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Chapter 1.11

Linear particle accelerators

David Alesini
INFN, Laboratori Nazionali di Frascati, Italy

A linac (linear accelerator) is a system that allows to accelerate charged particles through a
linear trajectory by electromagnetic fields. This kind of accelerator finds several applications in
fundamental research and industry. The main devices used to accelerate the particle beam will be
introduced in the first part of the paper, while in the second part, the fundamentals of the longitudinal
and transverse beam dynamics will be highlighted. A short paragraph is finally dedicated to
radiofrequency quadrupoles (RFQ).

I.11.1 Introduction

A linear accelerator (linac) is a device that accelerates charged particles (electrons, protons, ions) along
a straight trajectory [1, 2] The main advantage of linacs is their capability to produce high-energy, high-
intensity charged particle beams of excellent quality in terms of beam emittance and energy spread.
These devices find applications in different fields such as research, healthcare and industry [3—8] The
acceleration can be obtained with constant (DC) or time-varying electric fields. In the second case,
we can have two types of linacs: Radio Frequency (RF) and induction. In this proceeding we will
refer to RF linacs in which the particle acceleration is obtained by electromagnetic fields confined in
resonant cavities fed by sinusoidal time-varying power sources. The design and the structure of a linac
depend on the type of accelerated particles (e.g. electrons, protons or ions) and on the required final
beam parameters in terms of energy, energy spread, emittance and current. In the design and in the
choice of the technology, several constraints have also to be taken into account such as cost, available
footprint and power consumption. The main advantages [9] of linacs with respect to other possible
particle accelerators (as synchrotrons or cyclotrons) are the fact that they can handle high peak current
beams, they can run with high duty-cycle and they exhibit low synchrotron radiation losses (in the case
of light particle acceleration as electron or positrons). On the contrary, the main drawback is the fact that
they require a large number of cavities to reach a desired energy, since the beam passes only once in the
accelerating structures. Moreover, synchrotron radiation damping (in the case of light particles) cannot
be used to reduce the beam emittance without adopting complicated schemes. Linacs are mainly used
in fundamental physics research as injectors for synchrotrons and storage rings, free electron lasers and
injectors for colliders. They also find a large number of medical and industrial applications for cancer

therapy, X-rays generation, material treatment, food irradiation and ion implantation. A linac conceptual
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LINEAR PARTICLE ACCELERATORS

scheme, where its technology complexity can be also assessed, is shown in Fig. I.11.1 Particles are
generated and pre-accelerated in the injector, and then accelerated by accelerating structures and focused
by magnetic elements (quadrupoles and solenoids). Beam trajectory and dimensions along the linac are
measured by different types of diagnostic devices (striplines, cavity beam position monitors and beam
screens) depending on the particle beam and energy. In the figure, the control, cooling and vacuum

systems, the RF distribution and RF power sources are also indicated.
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Fig. I.11.1: Schematic layout of a linac [10].

I.11.2 Acceleration process: particle velocity and energy

The first historical linear accelerator was conceived by the Nobel prize Wilhelm Conrad Rontgen (1901).
It consisted in a vacuum tube containing a cathode connected to the negative pole of a DC voltage gen-
erator of few kV. Electrons emitted by the heated cathode (by thermionic emission) were accelerated
while flowing to another electrode connected to the positive generator pole (anode). Collisions between
the energetic electrons and the anode produced X-rays and gave the possibility to do the first radiogra-
phy. In modern electrostatic accelerators high voltage is shared between a set of electrodes creating an
accelerating field between them. This type of accelerator is better known as the Cockcroft-Walton accel-
erator [11]. Its main limitation in term of achievable energy is due to the fact that all partial accelerating
voltages add up and at some point insulation problems or discharges occur, thus limiting the maximum
achievable voltage to a few tens of MV. Electrostatic accelerators are still used for several applications
as X-ray generation, material analysis, or ion implantation. The simple scheme of a DC acceleration
process between two electrodes is reported in Fig. I.11.2. Considering the energy-momentum relation

and the Lorentz force we can easily write the following relations

2
E? = Eg + p?c? = 2EdE = 2pdpc® = dE = U%dp = dFE = vdp ) (L.11.1)
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% =qF, vd—z =qF, écfl—f = qEZ(andalso% =qkFE,) , 1.11.2)
z=uwt

where Eo(= moc?) is the particle rest energy, F is the total energy, mg is the rest mass, m is the

relativistic mass, v is the particle velocity, p(= muv) is the particle momentum, W = E — Ej is the

kinetic energy and F, is the accelerating field. In Eq. (I.11.2), ¢£ is the rate of energy gain per unit

length and it is proportional to the accelerating field F,. Integratlng Eq. (I.11.2) on the accelerating gap

we obtain the energy gain per electrode pair AF

dE
AFE = —dz = / qF.dz = AE = qAV . (1.11.3)
gap 4% gap
(a) (b)
AV AE=q AV AV =V cos(agel)  OE=aV, coslagt,,)

Accelerated particle Pt

S

B fﬂv e e

* Y

'\\ kz *{ VRNV

Only these particles

r4 % = i &
Accelerating ﬂD Acc. field oscillating in time are accelerated

offe ol

o fN\e o f\e
/ RF period t
inj

Bunched beam

/

Acc. field
PEOBEELEESETEEEE0ET
Continuous beam
-L/2 +L/2 fe

Fig. 1.11.2: Scheme of acceleration processes between two electrodes: (a) electrostatic acceleration; (b)
RF acceleration [10].

If now we consider the relativistic factors § = v/c and v = E/E\ we can write

_ 1 _ Ey 2_ Ey 2
— /1_72—\/1_(E) _\/1_<E0+VV) . (I.11.4)

The behavior of 8 and v as a function of the kinetic energy is given in Fig. I.11.3 for an electron

and a proton. From the plot it is evident that light particles (electrons) are practically fully relativis-
tic (8 ~ 1,7 >> 1) at relatively low energies (above ~10 MeV) and reach a constant velocity (~ ¢).
Thus, for this type of particles, the acceleration process occurs at constant velocity. On the contrary
heavy particles (protons and ions) are typically weakly relativistic and reach a constant velocity only at
very high energies. This means that their velocity changes during the acceleration process. As illustrated
in the following, the possible velocity change during acceleration generates important differences in the

accelerating structures design and beam dynamics between light and heavy particles.
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Fig. I.11.3: 3 (top) and = (bottom) as a function of the kinetic energy for an electron (blue) and a proton
(red) [10].

I.11.3 Radiofrequency accelerators: the Widerge linac

In the late 1920’s propositions were made by Ising (1924) and implemented by Widerge (1927) to over-
come the limitation of electrostatic devices in terms of reachable energy [12—-14]. The scheme they

proposed is illustrated in Fig. I.11.4. An AC voltage generator feeds, alternately, a series of electrodes in
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Fig. 1.11.4: Conceptual scheme of a Widerge linac [10].

such a way that particles that do not experience any force while travelling inside the tubes (Drift Tubes)
are accelerated across the gaps. In particular, this last statement is true if the drift tube length (or, equiva-
lently, the distances between the centers of the accelerating gaps L,,) increases with the particle velocity
during the acceleration, such that the time of flight between gaps is kept constant and equal to half of the
RF period. If this condition is satisfied, the particles are subject to a synchronous accelerating voltage
and experience an energy gain of AE = ¢ AV at each gap.

In this type of structures, called drift tube linac (DTL), a single RF generator can be used, in prin-
ciple, to indefinitely accelerate the beam, avoiding the breakdown limitations that affect the electrostatic

accelerators. The Widerge linac was the first RF linac. As illustrated in Fig. I.11.2(b), a RF acceleration
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process does not allow to accelerate a continuous particle beam but the beam needs to be “bunched” with

a distance between bunches exactly equal to the RF period.

Let us now consider the acceleration between a pair of two electrodes. The behavior of the accel-

erating electric field and voltage are given by the following relations

E.(z,t) = Egrp(z)cos(wrpt)
AV = VRry cos(wgrp t
R CoS(wRr {) (L11.5)
WRF = 27 frr = 7=
Vrr = fgap Err(z)dz

The energy gain per electrode (supposing a symmetric accelerating field with respect to z = 0) is given
by

+L/2 .
AFE = q/ E.(z,t)dz = q/ ERrr(z) cos (WRF, + 90inj> dz
gap —L)2 v

‘7&CC
Erp(2) cos(wrpZ) dz —_—
=gq Egrp(z)dz fgap Y cos(¢inj) = q VRrT cos(@in;) , (1.11.6)
sap fgap Egrrp(z)dz \—V,_z
Vrr T /

where ¢jyj is the injection phase of a generic particle and 7" is the “transit time factor” (which is always
smaller than 1). It takes into account the fact that the RF voltage is oscillating in time while the beam
is traversing the gap and that the effective peak accelerating voltage (XA/aCC) is in fact equal to the RF

voltage (Vry) multiplied by this factor. E’acc = % [V/m] is the average accelerating field in the gap

and F,.. = % [V/m] is the average accelerating field seen by the particle. If we consider a Widerge
structure, the energy gain, at each gap, is equal to AE,, = ¢ Vi while the particle velocity increases

accordingly to Eq. (I.11.4). In order to be synchronous with the accelerating field at the center of each
gap, the time of flight (¢,,) between gaps has to be related to the generator RF period (ITgr) and RF
wavelength (Arr) by the following relation

L T3 1 1-—
ty = —" = o Ly = - vpTrr = ;8,, ¢IRr ) (LILT7)
U, 2 2 2 ——"
ARF

where v,, is the average particle velocity between the gap n and n 4 1. Then, the distance between the

centers of two consecutive gaps has to be increased as follows

1—
L, = §ﬁn ARF . (1.11.8)

The energy gain per unit length is then given by

AE — anCC — 2anCC (1119)
AL~ Ln  wrB, o
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1.11.4 RF cavities

There are two important consequences of Eq. (I.11.8) obtained in the previous paragraph. First of all,
the condition L,, << Arr (necessary to model the tube as an equipotential region) requires 5, << 1.
This implies that the Widerge acceleration technique cannot be applied to relativistic particles. More-
over, when the particles velocity increases the drift tube gets longer, reducing the acceleration efficiency
(energy gain per unit length % ). The average accelerating field (F,..) increase pushes towards the
use of small Agp (higher frequencies), but the concept of equipotential drift tubes cannot be applied
at small Agr and the power lost by free space radiation increases proportionally to the RF frequency.
All previous considerations combined with the fact that high-frequency, high-power RF sources became
available only after World War II (thanks to the perfectioning of radar technology for military purposes),
pushed to develop more efficient accelerating structures than simple drift tubes. In order to avoid elec-
tromagnetic (e.m.) radiation processes and to allow the use of high-frequency sources, the accelerating
system had to be enclosed in a metallic volume: a RF cavity. In a RF cavity, the e.m. field has a particular
spatial configuration (resonant mode) whose components, including the accelerating field E,, oscillate
at a specific frequency (called resonant frequency) characteristic of the mode. The mode is excited by
the RF generator that is coupled to the cavity through waveguides, coaxial cable antennas or loops. The
resonant modes are called Standing Wave (SW) modes since they have a fixed spatial configuration that
oscillates in time. The spatial and temporal field profiles in a cavity have to be computed (analytically or
numerically) by solving the Maxwell equations with the proper boundary conditions [15,16]. For a SW
cavity the accelerating field on the z-axis can be written, in a general form, as

E.(z,t) = Erp(2) cos(2n frr t + @) = R[E,(2)e“rF!] , (L.11.10)

WRF

where fry is the excitation frequency of the generator equal to (or close to) the resonant frequency of the
cavity, wrr is the angular excitation frequency, Frr (or the phasor Ez(z)) is a real (complex) function
related to the spatial configuration of the mode. RF linacs use different types of cavities depending on

the species and energy range of particles to be accelerated, as described in the following paragraphs.

I.11.5 Alvarez structures

The Alvarez structures [17], reproduced in Fig. I.11.5, can be described as special DTLs in which the
electrodes are part of a resonant macrostructure. They work in the “0O-mode”, since the accelerating field
at a given time has the same phase in each gap. The Widerge structures, on the contrary, work in the
“m-mode”, i.e. the accelerating field in consecutive gaps has opposite sign. They are used for protons
and ions in the range of 3=0.05-0.5. They typically operate at frr = 50400 MHz, A\gr = 6-0.7 m in
the 1-100 MeV energy range. Usually, they are simply called DTL (instead of the Widerge structures
that are not used anymore). As for the Widerge structure, also in the Alvarez linac the accelerating field
is concentrated between gaps and the beam crosses the drift tubes when the electric field is decelerating.
The drift tubes are suspended by stems and quadrupole magnets (for transverse focusing) can fit inside

them. To maintain the synchronism between the beam and the accelerating field at each gap, the distance

484



CERN Yellow Reports: School Proceedings, CERN-2024-003

between the accelerating gaps L, has to be varied according to the formula
L, = B,ARF ) (L.11.11)

To maintain the synchronism, in principle, both the gap and the drift tube length can be varied. A
generally applied criterion is to maintain a constant transit time factor according to Eq. (I.11.6). Some
examples of Alvarez structures can be found in the CERN Linac4 [18] operating at 352 MHz frequency
with 3 resonators tanks of ~ 500 mm diameter, 19 m long, 120 drift tubes, that accelerate protons from
3 MeV to 50 MeV (5 = 0.08 to 0.31). In this case the distance between gaps varies from 68 mm to
264 mm.

Drift tubes

Oscillating electric field

Fig. I.11.5: Schematic view of the Alvarez structure (drift tube linac) [10].

I.11.6 High 3 cavities: cylindrical standing wave structures

When the § of the particles increases (> 0.5) one has to use higher RF frequencies (> 400-500 MHz)
to increase the accelerating gradient per unit length. It is possible to demonstrate that DTL structures
become less efficient (effective accelerating voltage per unit length for a given input power) for such
values of 3. In this range of frequencies, cylindrical single or multiple cavities working in the TMg1¢-like
mode are used. For a pure cylindrical structure (usually called a “pillbox cavity”) the first accelerating
mode (i.e. the mode with non-zero longitudinal electric field on axis) is the TMg1g mode. It has a well-
known analytical solution (obtained solving Maxwell’s equations), and its spatial configuration in the
case of a pure cylindrical cavity is given in Fig. [.11.6(a). For this mode the electric field has only
a longitudinal component, while the magnetic one is purely azimuthal. The corresponding complex

phasors are given by [15]
Ez =AJy (pOl 5)
Hy = —jA%Ojé (po1 £)

where «a is the cavity radius, A is the mode amplitude and py; (= 2.405) is the first zero of the Bessel

, (L11.12)

function .Jy. The resonant frequency of this mode is given by fres = 52 .

The geometry of real cylindrical cavities is somewhat different from that of a pillbox. In fact,
one must also consider the perturbation introduced by the beam pipe, the power couplers to the RF
generators and any antenna or pick-up used to monitor the accelerating field inside the cavity. For this

reason, the actual accelerating mode is called the TMg-like mode. Real cavities and their couplers to
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Fig. 1.11.6: (a) Ideal pillbox cavity and e.m. field configuration; (b) Sketch of a real cavity operating in
the TMy1o-like mode with two types of coaxial couplers (antenna and loop) [10].

the RF generators are designed using numerical codes that solve the Maxwell equations with the proper
boundary conditions. A sketch of a cavity fed through a loop or a coaxial probe to an external generator
is given in Fig. 1.11.6(b), where the electric and magnetic field lines and the longitudinal electric field

profile on the axis are also shown. Details of the coupler design can be found in Ref. [19].

I.11.6.1 SW cavity parameters: shunt impedance and quality factor

For a SW cavity the first figure of merit is the shunt impedance defined in Refs. [1,2,15,20]

12
= =< [Q L11.1
R=p 0 (L11.13)

where Vi is the peak accelerating voltage (i.e. the maximum energy gain per unit charge) for a given
dissipated power into the cavity (Pigs). Vacc is obtained by integrating the time-varying accelerating
field sampled by the charge along the trajectory

~

Viaee = Ez(z) eIURF S

cavity

, (1.11.14)

with v the particle velocity, while the total average dissipated power Py is given by the integral of the

power density on the cavity wall

1
Paiss = / 5 R
cavity wall

power density

2

Hean| dS (L.11.15)

where H.,y is the tangential magnetic field component on the surface of the cavity. The shunt impedance
qualifies the efficiency of the cavity: the higher its value, the larger the achievable accelerating voltage
for a given dissipated power. As an example, at 1 GHz for a normal conducting (NC) copper cavity a
typical shunt impedance of the order of 2 M{2 can be obtained, while a superconducting (SC) cavity, at

the same frequency, can reach values of the order of 1 T2, due to the extremely lower dissipated power.
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It is also useful to refer to the following quantity the shunt impedance per unit length

(%) g
= [Q/m] (L11.16)
Pdiss

where L is the cavity length, FE,ec the average accelerating field and pg;ss the dissipated power per unit
length. The quality factor of the accelerating mode is then defined by the ratio of the cavity stored
energy (W) and the dissipated power on the cavity walls

w
P diss ’

Qo = WRF 1.11.17)

where the total energy (W) stored in the cavity is given by integrating the expression for the energy

density in the cavity

W = (ieyﬁﬂ + imﬁﬁ) av . (1.11.18)

cavity volume

energy density

For a NC cavity operating at 1 GHz the quality factor is of the order of 10* while, for an SC cavity,
values of the order 10? to 10 can be achieved. It can be easily demonstrated that the ratio R/Q is a
pure geometrical factor and it does not depend upon the cavity wall conductivity or operating frequency.
This is the reason why it is always taken as a geometric design qualification parameter. The R/(Q of a

single cell is of the order of 100.

I.11.6.2 Standing wave cavity equivalent circuit

The quantities described above play crucial roles in the evaluation of the cavity performances. Let us
consider a cavity powered by a source (klystron) at a constant frequency frr in CW and at a fixed power
(Pin) as shown in Fig. I.11.7. It can be demonstrated that the equivalent circuit of the SW cavity is that of
a parallel RLC resonant circuit where the resistance R is exactly the shunt impedance of the cavity, and
the quality factor is the quality factor of the RLC circuit. The transformer models the coupling between
the waveguide and the cavity. With simple calculations, it is easy to demonstrate that the maximum

accelerating voltage Vace for a given input power P, is given by

Vice = i RP (111.19)
acc = T (QL0) in ) A1,
where ( is the generator—cavity coupling coefficient [3], Q@ = (fi—oﬁ) is the loaded quality factor and
6 = (1}1:;1: — %) The dissipated power into the cavity is given by
46
Paiss = %Rn : (1.11.20)
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Fig. 1.11.7: Equivalent circuit of a cavity fed by a generator [10].

The plot of the accelerating voltage as a function of the excitation frequency is given in Fig. I.11.8 for
three different values of the cavity quality factor supposing P, = 1 MW, g = 100 and 5 = 1 (critical
coupling), and f;.s = 1 GHz. From previous formulas we easily see that, at the resonant frequency and

in the case 8 = 1, we have

Vacc = \/RBn = <g) QO Py, . (1.11.21)

This means that, for a given cavity, the accelerating voltage is proportional to v/Q)g.

On the other hand, the bandwidth of the resonance, defined as the J-frequency interval correspond-
ing to the points with an average dissipated power in the cavity of a factor of two lower than the dissipated

power at resonance, is inversely proportional to the cavity quality factor according to the formula

A ) A ~ 100 kH
Afwrlsas _ 1 JAfwrlsaslve (11122)

Jres QL Afrr|saBlsc < 1Hz

The bandwidth of the cavity is labeled 3 dB bandwidth since we refer to the normalized quantity
10 loglo[%]: the bandwidth corresponds to the frequency interval related to the —3 dB points
below the peak. In other words, dissipations and the external coupling cause the cavity to oscillate in a
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Fig. 1.11.8: Accelerating voltage as a function of the excitation frequency for a cavity with g = 100,
B =1, fres = 1 GHz, supposing that P, = 1 MW [10].

band of frequencies (A f|3qp = g"—LF) whose width is a function of the loaded quality factor Q. Let us
now consider a cavity powered by a source (klystron) in pulsed mode at a frequency frRr = fres- If we
suppose that the generator is switched on at time ¢ = 0 with a peak power P, we obtain the following

expressions for the accelerating voltage, and dissipated and reflected powers [1]

Vieelt) = B2 (1= *) VER, 55 Vi) = (1-¢77) VRP,

_1 2 =1 ot 2
Pyiss(t) = P (11'8)2 (1_6 't’> ﬁ—> Pyiss(t) = P (1 —€ 'tr) )
_t 2 =1 _2t
Preﬂ(t) = Pn [(1 € 7t') % - 1} ﬁ—> Preﬂ(t) = Iin€ Tt
(1.11.23)
2Qr

where 7 is the filling time: 7 =

Wres

The behaviour for a 1 GHz NC cavity with a quality factor Qo = 3 x 10% is given in Fig. 1.11.9,
where the accelerating voltage is fixed and the dissipated and reflected powers are given as a function of
time, assuming 3 = 1. In the plot we fixed the accelerating voltage at regime equal to Vace = 1 MV and
we have calculated from Eq. (I.11.19) the required input power to reach this value. In the same plot is
also shown, for reference, a quality factor 3 x 10° that is at least, four orders of magnitude lower than
the Q-factor of a typical superconducting structure. The plots and the previous formulas clearly show the

following important results:

1. The input power we need to reach the desired voltage is inversely proportional to the quality factor
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Fig. 1.11.9: Accelerating voltage and dissipated and reflected powers as a function of time for two
different values of the cavity quality factors, % = 100, 8 =1, fres = 1 GHz and an accelerating voltage

at regime Vyee = 1 MV [10].

of the cavity according to

V2 o1 1

P, = & —  — , (1.11.24)
R
(@> Qo Qo

and the dissipated power into the structure follows the same scaling. This means that, as an exam-
ple, to reach a 1 MV accelerating voltage with a NC cavity at 1 GHz we need an input power of

the order of a few hundred kW, while for a superconducting cell it scales to a few W.

2. There is a peak of reflected power back to the generator at the beginning (and at the end) of the
input pulse that requires protection for the generator itself to avoid damages. In the waveguide

line, to this purpose, we use isolators (or circulators).

3. The voltage in the cavity grows with a filling time proportional to the quality factor of the cavity
_ 2Q
F = 2QL

Wres

Typical filling times for NC cavities are of the order of a microsecond while for a SC cavity they are
hundreds of milliseconds. This is also the reason why it is difficult to represent, in the same plot, a NC
cavity and an SC one, and why we have chosen a value of Qy = 3 x 10° instead of a value of 10° to
10%0.

1.11.6.3 Multi-cell SW cavities

In linacs, RF cavities are used in systems of multi-cavities. In a multi-cell structure, there is one input
coupler that feeds a system of coupled cavities as sketched in Fig. I.11.10. The field of adjacent cells
is coupled through the cell irises (and/or through properly designed coupling slots). It is quite easy to
demonstrate that, for such structures the shunt impedance is approximately N times the impedance of
a single cavity. With one RF source, it is possible to feed a set of cavities with a simplification of the
power distribution system layout. However the fabrication of multi-cell structures is more complicated

than single-cell cavities.
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Fig. 1.11.10: Acceleration a in multi-cell SW cavity operating in the w-mode: the cell length is equal to
B Arr/2 and the bunch in each cell is always synchronous with the electric field positive half-wave [10].

1.11.6.3.1 w-mode structures

An N-cell structure behaves like a system of N coupled oscillators with N coupled multi-cell resonant
modes. As an example, the field configuration of a two-cell resonator is shown in Fig. [.11.11. The
mode in which the two cells oscillate with the same phase is called 0 mode, while the one with 7 phase
shift is called m-mode. It is quite easy to verify that the most efficient configuration (generally used for

acceleration) is the m-mode, which is shown in Fig. 1.11.11 for a system of five cells.

Fig. 1.11.11: Resonant modes in a system of two coupled cavities. The mode typically used for acceler-
ation is the w-mode [10].

In this system, in order to have a synchronous acceleration in each cell, the distance (d) between
the centre of two adjacent cells has to be d = m where v is the particle velocity. As sketched in
Fig. I.11.10 this allows to synchronize the beam passage in each cell with the accelerating field, granting

a continuous acceleration process.

To maintain the synchronism, for ions and protons the cell length has to be increased and the
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linac will be made of a sequence of different accelerating structures matched to the ion/proton velocity.
For electrons, after the injector, d = Arp/2 and the linac is made by a series of identical accelerating
structures. Field amplitude variation from cell to cell should be also small, to maximize the acceleration
efficiency. This requires a careful realization procedure, which is sometimes not sufficient to reach field
flatness below a few percent, and thus requires a tuning process after fabrication. Examples of this type
of system are the Linac4 (CERN) PIMS (PI Mode Structure) that operates at frr = 352 MHz with
B > 0.4 [18] and, for electrons, the superconducting cavities of the European X-FEL that operate with
modules of nine coupled cells at 1.3 GHz [21, 22].

L111.6.3.2 /2 mode structures

It is possible to demonstrate that in a multi-cell system the different resonant modes are distributed on a

curve called “dispersion curve”. As an example, the case of a 9-cell structure is shown in Fig. [.11.12.

fros AN Dispersion curve
A|.|:I'ei_.’|:
e 0
‘ « @ /1
® sl
! . -
A.l:l'v.'i'::;_‘[Q . //
Tt S Phase
" ./________/ Multi cell cavity | Edvance
- ' modes ;
T__ e : . per cell
N i | ; N
: >
0 mode TE/Z mode T mode

Fig. I.11.12: Resonant modes distributed on the “dispersion curve” for a 9-cell multi-cell structure [10].

Each mode has a bandwidth proportional to the quality factor and, over a certain number of coupled
cavities, the overlap of the tails of adjacent modes can introduce problems for field equalization and
structure operability. This limits the maximum number of multi-cell structures to around 10-15. Since
the criticality of a working mode depends on the frequency separation between the working mode and
the adjacent modes, the 7/2 mode, from this point of view, is the most “stable” one. Unfortunately, for
this mode it is possible to demonstrate that the accelerating field is zero every two cells. One possible
solution to use this mode is to put off-axis the empty cells (called coupling cells) like in the system
schematically represented in Fig. [.11.13(a). In spite of this mechanical complication with respect to a
m-mode system (see as example the mechanical drawing of Fig. 1.11.13(b)), this allows to increase the

number of cells to more than 20 without problems.

These types of structures are used both for electrons and protons. As an example, in the Spalla-
tion Neutron Source (SNS) [23] a Coupled Cavity Linac (CCL) section is used with 4 modules, each
containing 12 accelerator segments. It operates at 805 MHz and accelerates the proton beam from 87 to
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coupling cavities
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accelerating cavities

accelerating
cavities coupling cavities

Fig. 1.11.13: (a) Skematic drawing of a multi-cell cavity of 5 cells operating on the 7/2 mode; (b)
Perspective mechanical drawing of the cavity [10].

186 MeV over a length of about 55 metres.

L.11.7 Travelling wave structures

There is another possibility to accelerate particles: using travelling wave (TW) structures. In TW struc-
tures, an e.m. wave travels together with the beam in a special guide in which the phase velocity of
the wave matches the particle velocity. In this case, the beam absorbs energy from the wave and it is
continuously accelerated. Typically, these structures are used for electrons because for such particles
the velocity can be assumed constant all along the structure and equal to ¢, while it would be difficult
to modulate the phase velocity for heavy particles that change their velocity during acceleration. In the
simple case of an e.m. wave propagating into a constant cross-section waveguide, the phase velocity is
always larger than the speed of light and thus the e.m. wave will never be synchronous with a particle
beam. As an example in a circular waveguide (Fig. I.11.14(a)) the first propagating mode with £, # 0
is the TMg; mode, whose longitudinal electric field (neglecting attenuation) can be expressed by the well
know formula [24]

E.ltm,, = 1EO Jo (% 1") cos(wrpt — kI 2) | L11.25)

* _ 2 2
kz = ¢ \/WYRF — Wcut

where a is the radius of the waveguide, £ is the propagation constant, weys is the cut-off angular fre-

; — cpol
quency of the waveguide equal to weyy = =%

The corresponding phase velocity is given by

Vo = W;F - c , (1.11.26)
zZ

which is always larger than c. The behaviour of the propagation constant as a function of frequency is

the well-known dispersion curve plotted in Fig. I.11.14(a). It is worth reminding that the phase velocity
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Fig. I.11.14: TW structures: (a) Circular waveguide example (top) and its dispersion curve (bottom); (b)
Iris loaded waveguide model (top) and its typical dispersion curve (bottom); (¢c) TW structure with input
and output couplers: the e.m. field travels together with the bunch, continuously transferring its energy
to the particles [10].

is not the velocity of the energy propagation in the structure, which, instead, is the group velocity (vg4)

dw w2
vy = chz’w:“’RF =cy/l - Eﬁ : 1.11.27)

and it is always smaller than c.

In order to slow down the wave phase velocity, the structure through which the wave is travelling,

is periodically loaded with irises. A sketch of an iris-loaded structure is given in Fig. .11.14 (b). A

structure can be designed to have the phase velocity equal to the speed of the particles allowing a net

acceleration over large distances. The propagating field, in this case, is that of a special wave travelling

within a spatial periodic profile (TMg;-like mode) and, according to Floquet’s theorem [1,2,24] can be
expressed as

E.lt™My e = Ep(r,2) cos(wrpt — kI z)e™** , (I.11.28)

with Ep(r, z) a periodic function with period D. In Eq. (I.11.28) the propagating constant does not
have an analytical expression as in the case of a constant cross-section waveguide and the dispersion
curve for this type of structures is given in Fig. 1.11.11(b) and shows that, at a given frequency, the phase
velocity can be equal to (or even slower than) c. In Eq. (1.11.28), a [m~!] is the attenuation constant of
the accelerating field due to RF losses in the metal walls. Typical values of « are in the range 0.2-0.3
[m~'].

In a TW structure, the RF power enters into the cavity through an input coupler and flows through
the cavity in the same direction as the beam. An output coupler, at the end of the structure, connected to

a matched load, absorbs the residual power not transferred to the beam or dissipated in the cavity wall,
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avoiding reflections: this is sketched in Fig. I.11.11(c). If there is no beam, the input power dissipates
partly in the cavity walls and the remainder is then dissipated into the power load. In the presence of
a beam current a fraction of this power is, indeed, transferred to the beam itself. TW structures allow
acceleration over large distances (few metres, hundreds of cells) with just an input coupler and a relatively
simple geometry.

For example, the SLAC electron linac [25] is composed by more than one hundred 3 m long
structures operating at 2.856 GHz while the SwissFEL linac has 96 structures, 2 m long operating at
5.712 GHz [26-28]. Similarly to what has been done for SW cavities, it is possible to define some

figures of merit for TW structures.
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Fig. I.11.15: TW structures: sketch of a quarter of a single-cell of a TW structure.

Referring to the single cell sketched in Fig. I.11.15, we consider the following quantities [29]

D
Vace = / E, eI¥RF ¢ dz single cell accelerating voltage [V]
0
n _ Vacc . .
Eace = D average accelerating field in the cell [V /m]
1
Pr = / B Re (ﬁ X ﬁ*) -z2dS power flow [W]
S
1
Pjiss = 3 Ry / . |Han|? dS average dissipated power in the cell [W]
cavi
wally
Pa; o .
Ddiss = dDSS average dissipated power per unit length [W /m]
1 1
W = = e|ﬁ|2 + - uﬁP) av stored energy in the cell [J]
cavity \ 4 4
volume
W .
w=7 average stored energy per unit length [J/m] |

(L11.29)
where (i e[ﬁ|2 + tu |ﬁ|2> is the energy density in the cavity.
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The shunt impedance per unit length r (similarly to Eq. (I.11.16) for SW cavities) is defined as

_ B [Q}

r o= _
Ddiss

(1.11.30)

m

The higher the value of r, the higher the available accelerating field for a given RF power. Typical values

for a 3 GHz structure are ~ 60 — 70 M{)/m. The attenuation constant ¢, is defined as

Pdiss Q
= — . 1.11.31
2 Pr [m] ( )

In a purely periodic structure, made by a sequence of identical cells (also called a “constant impedance
structure”), the RF power flux and the intensity of the accelerating field decay exponentially along the
structure. The process of power filling is represented in Fig. I.11.16.

Pﬂow

Pﬂow

in out*

Pﬂow

Fig. [.11.16: TW structures: illustration of the power filling for a TW structure.

When the RF generator is switched on, the power starts flowing into the structure with a velocity
equal to the group velocity, which is typically a small fraction of the velocity of light (a few percent).

The time necessary to propagate the RF wavefront from the input coupler to the end of a section of length
L, referred to as the filling time, is given by

[s] . (1.11.32)

L
TR = —
Vg

Typical values of the group velocity v, are 1-2% of the speed of light and, as a consequence, the filling
times are of the order of few hundreds of ns up to 1 ps. After one filling time the structure is com-

pletely filled of e.m. energy and the beam can be injected and efficiently accelerated. It is quite easy to
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demonstrate (see exercise 5) that the group velocity can be calculated by

(1.11.33)

Increasing the group velocity allows a reduction of the duration of the RF pulse powering the structure.
Since w oc E2, however, a low group velocity is preferable to increase the effective accelerating field for
a given power flowing in the structure. It is possible to demonstrate that the group velocity scales as a>

where a is the iris’s aperture [1]. It is also possible to define a quality factor for TW structures

Q = wrp —— | (111.34)

diss

which can with Eqgs. (I.11.31) and (I.11.33) be expressed in term of the attenuation constant «

WRF
Q J—

= (I.11.35)
2v4ar

Each structure is also identified by a field phase advance per cell given by A¢ = k7 . For several reasons
discussed in [25], one of the most common modes used for acceleration is 27 /3. It can be demonstrated

that (see exercise 5) the average accelerating field in a simple TW structure, can be expressed as

Fae = V/2ar Ppe . (1.11.36)

P4, is the input power into the structure, while the power flowing into the structure scales as
Pp(z) = Pye 2 (1.11.37)

The total accelerating voltage is then given by

R . 1 = —al
Vace = Ein 78 . (I.11.38)
«@
As an example, we consider a 2 m long C-band (fgrr = 5.712 GHz) accelerating section made of

copper. Using an iris aperture of 2a = 14 mm, we obtain for the 27 /3 mode typical values of the above
mentioned parameters: r = 82 [MQ/m], o = 0.36 [m™!], vy/c = 1.7%. This gives a filling time
of 77 = 150 ns, which is much lower than typical values obtainable with SW structures working at
the same frequency. Figure 1.11.17(a) shows the power flow along the structure, and the corresponding
accelerating field, assuming a pulsed input power of 50 MW. The power dissipated into the structure
and the total accelerating voltage integrated by a particle entering into the section at different times are
shown in Fig. [.11.17(b). In the figure, it is possible to observe that after one filling time the structure
is full of energy, and the integrated voltage seen by a particle does not change. At the other end of the
structure, the remaining power has to be dissipated into an external load to avoid reflections. These, in
fact, can be reflected back to the RF power unit (causing possible damages), increase the peak fields
locally (causing possible discharges) or can produce undesirable perturbations to the beam dynamics.
Typically, TW structures have very short filling time values (< 1us) and allow operation in pulsed
mode at low repetition rate (10 Hz to 100 Hz) with high peak power (tens of MW) and relatively high
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Fig. 1.11.17: TW structures: (a) Accelerating field and power flow; (b) input power, cavity dissipated
power and accelerating voltage, for a C-band constant impedance structure working on the 27 /3 mode.
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accelerating field (up to 50 MV/m). In conclusion, note the following important remarks:

1. Due to the power dissipation and the consequent reduction of the accelerating field, increasing

the TW cavity length at the end makes the acceleration process very inefficient. Typically in the

S-band (3 GHz) the cavity length is limited to 3 m, in the C-band (6 GHz) to 2 m.

2. There is no benefit in selecting SC materials for TW structure fabrication. This is a direct con-
sequence of the TW working principle, where the accelerating field build-up is not affected or
limited by ohmic losses. The obtainable gain using SC materials is thus not relevant. It would be,
theoretically, only using a very long TW structure, but this would imply very long RF pulses at
high peak voltage (not feasible) together with a dramatic complication of the realization process.

3. Since the structure is basically a waveguide with irises, at the input port there are no significant

power reflections towards the generator, and thus it is possible to connect the power unit directly

to the section without circulators/isolators to protect the source.

In Appendix I it is also shown how the SW field of a multi-cell structure can be written as the sum of two

counter propagating travelling waves.

1.11.7.0.1 Travelling wave constant gradient structures

An example of a constant impedance TW structure has been presented in the previous section. Irises of
equal dimensions cause the accelerating field to decay exponentially along the section. It is possible to
demonstrate that, in order to keep the accelerating field constant in the whole structure, the iris aperture

has to be properly shrunk along the structure [1,25,29]. This can be intuitively understood looking at the

Eq. (I.11.33) that we rewrite here as

Pr

L= w x E?

Vg
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The power flow Pr attenuates along the structure according to Eq. (I.11.37) and, therefore, in order to
have a constant accelerating field F.c, vy has also to decrease along the structure. In this way, the field
attenuation is compensated for by an increase of the stored energy per unit length, due to the lower group
velocity. For instance, Figure 1.11.18 shows the iris dimensions and the section parameters for a 100-cell
C-band constant gradient and constant impedance structure as a function of the cell number. In both
cases the average accelerating field is the same and equal to 40 MV/m for 50 MW input power. Because

of the different iris dimensions, the group velocity and shunt impedance also change along the structure.
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Fig. 1.11.18: Iris dimensions and structure parameters for 100-cell C-band constant gradient (red line)
and constant impedance (blue line) structures [10].

In general, constant gradient structures are more efficient than constant impedance structures,
because of the more uniform distribution of RF power in the longitudinal direction, but they require a
more complicated mechanical realization due to the irises’ profile modulation. The parameters of the
TW accelerating structures of the SLAC linac [25] (used for the LCLS FEL), the PSI SwissFEL [26-28]
and Spring 8 XFEL linac [30,31] can be found as examples in [20].

L.11.8 Linac technology

In the previous sections the main characteristics of the accelerating structures with their main figures of
merit, properties and geometries have been illustrated. We will now go into the details of linac tech-
nology, starting with the material generally used for the structure’s realization. As already pointed out
the most common alternatives are oxygen-free high conductivity (OFHC) copper for NC cavities, and

niobium for the SC ones.
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L1.11.8.1 Oxygen-free high conductivity copper OFHC

OFHC copper is the most common material used for NC structures for several reasons:
1. It has a very good electrical (and thermal) conductivity;

2. It has a low secondary emission yield (SEY) that allows to reduce multiple impact electron ampli-

fication (multipacting) phenomena [32] during structures power up, conditioning and operation;
3. It shows good performance at a high accelerating gradient;
4. Itis easy to machine, and a very good roughness (up to the level of a few nm) can be achieved;
5. It can be brazed or welded.

The microwave surface resistance of the copper (as for all metals) is expressed by

1
Ry = \/@ - = (1.11.39)
o o)

where o is the conductivity (~ 5.8 x 107 S/m for Cu at 20°C), o = 4710~ "H/m and § is the skin depth,

which represents the penetration of the e.m. field and surface currents inside the metal, (see Fig. 1.11.19

(a)), given by
o= _ . (1.11.40)

VT fRE 0O

The behaviour of the surface resistance and skin depth as a function of frequency is shown in

Fig. I.11.19(b). The conductivity increases when the temperature is reduced. In the DC regime it can
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Fig. 1.11.19: (a) Sketch of the penetration of RF EM fields and surface currents inside a metal; behaviour
of (b) copper surface resistance and (c) skin depth as a function of frequency [10].

be more than a factor of 100 higher (depending on the copper purity) at cryogenic temperatures than at
room temperature. At cryogenic temperatures (< 40 K) and in the RF regime, however, a mechanism
called the anomalous skin effect [33] takes place reducing the gain in conductivity to a factor of about 20
(depending on the working frequency and copper purity). This will also translate into a reduction of the
gain in the quality factor: this makes the use of copper at cryogenic temperatures neither practical nor

convenient.
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1.11.8.2 Niobium

Superconductivity was discovered in 1911. For a SC material below its critical temperature 7T, in the
DC regime, the resistance is zero. In the RF regime, however, the surface resistance is always larger
than zero (even if orders of magnitude lower than NC materials), because not all the electrons are in the
superconducting state. The residual ones are not completely shielded by the superconducting currents
and thus experience a residual electric field, dissipating power. At frequencies below 10 GHz (and
temperatures below 7../2), the experimental data available for several materials are well described by the

empirical relation [34—40]

c

2
Ry = Aw% e OF | Ry . (L11.41)
————

Rpcs
The first term, the resistance Rpcsg, is well explained by a theoretical model of the superconductor. In
this term the coefficients A and « depend on the material. The second term is a residual term due to
impurities in the material. The SC state can be destroyed by an external magnetic field larger than a
critical field H. that depends on the material used. In practice, this effect fixes the maximum theoretical
field that a SC cavity can sustain. The most common material for the fabrication of SC cavities is niobium

for several reasons [38—40] since Nb:

1. Has a relatively high transition temperature (1, = 9.25 K);

2. Has a relatively high critical magnetic field, H. = 170 mT to 180 mT;

3. Is chemically inert;

4. Can be machined and deep drawn;

5. Is available either as bulk or sheet in any size, fabricated by forging and rolling;
6. With large grain size (often favoured) can be obtained by e-beam melting;

7. Can also be used as a coating (e.g. by sputtering) on NC materials like Cu;

8. Has good thermal stability and is of relatively low cost.

The Rpcs resistance for Nb is given by:

Rpcs = 2 x 10‘4(15;0e T [Q] (1.11.42)

fRF[MHz1>2
_17.67

and the residual resistance can vary between 5 n{2 and 20 n{2. The behaviour of niobium resistance as a
function of temperature at 700 MHz is shown in Fig. 1.11.20.

1.11.9 Beam structure and RF structure

RF structures are fed, in general, by pulses with a certain repetition rate and duty cycle (DC), which
is defined as the ratio between the pulse width Tyt s and the period Tiep (DC = Tt puise [Trep)-
Each pulse may include from thousands up to several million RF periods as schematically represented in
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Fig. 1.11.20: Surface resistance of Nb at 700 MHz (taken from Ref. [36]).
Fig. I.11.21(a). The “beam structure” in a linac is correlated to the “RF structure” since a fraction of the
RF pulse is used for beam acceleration (as represented in Fig. 1.11.21(b)).
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Fig. 1.11.21: (a) Sketch of the input RF power into accelerating structures and (b) related beam struc-
ture [10].

SC structures allow operation at very high DC (> 1%) up to a continuous wave (CW) operation
(DC = 100 %), because of the extremely low dissipated power, with relatively high accelerating field
(> 20 MV/m). This means that a continuous (bunched) beam can be accelerated. NC structures can
operate in pulsed mode at lower DC (< 0.1%), because of the higher dissipated power with, in principle,
larger peak accelerating field (> 30 MV/m). In low DC linacs, depending on the application, from one

up to few-hundred bunches can be, in general, accelerated.

Typically, TW structures have very short filling time values (< 1 us) and allow operation in pulsed
mode at low repetition rate (from 10 Hz to 100 Hz) with high-peak power (tens of MW) and relatively
high accelerating field (up to 50 MV/m). Typical DC are very low (10~ to 107°). For instance, assuming
the previously mentioned TW structure being fed by 400 ns RF pulses of 50 MW (F;;,) at 100 Hz, the
resulting DC is 4 x 10~ with a total average power from the RF generator of 2 kW (P, x DC). The
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use of short RF pulses, however, gives the possibility of accelerating just a few bunches per RF pulse.

L.11.10 Longitudinal beam dynamics of accelerated particles

In this second part of the paper the basic principles of the longitudinal and transverse beam dynamics

will be illustrated. A complete dissertation can be found in Refs. [1,2,41].

I[.11.10.1 Synchronous phase

Let us consider a SW linac structure made by accelerating gaps (like a DTL) or cavities as shown in
Fig. 1.11.22(a). In each gap the accelerating field oscillates in time and the accelerating voltage (Vcc),
plotted in Fig. I.11.22(b) can be expressed as

Vace = Vace cos(wWrrt) . (1.11.43)

We can assume that a “perfect” synchronism condition is fulfilled for an ideal particle that crosses each
gap with a phase ¢s with respect to the accelerating voltage. By definition this phase is called syn-
chronous phase and the particle, the synchronous particle. Then when the synchronous particle enters
in each gap with a phase ¢s (¢s = wrrts) with respect to the RF voltage, it has an energy gain (and a
consequent change in velocity) that allows it to enter in the subsequent gap with the same phase ¢, with
respect to the accelerating voltage and so on. For this particle the energy gain in each gap is given simply
by

AE = q Ve c08(ds) = qVace s - (1.11.44)

_

Vacc, S

Looking at the plot of Figure 1.11.22 one may easily understand that both ¢ and —¢; are synchronous

phases.

(a)

AL (accelerating cell length)

il 4

V.. =V, cos(mgt)

acc

Fig. 1.11.22: (a) Sketch of accelerating gaps; (b) accelerating voltage in each gap [10].

Let us consider the first synchronous phase ¢ (on the positive slope of the RF voltage). If we
consider a non-synchronous particle “near” the synchronous one, that arrives later in the cavity gap (t; >
ts), this particle will experience a higher voltage (i.e. it will gain a slightly larger amount of energy)
and thus will have an higher velocity than the synchronous one. Its time of flight to next gap will be

shorter, partially compensating its initial delay with respect to the synchronous particle. Similarly, if we
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consider a particle that enters the gap before the synchronous one (t; < t;), it will experience a smaller
accelerating voltage, gaining a smaller amount of energy and its time of flight to next gap will increase,
compensating the initial advantage with respect to the synchronous particle. On the contrary, if we
consider the synchronous particle at phase — ¢4 and other particles “near” to this that arrive later or before
in the gap, they will receive an energy gain that will increase further their distance with respect to the
synchronous one. In conclusion, the synchronous phase on the positive slope of the RF voltage provides
a longitudinal focusing of the beam allowing to have a stable beam acceleration. This mechanism is
called phase stability principle. On the contrary, the synchronous phase on the negative slope of the RF
voltage is an unstable position. Since it relies on particle velocity variations, longitudinal focusing does

not work for fully relativistic beams (electrons). In this case acceleration on crest is more convenient.

1.11.10.2 Energy-phase equations

The previous intuitive approach can find a more rigorous mathematical formalism. To this purpose, the
following variables, ¢ and w, are used to describe a generic particle longitudinal position with respect to

the synchronous one. They are defined as follows

© = ¢ — ¢s = wrr(t — ts)
—W - W,

, (1.11.45)

where ¢ (¢) is the arrival time (phase) of a generic particle at a certain gap and W is the kinetic energy
of the same particle at a certain position along the linac. ¢, ¢s and W; are the quantities referred to the
synchronous particle. The energy gain per accelerating cell (considering as “accelerating cell” one gap

and two half drift tubes in case of a DTL) for the synchronous and a generic particle are respectively

AWS =4dq Vacc COs ¢S

. . (1.11.46)
AW = ancc COS¢ = ancc COS(¢5 + SO)
The delta energy gain is then given by
Aw =AW — AW, = qVacclcos(ps + ¢) — cosgg] . (1.11.47)
Dividing by the accelerating cell length AL and assuming that Eace = Ve /AL is the average acceler-
ating field over the cell (i.e. average accelerating gradient) we obtain
Aw - dw -
AL q Bacclcos(ds + ) — cosgs] = e q Eacc[cos(¢s + @) — cosgs] , (1.11.48)

. Aw ~ dw
where we have approximated X1 ~ 7.

On the other hand, the phase variations per cell of a synchronous particle and of a generic particle
are respectively
A¢s = wrr Ats
A¢ = wrr At

) (1.11.49)

504



CERN Yellow Reports: School Proceedings, CERN-2024-003

where At is basically the time of flight between two accelerating cells. Considering the variation of ¢

between two accelerating gaps, A ¢ = wryp (At — At), and dividing by AL we have that

Ay At Al o1
_ _ _ 11 1.11.50
AL ~ CRF (AL AL> RE <v us) ( )
and we finally obtain'
Ap dep WRF w
_— N — = - — . LL.11.51
AL dz ¢ FEop3y3 ( )

Finally the system of coupled (non-linear) differential equations represented by Egs. (I.11.48) and
(I.11.50) describes the motion of a non-synchronous particle in the longitudinal plane with respect to the
synchronous one

B = qEBac[cos(s + ¢) — cos ]

de WRE w

dz c  Eop3y3

(1.11.52)

[.11.10.3 Small-amplitude energy-phase oscillations

By calculating the derivative of the second equation of Eq. (I.11.52) with respect to z and substituting in

the first equation we obtain

dip WRF W 5 3d

_—= - — — cE X = —

dz c EypB3v3 ¢ Eo 575 d WRE 10
. o d2p d(B2~3) dy dw

d(8373) dy

dz dz = _WRFanCC[COS(Qbs + 80) — COS ¢s]

d2
cEy ﬁg”yg’ d—zf + ¢ Ey

Assuming an adiabatic acceleration process (i.e. % < 1) after substitution in the second
member of Eq. (I.11.53) of the first equation of Eq. (I.11.52), we obtain

cEy B 7@0 = —prancc[coS(¢s + @) — cosps| . (1.11.54)

Assuming small-amplitude oscillations around the synchronous particle, this allows to approxi-

To obtain this result consider

approximate
Vv — Vs Av
V Vg ~ 9?2
_YRF Ay wrE AB
H CH
and remember that
=./1- %
5 L
d - 4
Bdp o )
=N
_WRF A8 . WRF Ay _ _ WRF AE
c p2 c B33 c  EgB3v3
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mate cos(¢s + @) — cosgs ~ —esings and substituting this equation in Eq. (I.11.54) we finally

obtain
d2<,0 WRFEacc Sin(_¢8)
d=p -0 I.11.55
P cEo B33 v ’ ( )
with S
Q2 _ quFEacc Sln(_¢s) (1.11.56)

° cEoB373
We recognize the equation of an harmonic oscillator with angular spatial frequency €2;. The conditions

to have stable longitudinal oscillations and acceleration at the same time are then

= T, <0 . (1.11.57)

Q2 > 0= sin(—¢s) >0
0 2

Vace > 0 = cos(¢ps) >

Equations (I.11.55) to (I.11.57) summarize what we have intuitively described with the phase
stability principle: if we accelerate on the rising part of the positive RF wave we have a longitudinal
force keeping the beam focused around the synchronous phase and oscillating during acceleration with
spatial angular frequency €2,. €2, represents also the longitudinal phase advance per unit length. The
angular frequency can be simply obtained substituting in Eq. (I.11.33) z with 85 ct (and then dz =
Bs cdt) and it is related to the angular spatial frequency by: Q7 = €, B, ¢. The longitudinal oscillation
frequency is usually small compared to the RF frequency. Each particle during acceleration describes
in the longitudinal plane, an ellipse around the synchronous particle, as schematically represented in
Fig. .11.23.
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Fig. 1.11.23: Oscillating particles in the longitudinal phase space around the synchronous one [10].
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The maximum energy deviation is reached at ¢ = 0 while the maximum phase excursion cor-
responds to w = 0. All particles in the bunch occupy an area in the longitudinal phase space called
longitudinal emittance and the projections of the bunch in the energy and phase planes give the energy
spread and the bunch length as schematically represented in Fig. [.11.23. From Eq. (I.11.56) it is also
evident that the angular frequency 2 scales with 1/ fy%. This means that for ultra-relativistic electrons

Qr shrinks to zero and the beam is frozen and does not oscillate in the longitudinal plane.

1.11.10.4 Large-amplitude energy-phase oscillations

To study the longitudinal dynamics at large oscillations, we have to consider the non linear system of dif-
ferential equations without the small-oscillation approximations (but still with the adiabatic acceleration

approximation). It is easy to obtain (see Appendix II) that w and ¢ satisfy the following relation

WRF

1 ) .
5 m’w + anCC[SlH¢ — ¢ COSQSS] =H . (11158)

This equation is basically the Hamiltonian of the system and the constant H represent the total particle
energy. Different values of H gives different trajectories in the longitudinal phase space as reported in

Fig. 1.11.24. The oscillations are stable within a region bounded by a special curve called separatrix

Small amplitude
oscillations

+ Aw

Ma; r ; \\ >(,l')

RF bucket

Fig. 1.11.24: Oscillating particles in the longitudinal phase space around the synchronous one with
indication of the separatrix curve (in red) [10].
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whose equation is

1 wpr

2oy g3t @ Bulsing 4 singy = (¢ + G)cosg,] =0 (111.59)

The region inside the separatrix is called the RF bucket and the trajectories outside the RF bucket are
unstable. The dimensions of the bucket shrinks to zero if ¢s = 0. The RF acceptance is defined as the
maximum extension in phase and energy that we can accept in an accelerator. In particular the energy

acceptance is given by

-

qCEoﬁg 73 Eacc (¢s cos ¢s — sin ¢s) :
WRF

+ AW|max = 2

(1.11.60)

1.11.10.5 Adiabatic phase damping

Equation (I.11.58) for small amplitude oscillations around the synchronous phase (see Appendix II)

becomes
1 WRF 9

1 al . 2
imw — QanCC Sln¢5<p =H . (11161)
This, as already pointed out in Section 1.11.10.3 , is the equation of an ellipse. A generic particle has its
maximum energy deviation wy,,x When ¢ = 0 and its maximum phase excursion ¢,,x When w = 0 and

then:

- <2ch,8§7§%> :
Wmax = \ = opp
1 (1.11.62)
_ (_ 2H 2
Pmax a < q Eacc sin ¢ )
We can then rewrite Eq. (I.11.61) in the following form:
2 2
A A (L11.63)
wmax @max

It is possible to demonstrate that, since only conservative forces are present, the area of this ellipse

remains constant during the acceleration, which means

mlg

& B7 7
A = TWpax Pmax = 27 H | — AJ 0 f = constant . (1.11.64)
I Eace wrE sin @

Assuming that the accelerating field and the synchronous phase are constant we have

1
Bovs)l (1.11.65)
Wmax X (5875

Pmax

W

This means that, during acceleration, the bunch reduces its phase length and increases its energy spread
(adiabatic phase damping). Concerning this last quantity it is important to remark that since the energy

of the particle along the accelerator is proportional to 5,7 the relative energy spread also reduces.
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I.11.11 Longitudinal dynamics of low-energy electrons

From previous formulae it is clear that there is no motion in the longitudinal phase space for ultra-
relativistic particles with v > 1. This is the case of electrons, whose velocity is always close to the
speed of light even at low energies. For electrons, accelerating structures are designed to provide an
accelerating field synchronous with particles moving at v = ¢, as in the case of TW structures with phase

velocity equal to c.

It is interesting to analyze what happens if we inject an electron beam generated in an electron gun
(at low energy) directly in a TW structure (with v,, = c¢) and the conditions that allow to capture the
beam 2 [41]. A sketch to depict this situation can be found in Fig. I.11.25.

TW structure
High voltage
" *z,,ebeamJ‘ HERRRRRRARRER :

Low |

H
voltage ; f —I I I I I I I I I I I I I I I I_
Electron gun
E E
Br 7 L)
[\ M\ / \
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J\ [\ ' 5 i —>
\ / / \ [ ' i ) /7
\ / s | b \ /b
&,j / i’”& ,é‘f \ ﬁ in B fin i"x%;ﬁ/’{

Fig. 1.11.25: Basic scheme of a low-energy electron gun coupled with a TW accelerating structure:
capture process (a) and phase slippage (b) [41].

Particles enter in the TW structure with velocity v < c and, initially, they are not synchronous with
the accelerating field. In this part of the accelerator there is a phase slippage. After a certain distance
the particles can reach enough energy (and velocity) to become synchronous with the accelerating wave
(see Fig. 1.11.25 (a)). This means that they are captured by the accelerator and, from this point on, they
are permanently accelerated. If this does not happen (i.e. the energy increase is not enough to reach the

velocity of the wave) they will be lost.

L.11.11.1 Phase slippage

We will now describe this phenomenon with a more precise mathematical approach. The accelerating

field of a TW structure can be expressed by
Eace = Eace cos(wrpt — k2z) = Eace cos d(z,1) (1.11.66)

where ¢ represents the phase of the particle with respect to the accelerating wave. The equation of motion

of a particle with a position z at time ¢ accelerated by the TW is then, from the Lorentz force, given by

i) d(vf)
- = Facc c08(9(2,t)) = moc dt

d «
= m0073d—f = qFEuc cosgp . (I.11.67)

*This is equivalent to consider instead of a TW structure a SW designed to accelerate ultra-relativistic particles at v = c. See
Appendix I for the demonstration that the field in a multi-cell SW structure can be seen as the sum of two counter-propagating
waves.
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Integrating both terms of Eq. (I.11.67) between an initial and a final state [1,38] we can find the relation

between 3 and ¢ from an initial condition to a final one

o1 F, 1 - B 1 — Ban
Sin G = Sin i + — fin _ Fi . (111.68)
)‘RFancc I+ IBin 1+ ﬁﬁn

Supposing that the particle reaches, asymptotically, the value 35, = 1 we have

2 21— B
SN G = SN G + —— o | bin (1.11.69)
ARF ¢ Eace 1+ Bin

Equation I.11.69 (or the more general Eq. (I.11.68)) gives several information on the physics of the

low-energy acceleration process. First of all, in order to have a solution for the final phase ¢gy,, the second
term of Eq. (I.11.69) should be in the interval [—1, 1]. This means that, for a given initial injection phase,
we always have that sin ¢g, > sin ¢y, that means ¢g, > ¢i,. This is the mathematical description
of the phase slippage phenomenon as represented in Fig. 1.11.25(b). Another important consequence
of Eq. (I.11.69) is that, for a given accelerating field and RF frequency, there are only some possible
injection phases for which we can capture the beam. Conversely, for a given injection energy (5in) and
phase ¢, we can find the accelerating peak field (Eacc) which is necessary to have a relativistic beam at

phase ¢y, necessary to capture the beam at phase ¢gy,.

[.11.11.2 Bunch compression

Equation (I.11.69) is useful to describe the bunch compression during the capture process. As the injected
beam moves up to the crest, in fact, it experiences also a longitudinal bunching, which is caused by
velocity modulation (hence the name velocity bunching). This is evident plotting the final phases as
a function of the injection phases for different accelerating field F,cc as illustrated, for example, in
Fig. 1.11.26(a).

Differentiating Eq. (I.11.68) it is straightforward to derive the first order compression factor

COS Pin
COS Pfin

A dfin = Adin (1.11.70)

This mechanism can be used to compress the electron bunches in the first stages of acceleration [42].

L.11.11.3 Capture efficiency and buncher

For a given E,.. we can easily calculate the range of the injection phases ¢;, actually accepted in the
capture process (i.e. particles whose injection phases are within this range can be captured while the other
are lost). Figure 1.11.26 (b) illustrates this concept. Assuming an accelerating voltage of FEee = 17TMV/m
(and frr = 3GHz), only the electrons that enter into the TW structure with a phase between —120 and
—60° are captured, the other ones are lost. To reduce the number of lost particles there are, in principle,
two possibilities. The first one is to increase the accelerating voltage, thus increasing the range of phases.
The second one is to pre-shape the beam in order to increase the number of electrons that occupy the

right phase interval. While the first solution requires more RF power to increase the accelerating field,
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Fig. 1.11.26: (a) Final phase as a function of the injection phase for different accelerating field, assuming
frr=3 GHz with two bunches sketched before and after the capture process; (b) Scheme of two bunches

with different length captured by a TW structure coupled to a thermionic gun (the tails of the longer one
are not captured by the low accelerating field) [10].

this second approach can be pursued with a simple scheme as illustrated in Fig. 1.11.27, where a typical
injector scheme is reported.

Drift L
Thermionic Buncher Capture section
Gun (SW Cavity) (SWor TW)
Continuous beam ‘ Biifichad and
I Continuous beam captured beam
with velocity modulation

vocAEs Thr

— VYW,

Fig. 1.11.27: Scheme of a typical electron injector using a buncher [10].

This scheme foresees the use of a buncher. It is a SW cavity aimed at pre-forming the particle
bunch gathering particles continuously emitted by a source by modulating the energy (and therefore
the velocity) of the continuous emitted beam, using the longitudinal E-field of the SW cavity itself.
After a certain drift space, the velocity modulation is “converted” to a density charge modulation. The
density modulation depletes the regions corresponding to injection phase values incompatible with the
capture process. The TW accelerating structure (capture section) is placed at an optimal distance from
the buncher, to capture a large fraction of the charge and accelerate it up to relativistic energies. The

amount of charge lost using this scheme is drastically reduced, while the capture section provides also
further beam bunching.

511



LINEAR PARTICLE ACCELERATORS

I.11.12 Transverse beam dynamics of accelerated particles

We will now describe more in detail the transverse motion of particles that are accelerated in a linac.

The transverse beam dynamics is determined by the effect of the RF fields, by the magnetic elements

(quadrupoles or solenoids) and by the collective effects such as space charge forces and wakefields [1].

I.11.12.1 REF transverse forces: defocusing term

The RF fields that accelerate particles act also on the transverse beam dynamics, because of the off axis

transverse components of the electric and magnetic field, as schematically represented in Fig. 1.11.28(a),

which shows the electric field lines in a generic accelerating gap.

E, contribution
B, contribution x 100

z/L (L=accelerating gap length)

0.5

Fig. 1.11.28: (a) Electric field lines in a generic accelerating gap; (b) transverse forces as a function of

the longitudinal coordinate in traversing the accelerating gap.

More precisely, considering the Maxwell’s equations in vacuum and assuming an accelerating SW

field of the type reported in Eq. (I.11.10) , we can calculate the transverse force

VE —0

Vxﬁ, :C%ﬁ

or, in cylindrical coordinates,

B = =5
B = g

Considering the Lorentz force
};T =F, —vBy

we now write the contribution of £ and B

— 1 9Bar(z) o (wRFﬁ + ¢inj)

FE contribution

5 WRF g ERp(z)sin (wRFﬁ + d)inj) B contribution
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As an example, the transverse forces as a function of the longitudinal coordinate are plotted in
Fig. 1.11.28(b) for an accelerating gap of L= 3 cm, working at frr = 350 MHz, for a § = 0.1 and
for two different injection phases. From the plot it is evident that the transverse forces are equal to
zero in the center of the gap (except F;|p in the case ¢ # 0), while they have an opposite sign at the
entrance and at the exit of the gap itself, as already visible in the schematic picture of Fig. .11.28 (a). It
is also evident that the electric field contribution is dominant and that, if the injection phase is negative
(as required for longitudinal focusing) the two in/out contributions do not compensate, resulting in an

integrated defocusing force.

Also for a multi-cell SW structure it is possible to calculate the transverse Lorentz force. The cal-
culations can be found in Appendix III. In both cases it is possible to calculate the transverse momentum
increase due to this RF transverse force. Assuming that the velocity and particle position do not change

across the gap, we obtain to the first order

F,——= = r ) (1.11.75)

Ap, — /JFL/2 dz g Eacc L sin ¢ip;
" L2 Be cy? % ARF

with Eyee the average accelerating field and L the structure length.

The formula highlights the defocusing nature of such a term (since sin ¢ < 0), that scales as 1/~2.
As a consequence, it disappears at relativistic regime (i.e. for electrons)’. For a correct evaluation of the
defocusing effect in the non-relativistic regime we have also to take into account the velocity change
across the accelerating gap, the transverse beam dimensions changes across the gap (with a general
reduction of the transverse beam dimensions due to the focusing in the first part). Both contributions

give a reduction of the defocusing force but the resulting one is still defocusing.

I.11.12.2 REF focusing in electron linacs

We have pointed out that the RF defocusing term is negligible in electron linacs. It is important to men-
tion that, for this type of linacs, there is a second order effect due to the non-synchronous harmonics of
the accelerating field that give a net focusing contribution [43]. These harmonics generate a ponderomo-
tive force, i.e. a force in an inhomogeneous oscillating electromagnetic field. As discussed in Ref. [43],

it is possible to demonstrate that we have an average focusing force given by this expression

Fr=—rq—"5n(p) (L.11.76)

where the term 7)(y) is a factor that depends on the harmonic content of the accelerating field and is of
the order of 0.1 [43]. This harmonic content is larger in SW cavities because of the presence of the wave
that propagates in the opposite direction with respect to the beam (as pointed out in Appendix I and III).
With accelerating gradients of few tens of MV/m it is quite easy to verify that this transverse gradient can
easily reach the level of MV/m?. In Appendix IV, the derivation of the ponderomotive force is illustrated

with a particular application to the case of a multi cell SW structure.

*In the case of electrons, moreover, we already pointed out that, in general, ¢ = 0 for maximum acceleration and this also
cancel the defocusing effect.
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L.11.12.3 Collective effects: space charge forces

Collective effects are phenomena related to the number of particles in a bunch, and, in linacs, they can
play a crucial role in the longitudinal and transverse dynamics of intense beams. They are typically
related to space charge effects and wakefield but here we will focus only on the former. This effect is
generated by the Coulomb repulsion between particles. If we consider a uniform and infinite cylinder of
charge with radius R, moving along the longitudinal axis z with an average current [, it is quite easy to

verify that the force experienced by a generic particle inside the cylinder at a radius 7 is given by

1
? =q—————5T"¢" . 1.11.77

s¢ qQWEOREQCVQ 1 ( )

This simple example give us a couple of interesting informations: the effect of space charge is of partic-

ular concern for low energy particles and high currents, because the space charge forces scale as ﬁ and

linearly with the current /. In this particular example the force is linear with the displacement 4, but in

general space charge forces are non-linear and depend on the beam particle distribution.

I1.11.12.4 Magnetic focusing, transverse oscillations and 3-function

In the previous paragraphs we pointed out that the RF and space charge forces (or the natural divergence
of the beam given by a generic source) give a defocusing effect and need to be compensated, in order
to take under control, the transverse beam dynamics in a linac. For this reason, quadrupoles are used
to focus the beam and, at low energies, also solenoids. We will consider, in particular, the first type of
elements. As done in all accelerator machines with strong focusing magnets, quadrupoles are used in
an alternating configuration, since they are focusing in one plane and defocusing into the other. In a
linac they are interleaved by either accelerating gaps or accelerating structures. The type of magnetic
configuration and the magnets distance depend on the type of particles, energy, beam intensity and beam
dimensions requirements. Due to the alternating quadrupole focusing system, each particle (as in syn-

chrotrons) performs transverse oscillations and the equation of motion in the transverse plane is of the

type

d*z d*x

=t K*(s)z — Fso = =+ [k%(s) — kkp(s)]z — Fsc =0 (L11.78)
where the K (s) term takes into account the magnetic focusing configuration k(s) and the RF defocusing
effect krp(s) that exhibits a linear behavior with the particle displacement, while the Fg¢ term is the

non-linear space charge term.

If we neglect the space charge forces and we assume K2 > 0, the solution of the single particle

trajectory described by the Eq. (I.11.78) is a pseudo-sinusoid described by the equation®

Sd
z(s) = \/605(8)008[ S wo} , (L11.79)
s B(s
where the characteristic 3-function depends on the magnetic and RF configuration along the linac and the

constants €y and ¢g depend on the initial conditions of the particle at the entrance of the linac (i.e. position

“Unfortunately, here we use the Twiss function 3 (for which we use a slightly different font) that has the same notation than
the relativistic factor 8 . They are, obviously, two completely different quantities.
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and angle). Figure 1.11.29 (a) shows, as an example, different particle trajectories corresponding to
different initial conditions. It is quite easy to verify that, because of Eq. (I.11.79), all particles oscillations
are contained within an envelope that scales with the square root of the 3-function and also the final

transverse beam dimensions o, ,(s) vary along the linac within the same envelope.
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Fig. 1.11.29: (a) Sketch of the B-function and transverse particle trajectories along the linac; (b) 3-
function and transverse particle trajectories in the case of smooth approximation.

Because of the regular magnetic and accelerating structure configuration, the 3-function is “lo-
cally” periodic, and it is useful to refer to the focusing period (L)) that is the length after which the
focusing structure is repeated (usually equal to N BA). The transverse phase advance per period is
defined as

L
ds Lo (L11.80)

~Ju, B(s) (B

where (3) is the average 3 in the focusing period. For transverse oscillation stability, 0 < o < 7

a

should be in the range 0 < ¢ < m [1]. The quantity o/L,, is called phase advance per unit length.

L1.11.12.5 Smooth approximation of the transverse oscillations

In case of smooth approximation of the linac, we consider the average effect of the quadrupoles and RF
and, as a consequence, a constant 3-function. Assuming a focusing structure of the type sketched in
Fig. 1.11.30, which alternates focusing quadrupoles with accelerating gaps (also called a FODO lattice)

we obtain a simple harmonic motion along the s coordinate of the type

1
w(s) = Veo [ 7 cos(Kos + wo) 1.11.81)
0
In particular for this simple case, we obtain that the phase advance per unit length K is equal
to [1]

Gl \? Egeesin(—

K, — < q ) _ 74 ;CCS““( ) (1.11.82)
2mg ¢y mg c2 Arr(73)
magnetic focusing RF defocusing
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| €>

Fig. 1.11.30: Focusing structure considered in the smooth approximation (FODO Iattice).

where G [T/m] is the quadrupole gradient, [ [m] is the quadrupole length, and all the other quantities
have been already defined in the previous sections (note that S in this formula is the relativistic factor).
In this last formula it is possible to recognize the two contributions of the magnetic focusing and of
the RF defocusing which appear with opposite signs. This simplified approach allows to make several
considerations. First of all, the RF defocusing term scales with frr (1/A\gr), and this sets the upper limit
to the working frequency of the cavities (i.e., at lower particle energies, it is better to operate at a lower
frequency). Moreover, as already pointed out, the RF defocusing term plays a crucial role at low energy,
since the defocusing term scales as 1/(y3)3. If we consider also the space charge contribution and the
simple case of an ellipsoidal beam of charge () (that generates linear space charge forces) we obtain for

K the following expression [1]

2 A
Ky — ( qGl > _ mqBaesin(—=¢)  3ZoqIlrr(1-f) 7 (L11.83)

2mgcryf mo 2 Agr (75)3 8mmoc? f2y3rpryr,

space charge defocusing

where [ is the average beam current (= @Q/TRrr), 7, 7y, 7> are the ellipsoid semi-axes, f is a form
factor (0 < f < 1)and Zj is the free space impedance (equal to 377 (2). For ultra-relativistic particles
(e.g., electrons of several MeV) both the RF defocusing and the space charge terms disappear and the
external focusing remains to control the emittance and beam dimensions and to stabilize the beam against

instabilities.

I1.11.12.6 General considerations on linac optics design for protons and ions

For protons and ions, according to what has been illustrated, the beam dynamics is completely dominated
by space charge and RF defocusing forces. Focusing is usually provided by quadrupoles that are also
integrated in the drift tubes of DTL structures. The phase advance per period (o) should be, in general, in
the range 30-80° [1,2]. This means that, at low energy, we need a strong focusing term (short quadrupole
distance and high quadrupole gradient) to compensate for the RF defocusing, but the limited space in
the drift tubes (proportional to 8 A) limits this achievable integrated gradient and, as a consequence, the
beam current. As (3 increases, the distance between focusing elements can increase: 3 A in the DTL goes,
as example, from ~70 mm at 3 MeV, frr = 350 MHz to ~250 mm at 40 MeV and can be increased to
4-10 B X at higher energy (> 40 MeV). As already pointed out, the overall linac is made of a sequence
of structures, matched to the beam velocity, and where the length of the focusing period increases with
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energy. As ( increases, longitudinal phase error between cells of identical length becomes small, and
we can have short sequences of identical cells (instead of cells all with different dimensions) with a
reduction of the overall construction costs. From beam dynamics simulations it is possible to calculate
the beam radius along the structures which in turn allows to calculate the margin between beam radius

and physical apertures.

I.11.12.7 General considerations on linac optics design for electrons

For electrons, space charge forces act only at low energy or high peak current. Below 10-20 MeV (in-
jector) the beam dynamics optimization has to include emittance compensation schemes using, typically,
solenoids. At higher energies, no space charge and no RF defocusing effects occur, but we have RF
focusing due to the ponderomotive force in accelerating structures. In this section of the linac focusing
periods up to several metres can occur. Nevertheless, the optics design has to take into account longi-
tudinal and transverse wakefields (due to the higher frequencies used for acceleration) that can cause
energy spread increase, head-tail oscillations and multi-bunch instabilities. For the longitudinal bunch
compression schemes based on magnets and chicanes one has also to take into account, in the case of
short bunches, the interaction between the beam and the emitted synchrotron radiation in bending mag-
nets (Coherent Synchrotron Radiation effects CSR) [44,45]. All these effects are important especially
in linacs for Free Electron Lasers (FEL) that require extremely good beam qualities, short bunches and

high-peak current.

I.11.13 Radio Frequency quadrupoles (RFQ)

At low proton (or ion) energies (6 ~ 0.01), space charge defocusing is strong and quadrupole focus-
ing is not very effective (because of the low [3). Moreover, cell lengths become small and conventional
accelerating structures (DTL) are very inefficient. At these energies, one may use another type of struc-
ture, called Radio Frequency Quadrupole (RFQ), invented in the *60 by Kapchinskiy and Tepliakov [46].
These structures allow to simultaneously provide transverse focusing, acceleration and bunching of the

beam. A sketch of the structure and the picture of one are shown in Fig. 1.11.31.

Electrodes

Fig. 1.11.31: Sketch and picture of a RFQ structure.

The transverse focusing effect is due to the fact that the resonating mode of the cavity (between the
four electrodes) is the quadrupole mode TEz1(, whose electric field lines are shown in Fig. 1.11.32 (a).

The working principle of a quadrupole electric mode is similar to that of a magnetic quadrupole with
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no field in the center of the structure and a transverse electric field that increases linearly with beam
off-axis and that is focusing in one plane and defocusing in the other. The RF alternating voltage on the

electrodes produces an alternating focusing channel with a period RF.

(a) (b) (c)

Bunching of the beam

[T 1T T 1

| IN 1 | N
X

/ 109 \ 109

Transverse Focusing Acceleration

e o 7 iie,,
v 0| (g 0 @

-10% -10%|
-18

0 180 -18i 0 18 0 18

Fig. 1.11.32: (a) Quadrupole mode (7' F1¢) of the RFQ four vane geometry; (b) Longitudinal modulation
of the electrodes and indication of the electric field lines; (c) Bunching mechanism in RFQ.

The acceleration process is achieved by means of a longitudinal modulation of the vanes with
period SArr. This creates a longitudinal component of the electric field (as given in Fig. 1.11.32 (b)) that

accelerates the beam (the modulation corresponds exactly to a series of RF gaps).

The third effect, i.e. the bunching, is obtained by changing the modulation period (distance be-
tween electric field maxima), since it is designed to change the phase of the beam with respect to the
RF field during beam acceleration, while the amplitude of the modulation can be varied to change the
accelerating gradient. The continuous beam enters the first cell and it is bunched around the - 90 °phase
(bunching cells), progressively the beam is bunched and accelerated (adiabatic bunching channel) and,
only in the last cells we have a switch to a pure acceleration process. The process is illustrated in
Fig. 1.11.32 (¢). The mathematical description of this process would require a dedicated course and is

out of the scope of the present proceeding. Details can be found in Refs. [1,47].

I.11.14 Choice of the frequency of operation and accelerating structures

The choice of the frequency and type of accelerating structures depends on several factors such as:

Type of particles to be accelerated,

Average beam current and duty cycle,

— Available space and compactness,

Cost.

Table 1.11.1 schematically illustrates how the accelerating structure parameters scale with fre-
quency [20].

For NC structures 7 increases with frequency as /2 and this forces to adopt higher frequencies.
Nevertheless, at high frequencies the beam-cavity interaction due to wakefields becomes more critical
(w, o f2, wi o< f2). On the other hand, for SC structures it can be demonstrated that the power losses

increase with f2 and, as a consequence, r scales with 1/ f, and this forces to adopt lower frequencies.
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Table 1.11.1: Scaling laws for cavity parameters with frequency.

Parameter NC SC
Surface resistance (R) x f1/? x f?
Quality factor (@) x Y2 x 2
Shunt impedance per unit length (r) o f/2 o f~1
r/Q x f
Longitudinal wakefield (w.,) x f?
Transverse wakefield (w ) ox f3

Higher frequencies allow to achieve, in general, higher accelerating gradients in NC structures
but require higher mechanical precision in the fabrication of the structures. Moreover, at very high
frequencies (>10-12 GHz) power sources are either commercially not available or very expensive. On
the other hand, at low frequencies one needs more bulk material and machines have generally a larger

footprint.

In DTL, for protons and ions, the accelerating cell dimensions (that scale as ~ ¢ §/ frr) are not
practical at high frequency (as example at 3 GHz and =0.1 the accelerating cells are 10 mm) , besides
the insertion of magnetic elements in the drift tubes for transverse focusing is not possible. Also, the RF

defocusing effects scale as 1/ f and they do not allow a stable acceleration of the beam.

In general, a given accelerating structure has a curve of efficiency (shunt impedance per unit
length) with respect to the particle energy and, if it works at given (3, the same structure, becomes not

efficient at larger  and the transition to another type of structure is necessary.

As a general consideration, normal conducting linacs require high peak power from power sources
and also high average power in case of operation at relatively high DC (0.1-1%). For high duty cycle

linacs (> 1%) the use of superconducting structures is the only possible solution.

Given all previous reviews, it is possible to make some general considerations schematically re-
ported in Table 1.11.2.

Table 1.11.2: Typical use of different accelerating structures (not exhaustive).

Cavity Type £ Range  Frequency Particles Type
RFQ 0.01-0.1  40-500 MHz Protons, Ions
DTL 0.05-0.5 100-500 MHz Protons, Ions
Multi cell (7 or 7/2 cavities) 0.5-1 600 MHz-3 GHz Protons, Electrons
SC multi cell m-mode >0.5-1 350 MHz-3 GHz Protons, Electrons
™ 1 3-12 GHz Electrons

In low duty cycle (< 1073) electron linacs, higher frequencies (up to the X band) can be used for
both SW and TW structures. Proton and ion linacs use low frequencies (40-500 MHz) up to 8 ~ 0.5
with RFQ or DTL structures. At higher energies (8 > 0.5) SW multi cell structures at higher operating
frequencies are used (from 500 MHz up to few GHz).

Superconducting multi cell cavities working on the m-mode, are used in high duty cycle linacs
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starting from (5 larger than 0.5 and, in case of protons or ions, combined with low frequency structures
in the first stages of acceleration. A complete review of superconducting accelerating cavities is given
in [48].

1.11.15 Collection of exercises
I.11.15.1 EXERCISE 1: TRANSIT TIME FACTOR

1. Derive the general expression of the transit time factor of an accelerating gap of length L, with
constant accelerating field, in which the field is oscillating at frr and that accelerates particles

with relativistic factor 5.

2. Remembering that the light wavelength in free space is given by Agr = ¢/ frr, for which value of
the accelerating gap length L, T is equal to zero?

3. Calculate the numerical value of T" for L = 10 cm, frRr = 1 GHz and ultra-relativistic electrons

(B=1D.

4. Calculate the accelerating voltage as a function of the gap length L assuming an injection phase
on crest (¢ipj = 0) and for which value of the gap length his value is maximum. Calculate the

numerical value assuming S = 0.5 and frrp = 400 MHz.

1.11.15.2 EXERCISE 2: ALVAREZ STRUCTURES

A proton beam is injected into a DTL (Alvarez structure) working at frp = 300 MHz, with a kinetic
energy Wi, = 4 MeV.

1. Calculate the distance between the first two centers of the accelerating gaps (Lgaps) assuming a
constant velocity of the proton beam between the first two gaps and a negligible increase of the

velocity due to the accelerating field.

2. If the structure is composed by 40 accelerating gaps (Ngaps) and the average accelerating voltage

per gap is Ve = 0.5 MYV, calculate the final proton beam kinetic energy.

(Proton rest energy: mq = Eyp = 938 MeV, velocity of light ¢ = 2.998 x 108 m/s)

1.11.15.3 EXERCISE 3: FILLING TIME SW CAVITY

A SW cavity is fed by an RF generator with constant power, calculate after how much time the field in
the cavity is 90% of the field at full regime supposing that the cavity operates at frr = 1.3 GHz and has
an equivalent () factor of 10000.

1.11.15.4 EXERCISE 4: 7-MODE STRUCTURES

A m-mode structure, operating at frp = 400 MHz, is made up of N = 8 cells and is used to accelerate

protons. Each single cell has a shunt impedance R = 3 M2 and a length L.; = 15 cm. Calculate:
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1. The total shunt impedance of the w-mode structure;
2. The accelerating voltage if the total dissipated power into the cavity is Pyss = 1 MW;
3. The average accelerating field;

4. The average [ of the proton beam accelerated by this structure.

1.11.15.5 EXERCISE 5: TW STRUCTURES PARAMETERS

Considering a generic constant impedance TW structure, demonstrate that:

1. Having defined the attenuation constant as « = pqiss/(2 Pr) the power flow along the structure
scales as
PF(Z) — ]31 672042 ’

where P, is the structure input power.
2. Having defined the shunt impedance per unit length as
EQ

acc
r = —- N

Ddiss

the accelerating field sampled by an ultra-relativistic particle (z = ct) along the structure can be

Eacc(z) = \/2ar Phpe ** = Ej,e @0~

3. The total accelerating voltage is given by

expressed as

Vécc = in

4. The group velocity defined as the velocity of the propagation the electromagnetic energy in the

structure is given by

Vg = —
g w

1.11.15.6 EXERCISE 6: TW STRUCTURES

A SLAC-type TW structure accelerates ultra-relativistic electrons. The structure length is . = 3 m and

it can be simplified as a structure with a group velocity vy, = 1.1% of the velocity of light.

1. Calculate the filling time;

2. If we suppose that the structure has a field attenuation constant o« = 0.2m™!, calculate the total

accelerating voltage if the accelerating field at the beginning of the structure is Ej, = 20 MV/m;

3. Calculate the average accelerating field;
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4. If the average dissipated power per unit length in the structure, corresponding to the previous value
of the accelerating field, is pgiss = 4 MW/m calculate the shunt impedance per unit length.

1.11.15.7 EXERCISE 7: #-MODE STRUCTURES AND DUTY CYCLE

A multi-cell SW cavity, operating on the m-mode at 1 GHz, accelerates protons at 3 = 0.5. The cavity is

a 9-cell structure. Assuming a negligible variation of the particle velocity through the cavity itself:

1. Calculate the distance between the centers of the accelerating cells;

2. Assuming a shunt impedance of the single cell R of 1 M), calculate the dissipated power to have

an effective accelerating voltage on the overall structure of V.. = 10 MV;
3. Calculate the average accelerating field.

4. If the cavity is fed by 4 us RF pulses with a repetition rate of 100 Hz, calculate the Duty Cycle.

1.11.15.8 EXERCISE 8: ENERGY ACCEPTANCE

A RF accelerating structure operating at frr = 400 MHz, is used to accelerate protons at an input
nominal kinetic energy Wi, = 10 MeV. Assuming that the nominal synchronous phase ¢; = —m/6
and that the average accelerating field is Fy.. = 2 MV/m, calculate the maximum kinetic energy of the
protons that is possible to capture in the RF bucket (assuming that it is injected at a phase corresponding

to the synchronous one).

[.11.15.9 EXERCISE 9: ENERGY ACCEPTANCE AND LONGITUDINAL PHASE ADVANCE
A 400 MHz DTL accelerates protons with an injection energy of 2.5 MeV.

1. If we want to accept particles with a relatively energy spread at injection of £5%, what is the

average accelerating field if the synchronous phase is ¢ = —30°?
2. What is the longitudinal phase advance per meter at injection and after 10 meters?

3. If the bunch length at the input of the structure is 5 cm, what is its bunch length after 10 meters?

1.11.15.10 EXERCISE 10: LOW ENERGY ELECTRONS

An electron beam generated by a DC gun at 40 keV is directly accelerated by a TW structure.

1. Calculate the minimum accelerating field needed to capture the beam, assuming an operating fre-

quency of 6 GHz and a final 34, equal to 1.

2. If the accelerating field is twice the minimum accelerating field, what is the final phase ¢g, with

respect to the accelerating field of a particle injected at ¢y, = — 7/2?

522



CERN Yellow Reports: School Proceedings, CERN-2024-003

I[.11.15.11 EXERCISE 11: TRANSVERSE BEAM DYNAMICS

A DTL (Alvarez structure) working at frr = 300 MHz accelerates protons with an injection energy
Win = 4 MeV, permanent magnet quadrupoles are inside the drift tubes and the focusing system is

equivalent to a FODO lattice, as sketched below. The quadrupoles inside the drift tubes have a length

Lo =5cm.
Drift tubes with q\uadrupoles Accelemting gaps
ap |4
| IS |
o,

Fig. 1.11.33: Ex. 11 FODO schematics.
If the average accelerating field per cell is Eye = 2 MV/m and the nominal synchronous phase
¢s = —m/6, calculate, using the smooth approximation approach, the quadrupole gradient (G) that

is necessary to have, in the first cells, of the structure in order to achieve a transverse phase advance
per period (o) equal to 7 /3, supposing that the period of the FODO (L p) is exactly twice the distance
between two accelerating gaps.

1.11.15.12 EXERCISE 12: TRANSVERSE BEAM DYNAMICS - 11

A proton beam is injected into a DTL Alvarez structure working at frp = 300 MHz, with a kinetic
energy Wi, = 10 MeV. The transverse focusing is performed with a FODO structure using permanent
magnet quadrupoles with G = 50 T/m inside the drift tubes that have an equivalent magnetic length
Lg = 8 cm. The average accelerating field per cell is F,.c = 2 MV/m and the nominal synchronous
phase ¢, = — /4.

Calculate, in smooth approximation, the average transverse [-function required to obtain an
ellipsoidal beam with an average beam current / = 20 mA, and beam radii r, = 7, = 1 mm and

r, = 5mm assuming a form factor f = 0.5.
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1.11.16 Solutions to the exercises
I.11.16.1 EXERCISE 1: TRANSIT TIME FACTOR

1. Considering the uniform field distribution reported below and the definition of the transit time

factor of Eq. I.11.6 we have

f 1/ ERp(2) cos (wRF g) dz

f L2 Ep(z) dz
B JEL7z cos (”RF BC> dz (1.11.84)
N L
sin (wRF %Bc) sin ( B’&;)
= wRE L = w L
28¢c
ERP
-L/2 +L/2 2

2. The previous expression is equal to zero when

L L
2 = = L =08AX
T fRE =—— 55c " B s B ARF
3 9 0.1
sin(7w1-10
— ( - 031108) ~ 0.8268
w1-10 3708
4.

: 7w L
X L/2 sin 7
Viee = / Fre(2) dz M

L
—L/2 57r)\RF
7w L
bor sin { 3 >\RF>
- RF L
B ARF
sin < L )
B ARF
= Fgr
B )\RF

The plot of the accelerating voltage is reported below. The maximum accelerating voltage is

obtained when
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5.
~ L 1 ,3 )\RF 6 C
‘/;lCC |max - = 3 = L = —
BARp 2 2 2 frE
1
0.5
w
o
=
o
w0
FU
>Fﬁ
0.5+
-1 .
0 0.5 1 1.5 2 25 3 3.5 4
LIS)\RF

The optimum gap length scales linearly with the 3 of the particles. To calculate the numerical

value it is enough to substitute in the previous formula the numbers

Bc

I =
2 frF

= 18.7cm.

L.11.16.2 EXERCISE 2: ALVAREZ STRUCTURES
1. From the relation L,, = En ARF We obtain Lgyps = Bin ARp = 92 mm.
Having A\gp = ¢/ frr = 0.9993 m
Yin = (Wi + Eop)/Eo, = 1.0043

Bin = /1 — 1/42 = 0.0921

2. The final kinetic energy is given by Wg, = Wiy + q Ngaps Vace = 24 MeV.

I.11.16.3 EXERCISE 3: FILLING TIME SW CAVITY

The accelerating voltage increase exponentially and we have that

_ t90%

%CC(tQO%) = ‘A/acc <1 —e 'F > = 0.9‘7acc
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Remembering that the filling time for a SW cavity is given by

2Q 210000

= = 945
wre | 27 1.310° Hs

TR =

we obtain
tgo% = —TF 11'1(1 *09) = 564MS

I.11.16.4 EXERCISE 4: 7-MODE STRUCTURES

1. The shunt impedance of a multi-cell system is approximately N time the shunt impedance of the
sinlgle cell
Rror = N - Reen = 24 MSQ)

2. Using the above relation

Vace = v/ Rror Paiss = 49MV

3. The average accelerating field is simply given by the total voltage divided by the structure length

Epee = — 4.08 MV/m

4. For a m-mode structure the distance between the centers of two adjacent cells is given by

_ Be _ BARF
2 frF 2 ’
and with

ARF = —— = 0.7495m

frRE

we obtain I
Bin —9 cell — 04 ’

ARE

I.11.16.5 EXERCISE 5: TW STRUCTURES PARAMETERS

1. If we consider a generic section of a TW structure, as given in the figure below
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we have that

PF(Z+ dZ) = PF(z) — Pdissdz
PF(Z+dZ) —PF(Z) = — Pdiss d2
dPF = — Ddiss dz )

with
o — Ddiss
2Pr
it yields
dPr
— = —2aP
dz atr
1 dPF 5
= 2«
PF dZ

Integrating and assuming Pr(0) = Py,

PF(Z) — Rn 672(12

2. Let us write some relations that will be useful for the demonstration

Egcc Pdiss 2
r o = Pp(z) = Ppe “%*
Ddiss 2 PF ( ) " ’

acc( ) VT Pdiss = \/201TPF \/20”“P1n6 O = in e ,

1 — e oL

L
Vace = / Ene “dz = Eyy
0
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4. Letus consider a generic section of the TW structure. The stored energy is propagating, by defini-

tion, at the group velocity v,. In a time dt the stored energy that flows trough the section S (given

wdz

Z z+dz

by w dz) is exactly equal to the power flow Pr times dt and then

dz PF
wdz = Pp(z)dt o= Vg = o
I.11.16.6 EXERCISE 6: TW STRUCTURES
1.
L=3 = tp = — = 909.7ns
Vg
2.
L 1 efch
Viee = Ene “dz = Ejy = 45MV
0 (6%
3. v
Fae = —= = 15MV/m
L
4. .
E
r = —% = 56.5MQ/m
Ddiss
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I.11.16.7 EXERCISE 7: 7-MODE STRUCTURES AND DUTY CYCLE

1.
Be _ B ARF

= = 7.5¢cm
2 frRF 2
2.
Viee
RTOT = NR = 9MQ = Pdiss = = 11.1 MW
Rror
3. v
Ltor = dN = 67.4cm = Fpe = —= = 14.8MV/m
Ltor
4. 6
Tp 410~ .
DC = = =410 0.04%
Tyeriod  0.01 (0.04%)
Acknowledgements

Several pictures, schemes, images and plots have been taken from papers and presentations reported in

the references: I would like to acknowledge all the authors.

529






CERN Yellow Reports: School Proceedings, CERN-2024-003

Appendices

Appendix I: SW field as a sum of two counter-propagating TW waves

In a multi-cell SW structure, the accelerating field can be generally expressed as
E. = Erp(2) cos(wrpt). (A1)
The spacial form factor Erp(z) can be written in a simplified form as

E, = Egp cos(k,z) cos(wrrt). (A2)
—_——

ERrp(2)

In order to have synchronism between the accelerating field and the particle of velocity v, and supposing
that the velocity variation of the particle while traversing the structure is negligible, &, has to satisfy the
following relation

2 2w WRE

k, = — = = (A3)
vIRr  BARF v

The accelerating field seen by the particle on crest is then given by (¢ = z/v)

) 2 R E E
E. seen by particle z—vt = LrE c0s(k2) cos (wRF;) = FRr COSZ(szZ) = % + % cos(2k,z). (A4)

On the other hand, the SW can be written, with some math, as the sum of two TWs in the form

A A~

. E E
E, = Erpcos(k,z) cos(wrpt) = % cos(wrpt — k,2) + % cos(wrpt + k2). (A5)

Substituting in this last expression t = z /v we obtain the same expression (A4). In conclusion, the SW
field can be “seen” as the superposition of two counter-propagating TW waves. The co-propagating one
is that gives the net acceleration £, = Exr /2, while the other one (back propagating) does not contribute

to the acceleration but generates an oscillating term with no net acceleration effect.

Appendix II: Large longitudinal oscillations and separatrix

To study the longitudinal dynamics at large oscillations, we have to consider the non-linear system of
differential equation as given in Eq. 1.11.54 in the adiabatic acceleration case. Eq.1.11.54 also works for

¢ in the form
d2¢ _ _WRFancc

57 = ey gng 00— coso] = F(9). (46)

The function F'(¢) acts as a non linear restoring force. We can then write

d (do\? _dod*p _do d [?
— =) =22 L =2 " . F=2— [ Fdo. AT
dz <dz> dz dz? dz dz/o d¢ (&72)

Therefore
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d [do\? ¢
dz[<dz> —2/0 Fdg¢| =0, (A7b)
thus
2 ¢
1 @ — / Fd¢ = const, (A7c¢c)
2 dz 0
and finally
1_URE 2 4 B [sin g — deos g = H. (A7d)
20E0 3 3

That is Eq. 1.11.58. To find the H value for the separatrix we have to remember that for ¢ = —¢, w = 0
and then we have anCC [— sin @5 + @5 cos ¢s] = Hgep and then substituting in Eq. A7d we obtain the
equation of the separatrix

1 WRF

§mw2 + qFace [sin ¢ + sin g5 — (¢ + ¢s) cos ¢s] = 0. (A8)

For small amplitude oscillations around the synchronous phase, Eq. A7d becomes (also considering that

b= s+ ¥)
imw + q Ligee COS(QZ)S)@ — 5 S1n (ZSSSO (¢3 + (,0) COS ¢S = ( a)
and therefore
1 wRF 2 1 ~ . 2
imw — §ancc Sin QSSQD = H. (A9b)

Appendix III: Transverse Lorentz force in a multi-cell SW structure

For a multi-cell structure let us suppose that the field can be written as Eq. A2. According to Eq. 1.11.74,
the Lorentz force due to the transverse electric and magnetic field are then given by

T 8ERF(Z)

Fr,E = _q5 02 CO: <WRFI8 + ¢1nj> = ngRF Sin(kz) COSs <WRFB + ¢1n]>

rw <
= qigERF sm(pr%) cos <wRF Be + ¢1nj) =

T WRF

ay Be iy [sm( s) + cos (2WRF,8 + ¢1n]>:|

(A10)

and

o)
(A11)

T ~ . r 2 :
B = qinngRF cos(kz) sin <wRFﬁ + ¢11’1_]> = qwangRF [sm(tps) + cos <2wRF

4 pe
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And then adding the two terms

r WERF . TWERF 52+1 z
E EF.p=q= — Qinj = 2WRF— inj | - Al2

rE T I'rB q2 )\RFBVQ Sln( fz)mj) + q2 ARE < 3 COS | 2ZWRF Be + d’mj ( )
The first term of the equation is a positive defocusing term representing the rf force due to the syn-
chronous harmonic (forward wave) while the second term is zero on average and is given by the non-

synchronous harmonic (backward wave). In electron linacs this gives a positive focus as calculated in
Appendix IV

Appendix IV: ponderomotive force and focusing term due to the non-synchronous RF
harmonics

Equation A12 clearly shows that the transverse 1f force due to the non-synchronous rf harmonic has,
apparently, a zero average net effect. In general, we can have several non-synchronous harmonics due
to the correct Fourier content of the real accelerating field profile also in the case of TW fields but the
intensity of this harmonics is much stronger in SW cavities due to the presence of the backward wave.

In a very generic form we can write, for the transverse motion, an equation of the type

1
F=—7 Z ay, cos(nwgrt), (A13)

RALL

where the dot represents the derivative with respect to time. Let us consider the contribution of the single

harmonics with a generic amplitude A

7 = Ar cos(nwrpt). (A14)

The solution of this equation in its general form is not trivial and the hypothesis we can do to solve it is
that the solution is of the type
T2 rg(t) +rp(t), (A15)

where 7, represents a slow drift motion and 7 a fast oscillation. The equation becomes
s +7p = [A(rs + r¢)] cos(nwrrt). (A16)
Assuming 7*; < 7'y and rg > ry we have

iy = Arg cos(nwrrt). (A17)

If we assume that on the time scale on which r ¢ oscillates 7 is essentially constant the equation can be

integrated to get
Arg

rf:—(i

t). Al8
rioRr)? cos(nwrrt) (A18)
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Substituting Eq. A18 in Eq. A16 and averaging over one period we have

AQ

2nwe)? e

i = —

That represents the equation of motion with a restoring force with an average intensity equal to

_ A?
L= . A20
T Q(TLCL)RF)Q 'Ymﬂrs ( )
If we consider the expression of the transverse force in the SW case, as expressed by Eq. A12 it is enough

to substitute in Eq. A20 the quantities n = 2 and

1 nEgr (52 + 1)
ﬁ M

=q=
2 ARpymo

thus obtaining, if we consider 5 = 1

F, = —rqg—RE__ (A21)

Equation A21 has a similar expression as Eq. 1.11.76.
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