations for that reference
point are demonstrated. Longitudinal equations of motion for non-synchronous particles are
derived to analyze the motion of all non-ideal particles in the longitudinal phase space (synchrotron
motion). Derivations are done first by solving linearized equations, followed by solutions relying on
non-linear terms to put in evidence the concepts of RF bucket and acceptance. A final part is devoted
to real life applications and examples of operational aspects. All along, exercises are proposed to
guide the reader and provide insights in practical accelerator parameters encountered for CERN
synchrotrons.

I4.1 Introduction
1.4.1.1 Foreword

The following lecture on longitudinal beam dynamics is the product of many contributions and evolutions
over the past thirty years of the JUAS, by the following lecturers: L. Rinolfi (1994-2002), R. Corsini
(2003-2009), F. Tecker (2010), E. Metral (2011-2021), A. Lasheen (2022—present), and with essential
help from teaching assistants: E. Benedetto, B. Salvant, D. Amorim, S. Joly, D. Quartullo, B. E. Karlsen-
Baeck and L. Intelisano. Colleagues across the Accelerator Sector at CERN, in particular from the
Accelerator and Beam Physics and the Radio Frequency groups are also gratefully acknowledged for
their direct and indirect contributions. Notably, H. Damerau and E. Shaposhnikova for the recent lectures
done for the CAS and F. Batsch, J. Flowerdew, M. Marchi, M. Schwarz, A. Vanel, T. Van Rijswijk for
proofreading. The content of the lecture is greatly inspired by the work of the authors provided in the

bibliography.

1.4.1.2 Course layout

The introductory lesson (Section 1.4.1) provides a shallow overview of the concepts around longitudinal

beam dynamics and how this lecture connects with the rest of the JUAS program.

Lesson 1 (Section 1.4.2) is devoted to the fundamentals of particle acceleration. This includes
an exploration of fields and forces, a review of various accelerator designs, and an understanding of

relativistic relationships.
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1.4.1. Introduction

Lesson 2 (Section 1.4.3) focuses on synchrotron design, presenting the equations for the syn-
chronous particle. It also describes the momentum compaction factor and the differential relationships

together with a brief outlook on betatronic acceleration, synchrotron radiation, and self-induced fields.

Lesson 3 (Section 1.4.4) is dedicated to the longitudinal equations of motion. It covers the equa-
tions for non-synchronous particles and introduces the concept of particle tracking for numerical simu-

lations.

In Lesson 4 (Section 1.4.5), the longitudinal equations of motion are used to describe the syn-
chrotron motion. First in the linear regime to demonstrate phase stability, synchrotron frequency/tune;
then in the non-linear synchrotron regime to introduce the RF bucket characteristics, the longitudinal

emittance, and the non-linear synchrotron frequency.

In Lesson 5 (Section 1.4.6), we apply these concepts to real-life applications. This includes lon-
gitudinal bunch profile measurements and the description of injection oscillations together with their
optimization. A final word on more advanced topics is given on RF manipulations and beam instabili-

ties.

The main formulas, concepts and assumptions are finally summarized in Section 1.4.7, followed

by the correction of the exercises.

Towards the end of the course, students should have a clear understanding of how a beam is effec-
tively accelerated in a particle accelerator and understand the fundamental concepts of longitudinal beam
dynamics, such as synchrotron motion, the RF bucket, and its parameters. They should also understand

how main equations and formulae are derived, including the underlying assumptions.

Finally, students should be able to compute RF parameters and basic design parameters of a syn-
chrotron and interpret the longitudinal motion of a measured bunch of particles, to apply their acquired

knowledge to practical scenarios.

1.4.1.3 Key aspects of longitudinal beam dynamics

The main objective of a particle accelerator is to increase particle energies for various applications, from
fixed target experiments, colliders, and light sources. Longitudinal beam dynamics addresses the accel-
eration of the particles along the longitudinal direction, along the reference trajectory of the accelerator.
It also describes the focusing of the particles as bunches, which depends on the relative motion of the

particles around a reference point, called the synchronous particle.

In order to understand the basics of longitudinal beam dynamics, we first need to describe the
layout of an accelerator. To do so, the example of the Low Energy Ion Ring (LEIR) at CERN is used. A
picture of the accelerator together with a schematic drawing are shown in Fig. I.4.1. More accelerators
can be virtually visited from the CERN web site'. A second simplified representation is given in Fig. 1.4.2

together with the coordinate system that will be used as a basis for the rest of the course.

'https://panoramas-outreach.cern.ch/index.html
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