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1 Preliminaries

Quantum Þeld theory (QFT) is the language in which we codify our knowledge about the fundamental

laws of nature in a manner compatible with quantum mechanics, relativity, and locality. Its most signif-

icant achievement has been formulating the Standard Model (SM) of strong, weak, and electromagnetic

interactions. This theory summarizes what we know about the physics of the fundamental constituents of

matter. It also delineates our ignorance, providing a glimpse of the known unknowns that will motivate

future research. The story of QFT and the SM has been told many times with various degrees of detail

and depth (see Refs. [1Ð18] for a necessarily incomplete sample of books on both topics). In the pages

reserved for these lecture notes, it is utterly impossible to provide a detailed account of the towering

achievements accumulated since the discovery of the electron by J. J. Thomson in 1897, whose most

recent milestone was the announcement in 2012 of the discovery of the Higgs boson at CERN. Gener-

ations of physicists and engineers have made possible the formulation of a theory describing the most

fundamental laws of nature known so far.

High energy physics is not the only arena in which QFT has shown its powers. In the nonrel-

ativistic regime, it leads to quantum many body theory, a mathematical framework used in condensed

matter physics to study phenomena such as superconductivity, superßuidity, and metalsÕ thermal and

electronic properties [21Ð23]. Furthermore, in the last few decades QFT has also played a central role in

understanding the formation of the large scale structure of the universe [24Ð26].

Exciting as all these developments are, these lectures will focus on the applications of QFT to

particle physics and particularly the construction of the SM. We will highlight symmetry arguments to

show how virtually all known forms of symmetry realizations play a role in it. But even within this
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restricted scope, space limitations require choosing not just the material to include but also the viewpoint

to adopt. In explaining some of the ideas and techniques in our study of the SM, it is useful to focus on

several key concepts, many of which are related to implementing symmetries in a quantum system with

inÞnite degrees of freedom. In doing so, we will encounter many surprises and some misconceptions to

be clariÞed. Explaining physics can be compared to the performance of a well-known piece of music.

Often the performer surprises the audience by accentuating some features of the work that only then are

sufÞciently appreciated. In such a vein, we will highlight some important fundamental aspects of the SM

the reader may not have encountered previously, some of which also point to the limitations of the theory.

Although we will not shy away from diving into calculations when needed, our aim here is less giving

a detailed account of the technicalities involved than providing the reader with both essential conceptual

tools and inspiration to further deepen in the study of the topics to be presented.

Having set our plan of action, we turn to physics and begin by reviewing the system of units to be

used throughout the lectures. Since we are dealing with quantum relativistic systems, it is natural to work

with natural units, where the speed of light and the Planck constant are both set toc = ! = 1 . Doing a bit

of dimensional analysis, it is easy to see that setting these two fundamental constants to 1 means that of

the three fundamental dimensionsL (length),T (time), andM (mass) only one is independent. Indeed,

from [c] = LT ! 1 and[! ] = ML 2T! 1 it follows thatT = L andM = L ! 1, meaning that time has the

dimension of length and masses of(length)! 1. Alternatively, we may prefer to use energy (E) as the

fundamental dimension, as we will actually do in the following. In this case, from[energy] = ML 2T! 2

we see that both lengths and times have dimensions of(energy)! 1, while masses are measured in units

of energy.

Using natural units simpliÞes expressions by eliminating factors of! andc and brings other ad-

vantages. The most relevant for us is that it provides a simple classiÞcation of the operators, or terms,

appearing in the action or Hamiltonian deÞning a theory. As an example, let us consider the scalar Þeld

action

S =
!

d4x
"

1
2

! µ" ! µ" "
m2

2
" 2 "

#4

4!
" 4 "

#6

6!
" 6

#
. (1.1)

Action is measured in the same units as! (not by chance historically known as the quantum of action)

and is therefore dimensionless in natural units. Taking into account that[d4x] = E ! 4 and[! µ ] = E , we

Þnd from the kinetic term that[" ] = E , which in turn conÞrms that[m] = E as behooving a mass. As

for the coupling constants,#4 is dimensionless while[#6] = E ! 2.

Terms such as" 6, whose coupling constants have negative energy dimension, are called higher-

dimensional operators. In the modern (Wilsonian) view of QFT to be discussed in Section10, they are

seen as induced by physical processes above some energy scale! , much higher than the energy at which

we want to describe the physics using the corresponding action. The presence of higher-dimensional

operators in the action signals that we are dealing with a theory that is not fundamental, but some effective

description valid at energiesE # ! , that should eventually be replaced (completed) by some more

fundamental theory at higher energies.

Although the action of an effective Þeld theory (EFT) may contain an inÞnite number of higher-

dimensional operators of arbitrary high dimension, this does not make it any less predictive at low en-
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ergies [27,28]. To understand this, let us look at a higher-dimensional operatorOn, with [On] = E n! 4

for n > 4, entering in the action as

S $
gn

! n! 4

!
d4x On, (1.2)

wheregn is a dimensionless coupling. The correction induced by this term to processes occurring at

energyE scales as(E/ !) n! 4, so forE # ! there is a clear hierarchy among the inÞnite set of higher-

dimensional operators. The upshot is that using our EFT to ask physical questions at sufÞciently low

energies, and taking into account the limited sensitivity of our detectors, only a small number of higher-

dimensional operators have to be considered in the computation of physical observables.

Applying the philosophy of EFT to the action (1.1) leads to identify the theory as an effective

description valid at energies well below the scale set by#6, namely! % 1/
&

#6. Nature offers more

interesting implementations of this scheme, some of which we will encounter later on in the context of

the SM. A particularly relevant case is that of general relativity (GR), that we discuss now in some detail.

We start with the EinsteinÐHilbert action

S =
1

16$GN

!
d4x

&
" gR, (1.3)

and consider ßuctuations around the Minkowski metric (nonßat background metrics can also be used)

gµ! = %µ! + 2&hµ! , (1.4)

where

& '
$

8$GN . (1.5)

Inserting (1.4) into (1.3) and expanding in powers ofhµ! we get an action deÞning a theory of interacting

gravitons propagating on ßat spacetime [29Ð31]. Its interaction part contains an inÞnite number of terms

with the structure

Sint =
"%

n=3

&n! 2
!

d4x On+2 [h, ! ], (1.6)

where the operatorOn+2 [h, ! ], which has energy dimensionn + 2 , containsn graviton Þelds and two

derivatives, while from Eq. (1.5) we see that the coupling constant has dimension[&] = E ! 1. In the

spirit of EFT, this indicates that EinsteinÕs gravity is not fundamental, but an effective description valid

at energies below its natural energy scale set by the dimensionful gravitational constant, the so-called

Planck scale

! Pl '

&
! c5

8$GN
= 2 .4 ! 1018 GeV, (1.7)

where we have restored powers of! andc. To get an idea of the size of this scale, let us just say it is

about1014 times the center-of-mass energy at which LHC currently operates.
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The statement is occasionally encountered in the literature and the media that GR is impossible to

quantize. This needs to be qualiÞed. The effective action (1.6) can be consistently quantized provided

we restrict our physical questions to the range of energies where it can be used, namelyE # ! Pl . In

this regime, the quantum ßuctuations of the background metric shown in (1.4) are of orderE/ ! Pl and,

therefore, small. Furthermore, powers of this same quantity suppress the induced corrections and, at the

level of accuracy set by our experiments, only a small number of operators in (1.6) need to be retained

to compute physical observables. In other words, below the Planck energy scale quantum gravity is just

a theory of weakly coupled gravitons propagating on a regular background spacetime.

This state of affairs breaks down when the energy gets close to! Pl . At this point the quantum

ßuctuations of the geometry become large and the hierarchy of terms in (1.6) breaks down. Physically,

what happens is that our gravitons become strongly coupled and therefore cease to be the appropriate

degrees of freedom to describe a quantum theory of gravity. Thus, the correct statement is not that

there is no consistent theory of quantum gravity, but that we lack onewhich remains valid at arbitrarily

high energies. The difference is crucial, since it is precisely the latter kind of theory needed to analyze,

for example, what happens close to spacetime singularities, where quantum effects are so large as to

override the semiclassical description provided by GR. Viewed as an EFT, EinsteinÕs (quantum) gravity is

expected to be subsumed near! Pl into another theory, its ultraviolet (UV) completion, which presumably

remains valid to arbitrarily high energies. Among the particle physics community string theory continues

to be the favored candidate for such a framework (see, for instance, Ref. [32,33] for a modern account).

The previous digression on EFTs leads us to the related issue of renormalizability, on which we

will further elaborate in Section10. All QFTs used in describing elementary particles, particularly the

SM, lead to inÞnities when computing quantum corrections (terms of order! or higher) to classical

results. The origin of these divergences lies in the behavior of the theory at very high energies. Quantum

ßuctuations of very short wavelength actually dominate the result, driving them to inÞnity. This problem

was tackled already in the 1940s by the procedure of renormalization. To make a long story short,

one begins by regularizing the theory by setting a maximum energy! , a cutoff, so ßuctuations with

wavelength smaller than! ! 1 are ignored. This makes all results Þnite, albeit dependent on the otherwise

arbitrary cutoff. The key observation now is that the parameters in the action (Þeld normalizations,

masses, and coupling constants) can depend on! , so physical observables are cutoff independent. For

this to work, a further ingredient is needed: an operational deÞnition of masses and couplings, which

serves to Þx the dependence of the action parameters on the cutoff (for all the details see, for example,

Chapter8 of Ref. [14] or any other of the QFT textbooks listed in the references).

In carrying out this program, two things may happen. One is that divergences can be removed

with a Þnite number of operators in the action (most frequently, just those already present in the classical

theory). This is the case of a renormalizable theory. The second situation arises when it is necessary

to add an inÞnite number of new operators in order to absorb all the divergences in their corresponding

couplings. The theory is then said to be nonrenormalizable. The SM belongs to the Þrst type, while

GR is an example of the second. As a rule of thumb, actions containing operators of dimension equal

or smaller than four deÞne renormalizable theories, while the presence of higher-dimensional operators

renders the theory nonrenormalizable, at least when working in perturbation theory.
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For decades, renormalizability was considered necessary for any decent theory of elementary par-

ticles. The very formulation of the SM and, most particularly, its implementation of the BroutÐEnglertÐ

Higgs (BEH) mechanism [34Ð36] through the Higgs boson was guided by making the theory renormal-

izable. As a token of how important this requirement was perceived to be at the time, let us mention

that the electroweak sector of the SM developed by Sheldon L. Glashow, Steven Weinberg, and Abdus

Salam [37Ð39] only started to be taken seriously by the particle physics community after Gerard Õt Hooft

and Martinus Veltman mathematically demonstrated its renormalizability [40,41].

From a modern perspective, however, the condition that a theory must be renormalizable is re-

garded as too restrictive, equivalent to requiring that it remains valid at all energies. As a matter of fact,

there is no reason to exclude nonrenormalizable theories from our toolkit. They can be interpreted as

EFTs whose natural energy scale is set by the cutoff! , giving accurate results for processes involving

energiesE # ! . Furthermore, from this viewpoint, the cutoff ceases to be a mere mathematical artefact

to eventually be hidden in the action parameters. Instead, it acquires a physical signiÞcance as the energy

threshold of the unknown physics encoded in the higher dimensional operators of our EFTs. Otherwise

expressed, nonrenormalizability has lost its bad reputation and now is taken as a hint that some unknown

physics is lurking at higher energies.

To make the previous discussion more transparent, let us look at the important case of quantum

chromodynamics (QCD), the theory describing the interaction of quarks and gluons. QCD is not just a

renormalizable theory that can be extrapolated to arbitrary energies, but asymptotically free as well. This

means that its coupling constant approaches zero as we go to higher energies, thus making perturbation

theory more and more reliable. The issue, however, is that when studying its low energy dynamics, the

QCD coupling grows as we decrease the energy and the theory becomes strongly coupled. This has to

be handled in a way somehow reminiscent of what we explained when discussing quantum GR near the

Planck scale: below a certain energy scale! QCD we need to abandon the perturbative QCD (pQCD)

description in terms of quarks and gluons, now strongly coupled, and Þnd the ÒrightÓ, weakly coupled,

degrees of freedom to build an operative QFT. But, simultaneously, we have a huge advantage w.r.t.

the gravity case. There, the trouble arose in the unexplored region of extremely high energies, where

identifying the appropriate degrees of freedom, their interactions, or just the right framework remains

anybodyÕs guess (strings? spin foam? causal sets?). By contrast, life is much easier in QCD. The

problematic regime happens at low energies, so to identify the weakly coupled degrees of freedom, we

only need to ÒlookÓ, i.e., do experiments. From them, we learn that the physics has to be described in

terms of mesons and baryons, whose interactions are largely Þxed by symmetries (an issue to which

we will come back later). What is relevant for the present discussion is that the appropriate framework,

chiral perturbation theory (' PT), is a nonrenormalizable QFT whose action contains a plethora of higher-

dimensional operators. Its cutoff, however, is not some arbitrary energy! whose role is just to make the

theory Þnite, but the physical scale! QCD at which quarks and gluons get conÞned into hadrons. The

theory of hadron interactions should then be understood as an EFT valid at energiesE # ! QCD .

The existence of the Planck scale at which quantum gravity is expected to become the dominant

interaction has led to the realization that all quantum Þeld theories have to be regarded as EFTs with a

limited range of validity. This includes even renormalizable theories that, like the SM, are well-deÞned

in a wide range of energies. However, explaining some experimental facts, such as nonzero neutrino
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! GUT
<latexit sha1_base64="LMnkLAz0msgWZUd9JOiQv8Qgoz4=">AAAB6XicZU+7TsNAEFyHVwgvAyVNRBoKK7JRgDaChoIiSOQhxZF1d97Ep9zZlu8SEVn5CDqE6BB8CH/B32AHNyZTnGZ3ZzQ3NBZcadv+MSobm1vbO9Xd2t7+weGReXzSU9EsYdhlkYiSASUKBQ+xq7kWOIgTJJIK7NPpXX7vzzFRPAqf9CLGkSSTkI85IzpbeabpPmRin3ipm8h6Ryw9s2E37RXq68QpSAMKdDzz2/UjNpMYaiaIUkPHibVFWjGJMRmlJNGcCVzWa+5MYUzYlEwwJVKNo1ArKyNqIakliMbnjOULSXRg5U+ixisFVYtlyU5leVZZcIC+RWkk/NJpGAQyixilfhagucSy0V99Iy/t/K+4TnqXTee6efXYarRvi/pVOINzuAAHbqAN99CBLjCYwzt8wpcxNV6MV+PtT1oxCs8plGB8/AI5PI7D</latexit>

! Pl

<latexit sha1_base64="tat7LrGTgEtA1005M541nupATfU=">AAAB2HicZU+7TgJBFL2DL8QXamlDpLHYkF0DWkq0sYREHhEImZm9sBNmdjczg5EQEjtj7Iz+kH/h37jgNiunuDn3cXLuYbEUxrruD8ltbG5t7+R3C3v7B4dHxeOTtommmmOLRzLSXUYNShFiyworsRtrpIpJ7LDJ3XLfeUJtRBQ+2FmMA0XHoRgJTm0yat4Mi2W34q5QWideSsqQojEsfvf9iE8VhpZLakzP82Lr0GpMY9SDOdVWcImLUqE/NRhTPqFjnFNlRlFojZMQM1PMkdTic8KWA0Vt4CyLNqPVBTOzRUbOVLY3iXGAvsNYJP3MqhcEKrEYzP3EwAqFWaG/emORhPb+R1wn7cuKd1WpNavl+m0aPw9ncA4X4ME11OEeGtACDgjv8Alf5JG8kFfy9neaI6nmFDIgH78AEogw</latexit>

?
<latexit sha1_base64="62tRqAqkZUsITfhBXADB67xNy8E=">AAAB5HicZU+5TsNAFHwOVwhXgJImIg2FFdmIo42goQxSLim2ot31c7zKrm28G5TIyh/QIUSH4Ff4C/4GO7gxmeJp3jGaNzQWXGnL+jEqG5tb2zvV3dre/sHhUf34pK+iWcKwxyIRJUNKFAoeYk9zLXAYJ0gkFTig0/t8P3jGRPEo7OpFjK4kk5D7nBGdjVyHBdyRNJqnne5yXG9aLWuFxjqxC9KEAp1x/dvxIjaTGGomiFIj2461Sa5iEmPipiTRnAlcNmrOTGFM2JRMMCVS+VGolZkRtZDUFETjPGP5QBIdmHlJlL+6oGqxLMmpLPcqMw7QMymNhFdajYJAZhZu6mUGmkssC73VG3lo+3/EddK/bNk3revHq2b7rohfhTM4hwuw4Rba8AAd6AGDJ3iHT/gyfOPFeDXe/k4rRqE5hRKMj18cgo2n</latexit>

! PT

<latexit sha1_base64="kz0oRdCyhkMUbTz47LHqrX1Lulw=">AAAB4HicZU/LTsJAFL3FF+ILdemGyMZFQ1qDuiW60CUaeRggZGZ6oRNmOk1nMJCGvTtj3Bn9Gf/Cv7HFbipncXPu4+TcQ0PBtXGcH6uwtr6xuVXcLu3s7u0flA+P2lpNI4YtpoSKupRoFDzAluFGYDeMkEgqsEMnN+m+84yR5ip4NPMQB5KMAz7ijJhk9NSXVM3i24fFsFx1as4SlVXiZqQKGZrD8nffU2wqMTBMEK17rhsam9RDEmI0iElkOBO4qJT6U40hYRMyxphIPVKB0XZC9FxSWxCDs4SlA0mMb6cl0qPlBdXzRU5OZb7XibGPnk2pEl5u1fN9mVgMYi8xMFxiXugt30hDu/8jrpL2ec29rF3c16uN6yx+EU7gFM7AhStowB00oQUMJLzDJ3xZ1HqxXq23v9OClWmOIQfr4xcjF4vk</latexit>

GR

<latexit sha1_base64="7KkXlofOfjtKkTzZlwAKV181nZk=">AAAB8HicZU/LSgMxFL3js9bXqAsXborduBhKR6puiyK4rGAf0JaSZG7b0GQyJKm0lPkPdyLuRH/Cv/BvnKmzGXsW4dx77uHk0EhwY6vVH2dtfWNza7uwU9zd2z84dI+OW0ZNNcMmU0LpDiUGBQ+xabkV2Ik0EkkFtunkLtXbz6gNV+GTnUfYl2QU8iFnxCargXvak1TNFvcCmdUqFdFyI+OBW65WqkuUVomfkTJkaAzc716g2FRiaJkgxnR9P7IeqUUkQt1fEG05ExiXir2pwYiwCRnhgkgzVKE1XkLMXFJPEIuzhKULSezYSx9thssLauZxzk5lfjZJ8BgDj1IlgpzUHY9lEtFfBEmA5RLzxmD5jbS0/7/iKmldVvzrytVjrVy/zeoX4AzO4QJ8uIE6PEADmsAghnf4hC9HOy/Oq/P2d7rmZJ4TyMH5+AWoO5Kb</latexit>

Electromagnetism

<latexit sha1_base64="dPcqusMD8jL6mf4/e+7+vEoML2c=">AAAB8nicZU+7TsMwFHV4lvIKMCGWiC4MUZWgAmsFC2OR6ENqq8p2bhqrdhzZDmpVVfwHG0JsCP6Bv+BvSEqW0DNY5z7OPT4k4Uwbz/ux1tY3Nre2KzvV3b39g0P76LijZaootKnkUvUI1sBZDG3DDIdeogALwqFLJnf5vPsESjMZP5pZAkOBxzELGcUma43s04EgcjrvAp44cUo5YOWEMru9GNk1r+4t4awSvyA1VKA1sr8HgaSpgNhQjrXu+35iXNxIcAJqOMfKsOz+wqkOUg0JphM8hjkWOpSx0W5G9EwQl2MD04zlDYFN5OaP0uFyg+jZoiQnolzrzDiCwCVE8qA06keRyCyG8yAzMExAWRgsv5GH9v9HXCWdy7p/Xb96aNSat0X8CjpD5+gC+egGNdE9aqE2ougZvaNP9GUZ68V6td7+VtesQnOCSrA+fgFDJ5Ld</latexit>

Weak nuclear force

<latexit sha1_base64="CJKYKpV5mQj+kIezobctaVBJC/w=">AAAB9HicZU+7TsMwFHXKq5RXgLFLRBeGqEoQj7WChbEI+pDaqrIdp7Fqx5HtVK2iDvwHG0JsCH6Bv+BvcEqW0DNY5z7OPT4oYVRpz/uxKhubW9s71d3a3v7B4ZF9fNJVIpWYdLBgQvYRVITRmHQ01Yz0E0kgR4z00PQun/dmRCoq4ie9SMiIw0lMQ4qhNq2xXR9yJObZo5YinjhxihmB0gmFub4c2w2v6a3grBO/IA1QoD22v4eBwCknscYMKjXw/US78DKBCZGjDEpNzf2lUxumiiQQT+GEZJCrUMRauYaoBUcug5rMDcsbHOrIzR+pwtUGUotlSY54uVbGOCKBi5BgQWk0iCJuLEZZYAw05aQsDFbfyEP7/yOuk+5F079uXj1cNlq3RfwqqIMzcA58cANa4B60QQdg8AzewSf4smbWi/Vqvf2tVqxCcwpKsD5+AQjnk+Y=</latexit>

Strong nuclear force

<latexit sha1_base64="cIz7u1QFv4+Ta1L3mgjxuUz2ieI=">AAAB5XicZU/LTsJAFL3FF+ILdemGyMZFQ1qDuiW60CUm8kgAyUx7oRNmOs3MQGgaPsGdMe6Mfop/4d9YsJvKWdyc+zg599CIM20c58cqbGxube8Ud0t7+weHR+Xjk7aWU+Vhy5Ncqi4lGjkLsWWY4diNFBJBOXbo5G6578xQaSbDJxNHOBBkHLIR84hJR899QeU8uVdkxky8GJarTs1ZobJO3IxUIUNzWP7u+9KbCgyNx4nWPdeNjE3qEYlQDRKiDPM4Liql/lRjRLwJGWNChB7J0Gg7JToW1ObE4Dxly4EgJrCXRenR6oLqeJGTU5HvdWocoG9TKrmfW/WCQKQWg8RPDQwTmBf6qzeWod3/EddJ+7LmXteuHuvVxm0WvwhncA4X4MINNOABmtACDxS8wyd8WWPrxXq13v5OC1amOYUcrI9fSpaOYw==</latexit>

Gravity

<latexit sha1_base64="tQ7KYeb42mtcHI9PZ+cVMMch1Rs=">AAAB5HicZU+7TsMwFHXKq5RXgZGlogtDVCWowFrBwlgk+pDaqLKdm8aqHQfbRY2i/gEbQmwIfoW/4G9ISpbQM1yd+zg695CYM20c58eqbGxube9Ud2t7+weHR/Xjk76Wc0WhRyWXakiwBs4i6BlmOAxjBVgQDgMyu8v3g2dQmsno0SQxeAJPIxYwik028saCyEUKEahpspzUm07LWaGxTtyCNFGB7qT+PfYlnQuIDOVY65HrxsbG7RjHoLwUK8Moh2WjNp5riDGd4SmkWOhARkbbGdGJIDbHBhYZywcCm9DOi9LB6oLoZFmSE1HudWYcgm8TIrlfWo3CUGQWXupnBoYJKAv91Rt5aPd/xHXSv2y5162rh3azc1vEr6IzdI4ukItuUAfdoy7qIYqe0Dv6RF9WYL1Yr9bb32nFKjSnqATr4xebHY39</latexit>energy
<latexit sha1_base64="Tc/SlX602DsRa0ck4IFf0AUrQhk=">AAAB6nicZU+7TsMwFHXKq5RXCiNLRReGqEpQgbWiDAwMrUQfUlNFtnPbWLWTyHaBKupPsCHEhuA/+Av+hqRkCT2Dde695+j4kJgzpW37xyhtbG5t75R3K3v7B4dHZvW4r6K5pNCjEY/kkGAFnIXQ00xzGMYSsCAcBmTWzu6DR5CKReGDXsQwFngasgmjWKcrz6y696nYx17iSlHrtm+Xnlm3G/YKtXXi5KSOcnQ889v1IzoXEGrKsVIjx4m1hZsxjkGOEyw1oxyWtYo7VxBjOsNTSLBQkyjUykqJWghicazhOWXZQmAdWNkj1WSlIGqxLNiJKM4qDQ7AtwiJuF84jYJApBHjxE8DNBNQNPqrb2Slnf8V10n/ouFcNS67zXrrJq9fRqfoDJ0jB12jFrpDHdRDFD2hd/SJvgxuvBivxtuftGTknhNUgPHxC4yAjuk=</latexit>

! QCD

<latexit sha1_base64="bsP/IlmAs/HDp8iglpjZcGmUYw4=">AAAB4nicZU/LTsJAFL3FF+ILdemGyMZFQ1qDuiXiwiUk8kiAkJn2QifMdCadwUAafsCdMe6M/ot/4d/YYjeVs7g593Fy7qGKM20c58cqbG3v7O4V90sHh0fHJ+XTs66W88jDjie5jPqUaOQsxI5hhmNfRUgE5dijs2a67z1jpJkMn8xS4UiQacgmzCMmGQ2GgspFrNrNh9W4XHVqzhqVTeJmpAoZWuPy99CX3lxgaDxOtB64rjI2qSuiMBrFJDLM47iqlIZzjYp4MzLFmAg9kaHRdkL0UlCbE4OLhKUDQUxgpyXSk/UF1ctVTk5FvteJcYC+Tankfm41CAKRWIxiPzEwTGBe6K/fSEO7/yNuku51zb2t3bTr1cZ9Fr8IF3AJV+DCHTTgEVrQAQ8kvMMnfFm+9WK9Wm9/pwUr05xDDtbHL3LzjKc=</latexit>

pQCD

Fig. 1: SimpliÞed cartoon showing the network of EFTs behind our understanding of subatomic physics.

masses, might require adding higher-dimensional operators to the theory, setting the energy scale for

new physics to be explored in future high-energy facilities. At this energy, the SM will be superseded,

maybe by some grand uniÞed theory (GUT), which in turn is expected to break down at! Pl . It is in

this sense that EFTs provide the foundational framework to understand nature at the smallest length

scales (see Fig.1).

2 From symmetry to physics

Symmetry is a central theme of contemporary physics, although its tracks go back a long way in history.

More or less in disguise, symmetry-based arguments can be found in natural philosophy since classical

times. In his refutation of vacuum in the fourth book ofPhysics(215a), Aristotle used the homogeneity

of empty space to conclude the principle of inertia, that he however regarded as an inconsistency since it

contradicted his Þrst principle of motion: whatever moves has to be moved by something else. Galileo

GalileiÕs assumption that reversing the velocity with which a free-rolling ball arrives at the basis of an

inclined plane would make it climb exactly to the height from which it was released can be also regarded

as an earlyde factoapplication of time reversal symmetry.

Although the origins of the mathematical study of symmetry are traced back to the Þrst half of

the 19th century with the groundbreaking works on group theory of Evariste Galois and Niels Henrik

Abel, its golden age was ushered in by Felix KleinÕs 1872 Erlangen Program [42, 43]. Its core idea

is that different geometries can be fully derived from the knowledge of the group of transformations

preserving its objects (points, angles, Þgures, etc.). This establishes at the same time a hierarchy among

geometries, determined by the relative generality of their underlying symmetry groups. In this way,

Euclidean, afÞne, and hyperbolic geometries can be retrieved from projective geometry by restricting its

group of transformations.

As an example, the whole plane Euclidean geometry emerges from the invariance under the com-

bined action of rotations and rigid translations

x#i = Ri
j xj + ai , (2.1)

whereRi
j ( SO(2) andai is an arbitrary two-dimensional vector. These two transformations build

together the Euclidean groupE(2) ' ISO(2), leaving invariant the Euclidean distance between two
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<latexit sha1_base64="2MglQUfK5dxAfvs8WaYICCRzSV8=">AAAB2HicZU+7TgJBFL2DL8QXamlDpLHYkF0D2qI2lpDIIwIhM7MXdsLM7mRnMBJCYmeMndEf8i/8GxfcZuUUN+c+Ts49TEthrOv+kNzG5tb2Tn63sLd/cHhUPD5pm2gac2zxSEZxl1GDUoTYssJK7OoYqWISO2xyt9x3njA2Igof7EzjQNFxKEaCU5uMmjfDYtmtuCuU1omXkjKkaAyL330/4lOFoeWSGtPzPG0dWtVUYzyY09gKLnFRKvSnBjXlEzrGOVVmFIXWOAkxM8UcSS0+J2w5UNQGzrLEZrS6YGa2yMiZyvYmMQ7QdxiLpJ9Z9YJAJRaDuZ8YWKEwK/RXbyyS0N7/iOukfVnxriq1ZrVcv03j5+EMzuECPLiGOtxDA1rAAeEdPuGLPJIX8kre/k5zJNWcQgbk4xcC+ogy</latexit>

A

<latexit sha1_base64="fF5UJWL8zLyj/P80kSgyFuRMxv8=">AAAB2HicZU+7TgJBFL2DL8QXamlDpLHYkF0D2hJsLCGRRwRCZmYv7ISZ3cnOYCSExM4YO6M/5F/4Ny64zcopbs59nJx7mJbCWNf9Ibmt7Z3dvfx+4eDw6PikeHrWMdEs5tjmkYziHqMGpQixbYWV2NMxUsUkdtn0brXvPmFsRBQ+2LnGoaKTUIwFpzYZtRqjYtmtuGuUNomXkjKkaI6K3wM/4jOFoeWSGtP3PG0dWtVUYzxc0NgKLnFZKgxmBjXlUzrBBVVmHIXWOAkxc8UcSS0+J2w1UNQGzqrEZry+YGa+zMiZyvYmMQ7QdxiLpJ9Z9YNAJRbDhZ8YWKEwK/TXbyyT0N7/iJukc13xbiq1VrVcb6Tx83ABl3AFHtxCHe6hCW3ggPAOn/BFHskLeSVvf6c5kmrOIQPy8QsEbogz</latexit>

B

<latexit sha1_base64="AcrQEnBKxDnciXWtrXaoB3dbU+Q=">AAAB3HicZU/LTsJAFL3FF+ILdemGyMZFQ1rjY4u6cYmJBRJAMjO90Akz7aQzGEjDzp0x7oz+jn/h39hiN5WzuDn3cXLuoUpwbRznxyqtrW9sbpW3Kzu7e/sH1cOjto6mMUOPRSKKu5RoFDxEz3AjsKtiJJIK7NDJXbbvPGOseRQ+mrnCgSTjkI84IyYdebNhcrMYVutOw1mitkrcnNQhR2tY/e77EZtKDA0TROue6ypjkwtFFMaDhMSGM4GLWqU/1agIm5AxJkTqURQabadEzyW1BTE4S1k2kMQEdlZiPVpeUD1fFORUFnudGgfo25RGwi+sekEgU4tB4qcGhkssCv3lG1lo93/EVdI+b7hXjcuHi3rzNo9fhhM4hTNw4RqacA8t8IABh3f4hC/ryXqxXq23v9OSlWuOoQDr4xc7g4op</latexit>xA
<latexit sha1_base64="ueg9EcYPbKfLVRuxclAV/DRd2Zk=">AAAB3HicZU/LTsJAFL3FF+ILdemGyMZFQ1rjY0tw4xITCySAZGZ6oRNm2mZmMJCGnTtj3Bn9Hf/Cv7HFbipncXPu4+TcQ2PBtXGcH6u0sbm1vVPereztHxweVY9POjqaKYYei0SkepRoFDxEz3AjsBcrJJIK7NLpXbbvPqPSPAofzSLGoSSTkI85IyYdefNR0lqOqnWn4axQWyduTuqQoz2qfg/8iM0khoYJonXfdWNjk6uYxKiGCVGGM4HLWmUw0xgTNiUTTIjU4yg02k6JXkhqC2JwnrJsIIkJ7KwoPV5dUL1YFuRUFnudGgfo25RGwi+s+kEgU4th4qcGhkssCv3VG1lo93/EddK5bLg3jeuHq3qzlccvwxmcwwW4cAtNuIc2eMCAwzt8wpf1ZL1Yr9bb32nJyjWnUID18Qs8+Ioq</latexit>xB

<latexit sha1_base64="z90PZGkiwVK/dMcBDf65VV57stw=">AAAB3HicZU/LTsJAFL3FF+ILdemGyMZFQ1qDukXduMTEAgkgmZle6ISZtukMxqbpzp0x7oz+jn/h39hiN5WzuDn3cXLuoaHgSlvWj1FZW9/Y3Kpu13Z29/YP6odHPRUsIoYOC0QQDShRKLiPjuZa4CCMkEgqsE/nt/m+/4SR4oH/oOMQx5LMfD7ljOhs5MST5Dqd1JtWy1qisUrsgjShQHdS/x65AVtI9DUTRKmhbYfaJO2QhBiNExJpzgSmjdpooTAkbE5mmBCppoGvlZkRFUtqCqLxOWP5QBLtmXmJ1HR5QVWcluRUlnuVGXvompQGwi2thp4nM4tx4mYGmkssC93lG3lo+3/EVdI7b9mXrYv7drNzU8SvwgmcwhnYcAUduIMuOMCAwzt8wpfxaLwYr8bb32nFKDTHUILx8Qs8+4oq</latexit>yA

<latexit sha1_base64="AUPKvZjw4KSxMIv0dMvROkTMJQs=">AAAB3HicZU/LTsJAFL3FF+ILdemGyMZFQ1qDuiW4cYmJBRJAMjO90AkzbdMZjE3TnTtj3Bn9Hf/Cv7HFbipncXPu4+TcQ0PBlbasH6Oysbm1vVPdre3tHxwe1Y9P+ipYRgwdFoggGlKiUHAfHc21wGEYIZFU4IAubvP94AkjxQP/QcchTiSZ+3zGGdHZyImnSTed1ptWy1qhsU7sgjShQG9a/x67AVtK9DUTRKmRbYfaJO2QhBhNEhJpzgSmjdp4qTAkbEHmmBCpZoGvlZkRFUtqCqLxOWP5QBLtmXmJ1Gx1QVWcluRUlnuVGXvompQGwi2tRp4nM4tJ4mYGmkssC93VG3lo+3/EddK/bNnXrav7drPTLeJX4QzO4QJsuIEO3EEPHGDA4R0+4ct4NF6MV+Pt77RiFJpTKMH4+AU+cIor</latexit>yB

<latexit sha1_base64="vrUCCAaM8vMmIcMApE+i5i8WbZk=">AAAB4nicZU/LTsJAFL31ifhCXbohsnFRSWtQt4gbl5jIIwFCZqYXOmGm03QGI2n6A+6McWf0X/wL/8YWu6mcxc25j5NzDw0F18Zxfqy19Y3Nre3STnl3b//gsHJ03NVqHjHsMCVU1KdEo+ABdgw3AvthhERSgT06u8v2vSeMNFfBo1mEOJJkGvAJZ8Sko8FiHLeSi7TeJuNKzak7S1RXiZuTGuRojyvfQ0+xucTAMEG0HrhuaGzSCEmI0SgmkeFMYFItD+caQ8JmZIoxkXqiAqPtlOiFpLYgBp9Tlg0kMb6dlUhPlhdUL5KCnMpir1NjHz2bUiW8wmrg+zK1GMVeamC4xKLQW76RhXb/R1wl3cu6e12/emjUmq08fglO4QzOwYUbaMI9tKEDDBS8wyd8WZ71Yr1ab3+na1auOYECrI9fb4+MpQ==</latexit>yB ! yA

<latexit sha1_base64="khOBL30eADwK1TShS6fsM79a2X4=">AAAB4nicZU/LTsJAFL3FF+ILdemGyMZFJa1B3SJuXGIijwQImZleYMJMp+kMBtL0B9wZ487ov/gX/o0tdlM5i5tzHyfnHhoIro3j/FiFjc2t7Z3ibmlv/+DwqHx80tFqHjJsMyVU2KNEo+A+tg03AntBiERSgV06u0/33WcMNVf+k1kGOJRk4vMxZ8Qko/5iFDXjy6TexaNy1ak5K1TWiZuRKmRojcrfA0+xuUTfMEG07rtuYGxSD0iA4TAioeFMYFwpDeYaA8JmZIIRkXqsfKPthOilpLYgBhcJSweSmKmdllCPVxdUL+OcnMp8rxPjKXo2pUp4uVV/OpWJxTDyEgPDJeaF3uqNNLT7P+I66VzV3Jva9WO92mhm8YtwBudwAS7cQgMeoAVtYKDgHT7hy/KsF+vVevs7LViZ5hRysD5+AWyZjKM=</latexit>xB ! xA

<latexit sha1_base64="ZEZj0k7AIToj67GeeY3+yj4VW7M=">AAAB3XicZU+7TgJBFL2DL8QXamlDpMFkQ3YNaovYWGIiSAKEzMxe2JGZ3c3OYCSE0s4YO6Of41/4Nw64zcopbs59nJx7WCyFNq77Q3Jr6xubW/ntws7u3v5B8fCoraNJwrHFIxklHUY1ShFiywgjsRMnSBWT+MDGN4v9wxMmWkThvZnG2Fd0FIqh4NTYUduvXDuNs0Gx7FbdJUqrxEtJGVI0B8Xvnh/xicLQcEm17npebBxai2mMSX9GEyO4xHmp0JtojCkf0xHOqNLDKDTasURPFXMkNfhs2WKgqAmcRUn0cHnB9HSekTOV7bU1DtB3GIukn1l1g0BZi/7MtwZGKMwK/eUbcxva+x9xlbTPq95l9eKuVq430vh5OIFTqIAHV1CHW2hCCzg8wjt8whcZkBfySt7+TnMk1RxDBuTjF2YdiYc=</latexit>
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Fig. 2: Euclidean distance between two points on the plane.

pointsA andB with Cartesian coordinatesA = ( xA , yA ) andB = ( xB , yB ),

d(A, B ) =
$

(xB " xA )2 + ( yB " yA )2, (2.2)

which is just an application of the Pythagorean theorem (see Fig.2). In a similar fashion, the geometry on

the complex projective lineCP1 (a.k.a. the Riemann sphere) follows from the invariance of geometrical

objects under the projective linear group PGL(2, C), acting through Mšbius transformations onC){*}

z# =
az + b
cz + d

, (2.3)

wherea, b, c, d( C andad " bc += 0 . Among the invariants in this case are the four-point cross ratios

associated with four points with complex coordinatesz1, z2, z3, andz4

CR(z1, z2, z3, z4) '
(z1 " z3)(z2 " z4)
(z2 " z3)(z1 " z4)

, (2.4)

as well as the chordal distance between two pointsA andB on the Riemann sphere

d(A, B )chordal =
2|zA " zB |

$
(1 + |zA |2)(1 + |zB |2)

. (2.5)

Mšbius transformations preserve angles and maps circles to circles, so from a Kleinian point of view

they arebona Þdegeometrical objects onCP1.

KleinÕs association of geometry and symmetry (i.e., group theory) revolutionized mathematics

and became a game changer in physics. Beyond all early tacit uses, the systematic implementation of

symmetry in physics had to wait until the end of the 19th century. In 1894 Pierre Curie used group

theoretical methods to study the role of spatial symmetries in physical phenomena [44], thus introducing

mathematical tools so far only applied in crystallography. This inaugurated a trend taken up later by

the emerging Þelds of relativity and atomic physics, that led to key results like Emmy NoetherÕs two

celebrated theorems linking symmetries with conserved charges [45] (see Section5.2).
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2.1 Relativity from geometry

A beautiful example of geometry emerging from symmetry is provided by the geometrization of special

relativity carried out in 1908 by Hermann Minkowski1. EinsteinÕs formulation of special relativity in

terms of events occurring in some instantt at some positionr (as measured by some inertial observer)

leads naturally to introducing the four-dimensional space of all potential events, each represented by

a point with spacetime coordinates(t, r). Although switching from one inertial observer to another

changes the individual coordinates of the events, the invariance of the speed of light implies the existence

of an invariant. Given two arbitrary events taking place at pointsr andr + " r, and separated by a time

lapse" t, their Òspacetime separationÓ

" s2 ' " t2 " (" r)2 (2.6)

remains the same for all inertial observers. The existence of this invariant with respect to the reference

frame transformations introduced by Lorentz, PoincarŽ, and Einstein (and named after the Þrst one)

makes it natural to endow the space of events, or spacetime for short, with the metric

ds2 = dt2 " dx2 " dy2 " dz2. (2.7)

This is how spacetime geometry originates from the postulate of invariance of the speed of light.

We can take advantage of the language of tensors and write the line element (2.7) in the form

ds2 = %µ! dxµdx! , (2.8)

where(x0, x1, x2, x3) ' (t, x, y, z ) and%µ! ' diag(1, " 1, " 1, " 1) is the Minkowski metric. The most

general linear transformation leaving invariant (2.8) [or (2.7)] is written as

x#µ = ! µ
! x! + aµ, (2.9)

where! µ
! satisÞes

%µ! = %"# ! "
µ ! #

! , (2.10)

and aµ is an arbitrary constant vector. The linear coordinate change (2.9) generates the PoincarŽ

group, ISO(1, 3), that includes all transformations! µ
! in the Lorentz group SO(1, 3) in addition to rigid

translations. Notice that! µ
! is a4 ! 4 matrix with 16 real components, so that the ten conditions (2.10)

reduce to six independent ones. They correspond to the three parameters of a three-dimensional rotation

(e.g., the Euler angles) plus the three velocity components of a generic boost. Adding the four real num-

bers determining a spacetime translation, we conclude that the PoincarŽ transformation (2.9) depends on

ten independent real parameters.

Besides the invariance of the speed of light, EinsteinÕs special relativity is also based on a second

postulate, that all laws of physics take the same form for any inertial observer. This can also be recast in

1Einstein actually dubbed MinkowskiÕs ideaŸberßussige Gelehrsamkeit(superßuous erudition) [46], although geometrization
later turned out to be the basis of his general theory of relativity.
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geometric language by demanding that all equations of physics be expressed as tensor identities with the

structure

Tµ1...µ k

! 1,...,! n
(x) = 0 . (2.11)

Under the generic PoincarŽ transformation (2.9), the previous equation changes as

T#µ1...µ k

! 1...! n
(x#) = ! µ1

" 1
. . . ! µk

" k
T" 1..." k

#1...#n
(x)! #1

! 1
. . . ! #n

! n
= 0 , (2.12)

thus preserving the formT#µ1...µ k

! 1,...,! n
(x#) = 0 it had for the original observer.

Box 1. Retrieving Lorentz transformations

It is a trivial exercise to recover the standard expression of Lorentz transformations from the invari-

ance of the line element (2.7). For simplicity we consider a two-dimensional spacetime, equivalent

to restricting to boosts along thex-axis so the coordinatesy# = y andz# = z remain unchanged.

Implementing the coordinate change

'
t#

x#

(

=

'
! 0

0 ! 0
1

! 1
0 ! 1

1

( '
t

x

(

. (2.13)

with the conditiondt#2 " dx#2 = dt2 " dx2 implies

(! 1
0)1 " (! 1

0)2 = 1 ,

(! 2
1)1 " (! 0

1)2 = 1 , (2.14)

! 0
0! 0

1 " ! 1
0! 1

1 = 0 .

Using the properties of the hyperbolic functions, we easily see that the Þrst two identities are solved

by ! 0
0 = cosh ( , ! 1

0 = ± sinh( and! 0
1 = ± sinh) , ! 1

1 = cosh ) , for arbitrary( and) , with

the third one requiring) = ( . The sought transformation is therefore parametrized as

'
t#

x#

(

=

'
cosh( " sinh(

" sinh( cosh(

( '
t

x

(

, (2.15)

where the parameter( is called the boost rapidity. A comment on the signs is in order. First, we

have taken! 0
0 > 0 so the arrow of time points in the same direction for both observers (later in

page41 we will assign a Greek name to this and call these transformations orthochronous). On the

other hand, as we will see right away, the parameter( is related to the boost velocity. Choosing a

negative sign for the off-diagonal components of the matrix in (2.15) means that( > 0 corresponds

to a boost in the direction of the positivex-axis.

To Þnd the standard expression of the Lorentz transformation, we notice that the hyperbolic
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functions can be alternatively parametrized as

cosh( =
1

&
1 " V 2

, sinh( =
V

&
1 " V 2

, (2.16)

where the relation between the boost velocity and its rapidity is given byV = tanh ( . Plugging

these expressions into (2.15), we arrive at the well-known formulae

t# =
t " V x

c2)
1 " V 2

c2

, x# =
x " V t

)
1 " V 2

c2

, (2.17)

where exceptionally we have restored powers ofc.

Whereas the Euclidean distance (2.2) tells us about how far apart in space two points lie, the

spacetime geometry (2.7) contains information about the causal relations between events. Let us consider

an arbitrary event that, without loss of generality, we place at the origin of our coordinate systemxµ
0 =

(0, 0). The question arises as to whether some other eventxµ = ( t, r) may either inßuence what happens

atxµ
0 or be inßuenced by it. Since the speed of light is a universal velocity limit, the question is settled by

checking whether it is possible for a signal propagating with velocityv , 1 to travel from(t, r) to (0, 0),

if t < 0, or vice-versa for positivet. The condition for this to happen is

|r|
|t |

, 1 =- t2 " r
2 . 0. (2.18)

The set of events satisfying this condition deÞnes the interior and the surface of the light-cone associated

with the event at(0, 0), that we have depicted in Fig.3 for a(2+1) -dimensional spacetime. Points in the

causal past of the origin lie inside or on the past light-cone (t < 0), whereas those on or inside the future

light-cone (t > 0) are causally reachable from(0, 0). By contrast, events outside the light-cone cannot

inßuence or be inßuenced by the event at the origin, since this would require superluminal propagation.

What we have said about the origin applies to any other event: every point of the spacetime is endowed

with its light-cone, deÞning its area of casual inßuence.

Thus, if two events lie outside each otherÕs light-cones, they cannot inßuence one another. Math-

ematically this is characterized by their spacetime separation satisfying" s2 < 0, so they are said to be

spatiallyseparated. Interestingly, there always exists a reference frame in which both events happen at

the samet, i.e. they are simultaneous. This is not possible when one event is inside the otherÕs light-cone,

in which case" s2 > 0 and their separation is calledtimelike. Looking at (2.6) and remembering the

invariant character of" s2 we see that there can be no frame for which" t = 0 . Nonetheless, it is always

possible to Þnd an inertial observer for which both events happen at the same point of space, i.e." r = 0.

In this case" s2 is just the (squared) time elapsed between both events, as measured by the observer who

is visiting both. Notice for two events lying on each others light-cone there is no such possibility, since

they can only be joined by signals propagating at the speed of light and no observer can travel at this

velocity.
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past light cone

Fig. 3: Representation of the light cone at the origin in a(2 + 1) -dimensional spacetime.

Box 2. There is no twin paradox

One of the most celebrated ÒparadoxesÓ associated with special relativity is that involving two iden-

tical twins, one of which starts a round trip from Earth at very high speed while the second remains

quietly behind. Relativistic time dilation implies that the clock carried by the traveling twin slows

down with respect to the time set by a second clock on Earth, so at the end of the trip the returning

twin looks younger than the remaining sibling. So far, so good. However, applying the same argu-

ment to the frame of reference moving with the spaceship, the conclusion seems to be the opposite:

that the clock of the twin staying on Earth, that is the one moving in the reference frame of the

rocket, ticks slower and after the reunion it is the Earth twin the one looking younger.

To clarify this apparent ÒparadoxÓ we have to keep in mind that special relativity is about

inertial observers. Thus, we are going to work with the reference frame of the twin standing on

Earth, who follows the spacetime path (the worldline) indicated in the following graph as1

There is no twin paradox
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2

The travelling twin, on the other hand, follows the worldline labelled as2, that starts and Þnishes on

Earth, moving back and forth along thex direction. For simplicity, we restrict the movement of the
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rocket to this coordinate, with the Earth located atx = 0 .

Physical observers move along wordlinesxµ(#) whose tangent at any point deÞnes a timeline

vector%µ! úxµ(#) úx! (#) > 0. The time elapsed between two eventsA andB as measured by the clock

carried by the observer (called its proper time) equals the spacetime length along the worldline* AB

" sAB =
!

$AB

ds =
! %B

%A

d#
)

%µ! úxµ(#) úx! (#). (2.19)

A particularly convenient parametrization of the curve is provided by the coordinate time,x0 ' t,

so writingxµ(t) =
*
t, R(t)

+
the previous equation becomes

" sAB =
! tB

tA

dt#
$

1 " v(t#)2, (2.20)

with v(t) = úR(t) the observer velocity satisfying|v(t)| < 1.

Let us return to our twins. Both of them travel fromA to B , as shown in the graph above, but

along different worldlines with different speeds. The one on Earth hasv = 0, so the time elapsed

between the departure and arrival of the second twin is

" s(1)
AB = tB " tA . (2.21)

For the twin on the spaceship, by contrast, we do not even need to know anything about the details

of the varying speed. It is enough to notice that0 <
$

1 " v(t)2 < 1, implying

" s(2)
AB < " s(1)

AB . (2.22)

Consequently, after reunion, the traveling twin will be the younger.

A basic difference between the twins is that the one at rest is precisely the inertial observer

for which the timelike separated eventsA andB happen at the same point of space. In fact, the

result (2.22) reßects a property of this particular frame: its worldline represents the path of the

longest proper time interpolating between two given events.

As announced, the reason why there is no paradox is because only one of the twins is an

inertial observer and their descriptions cannot be simply interchanged without further ado. Seeing

everything from the point of view of the spaceship leads us to give up the Minkowski metric (2.7).

Indeed, by changing the coordinates

t# = t,

r
# = r + R(t), (2.23)

the worldlines of both twins are respectively parametrized byxµ
1(t#) =

*
t#, " R(t#)

+
andxµ

2(t#) =

13
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*
t#, 0

+
, while the spacetime metric now reads

ds2 =
,
1 " v(t#)2-

dt#2 + 2v(t#) ádr#dt#" dr#2, (2.24)

which is no longer the Minkowski metric. To compute the proper time of both twins we use

Eq. (2.19), replacing%µ! by the line element (2.24). We then Þnd

" s(1)
AB =

! t !
B

t !
A

dt#
$

1 " v(t#)2 + 2v(t#)2 " v(t#)2 = tB " tA ,

" s(2)
AB =

! t !
B

t !
A

dt#
$

1 " v(t#)2 < " s(1)
AB , (2.25)

which reproduce the results obtained above. The conclusion is that, if properly analyzed, the de-

scriptions from the points of view of both twins are absolutely consistent and no paradox arises.

As time and space coordinates combine to label a point (event) in the four-dimensional Minkowski

spacetime, so do energy and momentum build up an energyÐmomentum four-vectorpµ = ( E, p). For a

particle of massm moving along an afÞnely paramerized worldlinexµ(s), the four-momentum is deÞned

by

pµ(s) ' m úxµ(s) =
"

m
&

1 " v2
,

mv
&

1 " v2

#
, (2.26)

with v the particleÕs velocity. A Þrst thing to be noticed here is that the particleÕs energy is nonzero even

when its velocity vanishes. Restoring powers ofc

E "/
E
c

, m "/ mc v "/
v

c
, (2.27)

we get the famous equationErest = mc2. On the other hand, the particleÕs energy diverges as|v| / c.

This shows that the speed of light is a physical limiting velocity for any massive particle, since reach-

ing |v| = c would require pumping an inÞnite amount of energy into the system. The transformation of

energy and momentum among inertial observers is Þxed bypµ being a four-vector, whose change under

a Lorentz transformation! µ
! is given byp#µ = ! µ

! p! . Considering a boost along thex direction with

velocityV and using the expressions obtained in Box 1 in pages10-11, we have

E # =
E " V px&

1 " V 2
, p#

x =
px " V E
&

1 " V 2
, (2.28)

together withp#
y = py andp#

z = pz.

Equation (2.26) also implies the mass-shell condition2

E 2 " p
2 = m2. (2.29)

2In covariant terms, the mass-shell condition readspµpµ = m2 and follows from (2.26), remembering that the particleÕs
worldline is afÞnely parametrized,! µ⌫ úxµ(s) úx⌫ (s) = 1 .
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E = �|p|

Fig. 4: EnergyÐmomentum hyperboloid for a particle of massm += 0 (orange). The energy-momentum
vector of a massless particle lies on the blue cone.

In the four-dimensional energyÐmomentum space spanned byE andp, the particleÕs four-momentumpµ

lies on the two-sheeted hyperboloidE = ±
$

p2 + m2, with the two signs corresponding to the upper

and lower sheet. Interestingly, the mass-shell condition has a smooth limit asm / 0, where the hyper-

boloid degenerates into the coneE 2 = p
2, to which all massive hyperboloids asymptote for large spatial

momentum,|p| 0 m (see Fig.4). Unlike Newtonian mechanics, special relativity admits the existence

of zero-mass particles whose four-momenta have the form

pµ = ( |p|, p), (2.30)

where we have chosen the positive energy solution. In terms of its energy and momentum, the velocity

of a massive particle is given by [cf. (2.26) and (2.29)]

v =
p

$
p2 + m2

, (2.31)

which asm / 0 gives|v| = 1 . Thus, massless particles necessarily propagate at the speed of light.

2.2 Relativity and quantum mechanics

So far, our analysis has left out quantum effects. Special relativity can be combined with quantum

mechanics to formulate relativistic wave equations plagued with trouble. An immediate problem arises

from the energy hyperboloid depicted in Fig.4. The existence of the lower sheet implies that the system

of a relativistic quantum particle coupled to an electromagnetic Þeld has no ground state, since the

particle has inÞnitely many available states with arbitrary negative energy to which it could decay by

radiating energy. This fundamental instability of the system is impossible to solve in the context of the

KleinÐGordon wave equation, while in the Dirac equation it can be avoided by ÒÞllingÓ all states in the
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lower sheet of the hyperboloid (the Dirac sea). The Pauli exclusion principle now prevents electrons

from occupying negative energy states, and the system is stable.

The Dirac sea notwithstanding, the interpretation of the Dirac equation as a single-particle rela-

tivistic wave equation is problematic, leading to puzzling results such as the Klein paradox [14,47]. In

fact, all the difÞculties we run into when trying to marry quantum mechanics with special relativity stem

from insisting in a single-particle description, as can be seen from a simple heuristic argument. As we

know, HeisenbergÕs uncertainty principle correlates quantum ßuctuations in the position and momentum

of a particle

" x" px .
!
2

. (2.32)

Looking at physics at small distances requires taming spatial ßuctuations below the scale of interest,

which in turn leads to large ßuctuations in the particleÕs momentum. When the latter reaches the

scale" px % mc, the corresponding energy ßuctuations" E % mc2 are large enough to allow the

creation of particles out of the vacuum and the single-particle description breaks down. Equivalently,

localizing a particle below its Compton wavelength,

" x ,
!

2mc
, (2.33)

leads to a quantum state characterized by an indeÞnite number of them. Unlike what happens in non-

relativistic many body physics, in the quantum-relativistic domain particle number is not conserved and

creation-annihilation of particles is a central ingredient of the theory. Thus, the single-particle descrip-

tion inherent to the relativistic wave equation is fundamentally wrong, as indicated by the paradoxes and

inconsistencies it leads to.

Box 3. Antiparticles and causality

One of the consequences of the Klein paradox alluded to above is the impossibility of a consistent

formulation of relativistic quantum mechanics without the inclusion of antiparticles. We can reach

the same conclusion by showing that antiparticles are the unavoidable ingredient to preserve causal-

ity in a relativistic quantum theory. To do so, let us consider a relativistic particle of massm that

at t = 0 is detected at the origin. Its quantum-mechanical propagator is given by

G(+,r) ' 1 r|e! i&
&

p2+ m2
|02= e! i&

&
! ! 2+ m2

, (3) (r). (2.34)

Physically, this quantity gives the probability amplitude of the particle being detected at a later

time t = + at some locationr. To explicitly evaluate the propagator, we Fourier transform the

Dirac delta function and compute the resulting integral in terms of a modiÞed Bessel function of the

second kind

G(+,r) =
!

d3k
(2$)3 e! i&

$
k 2+ m2+ i k ár
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=
1

2$2|r|

! "

0
kdk sin(k|r|)e! i&

$
k2+ m2

(2.35)

= "
i

2$2

m2t
+2 " r2 K 2

.
im

$
+2 " r2

/
,

where, to write the last identity, we regularized the momentum integral by analytical contin-

uation + / + " i- . Naively, one would expect this propagator to vanish outside the light

cone,+2 " r
2 < 0, since otherwise the particle would have a nonvanishing probability of being

detected at points spacelike separated from the origin, its location att = 0 . Were this to happen, it

would imply a violation of causality.

Despite expectations, the modiÞed Bessel function in (2.35) is nonzero for both real and imag-

inary values of the argument and the propagator spills out of the light-cone despite being derived

from a relativistic Hamiltonian. The key point to understand what is going on is that whenr lies

outside the light-cone at the origin there are frames in which the detection of the particle at the po-

sition r precedesits detection at the origin. In computing the propagator we should take this into

account and consider the superposition of both processes outside and inside the light-cone

G(+,r) =

0
1

2

1r|e! i&
&

p+ m2 |02 when +2 " r
2 > 0

1r|e! i&
&

p+ m2 |02+ 10|ei&
&

p+ m2 |r2 when +2 " r
2 < 0

(2.36)

Now, from the explicit expression (2.35) we can check that1r|e! i&
&

p+ m2 |02 is purely imaginary

when+2 " r
2 < 0. Since, on the other hand,

1r|e! i&
&

p+ m2
|02+ 10|ei&

&
p+ m2

|r2= 2Re 1r|e! i&
&

p+ m2
|02, (2.37)

we conclude that

G(r, +) = "
i

2$2

m2t
+2 " r2 K 2

.
im

$
+2 " r2

/
. (+2 " r

2), (2.38)

and causality is consequently restored.

There exists an interesting interpretation of this cancellation mechanism due to Ernst Stueck-

elberg [48] and Richard Feynman [49,50]. Our propagator can be seen as the wave function of the

particle of interest,/ (+,r) ' G(+,r), satisfying the boundary condition/ (0, r) = , (3) (r). We

found that outside the light-cone there is a superposition of two processes: one in which the particle

is traveling from the origin tor forward in time, and a second described by the wave function

/ (+,r)% ' 1 0|ei&
&

p2+ m2
|r2= 1r|e! i&

&
p2+ m2

|02& ' / (+,r)&
' , (2.39)

where the particle moves backwards in time fromr to the origin. Furthermore, writing

/ (+,r)% =
!

d3k
(2$)3 ei&

$
k 2+ m2! i k ár =

!
d3k

(2$)3 e! i&(!
$

k 2+ m2)+ i (! k )ár (2.40)
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and comparing with the Þrst line in Eq. (2.35), we reinterpret/ (+,r)%as describing a state of massm

and momentum" k, lying in the lower sheet of the energy hyperboloid, and propagating forward

in time. This represents a hole in the Dirac sea, i.e. anantiparticle of momentumk. Moreover,

from (2.39) we see that if our particle has chargeq with respect to some global U(1) symmetry, the

antiparticle necessarily transforms with the opposite charge

/ (+,r)' / eiq' / (+,r)' =- / (+,r)% / e! iq' / (+,r)%. (2.41)

Antiparticles are therefore a necessary ingredient in a relativist theory of quantum pro-

cesses if we want to avoid superluminal effects. They automatically imply the possibility of cre-

ation/annihilation of particleÐantiparticle pairs, turning what was intended as single-particle rela-

tivistic quantum mechanics into a multiparticle theory where the number of particles is not even

well deÞned.

A fundamental consequence of the causal structure of spacetime is that measurement of observ-

ables in regions that are spacelike separated cannot interfere with each other. In quantum theory these

measurements are implemented by local operatorsO(x) smeared over the spacetime regionR where the

measurement takes place

O(R) '
!

d4x O(x)f R(x), (2.42)

where

f R(x) =

0
1

2

1 if x ( R

0 if x /( R
(2.43)

is the characteristic function associated withR. In mathematical terms, the noninterference of the mea-

surements carried out in spacelike separated regionsR1 andR2 like those shown in Fig.5 is expressed

by the vanishing of the commutator of the associated operators

[O(R1), O(R2)] = 0 if R1 andR2 are spacelike separated, (2.44)

or equivalently

[O(x), O(y)] = 0 if (x " y)2 < 0. (2.45)

This states theprinciple of microcausality, a profound form of locality that has to be imposed on con-

structing any admissible QFT. To date no consistent theory has been formulated violating this principle.

This is why all theories to be encountered later in these lecture will be local quantum Þeld theories

(LQFTs) in the sense of Eq. (2.44).
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Fig. 5: The two spacelike-separated regionsR1 andR2 cannot causally inßuence one another.

3 The importance of classical Þeld theory

MaxwellÕs electromagnetism is arguably the mother of all classical Þeld theories. Despite its apparent

simplicity, the theory contains a number of symmetries and structures that underlie many other develop-

ments in QFT. This is the reason why it is worthwhile to spend some time extracting some lessons from

classical electromagnetism that we will Þnd useful later in our study of the SM and other theories.

3.1 The symmetries of MaxwellÕs theory

Using Heaviside units, and keepingc = 1 all the way, the MaxwellÕs equations take the form

r áE = 0e,

r áB = 0m ,

r ! E = " jm "
! B

!t
, (3.1)

r ! B = je +
! E

!t
.

Here we have introduced a color code signaling various layers of generality. Setting to zero all terms in

blue and red we get the vacuum MaxwellÕs equations governing the evolution of electromagnetic Þelds

in the absence of any kind of matter. If we keep the terms in blue but remove those in red, the resulting

expressions describe the coupling of electric and magnetic Þelds to electrically charged matter, where0e

andje, respectively, represent the electric charge density and current. These are the MaxwellÕs equations

that can be found in most textbooks on classical electrodynamics (see, for example, Ref. [51]).

Let us postpone a little bit the discussion of the terms in red and concentrate on the second and
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third equations

r áB = 0 ,

r ! E = "
! B

!t
. (3.2)

They imply that the electric and magnetic Þelds can be written in terms of a scalar and a vector poten-

tial (", A) as

B = r ! A,

E = " r" "
! A

!t
. (3.3)

These potentials, however, are not uniquely deÞned. The electric and magnetic Þelds remain unchanged

if we replace

" "/ " +
!-
!t

,

A "/ A " r-, (3.4)

with -(t, r) an arbitrary well-behaved function. Thisgauge invarianceis probably the most important

of those structures of the electromagnetic theory that we said were of radical importance for QFT at

large. Although at a classical level it might seem a mere technicality, it has profound implications for the

quantum theory and is the cornerstone of the whole SM. We explore its signiÞcance in some detail in the

following. For computational purposes, it is convenient sometimes to (partially) Þx the gauge freedom

by imposing certain conditions on" andA. Two popular choices in classical electromagnetism are the

Coulomb gauger áA = 0 and the temporal (also called Weyl) gauge" = 0 . These conditions still

leave a residual invariance, generated in the Þrst case by harmonic functions3 2-(t, r) = 0 and by time

independent functions-(r) in the second. A covariant alternative is the Lorentz gauge

r áA +
!"
!t

= 0 , (3.5)

preserved by gauge functions satisfying the wave equation,⇤-(t, r) = 0 .

Gauge invariance introduces aredundancyin the description in terms of the electromagnetic po-

tentials that however cannot be reßected in physically measurable quantities such as the electric and

magnetic Þelds. These are not the only gauge invariant quantities that can be constructed in terms of"

andA. There is also the Wilson loop, deÞned by

U(* ) ' exp
"

" ie
3

$
dr áA

#
, (3.6)

where* is a closed path in space ande the electric charge. Implementing a gauge transformation on the
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vector potential and using the Stokes theorem, we see that it is indeed gauge invariant

exp
"

" ie
3

$
dr áA

#
"/ exp

"
" ie

3

$
dr áA + ie

3

$
dr ár-

#
= exp

"
" ie

3

$
dr áA

#
, (3.7)

after taking into account that* is closed. WhereasE andB are local observables depending on the

spacetime point where they are measured, the Wilson loop isnonlocal since it ÒexploresÓ the whole

region enclosed by* .

It is enlightening to study the consequences of gauge transformations for the dynamics of a quan-

tum particle coupled to an electromagnetic Þeld. In quantum mechanics the prescription of minimal

coupling of a particle with electric chargee to the electromagnetic Þeld

p "/ p " eA, H "/ H + e", (3.8)

introduces an explicit dependence of the Schršdinger equation on the electromagnetic potentials

i
!/
!t

=
4
"

1
2m

*
r " ieA

+2 + e"
5

/. (3.9)

To preserve the gauge invariance of this equation, the transformations (3.7) have to be supplemented by

a phase shift of the wave function

/ (t, r) "/ e! i e((t, r ) / (t, r), (3.10)

which does not affect the probability density|/ (t, r)|2. This shows that the gauge transformations in

electromagnetism belong to the Abelian group U(1) of complex rotations, parametrized by elements

U = e! i e((t, r ) , (3.11)

in terms of which Eq. (3.4) reads

" "/ " +
i
e

U! 1 !
!t

U,

A "/ A "
i
e

U! 1rU. (3.12)

Box 4. Wilson loops and quantum interference

At the classical level we can live with just local observables, like the electric and magnetic Þelds,

but not anymore when we introduce quantum effects. In this case the phase transformation of the

wave function may give rise to observable interference phenomena. As we will see now, these are

measured by a Wilson loopU(* ).

We work for simplicity in the temporal gauge" = 0 . The action of a classical charged particle

21



LUIS ç LVAREZ-GAUMƒ AND MIGUEL ç. V çZQUEZ -MOZO

propagating in the background of an electromagnetic potentialA(t, r) is given by

S =
1
2

!
dt m úr2 " e

!

$
dr áA, (3.13)

where* is the particle trajectory ande is the electron charge. An interesting property of the second

term is that its value does not change if we smoothly deform the path* across any region where the

magnetic Þeld vanishes. Let us consider two paths* 1 and* 2 joining two pointsA andB as shown

here

There is no twin paradox
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Computing the difference between the contributions of both paths, we Þnd a Wilson loop

!

$1

dr áA "
!

$2

dr áA =
3

$" 1
2 $1

dr áA = 0 , (3.14)

where* ! 1
2 * 1 represents the closed path fromA to B following * 1 and back toA along* 2. To

see why this term is zero, let us denote byS any surface bounded by* ! 1
2 * 1. Applying the Stokes

theorem, we have
3

$" 1
2 $1

dr áA =
!

S
dS á(r ! A) = 0 , (3.15)

since we assumed thatB = r ! A = 0 in the integration domain.

This topological property of the interaction term in (3.13) has an important consequence in

quantum mechanics, as pointed out by Yakir Aharonov and David Bohm [52]. Let us look at a

double slit experiment performed with electrons in which behind the slitted screen we place a vertical

solenoid conÞning a constant magnetic ÞeldB (see Fig.6 in page23). The amplitude for an electron

emitted fromA at t = 0 to be detected at a pointP of the detection screen att = + can be computed

as a coherent quantum superposition of all possible classical trajectories, expressed by the Feynman

path integral

G(+; rA , rP ) = N
!

r (0)= r A

r (&)= r P

Dr exp
"

i
2

! &

0
dt m úr2 " ie

!

$
dr áA

#
, (3.16)

with N a global normalization. The modulus squared ofG(+; rA , rP ) gives the probability of the

electron being detected at the pointP at time+.

Recall that the magnetic Þeld outside the solenoid is equal to zero and we can thus apply the

topological property (3.14) to conclude that the second term in the exponential of (3.16) takes the
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same value forall trajectories* L passing through the left slit, and the same forall paths* R going

through the right one. The total propagator can then be written as

G(+; rA , rP ) = e! i e
R

�R
dr áA GR(+; rA , rP )0 + e! i e

R
�L

dr áA GL (+; rA , rP )0

= e! i e
R

�R
dr áA

6
GR(+; rA , rP )0 + e! i e

R
�L

dr áA + i e
R

�R
dr áA GL (+; rA , rP )0

7
, (3.17)

whereGR,L (+; rA , rP )0 are the propagators for the electrons going through the right (resp. left)

slit in the absence of the solenoid. Now, although the global phase disappears when computing the

probability amplitude, the relative phase inside the brackets of the second line of (3.17) contributes

to the interference pattern to be observed on the detection screen. Using the same arguments leading

to the result (3.14), we express this phase as the Wilson loop associated with the closed path* ! 1
R * L

exp
"

" ie
!

$L

dr áA + ie
!

$R

dr áA
#

= exp

'

" ie
3

$" 1
R

$L

dr áA

(

' U(* ! 1
R * L ). (3.18)

It is important to keep in mind that* ! 1
R * L representsanyclosed path going through both slits and

enclosing the solenoid. To evaluate this Wilson loop let us take a birdÕs-eye view of the AharonovÐ

Bohm experimental setup in Fig.6, that we schematically represent as:

There is no twin paradox
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Should we apply the Stokes theorem to the calculation ofU(* ! 1
R * L ) as we did in Eq. (3.15), the

resulting integral would not be zero anymore. As we see, the surfaceS enclosed by the loop is now

pierced by the solenoid, and the magnetic ÞeldB = r ! A is not zero everywhere. Instead

3

$" 1
R

$L

dr áA =
!

S
dS áB = # , (3.19)

where# is the magnetic ßux inside the solenoid, and we have

U(* ! 1
R * L ) = e! i e! += 1 . (3.20)

Hence, the presence of the solenoid modiÞes the interference pattern on the screen, even if the elec-

trons never enter the region where the magnetic Þeld is nonzero. The reason is that even ifB = 0

outside,A is not. Although no force is applied to them, the electrons interact with the vector po-

tential whose global structure, codiÞed in the nonlocal gauge-invariant quantityU(* ! 1
R * L ), contains

information about the conÞned magnetic Þeld.

Going back to the MaxwellÕs equations (3.1), we notice that the vacuum equations (with all blue

and red terms removed) exhibit an interesting symmetry. Combining the electric and magnetic Þelds into
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Fig. 6: Experimental setup to exhibit the AharonovÐBohm effect explained in Box 4.

a single complex ÞeldE + iB, the four equations can be summarized as

r á(E + iB) = 0 ,

r ! (E + iB) " i
!
!t

(E + iB) = 0 . (3.21)

Both identities remain invariant under the transformation

E + iB "/ ei' *
E + iB

+
, (3.22)

with . a real global angle. To be more speciÞc, splitting the previous equation into its real and imaginary

parts, we Þnd

E "/ E cos. " B sin .,

B "/ E sin . + B cos., (3.23)

which for . = )
2 interchanges electric and magnetic Þelds(E, B) / (" B, E).

This electricÐmagnetic duality of the vacuum equations is however broken by the source terms in

the ÒtextbookÓ MaxwellÕs equations [i.e., Eq. (3.1) without the terms in red]. The identities (3.21) are

then recast as

r á(E + iB) = 0e,

r ! (E + iB) " i
!
!t

(E + iB) = i je. (3.24)

Since0e andje are both real quantities, the only transformations preserving these equations are the trivial

ones which either leave invariant the electric and magnetic Þelds or reverse their signs (corresponding

respectively to. = 0 , $), the latter one also requiring the reversal of the sign of0e andje. Physically this
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makes sense, since as far as we know there is a fundamental asymmetry in nature between electric and

magnetic Þelds. While the Þrst are sourced by point charges (electric monopoles) at which Þeld lines

either begin or end, magnetic Þelds are associated with the motion of electric charges and their Þeld lines

always close on themselves. Restoring electric-magnetic duality in the MaxwellÕs equations requires

treating the sources of both Þelds symmetrically, which means introducing magnetic charge density and

current. These are the terms in red in Eq. (3.1), that we rewrite now as

r á(E + iB) = 0e + i0m ,

r ! (E + iB) " i
!
!t

(E + iB) = i
*
je + i jm

+
. (3.25)

These equations remain invariant under electricÐmagnetic duality (3.22) when supplemented by a corre-

sponding rotation of the sources

0e + i0m "/ ei' *
0e + i0m

+
,

je + i jm "/ ei' *
je + i jm

+
. (3.26)

For . = )
2 the interchange of electric and magnetic Þelds is accompanied by a swap of the electric and

magnetic sources,(0e, je) / (" 0m , " jm ) and(0m , jm ) / (0e, je).

The consequences of having particles with magnetic charge were Þrst explored by Dirac in

Ref. [53]. Let us assume the existence of a point magnetic source that for simplicity we locate at the

origin, 0m = g, (3) (r). The second equation in (3.1) leads to

r áB = g, (3) (r) =- B(r) =
1

4$
g
r 2ur , (3.27)

which would be a magnetic analog of the Coulomb Þeld. An important point to consider is that, despite

the sourceÕs presence, the magnetic ÞeldÕs divergence still vanishes everywhere except at the monopoleÕs

position. As a consequence, away from this point we can still writeB = r ! A, which is solved by

A(r) =
1

4$
g
r

tan
"

.
2

#
u* , (3.28)

where we are using spherical coordinates(r, 1, . ). This vector potential is singular not only at the

monopole location atr = 0 , but all along the line. = $ as well. The existence of this singular Dirac

string should not be a surprise. WereA(r) be regular everywhere outside the origin, we could apply the

Stokes theorem to the integral giving the magnetic ßux across a closed surfaceS enclosing the monopole,

to Þnd
!

S
dS áB =

!

S
dS á(r ! A) =

3

+S
d` áA = 0 , (3.29)

since! S = 4. This would contradict the calculation of the same integral applying GaussÕ theorem

!

S
dS áB =

!

B3

r áB = g += 0 , (3.30)
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Fig. 7: Left: Section of a sphere around a Dirac magnetic monopole with chargeg, resulting from
cutting out a region around the south pole. Its boundary! S surrounds the singular Dirac string located
along. = $ (in red). Right: Closed path surrounding the Dirac string.

whereB3 denotes the three-dimensional region bounded byS and containing the monopole. Notice that

this second calculation is free of trouble, since the magnetic Þeld (3.27) is regular everywhere onS. The

catch, of course, is that the vector potential is singular at. = $ and the surfaceS in (3.29) cannot be

closed. As shown on the left of Fig.7, its boundary is a circle surrounding the singularity and the integral

gives a nonzero result

3

+S
d` áA =

1
2

gsin , 0 tan
"

, 0

2

#
, 0( 0

""""/ g, (3.31)

where the last limit corresponds to shrinking the boundary to a point, reproducing the result of Eq. (3.30).

Even if mathematically unavoidable, the existence of a singularity is always a source of concern

in physics. A way to restore our peace of mind in this case might be to make the Dirac string an artefact

that somehow is rendered unobservable. One may think that a way to accomplish this is to apply a gauge

transformation, since the vector potential is not uniquely deÞned. This, however, does not eliminate the

Dirac string, just changes its location.

Let us look a bit closer at the vector potential (3.28) near the Dirac string. Denoting by2 the linear

distance to the string (see the right of Fig.7), in the limit 2 / 0 we can write

A 5
1

2$
g
2
u* . (3.32)

This expression should be familiar from elementary electrodynamics, since it represents the vector poten-

tial outside an inÞnite solenoid. The Dirac string can be pictured then as an inÞnitely thin solenoid pump-

ing magnetic ßux into the monopole which, according to the limiting value of the integral in Eq. (3.31),

is actually equal to the outgoing ßux through a closed surface surrounding the monopole.

In Box 4 we learned a way to Òdetect solenoidsÓ by their imprints on the wave function of charged

quantum particles detectable by interference experiments. The Wilson loop of a particle with electric
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chargee going around the Dirac string is computed from the vector potential (3.32) and gives [see also

Eq. (3.31)]

U(* ) = exp
"

" ie
3

$
d` áA

#
= e! i eg. (3.33)

The absence of detectable interference requires this phase to be equal to one for any electrically charged

particle, which amounts to the condition

eg = 2$n =- e =
2$
g

n. (3.34)

with n an integer. This is a very interesting result, stating that the existence of a single magnetic

monopole anywhere in the universe implies by consistency that electric charges have to bequantized.

The quantization condition (3.34) remains invariant under electricÐmagnetic duality with. = )
2 .

UnconÞrmed sightings in cosmic rays notwithstanding [54,55], no evidence exists of magnetically

charged particles at the energies explored. They are, however, an almost ubiquitous prediction of many

theories beyond the SM, where they usually emerge as solitonic objects resulting from the spontaneous

breaking in uniÞed Þeld theories leaving behind unbroken U(1)Õs. Although they acquire masses of the

order of the symmetry breaking scale, magnetic monopoles should have been created in huge amounts at

the early stages of the universeÕs history. One of the original aims of cosmological inßation models was

to dilute their presence in the early universe, thus accounting for their apparent absence.

Box 5. Magnetic monopoles from topology

The origin of all our troubles with the Dirac monopole was after alltopological: although the vector

potential of the magnetic monopole is locally well deÞned anywhere away from the origin, it cannot

be extended globally to the sphere surrounding the monopole. There is however a way to avoid the

singular Dirac string, which was pointed out by Tai Tsun Wu and Chen Ning Yang [56]. When

computing the ßux integral (3.30), instead of covering the sphere with a single patch cutting out the

region around the place where the Dirac string crosses the surface (in our case, the south pole), we

can be more sophisticated and use two patches, respectively centered at the north and south poles

and overlapping at the equator. This is what we represent in the picture below, withD± the upper

and lower hemispheres glued together along their respective boundariesS1
±

There is no twin paradox
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S1
+

On bothD+ andD! we can write vector potentials whose curls reproduce the expression of the
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monopole Þeld (3.27)

A(r)+ =
1

4$
g
r

tan
"

.
2

#
u* 0 , . ,

$
2

,

A(r)! = "
1

4$
g
r

cot
"

.
2

#
u*

$
2

, . , $. (3.35)

The important point here is that both expressions are perfectly regular in their respective domains,

so our vector potential is regular everywhere on the sphereS2 = D+ ) D! . An apparent obstacle

arises in their overlap at the equator. = )
2 , where the two expressions do not agree

A(r)+

8
8
8
S1

+

" A(r)!

8
8
8
S1

"

=
1

2$
g
r
u* . (3.36)

This is however not a problem since, as we know, the vector potential is not uniquely deÞned. It is

physically acceptable that the identiÞcation of the vector potentials at the equator is made modulo a

gauge transformation, which is indeed the case here

- = "
g

2$
1 =- A(r)+

8
8
8
S1

+

= A(r)!

8
8
8
S1

"

" r-. (3.37)

The magnetic ßux due to the magnetic monopole at its center can be evaluated using these expres-

sions as
!

S2
dS áB =

!

D +

dS á(r ! A+ ) +
!

D "

dS á(r ! A! )

=
3

S1
+

d` áA+ +
3

S1
"

d` áA! (3.38)

= -(2$) " -(0) = g,

correctly reproducing (3.30). Notice that the two boundariesS1
± = !D ± have opposite orientations,

so using Eq. (3.37) the second line combines into a single integral of-#(1) from 0 to 2$.

The gauge function-(1) relating the vector potentials along the equator is not single-valued

on S1. This might pose a problem in the presence of quantum charged particles, since their wave

functions also change under gauge transformations [see Eq. (3.10)]. In order to avoid multivalued-

ness of the wave function, we must require

e! i e((0) = e! i e((2) ) =- ei eg = 1 , (3.39)

and the Dirac quantization condition (3.34) is retrieved. Alternatively, we can also notice that under

a gauge transformation the action of a particle moving along the equator changes by" S = " eg, as

can be easily checked from Eq. (3.13). This has no effect in the Feynman path integral providedeg =

2$n, with n ( Z, and the same result is obtained.

The WuÐYang construction highlights the topological structure underlying the magnetic
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monopole. Implementing the quantization conditioneg = 2$n, the U(1) transformation (3.37)

relating the vector potential of both hemispheres takes the form [cf. (3.11)]

U = ein* . (3.40)

Since U(1) is the multiplicative group of complex phases, it can be identiÞed with the unit circle.

As we move once along the equator and the azimuthal angle1 changes from0 to 2$, the gauge

transformation (3.40) wrapsn times around U(1), as we illustrate here for the particular casen = 3

There is no twin paradox
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U(1)

More technically speaking, when mapping the circleS1 onto U(1) we encounter inÞnitely many

sectors that cannot be smoothly deformed into one another and are distinguished by how many

times the circle wraps around U(1). The corresponding integer is an element of the Þrst homotopy

group$1[U(1)] = Z classifying the continuous mapsU : S1 / U(1) (see, for example, Refs. [57Ð

60] for physicist-oriented overviews of basic concepts in differential geometry).

This should not come as a surprise. After all, at face value, our insistence in expressing the

magnetic Þeld as the curl of the vector potential is incompatible with having a nonvanishing value

for ráB as in Eq. (3.27). To reconcile these two facts we have to assume that althoughB = r ! A

is valid on a contractible coordinate patch, there is no vector ÞeldA globally deÞned on the sphere

with this property. This is why in our case the topologically trivial conÞgurationn = 0 corresponds

to zero magnetic charge and a vanishing magnetic Þeld.

Looking at the symmetries of classical electrodynamics, we notice one conspicuously absent from

the MaxwellÕs equations (3.1): Galilean invariance. It is amusing that Maxwell composed a fully rela-

tivistic invariant Þeld theory some forty years before EinsteinÕs formulation of special relativity. It took

the latterÕs genius to realize that the tension between classical mechanics and electrodynamics was to be

solved giving full credit to the MaxwellÕs equations and their spacetime symmetries. The price to pay

was to modify Newtonian mechanics to make it applicable to systems involving velocities close to the

speed of light.

3.2 Quantum electromagnetism

The easiest way to show the relativistic invariance of the MaxwellÕs equations is to rewrite them as

tensor equations with respect to PoincarŽ transformations. To do so, we combine the scalar and vector

electromagnetic potentials into a single four-vector

Aµ ' (", A), (3.41)
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while electric and magnetic Þelds are codiÞed in the Þeld strength two-tensor

Fµ! ' ! µA! " ! ! Aµ. (3.42)

The latter can be explicitly computed to be

Fµ! =

9

:
:
:
:
;

0 Ex Ey Ez

" Ex 0 " Bz By

" Ey Bz 0 " Bx

" Ez " By Bx 0

<

=
=
=
=
>

, (3.43)

whereE = ( Ex , Ey, Ez) andB = ( Bx , By, Bz). The gauge transformations (3.4) are now expressed in

the more compact form

Aµ "/ Aµ + ! µ-, (3.44)

which obviously leaveFµ! invariant. It is also convenient to deÞne the dual Þeld strength

?Fµ! =
1
2

-µ!"# F "# , (3.45)

whose components are obtained from (3.43) by replacingE / B andB / " E. Charge densities and

currents are also merged into four-vectors

j µ
e ' (0e, je),

j µ
m ' (0m , jm ), (3.46)

in terms of which the four MaxwellÕs equations (3.1) are recast as

! µF µ! = j !
e ,

! µ ?F µ! = j !
m . (3.47)

Some comments about the magnetic current are in order here. It should be noticed that the deÞni-

tion (3.42) automatically implies the Bianchi identity

! µ ?F µ! =
1
2

-!-"# ! - F"# = -!-"# ! - ! " A# = 0 , (3.48)

contradicting the second equation in (3.47). In fact, we have already encountered this problem in its

noncovariant version when discussing magnetic monopoles: writingB = r ! A is incompatible with

havingr áB += 0 . The solution given there is also applicable here. What happens is that (3.42) is valid

locally but not globally. Magnetic monopoles can be described using the vector potentialAµ, but the

gauge Þeld conÞguration needs to be topologically nontrivial.

The tensorsFµ! and ?Fµ! can be used to construct quantities that are relativistic invariant. By
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contracting them, we Þnd the two invariants

Fµ! F µ! = ?Fµ! ?F µ! = " 2
*
E

2 " B
2+

,

Fµ! ?F µ! = 2E áB. (3.49)

This implies that the complex combinations

*
E ± iB

+2 = E
2 " B

2 ± 2iE áB, (3.50)

also remain invariant under the Lorentz group3. The present discussion is very relevant for building an

action principle for classical electrodynamics. In particular, noticing thatFµ! ?F µ! = 2 ! µ(A! F µ! ) is a

total derivative, the obvious choice is

S =
!

d4x
"

"
1
4

Fµ! F µ! + j µAµ

#

=
!

dtd3x
4

1
2

*
E

2 " B
2+

+ 0" " j áA
5

, (3.51)

which is also gauge invariant provided charge is conserved,! µ j µ = 0 . Since from now on we will

ignore the presence of magnetic charges, we drop the color code used so far, as well as the subscript in

the electric density and current.

Although obtaining the Maxwell Þeld equations from the action in (3.51) is straightforward, the

canonical formalism is tricky. The reason is thatú" does not appear in the action and as a consequence

the momentum conjugate toA0 is identically zero. Thus, we have a constrained system that has to be

dealt with using DiracÕs formalism (see, for example, Ref. [14] for the details). At a practical level, we

regardA andE as a pair of canonically conjugated variables

@
Ai (t, r), Ej (t, r#)

A
PB = , ij , (3) (r " r

#). (3.52)

Using úA = " E " r" , we construct the Hamiltonian

H =
!

dtd3x
4
" úA áE "

1
2

*
E

2 " B
2+

" 0" + j áA
5

=
!

dtd3x
4

1
2

*
E

2 + B
2+

+ "
*
r áE " 0

+
+ j áA

5
, (3.53)

where the term" E ár" has been integrated by parts and the substitutionB = r ! A is understood.

GaussÕ lawr áE = 0 emerges as a constraint preserved by time evolution

@
r áE " 0, H

A
PB = " r áj " ú0 5 0, (3.54)

where we follow DiracÕs notation and denote by5 identities that are satisÞed after the equations of

3They change however under electricÐmagnetic duality, which mixes the two quantities introduced in (3.49).
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motions are implemented. It also generates the gauge transformations of the vector potential

, A(t, r) =
B
A(t, r),

!
d3r #-(t, r#)

,
r áE(t, r#) " 0(t, r#)

-C

PB
= " r-(t, r). (3.55)

Solving the vacuum Þeld equations written in terms of the gauge potential

⇤Aµ " ! µ ! ! A! = 0 , (3.56)

requires Þxing the gauge freedom (3.44). To preserve relativistic covariance it is convenient to use the

Lorenz gauge! µAµ = 0 introduced in (3.5), so the gauge potential satisÞes the wave equation⇤Aµ = 0 .

Trying a plane wave ansatz

Aµ(x) % 3µ(k, #)e! ik µxµ

, (3.57)

the wave equation implies that the momentum vectorkµ is null

kµkµ = 0 = - k0 = ±| k|. (3.58)

The parameter# in 3µ(k, #) labels the number of independent polarization vectors, which the Lorentz

gauge condition force to be transverse

kµ3µ(k, #) = 0 . (3.59)

Using this condition we eliminate the temporal polarization in terms of the other three

30(k, #) =
1

|k|
k á"(k, #). (3.60)

In addition, there is a residual gauge freedom preserving the Lorentz condition implemented on the plane

wave solutions by shifts of the polarization vector proportional to the wave momentum

3µ(k, #) "/ 3µ(k, #) + ( (k)kµ . (3.61)

Using this freedom to set30(k, #) to zero, we are left with just two independent transverse polarizations

satisfyingk á"(k, #) = 0 . The plane wave solution then reads

A(t, r) % "(k, #)e! i |k |t+ i k ár , (3.62)

with A0 = 0 and # = ± 1 labelling the two transverse polarizations, that in the following we will

respectively identify with rightÐleft circular polarizations4, "(k, #)& = "(k, " #). They moreover satisfy

"(k, #) á
,
k ! "(k, ##)

-
= i# |k|, %,! %! . (3.63)

4For a massive vector Þeld the Lorentz condition" µAµ = 0 is still satisÞed as an integrability condition of the equations of
motion " µF µ⌫ + m2A⌫ = 0 and Eq. (3.60) therefore holds. The key difference lies in that the residual freedom (3.61) is
absent and we have an additional longitudinal polarization (i.e., aligned withk) in addition to the two transverse ones.
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This identity will be useful later on.

Since the Þeld equations are linear, a general solution can be written as a superposition of the plane

wave solutions (3.62) and their complex conjugates. Upon quantization the coefÞcients in this expansion

become operators and we can write a general expression for the gauge Þeld operator

DA(t, r) =
%

%= ± 1

!
d3k

(2$)3

1
2|k|

6
"(k, #)Da(k, #)e! i |k |t+ i k ár + "(k, #)&Da(k, #)  ei |k |t ! i k ár

7
, (3.64)

where, with our gauge Þxing,DA0(t, r) = 0 . The integration measure appearing in this expression results

from integrating over all four-dimensional momenta lying on the upper light-cone in Fig.4

!
d4k

(2$)4 , (kµkµ). (k0)[. . .] =
!

d3k
(2$)3

1
2|k|

[. . .], (3.65)

and is by construction Lorentz invariant. The quantum states of the theory are vectors in the space of

states the operator (3.64) acts on. To determine it and therefore the excitations of the quantum Þeld,

we establish Þrst the algebra of operators and then Þnd a representation. This is done by applying the

canonical quantization prescription replacing classical Poisson brackets with quantum commutators

i {á, á}PB "/ [á, á]. (3.66)

Using the deÞnitionDE = ! 0 DA, the electric Þeld operator is computed to be

DE(t, r) = "
i
2

%

%= ± 1

!
d3k

(2$)3

6
"(k, #)Da(k, #)e! i |k |t+ i k ár " "(k, #)&Da(k, #)  ei |k |t ! i k ár

7
. (3.67)

Classically, the electric Þeld is canonically conjugate to the vector potential [see Eq. (3.52)], so the

prescription (3.66) gives its equal-time commutator with the gauge Þeld

[Ai (t, r), Ei (t, r#)] = i, ij , (3) (r " r
#) (3.68)

that translates into the following commutation relations for the operatorsDa(k, #) and their Hermitian

conjugates

[Da(k, #), Da(k#, ##)  ] = (2 $)32|k|, %%! , (3) (k " k
#),

[Da(k, #), Da(k#, ##)] = [ Da(k, #)  , Da(k#, ##)  ] = 0 . (3.69)

This algebra is reminiscent of the one of creationÐannihilation operators in the quantum harmonic oscil-

lator. Introducing a properly normalized vacuum state|02to be annihilated by allDa(k; #), we deÞne the

vector

|k, #2= Da(k, #)  |02, (3.70)

representing a one-photon state with momentumk and helicity#. These states are covariantly normalized
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according to

1k, #|k#, ##2= (2 $)32|k|, %%! , (3) (k " k
#), (3.71)

as can be seen from Eq. (3.69). Multiple photon states are obtained by successive application of creation

operators

|k1, #1; k2, #2; . . . ; kn , #n2= Da(k1, #1)  Da(k2, #2)  . . . Da(kn , #n)  |02. (3.72)

From the commutation relation of creation operators given in (3.69) we see that the multi-photon state is

even under the interchange of whatever two photons, as it should be for bosons.

Although we have been talking about photons, we must check that the states (3.70) have the

quantum numbers corresponding to these particles. So, Þrst we compute their energy by writing the

quantum Hamiltonian. Going back to Eq. (3.53), we set the sources to zero (0 = 0 and j = 0) and

replace the electric and magnetic Þeld for their corresponding operators. A Þrst thing to notice is that the

electric Þeld (3.67) satisÞes the Gauss lawr áDE = 0 as a consequence of the transversality condition of

the polarizations vectors. Computing in additionB = r ! A and after some algebra, we Þnd

DH =
%

%= ± 1

!
d3k

(2$)3

1
2|k|

|k|Da(k, #)  Da(k, #) +
1
2

%

%= ± 1

!
d3k |k|, (3) (0). (3.73)

The second term on the right-hand side represents the energy of the vacuum state

DH |02=

'
1
2

%

%= ± 1

d3k |k|, (3) (0)

(

|02 (3.74)

and is doubly divergent. One inÞnity originates in the delta function and comes about because we are

working at inÞnite volume, a type of divergence that in QFT is designated asinfrared (IR). It can be

regularized by setting our system in a box of volumeV , which replaces(2$)3, (3) (0). Proceeding in this

way, we write the energy density of the vacuum as

0vac '
Evac

V
=

1
2

%

%= ± 1

!
d3k

(2$)3 |k|. (3.75)

This expression has the obvious interpretation of being the result of adding the zero-point energies of

inÞnitely many harmonic oscillators, each with frequency4 = |k|. It is still divergent, and since the

inÞnity originates in the integration over arbitrarily high momenta, it is calledultraviolet (UV). A way

to get rid of it is assuming that|k| < ! UV , so that after carrying out the integral, the vacuum energy

density is given by

0vac =
1

16$2 ! 4
UV . (3.76)

In the spirit of effective Þeld theory this UV cutoff is physically interpreted as the energy scale at which

our description of the electromagnetic Þeld breaks down and has to be replaced by some more general
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theory.

The vacuum energy density (3.76) is at the origin of the cosmological constant problem. Due to its

strong dependence on the UV cutoff, when we add the contributions of all known quantum Þelds to0vac

the result is many orders of magnitude larger than the one measured through cosmological observations.

The way to handle this mismatch is by assuming the existence of a nonzero cosmological constant! c

contribution to the total vacuum energy of the universe as

0vac =
! c

8$GN
+

%

i

0vac,i , (3.77)

where the sum is over all quantum Þelds in nature. Identifying the UV cutoff with the Planck en-

ergy,! UV 6 ! Pl , the cosmological constant has to be Þne tuned over 120 orders of magnitude in order

to cancel the excess contribution of the quantum Þelds to the vacuum energy density of the universe (see,

for example, Refs. [61Ð63] for comprehensive reviews).

Let us get rid of the vacuum energy for the time being by subtracting it from the Hamilto-

nian (3.73). Acting with this subtracted Hamiltonian on the multiparticle states (3.72), we Þnd they

are energy eigenstates

DH |k1, #1; k2, #2; . . . ; kn , #n2=
*
|k1| + |k2| + . . . + |kn |

+
|k1, #1; k2, #2; . . . ; kn , #n2, (3.78)

with the eigenvalue giving the energy ofn free photons with momentak1, k2, . . . ,kn . The Þeld momen-

tum, on the other hand, is given by the Poynting operator

DP =
!

d3r E(t, r) ! B(t, r)

=
%

%= ± 1

!
d3k

(2$)3

1
2|k|

kDa(k, #)  Da(k, #), (3.79)

where, unlike for the Hamiltonian, here there is no vacuum contribution due to the rotational invariance

of |02. Its action on the states (3.72) gives

DP|k1, #1; k2, #2; . . . ; kn , #n2=
*
k1 + k2 + . . . + kn

+
|k1, #1; k2, #2; . . . ; kn , #n2, (3.80)

showing that the vectork labelling the one-particle states (3.70) is rightly interpreted as the photon

momentum. Finally, we compute the spin momentum operator

DS =
!

d3x DA ! DE

= i
%

%,%! = ± 1

!
d3k

(2$)2

1
2|k|

"(k, #) ! "(k, ##)&Da(k, #)  Da(k, #). (3.81)
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Acting on a one-particle state (3.70), we Þnd

DS|k, #2= i
%

%,%! = ± 1

"(k, #) ! "(k, ##)&|k, #2. (3.82)

We now project this expression on the direction of the photonÕs momentum, to Þnd the helicity operator

acting on the single photon state

Dh|k, #2 '
k

|k|
áDS|k, #2=

i
|k|

%

%,%! = ± 1

k á
,
"(k, #) ! "(k, ##)&-

|k, #2. (3.83)

Using the relation (3.63) to evaluate the mixed product inside the sum, we arrive at

Dh|k, #2= #|k, #2, (3.84)

which shows that# is indeed the helicity of the photon. We have convinced ourselves that our interpreta-

tion of the quantum numbers describing the Hamiltonian eigenstates was correct, and they describe states

with an arbitrary number of free photons of deÞnite momenta and helicities. Photons therefore emerge

as the elementary excitations of the quantum electromagnetic Þeld.

3.3 Some comments on quantum Þelds

The previous calculation also teaches an important lesson: the space of states of a free quantum Þeld (in

this case the electromagnetic Þeld) is in fact a Fock space, i.e., the direct sum of Hilbert spaces spanned

by then-particle states (3.72),

F =
"E

n=0

Hn , (3.85)

where we takeH0 = L{| 02}, the one-dimensional linear space generated by the vacuum state|02. We

have shown that the canonical commutation relations (3.68) admit a representation in the Fock space.

Although we have done this for the free sourceless MaxwellÕs theory, it is also the case for any other free

Þeld theory, as we will see in other examples below. Including interactions does not change this, provided

they are sufÞciently weak and to be treated in perturbation theory. Thus, the Þrst step in describing a

physical system is to identify the weakly coupled degrees of freedom, whose multiparticle states span the

Fock space representing the asymptotic states in scattering experiments of the type carried out everyday

in high energy facilities around the world. This is well illustrated by the case of QCD discussed in the

Introduction (see page6), where while the asymptotic states are described by hadrons, the fundamental

interactions taking place are described in terms of weakly coupled quarks and gluons5.

5A technical caveat: HaagÕs theorem [64], however, states that for a general interacting QFT there exists no Fock space rep-
resentation of the canonical commutation relation. This is usually interpreted as implying that full interacting QFT is not a
theory of particles [65Ð67].
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Box 6. Complex Þelds and antiparticles

The analysis presented for electrodynamics carries over to the quantization of other free Þelds. A

simple but particularly interesting example is provided by a complex scalar Þeld, with action

S =
!

d4x
.

! µ1&! µ1 " m21&1
/

. (3.86)

Life is now simpler since there is no gauge freedom and the Hamiltonian formalism is straightfor-

ward. We compute the conjugate momentum and the canonical Poisson brackets

$(t, r) =
,S

,! 01(t, r)
= ! 01(t, r)& =-

@
1(t, r), $(t, r#)

A
PB = , (3) (r " r

#), (3.87)

with the corresponding expression for the complex conjugate Þelds,1(t, r)& and $(t, r)&. The

Hamiltonian is then given by

H =
!

d3r
6
$&$ + ( r1&) á(r1) + m21&1

7
. (3.88)

The equation of motion derived from the action (3.86) is the KleinÐGordon equation

*
⇤ + m2+

1 = 0 , (3.89)

which admits plane wave solutions of the form

1(x) % eipµxµ

, (3.90)

with pµ satisfying the mass-shell condition

pµpµ = m2 =- p0 ' ± Ep = ±
$

p2 + m2. (3.91)

As with the electromagnetic Þeld, the corresponding quantum Þelds are an operator-valued super-

position of plane waves

D1(t, r) =
!

d3p
(2$)3

1
2Ep

6
D( (p)e! iE p t+ i pár + D) (p)  eiE p t ! i pár

7
,

D1(t, r)  =
!

d3p
(2$)3

1
2Ep

6
D) (p)e! iE p t+ i pár + D( (p)  eiE p t ! i pár

7
, (3.92)

while the operator associated to the canonically conjugate momentum is given by

D$(t, r) = "
i
2

!
d3p

(2$)3

6
D) (p)e! iE p t+ i pár " D( (p)  eiE p t ! i pár

7
,

D$(t, r)  =
i
2

!
d3p

(2$)3

6
D( (p)e! iE p t+ i pár " D) (p)  eiE p t ! i pár

7
. (3.93)
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The key observation here is that, sinceD1 is not Hermitian, the two operatorsD( (p) and D) (p) cannot

be identiÞed, as it was the case with the electromagnetic Þeld. Imposing the equal-time canoni-

cal commutation relations induced by the canonical Poisson brackets [see Eq. (3.87)] leads to the

following algebra of operators

[D( (p), D( (p#)  ] = (2 $)32Ep , (3) (p " p
#),

[D( (p), D( (p#)] = [ D( (p)  , D( (p#)  ] = 0 , (3.94)

and corresponding expressions forD) (p) and D) (p)  , with both types of operators commuting with

each other. As with the photons, the Fock space of states is built by acting withD( (p)  Õs andD) (p)  Õs

on the vacuum state|02, which is itself annihilated byD( (p)Õs andD) (p)Õs

|p1, . . . ,pn ; q1, . . . ,qm 2= D( (p1)  . . . D( (pn)  D) (q1)  . . . D) (q1)  |02, (3.95)

where we have distinguished the momenta associated with the two kinds of creation operators. No-

tice that, since the operators on the right-hand side of this expression commute with each other, the

order in which we list the momentap1, . . . ,pn andq1, . . . ,qm is irrelevant, signalling that both

types of excitations are bosons.

The states constructed in (3.95) in fact diagonalize the Hamiltonian

DH =
!

d3p
(2$)3

1
2Ep

Ep

6
D( (p)  D( (p) + D) (p)  D) (p)

7
, (3.96)

where we have subtracted a UV and IR divergent vacuum contribution similar to the one encountered

in Eq. (3.73). Indeed, it is not difÞcult to show that

DH |p1, . . . ,pn ;q1, . . . ,qm 2

=
*
Ep1 + . . . + Epn

+ Eq1 + . . . + Eqm

+
|p1, . . . ,pn ; q1, . . . ,qm 2, (3.97)

from where we conclude that the elementary excitations of the quantum real scalar Þeld are free

scalar particles with well-deÞned energy and momentum. These particles come in two different

types depending on whether they are created byD( (p)  or D) (p)  , since they share the same dispersion

relation, they have equal masses.

The obvious question is what distinguishes physically one from the other. To answer, we have

to study the symmetries of the classical theory. A look at the action (3.86) shows that it is invariant

under global phase rotations of the complex Þeld

1(x) "/ ei. 1(x), 1(x)& "/ e! i. 1(x), (3.98)

with 5 a constant real parameter. NoetherÕs theorem (see page57) states that associated to this
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symmetry there must be a conserved current, whose expression turns out to be

j µ = i1 &7/
! µ1 ' i1 &! µ1 " i (! µ1&)1 =- ! µ j µ = 0 . (3.99)

In particular, the conserved charge is given by

Q =
!

d3r
*
1&$& " $1

+
, (3.100)

and once classical Þelds are replaced by their operator counterparts (and complex by Hermitian

conjugation), we have the following form for the charge operator:

DQ =
!

d3p
(2$)3

1
2Ep

6
D( (p)  D( (p) " D) (p)  D) (p)

7
. (3.101)

By acting with it on one-particle states, we get

DQ|p; 02= |p; 02,

DQ|0;q2= "| 0;q2, (3.102)

showing that the conserved charge distinguishes the excitations generated byD( (p)  from those gen-

erated byD) (p)  . Moreover, the complex scalar Þeld can be coupled to the electromagnetic Þeld by

identifying the current (3.99) with the one appearing in the Maxwell action (3.51), its conservation

guaranteeing gauge invariance of the combined action. Thus, the two kinds of particles with the

same mass and spin have opposite electric charges and are identiÞed as particles and antiparticles.

The complex (i.e., non-Hermitian) character of the scalar Þeld is crucial to have both particles and

antiparticles. In the case of the gauge ÞeldDA, hermiticity identiÞes the operators associated with

positive and negative energy plane wave solutions as conjugate to each other, making the photon its

own antiparticle.

It is time we address another symmetry present in MaxwellÕs electrodynamics that is of pivotal

importance for QFT as a whole: scale invariance. Looking at the free electromagnetic action

SEM = "
1
4

!
d4x Fµ! F µ! , (3.103)

we notice the absence of any dimensionful parameters, unlike in the case of the complex scalar Þeld

action (3.86), where we have a parameterm that turns out to be the mass of its elementary quantum

excitations. It seems that the free MaxwellÕs theory should be invariant under changes of scale.

To formulate the idea of scale invaraince in more general and precise mathematical terms, let us

assume a scale transformation of the coordinates

xµ "/ #xµ, (3.104)
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with # a nonzero real parameter, combined with the following scaling of the Þelds in the theory

#( x) "/ #! " �#( #! 1x), (3.105)

where" ! is called the ÞeldÕs scaling dimension. Applying these transformations to the particular case

of the action (3.103), we Þnd

SEM "/ #2! 2" ASEM , (3.106)

so that by setting" A = 1 the action remains invariant under scale transformations.

We will explore now whether the scale invariance of the free MaxwellÕs theory is preserved by

the coupling of the electromagnetic Þeld to charged matter. As an example, let us consider the complex

scalar Þeld we studied in Box 6, but now coupled to an electromagnetic Þeld

S =
!

d4x
F

! µ1&! µ1 " m1 &1 "
1
4

Fµ! F µ! + ie
,
1&! µ1 " (! µ1&)1

-
Aµ + e21&1A µAµ

G

=
!

d4x
4
*
! µ + ieAµ

+
1&*

! µ " ieAµ+
1 " m21&1 "

1
4

Fµ! F µ!
5

. (3.107)

Here, besides the couplingj µAµ suggested by the MaxwellÕs equations, we also have the

terme21&1A µAµ, that has to be added to preserve the invariance of the whole action under the gauge

transformations6

1 / eie( (x)1&, 1& / e! ie( (x)1&, Aµ / Aµ + ! µ-(x). (3.108)

Setting the scaling dimension of the scalar Þeld to one," * = 1 , we easily check that the scale invariance

of the action (3.107) is only broken by the mass term of the scalar Þeld

m
!

d4x 1 &1 "/ #2m
!

d4x 1 &1. (3.109)

This conÞrms our intuition that classical scale invariance is incompatible with the presence of dimen-

sionful parameters in the action. It also shows that takingm = 0 the photon can be coupled to scalar

charged matter preserving the classical scale invariance of the free Maxwell theory. Several essential

Þeld theories share this property besides the example just analyzed, most notably QCD once all quark

masses are set to zero.

The discussion above has emphasized the termclassicalwhenever referring to scale invariance.

The reason is that this is a very fragile symmetry once quantum effects are included. For example, let us

go back to the action (3.107) but now takem = 0 . The classical scale invariance is broken by quantum

effects in the sense that, once the quantum corrections induced by interactions are taken into account,

physics depends on the energy scale at which experiments are carried out. One way in which this happens

is by the electric charge of the elementary excitations of the Þeld depending on the energy at which it is

6Notice that the combination(" µ ! ieA µ)# appearing in the second line of Eq. (3.107) transforms as the complex scalar Þeld
itself. It deÞnes the gauge covariant derivative of# , its name reßecting its covariant transformation under gauge transforma-
tions,D µ# " eie✏(x)D µ#.
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measured7. We will further elaborate on this phenomenon in Section10.

4 Some group theory and some more wave equations

Scalars and vectors are relatively intuitive objects, which is why we did not need to get into sophisticated

mathematics to handle them. In nature, however, elementary scalar Þelds are rare (as of today, we know

just one, the Higgs Þeld) and vector Þelds only describe interactions, not matter. To describe fundamental

physics we need Þelds whose excitations are particles with spin-1
2, such as the electron, the muon, and

the quarks. We have to plunge into group theory before we can formulate these objects rigorously.

4.1 Special relativity and group theory

Let us begin by giving a more technical picture of the Lorentz group. We have deÞned it as the set

of linear transformations of the spacetime coordinatesx#µ = ! µ
! x! satisfying (2.10) and therefore

preserving the Minkowski metric. The Þrst thing to be noticed is that this condition implies the inequality

(! 0
0)2 "

3%

i =1

(! i
0)2 = 1 = - | ! 0

0| . 1. (4.1)

The sign of! 0
0 indicates whether or not the transformed time coordinate ÒßowsÓ in the same direction

as the original one, this being why transformations with! 0
0 . 1 are calledorthochronous. At the same

time, Eq. (2.10) also implies

(det !) 2 = 1 = - det ! = ± 1. (4.2)

Since it is not possible to change the signs of! 0
0 or det ! by continuously deforming Lorentz transfor-

mations, the full Lorentz group is seen to be composed of four different connected components:

L )
+ : proper, orthochronous transformations with! 0

0 . 1 anddet ! = 1 ,

L*
+ : proper, non-orthochronous transformations with! 0

0 , " 1 anddet ! = 1 ,

L )
! : improper, orthochronous transformations with! 0

0 . 1 anddet ! = " 1, (4.3)

L*
! : improper, non-orthochronous transformations with! 0

0 , " 1 anddet ! = " 1.

The set of proper orthochronous transformationsL)
+ contains the identity, while the remaining ones

respectively include the time reversal operation (T: x0 / " x0), parity (P: xi / " xi ), and the com-

position of both. As indicated in Fig.8, these discrete transformations also map the identityÕs connected

component to the other three,

T : L )
+ "/ L *

! , P : L )
+ "/ L )

! , PT : L )
+ "/ L *

+ . (4.4)

7Incidentally, most scale invariant QFTs are also invariant under the full conformal group, i.e., the group of coordinate trans-
formations preserving the light cone.

41



LUIS ç LVAREZ-GAUMƒ AND MIGUEL ç. V çZQUEZ -MOZO

<latexit sha1_base64="jThHABU91FWifv09Q8YE9zip8eE=">AAAB4XicZU/LTsJAFL2DL8QX6tINkY2LhrTGx5boxiUm8ohAyMz0QifMtJPOYCQNH+DOGHdGP8a/8G9ssZvKWdyc+zg59zAthbGu+0NKa+sbm1vl7crO7t7+QfXwqGOiWcyxzSMZxT1GDUoRYtsKK7GnY6SKSeyy6W227z5hbEQUPti5xqGik1CMBac2HT0OFLUBY4m3GFXrbsNdorZKvJzUIUdrVP0e+BGfKQwtl9SYvudp69ALTTXGw4TGVnCJi1plMDOoKZ/SCSZUmXEUWuOkxMwVcyS1+JyybJD94mQlNuPlBTPzRUHOVLE3qXGAvsNYJP3Cqh8EKrUYJn5qYIXCotBfvpGF9v5HXCWd84Z31bi8v6g3b/L4ZTiBUzgDD66hCXfQgjZwCOEdPuGLcPJCXsnb32mJ5JpjKIB8/AK/mIw+</latexit>

1

<latexit sha1_base64="m1IQx6tyLSlLJi5Z+pwoot+lzAA=">AAACOnicZU/LSgMxFM34rOOr6tJNsSAVxtKRqtuiG5cV7AM6pSSZ205oMjMkqVhK/8yVG7/BrTsRd6JbM9MBrT2B5Jz7Orkk5kzpSuXFWlpeWV1bz23Ym1vbO7v5vf2mikaSQoNGPJJtghVwFkJDM82hHUvAgnBokeF1km/dg1QsCu/0OIauwIOQ9RnF2oR6eexx6OuS7REYsHCCpcTj6YQaTO1Tt3CcnoLn2eaZyRnP5K9KA7YHoZ8NsT3JBoE+6eWLlXIlRWGRuBkpogz1Xv7J8yM6EhBqyrFSHdeNtYOrMY5Bds10zSiHqTEbKYgxHeIBTLBQ/SjUyjFEjQVxONbwYFgSEFgHTnJJ1U8riEr+96ediHmtjHEAvkNIxP25VCcIhLHoTnxjoJmA+UY//cbULO3+X3GRNM/K7kX5/LZarF1l6+fQITpCJeSiS1RDN6iOGoiiZ/SBvtC39Wi9Wm/W+6x0ycp6DtAcrM8fUqalgQ==</latexit>!

"
"
#

! 1
1

1
1

$

%
%
&

<latexit sha1_base64="s9twWbsPcHq786CuiJxre8VXJDc=">AAACPHicZU/LTgIxFO3gC8cX6tINkcRgMhLGoG6JblxiIo+EIaTtXJiGdmbSFiMh/JoLd36Ce3fGuDO6swxjFDlN2nPu6/SSmDOly+VnK7O0vLK6ll23Nza3tndyu3sNFQ0lhTqNeCRbBCvgLIS6ZppDK5aABeHQJIOrab55B1KxKLzVoxg6AvdD1mMUaxPq5qjHoaeLtkegz8IxlhKPJmNqMLHd/FFy8p5nm+dkpmfiR//KWcT2IPTTMbYnWT/Qx91coVwqJ8gvEjclBZSi1s09en5EhwJCTTlWqu26sXZwJcYxyI6ZrhnlMDFmQwUxpgPchzEWqheFWjmGqJEgDsca7g2bBgTWgTO9pOolFURN//ennYh5rYxxAL5DSMT9uVQ7CISx6Ix9Y6CZgPlGP/nGxCzt/l9xkTROS+556eymUqheputn0QE6REXkogtURdeohuqIoif0jj7Rl/VgvViv1tusNGOlPftoDtbHN0zCpe8=</latexit>!

"
"
#

1
! 1

! 1
! 1

$

%
%
&

<latexit sha1_base64="1hWKWxSJMOIz6nnNd1u4xg23gdw=">AAACPXicZU/LSgMxFM3UVx1fVZduigWpMJaOVN0W3bisYB/QKSXJ3HZCk5khScVS+m2CS//AD3An4k50ZTod0doTSM65r5NLYs6ULpefrczS8srqWnbd3tjc2t7J7e41VDSUFOo04pFsEayAsxDqmmkOrVgCFoRDkwyupvnmHUjFovBWj2LoCNwPWY9RrE2om/M9Dj1dtD0CfRaOsZR4NBlTg4l94uaPkpP3PNs8qZ6JH/0rZxHbg9BP59ieZP1AH3dzhXKpnCC/SNyUFFCKWjf36PkRHQoINeVYqbbrxtrBlRjHIDtmumaUw8SYDRXEmA5wH8ZYqF4UauUYokaCOBxruDdsGhBYB870kqqXVBA1/d+fdiLmtTLGAfgOIRH351LtIBDGojP2jYFmAuYb/eQbE7O0+3/FRdI4LbnnpbObSqF6ma6fRQfoEBWRiy5QFV2jGqojip7QO/pEX9aD9WK9Wm+z0oyV9uyjOVgf38rEpiY=</latexit>!

"
"
#

! 1
! 1

! 1
! 1

$

%
%
&

<latexit sha1_base64="ZjGpRQPs8IauFcIUNAIDOoZdEZs=">AAAB2HicZU/LTgIxFL2DL8QX6tINkY2LCZkxPrZENy4hkUcEYtrOhWloZ5q2GAkhcWeMO6M/5F/4NxaczchZNOfee05OD1WCGxsEP15hbX1jc6u4XdrZ3ds/KB8etU060QxbLBWp7lJiUPAEW5ZbgV2lkUgqsEPHt4t75wm14Wlyb6cKB5KMEj7kjFi3ajYey9WgFixRWSVhRqqQwem/+1HKJhITywQxpheGyvrkQhGFejAj2nImcF4p9ScGFWFjMsIZkWaYJtb4jpippL4gFp8dWywksbG/eLQZLhXUTOc5O5X52bjgGCOf0lREuVMvjqWLGMwiF2C5xLwxWn5j7kqH/yuukvZ5LbyqXTYvqvWbrH4RTuAUziCEa6jDHTSgBQwQ3uETvrwH78V79d7+pAUv8xxDDt7HLxjGiEE=</latexit>

P

<latexit sha1_base64="MGbMxippZVAs7jUTVjKBeojohdE=">AAAB2HicZU+7TgJBFL2DL8QXamlDpLHYkF0D2hJtLCHhFYGQmdkLO2Fmd7IzGAkhsTPGzugP+Rf+jQtus3KKm3MfJ+cepqUw1nV/SG5re2d3L79fODg8Oj4pnp51TDSLObZ5JKO4x6hBKUJsW2El9nSMVDGJXTa9X+27TxgbEYUtO9c4VHQSirHg1CajZmtULLsVd43SJvFSUoYUjVHxe+BHfKYwtFxSY/qep61Dq5pqjIcLGlvBJS5LhcHMoKZ8Sie4oMqMo9AaJyFmrpgjqcXnhK0GitrAWZXYjNcXzMyXGTlT2d4kxgH6DmOR9DOrfhCoxGK48BMDKxRmhf76jWUS2vsfcZN0riveTaXWrJbrd2n8PFzAJVyBB7dQhwdoQBs4ILzDJ3yRR/JCXsnb32mOpJpzyIB8/AIelohF</latexit>

T

<latexit sha1_base64="NPloX4PalKWrivdTrXijAQQWgII=">AAAB2XicZU+7TgJBFL2DL8QXamlDpLHYkF2D2hJtLNHwSoCQmdm77ISZ3c3MYCSEws4YO6Mf5F/4Ny64zcopbs59nJx7WCKFsa77Qwobm1vbO8Xd0t7+weFR+fikY+Kp5tjmsYx1j1GDUkTYtsJK7CUaqWISu2xyt9x3n1AbEUctO0twqOg4EoHg1Kajx2ZrVK66NXeFyjrxMlKFDM1R+Xvgx3yqMLJcUmP6npdYh9YTmqAezqm2gktcVEqDqcGE8gkd45wqE8SRNU5KzEwxR1KLzylbDhS1obMs2gSrC2Zmi5ycqXxvUuMQfYexWPq5VT8MVWoxnPupgRUK80J/9cYiDe39j7hOOpc177p29VCvNm6z+EU4g3O4AA9uoAH30IQ2cAjgHT7hi/TJC3klb3+nBZJpTiEH8vELt/qInw==</latexit>

PT

<latexit sha1_base64="/zM311rF60zQNx8vAcS0FwyHH6I=">AAAB9HicZU+7TsMwFHV4lvIKMHap6IJEVCWowFrBwsBQJPqQmhLZjtNatePIdgpVlIH/YEOIDcEv8Bf8DUnJEnqGq3MfR+ceFDGqtG3/GCura+sbm5Wt6vbO7t6+eXDYUyKWmHSxYEIOEFSE0ZB0NdWMDCJJIEeM9NH0Ot/3Z0QqKsJ7PY/IiMNxSAOKoc5GnllzOdSTQMJpcpt6yWn6kLhxBKUUj6lnNuymvUB9mTgFaYACHc/8dn2BY05CjRlUaug4kbZgK4IRkaMESk0xI2m96saKRBBP4ZgkkKtAhFpZGVFzjiwGNXnKWD7In7PyIlWwuEBqnpbkiJd7lRlPiG8hJJhfWg0nE55ZjBI/M9CUk7LQX7yRh3b+R1wmvbOmc9E8v2s12ldF/AqogWNwAhxwCdrgBnRAF2DwDN7BJ/gyZsaL8Wq8/Z2uGIXmCJRgfPwCsDGUWA==</latexit>

L"

+

<latexit sha1_base64="MTevKDInAK8V6wyQsRsIWs1JSUU=">AAAB9nicZU+7TsMwFHXKq5RXgBEhVXRhCFWCCqwVLAwMRaIPqS2R7TiNVTuObJe2ijLxH2wIsSH4A/6CvyEpWULPcHXu4+jcgyJGlbbtH6O0srq2vlHerGxt7+zumfsHHSUmEpM2FkzIHoKKMBqStqaakV4kCeSIkS4a32T77hORiorwQc8jMuRwFFKfYqjTkWseDzjUgS/hOL5L3PgseYwHnpiGUEoxTVyzZtftBarLxMlJDeRoueZ3qsYTTkKNGVSq7ziRtmAjghGRwxhKTTEjSbUymCgSQTyGIxJDrnwRamWlRM05shjUZJaybJC9Z2VFKn9xgdQ8KcgRL/YqNQ6IZyEkmFdY9YOApxbD2EsNNOWkKPQWb2Shnf8Rl0nnvO5c1i/uG7XmdR6/DI7ACTgFDrgCTXALWqANMHgG7+ATfBkz48V4Nd7+TktGrjkEBRgfv0aHlUE=</latexit>

L#

�

<latexit sha1_base64="iV5CSMAMNDvhp8wCkeu3OHAhbiA=">AAAB9HicZU+7TsMwFHV4lvIKMHap6MIQqgQVWCtYGBiKRB9SUyLbcVqrdhzZTqGKMvAfbAixIfgF/oK/ISlZQs9wde7j6NyDIkaVtu0fY2V1bX1js7JV3d7Z3ds3Dw57SsQSky4WTMgBgoowGpKuppqRQSQJ5IiRPppe5/v+jEhFRXiv5xEZcTgOaUAx1NnIM2suh3oSSDhNblMvOU0fEjeOoJTiMfXMht20F6gvE6cgDVCg45nfri9wzEmoMYNKDR0n0hZsRTAicpRAqSlmJK1X3ViRCOIpHJMEchWIUCsrI2rOkcWgJk8Zywf5c1ZepAoWF0jN05Ic8XKvMuMJ8S2EBPNLq+FkwjOLUeJnBppyUhb6izfy0M7/iMukd9Z0Lprnd61G+6qIXwE1cAxOgAMuQRvcgA7oAgyewTv4BF/GzHgxXo23v9MVo9AcgRKMj1+zMZRa</latexit>

L"

�

<latexit sha1_base64="iGSallPCSB3S2obRecKl1HTJOBo=">AAAB9nicZU/LSsNAFJ3UV62vqEsRit0IhpJI1W3RjQsXFewD2hpmJpNm6EwmzExtS8jK/3An4k70D/wL/8akZhN7FpdzH4dzD4oYVdq2f4zSyura+kZ5s7K1vbO7Z+4fdJSYSEzaWDAhewgqwmhI2ppqRnqRJJAjRrpofJPtu09EKirCBz2PyJDDUUh9iqFOR655POBQB76E4/guceOz5DEeeGIaQinFNHHNml23F6guEycnNZCj5ZrfqRpPOAk1ZlCpvuNE2oKNCEZEDmMoNcWMJNXKYKJIBPEYjkgMufJFqJWVEjXnyGJQk1nKskH2npUVqfzFBVLzpCBHvNir1DggnoWQYF5h1Q8CnloMYy810JSTotBbvJGFdv5HXCad87pzWb+4b9Sa13n8MjgCJ+AUOOAKNMEtaIE2wOAZvINP8GXMjBfj1Xj7Oy0ZueYQFGB8/AJDg5U/</latexit>

L#

+

Fig. 8: The four connected components of the Lorentz group. The matrices indicate the transforma-
tionsP, T, andP T mapping the connected component of the identityL )

+ to the other three.

Thus, to study the irreducible representations (irreps) of the Lorentz group it is enough to restrict our

attention toL)
+ ' SO(1,3).

As discussed in page9, the proper group Lorentz SO(1,3) is composed by two kinds of transfor-

mations: rotations with angle0 , " < 2$ around an axis deÞned by the unit vectoru and boosts with

rapidity # along the direction set by the unit vectore. Since we are on the connected component of the

identity, the transformations can be written by exponentiation of the Lie algebra generators

R(", u) = e! i/ uáJ ,

B (#, e) = e! i%eáM , (4.5)

whereJ = ( J1, J2, J3) andM = ( M 1, M 2, M 3) are the generators of rotations and boost, respectively.

They satisfy the algebra8

[Ji , Jj ] = i- ijk Jk ,

[Ji , M j ] = i- ijk M k, (4.6)

[M i , M j ] = " i- ijk Jk .

Although the calculation leading to them is relatively easy, the previous commutation relations can also

be heuristically understood. The Þrst commutator reproduces the usual algebra of inÞnitesimal rotations

familiar from elementary quantum mechanics. The second one is the simple statement that the generators

of the boost along the three spatial directions transform as vectors under three-dimensional rotations. The

8The six generators(Ji, M i) of the proper Lorentz group can be Þt into a rank-2 antisymmetric tensor with componentsJ0i =
M i andJij = $ijkJk, satisfying the algebra[Jµ⌫ , J↵� ] = i! µ↵J⌫� ! i! µ�J⌫↵ + i! ⌫�Jµ↵ ! i! ⌫↵Jµ� .
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third identity is the less obvious. It amounts to saying that if we carry out two boosts along the directions

set by unit vectorse1 ande2, the ambiguity in the order of the boost is equivalent to a three-dimensional

rotation with respect to the axis deÞned bye1 ! e2.

We could now try to Þnd irreducible representations of the algebra (4.6). Life gets simpler if we

relate this algebra to the one of a group we are more familiar with. This can be done in this case by

introducing the new set of generators

J ±
i =

1
2

*
Ji ± iM i

+
, (4.7)

in terms of which, the algebra (4.6) reads

[J +
i , J +

j ] = i- ijk J +
k ,

[J !
i , J !

j ] = i- ijk J !
k , (4.8)

[J +
i , J !

j ] = 0 .

One thing we gain with this is that we have decoupled an algebra of six generators into two algebras

of three generators each commuting with one another. But the real bonus here is that the individual

algebras are those of SU(2), whose representation theory can be found in any quantum mechanics group.

Thus, SO(1,3)= SU(2)+ ! SU(2)! and its irreps are obtained by providing a pair of irreps of SU(2),

labeled by their total spins(s+ , s! ), with s± = 0, 1
2 , 1, 3

2 , . . . SinceJi is a pseudovector, it does not

change under parity transformations, whereas the boost generatorsM i do reverse sign

P : Ji "/ Ji , P : M i "/ " M i . (4.9)

As a consequence, parity interchanges the two SU(2) factors

P : (s+ , s! ) "/ (s! , s+ ). (4.10)

Finally, the generators of the group SO(3)5 SU(2) of spatial rotations are given by

Ji = J +
i + J !

i , (4.11)

so the irrep(s+ , s! ) decomposes into those of SU(2) withj = s+ + s! , s+ + s! " 1, . . . , |s+ " s! |.

Let us illustrate this general analysis with some relevant examples. We begin with the trivial

irrep (s+ , s! ) = ( 0, 0), whose generators areJ ±
i = 0 . Fields transforming in this representation are

scalar, which under a Lorentz transformationx#µ = ! µ
! x! change according to

1#(x#) = 1(x). (4.12)

Another parity invariant representation is(s+ , s! ) = ( 1
2 , 1

2 ), with generatorsJ +
i = J !

i = 1
26i . Decom-

posing this irrep with respect to those of spatial rotations, we see that they include a scalar (j = 0 ) and

a three-vector (j = 1 ). These correspond respectively to the zero and spatial components of a spin-one
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vector ÞeldV µ(x) transforming as

V µ(x#) = ! µ
! V ! (x). (4.13)

Finally, we look at(s+ , s! ) = ( 1, 1). This is decomposed in terms of three irreps of SU(2)5

SO(3) with j = 2 , 1, 0. Together, they build a rank-two symmetric-traceless tensor Þeldhµ! (x) =

h!µ (x), %µ! hµ! (x) = 0 , transforming as

h#µ! (x#) = ! µ
" ! !

#h"# (x), (4.14)

the three irreps of SU(2) corresponding respectively tohij " 1
3, ij h00, h0i = hi 0, andh00. This is a

spin-two Þeld like the one used to describe a graviton.

We look next at parity-violating representations, starting with(s+ , s! ) = ( 1
2 , 0). Its generators

are

J +
k =

1
2

6k, J !
k = 0 . (4.15)

Hence, objects transforming in this representation have two complex components changing under rota-

tions and boost according to

' + "/ e! i

2 (/ u ! i ! )á" ' + , (4.16)

where� = ( #1, #2, #3) is the boostÕs rapidity. In particular, we see that' + transforms as a SO(3) spinor.

A Þeld transforming in this representation is apositive helicityWeyl spinor. Very soon we will learn the

reason for its name.

4.2 Chiral (and also nonchiral) fermions

After all these group-theoretical considerations, it is time to start thinking about physics. To construct

an action principle for Weyl spinors, we need to build Lorentz invariant quantities from these Þelds. To

begin with, we notice that the Hermitian conjugate spinoru 
+ also transforms in the( 1

2 , 0) representation

of the Lorentz group, since the representations of SU(2) are real. A general bilinear'  
+ A' + , on the

other hand, transforms under the group SO(3)5 SU(2) of three-dimensional rotations in the product

representation12 8 1
2 = 1 8 0. Computing the appropriate ClebshÐGordan coefÞcients, we Þnd

'  
+ ' + =- j = 0 ,

'  
+ 6i ' x =- j = 1 . (4.17)

They represent the time and spatial components of a four-vector

'  
+ 6µ

+ ' + , (4.18)
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where6µ
+ ' ( , 6i ). With this, we construct an action for the Weyl Þeld as

S+ =
!

d4x i'  
+ 6µ

+ ! µ ' + . (4.19)

Notice that although'  
+ ' + is invariant under rotations it does transform under boosts. Therefore it is

not a Lorentz scalar and cannot be added to the action as a mass term.

As for the (s+ , s! ) = ( 0, 1
2 ) irrep of SO(1,3), anegative helicityWeyl spinor, the analysis is

similar to the one just presented and the corresponding expressions are obtained from the ones derived

above by applying a parity transformation. In particular, we Þnd its transformations under rotations and

boosts to be

' ! "/ e! i

2 (/ u+ i ! )á" ' ! , (4.20)

showing that they also transform as SO(3) spinors. Their free dynamics is derived from the action

S! =
!

d4x i'  
! 6µ

! ! µ ' ! , (4.21)

where6µ
! ' ( , " 6i ).

Let us analyze in some more detail the physics of Weyl spinor Þelds. The equations of motion

derived from the actions (4.19) and (4.21) are

i6 µ
± ! µ ' ± = 0 = -

*
! 0 9 � ár

+
' ± = 0 . (4.22)

As in other cases, we search for positive energy (k0 > 0) plane wave solutions of the form

' ± (x) % u± (k)e! ik áx , (4.23)

whereu± (k) are( 1
2 , 0) and(0, 1

2 ) spinors normalized according to

u± (k)  6µ
± u± (k) = 2 kµ . (4.24)

Using this Ansatz, the wave equations (4.22) then take the form

*
k0 9 k á�

+
u± (k) = 0 . (4.25)

Multiplying by k0 ± k á� on the left and usingki kj 6i 6j = k
2 , we obtain the dispersion relation of a

massless particle,k0 = |k|. Equation (4.25) implies the condition

"
9

k

|k|
á�

#
u± (k) = 0 = -

"
k

|k|
ás

#
u± (k) = ±

1
2

u± (k), (4.26)

wheres ' 1
2� is the spin operator. Helicity is deÞned as the projection of the particleÕs spin on its

direction of motion and the previous identity shows thatu± (k) are spinors with positive and negative

helicity, respectively. Since the generic Weyl spinors' ± can be written as a superposition of the plane
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wave solutions (4.23), this explains the terminology introduced above.

To write a general positive (resp. negatively) helicity Weyl spinor, we also need to consider nega-

tive energy plane wavesv± (k)e! ik áx , wherek0 < 0. Imposing this to solve Eq. (4.22), we Þnd thatv± (k)

satisÞes

*
k0 ± k á�

+
v± (k) = 0 , (4.27)

where we set the normalization

v± (k)  6µ
± v± (k) = 2 kµ . (4.28)

In addition, it can also be shown that the positive and negative energy solutions satisfy the orthogonality

relations

u(" k)  v(k) = v(" k)  u(k) = 0 . (4.29)

These identities will be important later in determining the spectrum of excitations of the free quantum

Weyl spinor Þeld.

Classical Weyl spinors are complex Þelds and their actions (4.19) and (4.21) are invariant under

global phase rotations' ± "/ ei. ' ± . The associated Noether currents (see page57) are the bilinear

Lorentz vector constructed in Eq. (4.18), and the corresponding expression for negative helicity,

j µ
± = '  

± 6µ
± ' ± . (4.30)

Plugging this current into Eq. (3.51) we couple the Weyl spinors to the electromagnetic Þeld

S± =
!

d4x
"

i'  
± 6µ

± ! µ ' ± + e' ± 6µ
± ' ± Aµ "

1
4

Fµ! F µ!
#

=
!

d4x
4
i'  

± 6µ
±

*
! µ " ieAµ

+
' ± "

1
4

Fµ! F µ!
5

, (4.31)

where in the second line we Þnd again the gauge covariant derivative Þrst introduced in Eq. (3.107).

This action is invariant under gauge transformations, acting on the Weyl spinor bylocal phase rota-

tions ' ± "/ eie( (x) ' ± . Moreover, given the absence of any dimensionful parameter in the action, we

can expect the classical theory to be scale invariant. This is indeed the case, with the Weyl spinors having

scaling dimension" 0 = 3
2.

To quantize the Weyl Þeld, we begin with the computation of the canonical Poisson algebra. The

momentum canonically conjugate to the spinor is given by

$± '
,S±

,! 0' ±
= i'  

± , (4.32)
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leading to

@
' ± ,a(t, r), ' ± ,b(t, r#)  A

PB = " i, ab, (3) (r " r
#), (4.33)

wherea, b denote the spinor indices and all other Poisson brackets are equal to zero. The Hamiltonian

then reads

H± = ± i
!

d3x '  
± (� ár)' ± . (4.34)

So much for the classical theory. Quantum Weyl spinor Þelds are written as operator-valued

superpositions of positive- and negative-energy plane wave solutions

D' ± (t, r) =
!

d3k
(2$)3

1
2|k|

6
Db(k, ± )u± (k)e! i |k |t+ i k ár + Dd(k, ± )  v± (k)&ei |k |t ! i k ár

7
. (4.35)

It is important to remember that the previous operator is not Hermitian. Similarly to what we learned

from the analysis of the complex scalar Þeld, this implies that the operatorsDb(k, ± ) and Dd(k, ± ) are

independent and unrelated to each other by Hermitian conjugation. However, we need to be careful

when constructing the algebra of Þeld operators. For example, the spin-statistics theorem states that

particles with half-integer spin are fermions, and their quantum states should be antisymmetric under

the interchange of two of them. To achieve this, the prescription (3.66) has to be modiÞed and Poisson

brackets are replaced byanticommutatorsinstead of commutators

i {á, á}PB "/ {á , á}. (4.36)

Accordingly, we impose

@
D' ± ,a(t, r), D' ± ,b(t, r#)  A

PB = , ab, (3) (r " r
#), (4.37)

which, using the normalizationu± (k)  u± (k) = 2 |k| [cf. (4.24)], leads to the operator algebra

@Db(k, ± ),Db(k#, ± )  A = (2 $)32|k|, ab, (3) (r " r
#),

@Dd(k, ± ), Dd(k#, ± )  A = (2 $)32|k|, ab, (3) (r " r
#), (4.38)

with all remaining anticommutators equal to zero. As in the case of the complex scalar Þeld analyzed in

Box 6, here we also get two types of particles generated by the two kinds of creation operators acting on

the vacuum

|k1, . . . ,kn ; p1, . . . ,pm 2± = Db(k1, ± )  . . .Db(kn , ± )  Dd(p1, ± )  . . . Dd(pm , ± )  |02. (4.39)

As expected, the state is antisymmetric under the interchange of two particles of the same type, due to

the anticommutation of the creation operators. Similarly to the complex scalar Þeld, the two types of
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particles are distinguished by the charge operator deÞned by the conserved current (4.30),

DQ =
!

d3
r D' ± (t, r)  D' ± (t, r) =-

0
1

2

DQ|k; 02± = |k; 02±

DQ|0;k2± = "| 0;k2±

, (4.40)

so the states|0;k2± are naturally identiÞed as the antiparticles of|k; 02+ .

The calculation of the Hamiltonian operator follows the lines outlined in previous cases. Replac-

ing classical Þelds by operators in the Hamiltonian (4.34), and using the properties of the positive and

negative energy solutionsu(k) andv(k), we Þnd after some algebra

DH± =
!

d3k
(2$)3

1
2|k|

6
|k|Db(k, ± )  Db(k, ± ) + |k| Dd(k, ± )  Dd(k, ± )

7
"

!
d3k |k|, (3) (0). (4.41)

We see from the Þrst term on the right-hand side that the multiparticle states (4.39) diagonalize the

Hamiltonian, with particles and antiparticles having zero mass,Ek = |k|. In this Hamiltonian we Þnd

once more the UV and IR divergent zero-point contribution, that once regularized gives a vacuum energy

density

0vac = "
1

8$2 ! 4
UV . (4.42)

Although it will eventually be subtracted, it is worthwhile to stop a moment and compare this with the

expression (3.76). A Þrst thing meeting the eye is the relative factor of two in the Weyl spinor case.

This reßects that while a real scalar Þeld has a single propagating degree of freedom, here we have two,

associated with the complex ÞeldÕs real and imaginary parts. The second and physically very relevant

feature is the different sign, boiling down to having anticommutators rather than commutators. It implies

that bosons and fermions contribute to the vacuum energy with opposite signs. This is the reason why

supersymmetric theories, which have as many bosonic as fermionic degrees of freedom and therefore

zero vacuum energy, have been invoked to solve the problem of the cosmological constant mentioned in

page35, or at least to ameliorate it9.

Box 7. Dirac spinors

Although the theory of a single Weyl spinor violates parity, it is possible to construct a parity-

invariant theory by taking together two Weyl spinors with opposite chiralities. They can be combined

into a single object, a Dirac spinor

/ '

'
' +

' !

(

, (4.43)

which obviously transforms in the parity-invariant reducible representation( 1
2 , 0) : (0, 1

2 ). The

corresponding free action is obtained by adding the ones already written in eqs. (4.19) and (4.19)

9Since supersymmetry must be broken at low energies (after all, we do not ÒseeÓ the same number of bosons as fermions),
there is still a nonvanishing contribution to the vacuum energy proportional to the fourth power of the scale of supersymmetry
breaking,! SUSY, rather than the much higher! Pl.
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for Weyl spinors of different chiralities, namely

S =
!

d4x
.

i'  
+ 6µ

+ ! µ ' + + i'  
! 6µ

! ' !

/
= i

!
d4x /  

'
6µ

+ 0

0 6µ
!

(

! µ /. (4.44)

An important point to be taken into account now is thatu± andu&
± do have opposite helicities. This

is the reason whyu 
± 6µ

± u± ' u&
± ,a(6µ

± )abu± ,b deÞnes a Lorentz vector, since( 1
2 , 0) 8 (0, 1

2 ) =

( 1
2 , 1

2 ) and(6µ
± )ab are the ClebshÐGordan coefÞcients decomposing the product representation into

its irreps. As a consequence, whereas/ & does not transform in the same representation as/ , the

spinor

/
T

'

'
u&

!

u&
+

(

=

'
0

0

(

/ & (4.45)

does. This suggests recasting the action (4.44) as

S = i
!

d4x /

'
0

0

( '
6µ

+ 0

0 6µ
!

(

! µ / = i
!

d4x /

'
0 6µ

!

6µ
+ 0

(

! µ /, (4.46)

It seems natural to introduce a new set of4 ! 4 matrices, theDirac matrices, deÞned by

* µ '

'
0 6µ

!

6µ
+ 0

(

, (4.47)

and satisfying the Clifford algebra

@
* µ, * ! A

= 2%µ! , (4.48)

as can be easily checked using the anticommutation relations of the Pauli matrices. The generators

of the representation of( 1
2 , 0) : (0, 1

2 ) are then given in terms of the Dirac matrices by (see the

footnote in page42)

J µ! = "
i
4

[* µ , * ! ] ' 6µ! . (4.49)

Denoting byU(!) the matrix implementing the Lorentz transformation! µ
! on Dirac spinors and

using the property* µ  = * 0* µ* 0, it is easy to show thatU(!)   = * 0U(!) ! 1* 0. This implies that,

while / / U (!) / , the conjugate spinor transforms contravariantly,/ / / U(!) ! 1, and the Dirac

matrices themselves satisfyU(!) ! 1* µU(!) = ! µ
! * ! . Let this serve asa posteriorijustiÞcation of

the introduction of the conjugate Þeld/ .

The previous discussion shows that// is a Lorentz scalar that can be added to the Dirac

action (4.46), that we now write in a much more compact form

S =
!

d4x
*
i /* µ ! µ / " m//

+
. (4.50)
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The associated Þeld equations admit positive energy plane wave solutions of the form/ (x) %

u(k, s)e! ik áx , with s = ± 1
2 labelling the two possible values of the spin third component

*
i* µ ! µ " m

+
/ (x) = 0 = -

*
k/ " m

+
u(k, s) = 0 . (4.51)

Here we have introduced the Feynman slash notationa/ ' * µaµ that we will use throughout these

lectures. Acting on the equation to the right of (4.51) with k/ + m and implementing the identityk/k/ =

k2 , we Þnd the massive dispersion relationk0 ' Ek =
&

k2 + m2.

To get a better idea about the role played by the mass term in the Dirac equation, it is instruc-

tive to write the equation
*
k/ " m

+
u(k, s) = 0 in terms of the two helicity components of the Dirac

spinor

*
Ek " k á�

+
u+ (k, s) = mu! (k, s),

*
Ek + k á�

+
u! (k, s) = mu+ (k, s). (4.52)

These expressions show that the mass terms mix the two helicities. Introducing the chirality matrix

* 5 ' " i* 0* 1* 2* 3 =

'
0

0 "

(

, (4.53)

the previous identity is recast as

'
k

|k | ás 0

0 k
|k | ás

(

u(k, s) =
1
2

"
Ek

|k|
"

m
|k|

* 0
#

* 5u(k, s), (4.54)

with s = 1
2� the spin, so the matrix on the left-hand side of this expression is the helicity operatorh

acting on a four-component Dirac spinor.

The chirality matrix satisÞes* 2
5 = and anticommutes with all Dirac matrices,{ * 5, * µ} = 0 .

As a consequence, its commutator with the Lorentz generators vanishes,[* 5, 6µ! ] = 0 , and by

SchurÕs lemma this means that the spinorsP+ / andP! / transform in different irreps of the Lorentz

group, withP± = 1
2( ± * 5) the projector onto the two chiralities. The spinorÕs chirality is therefore

a Lorentz invariant.

A look at Eq. (4.54) shows that for amassiveDirac, spinor helicity (the projection of the

spin onto the direction of motion) and chirality (the eigenvalue of the chirality matrix) are very

different things. The former is not even a Lorentz invariant, since for a massive fermion with posi-

tive/negative helicity we can switch to a moving frame overcoming the particle and make the helicity

negative/positive. Taking, however, the massless limitm / 0 we haveEk / | k| and chirality and

helicity turn out to be equivalent

h =
1
2

* 5 (m = 0) . (4.55)
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This is why, when dealing with massless spin-1
2 fermions, both terms can be used indistinctly, al-

though in the case of massive particles one should be very careful in using the one appropriate to the

physical situation under analysis.

To quantize the theory, we write an expansion of the Dirac Þeld operator into its positive and

negative energy solutions

D/ (t, r) =
%

s= ± 1
2

!
d3k

(2$)3

1
2Ek

6
Db(k, s)u(k, s)e! i |k |t+ i k ár + Dd(k, s)  v(k, s)&ei |k |t ! i k ár

7
, (4.56)

where the negative energy solutionsv(k, s) are deÞned by the equation(k/ + m)v(k, s) = 0 .

The canonical anticommutation relations of the Dirac Þeld with its Hermitian conjugate imply

that Db(k, s) andDb(k, s)  are a system of fermionic creationÐannihilation operators for particles,

while Dd(k, s) and Dd(k, s)  respectively annihilate and create antiparticles out of the vacuum. The

multiparticle states obtained by acting with creation operators on the Fock vacuum are eigenstates

of the Dirac Hamiltonian, with the elementary excitationsDb(k, s)  |02 and Dd(k, s)  |02 representing

spin 1
2 particles (resp. antiparticles) of momentumk, energyEk =

&
k2 + m2, and spin third com-

ponents. The details of this analysis are similar to the ones presented above for Weyl fermions and

can be found in any of the QFT textbooks listed in the references.

Finally, let us mention that Dirac spinors can be coupled to the electromagnetic Þeld as we did

in Eq. (4.31) for the Weyl spinors. The Dirac action (4.50) is invariant under a global phase rotation

of the spinor,/ / ei" / , leading to the existence of a conserved current due to the Þrst Noether

theorem (see page57)

j µ = /* µ /. (4.57)

We can use this conserved current to couple fermions to the electromagnetic Þeld and write the QED

action

S =
!

d4x
4
"

1
4

Fµ! F µ! + /
*
i!/ " m

+
/ + eAµ/* µ /

5

=
!

d4x
4
"

1
4

Fµ! F µ! + /
*
iD/ " m

+
/

5
, (4.58)

where once again we encounter the covariant derivativeDµ = ! µ " ieAµ and the slash notation

introduced in Eq. (4.51) is used. This action describes the interaction of spinors with the electro-

magnetic Þeld, that upon quantization is called quantum electrodynamics (QED). It is an interacting

theory of charged particles (e.g., electrons) and photons that, unlike the free theories we have been

dealing with so far, cannot be exactly solved. One particularly effective way to extract physical in-

formation is perturbation theory. This assumes that the coupling is sufÞciently weak, so that physics

can be reliably described in terms of the interaction among the excitations of the free theory.

Before closing our discussion of the irreps of the Lorentz group, let us mention some more rel-

evant examples. The representations(s+ , s! ) = ( 1, 0) and (s+ , s! ) = ( 0, 1) correspond to rank-2
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Representation Field Parity

(0, 0) Scalar X
( 1

2 , 0) Positive helicity Weyl spinor ⇥
(0, 1

2 ) Negative helicity Weyl spinor ⇥
( 1

2 , 1
2 ) Vector X

( 1
2 , 0) : (0, 1

2 ) Dirac spinor X
(1, 0) Self-dual rank-2 antisymmetric tensor ⇥
(0, 1) Anti-self-dual rank-2 antisymmetric tensor ⇥

(1, 0) : (0, 1) Antisymmetric rank-2 tensor X
(1, 1) Symmetric-traceless rank-2 tensor X

Table 1: Summary of some relevant representations of the Lorentz group and their parity properties.

antisymmetric tensor ÞeldsBµ! = B[µ! ] respectively satisfying self-dual(+) and anti-self-dual(" )

conditions

Bµ! = ±
1
2

-µ!"# B "# . (4.59)

An example of the(1, 0) and(0, 1) irreps are the complex combinationsE ± iB that we encountered in

our discussion of electricÐmagnetic duality in page24. The two irreps can be added to form the parity-

invariant reducible representation(1, 0) : (0, 1), corresponding to a generic rank-2 antisymmetric tensor

Þeld such as the electromagnetic Þeld strength10.

Finally, multiplying together two vector representations we have

"
1

2
,
1

2

#
8

"
1

2
,
1

2

#
= ( 1, 1) :

,
(1, 0) : (0, 1)

-
: (0, 0). (4.60)

This is just group theory lingo to express the decomposition of the productVµW! of two four-vectors

into its symmetric-traceless, antisymmetric, and trace pieces

VµW! =
"

V(µW! ) "
1
4

%µ! V" W "
#

+ V[µW! ] +
1
4

%µ! V" W " . (4.61)

This leads to identify the(1, 1) irrep as corresponding to a symmetric-traceless rank-2 tensor Þeld. For

the readerÕs beneÞt, we have summarized in Table1 the different representations of the Lorentz group

discussed in this section, indicating as well whether or not they preserve parity.

10Rank-2 antisymmetric tensor Þelds are ubiquitous in string theories, including those satisfying the (anti-)self-dual condi-
tion (4.59).
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4.3 Some more group theory

Having got some practice with the language of group theory, we close this section by enlarging our

vocabulary with many important group-theoretic concepts that will become handy later on (see Refs. [68,

69] for some physics oriented textbooks on group theory, or Appendix B of Ref. [14] for a quick survey

of basic facts). Next, we focus on the relevant groups for the SM, namely SU(3), SU(2), and U(1)

associated with the strong and electroweak interactions. We have encountered the Abelian group U(1)

when discussing electromagnetism and learned there that it has a single generator, let us call itQ, so its

elements are written asU(5) = ei.Q . This is the only irrep of this group, all others being reducible to a

diagonal form.

Concerning SU(2), its properties are well know from the theory of angular momentum in quantum

mechanics and we have already used many of them in our analysis of the representations of the Lorentz

group. Its three generators satisfy the algebra

[Ta
R , Tb

R ] = i- abcTc
R , (4.62)

where the subscriptR denotes the representation. Up to this point, we have labelled the irreps of SU(2)

by their spins = 0, 1
2 , 1, . . ., although they are also frequently referred to by their dimension2s + 1 , as

it is customary for all unitary groups SU(N ). As an example, the fundamental representations = 1
2 is

denoted by2 and the adjoints = 1 by 3. In the former case the generators are written in terms of the

three Pauli matrices asTa
2 = 1

26a, a fact we used when studying Weyl spinors.

As for the group SU(3), less familiar from elementary physics, it has eight generators satisfying

the Lie algebra

[Ta
R , Tb

R ] = if abcTc
R (a, b, c= 1 , . . . , 8), (4.63)

where the structure constants are given by

f 123 = 1 , f 147 = " f 156 = f 246 = f 257 = f 345 = " f 367 =
1
2

, f 458 = f 678 =

&
3

2
, (4.64)

the remaining ones being either zero or Þxed from the ones just given by antisymmetry. The group

elements are written as exponentials of linear combinations of the algebra generators

U(( )R = ei" aT a

R , (4.65)

where the conditiondet U(( )R = 1 implies tr Ta
R = 0 and the generators can be chosen to satisfy the

orthogonality relations

tr
*
Ta

R Tb
R

+
= T2(R), ab. (4.66)

Although similar in many aspects, there are however important differences between SU(2)

and SU(3) concerning the character of their irreps. For any Lie algebra representation with genera-

torsTa
R it is very easy to check that" Ta&

R satisÞes the same Lie algebra, deÞning the complex conjugate

53



LUIS ç LVAREZ-GAUMƒ AND MIGUEL ç. V çZQUEZ -MOZO

representation denoted byR. A representation is said to bereal or pseudorealwhenever it is related to

its complex conjugate irrep by a similarity transformation

Ta
R ' " Ta&

R = S! 1Ta
R S, (4.67)

with S either symmetric (real representation) or antisymmetric (pseudoreal representation). For SU(2)

all irreps are real or pseudoreal. This is the reason why we only have one independent irrep of a given

dimension labelled by its spin. The group SU(3), on the other hand, has complex irreps. This is the case

of the fundamental and an antifundamental representations,3 and3, whose generators are given by

Ta
3 =

1
2

#a and Ta
3 = "

1
2

#T
a , (4.68)

where#a are the eight Gell-Mann matrices, given by

#1 =

9

:
;

0 1 0

1 0 0

0 0 0

<

=
> , #2 =

9

:
;

0 " i 0

i 0 0

0 0 0

<

=
> , #3 =

9

:
;

1 0 0

0 " 1 0

0 0 0

<

=
> ,

#4 =

9

:
;

0 0 1

0 0 0

1 0 0

<

=
> , #5 =

9

:
;

0 0 " i

0 0 0

i 0 0

<

=
> , #6 =

9

:
;

0 0 0

0 0 1

0 1 0

<

=
> , (4.69)

#7 =

9

:
;

0 0 0

0 0 " i

0 i 0

<

=
> , #8 =

9

:
:
;

1$
3

0 0

0 1$
3

0

0 0 " 2$
3

<

=
=
> .

Two instances of the group SU(3) exist in the SM. One is the color gauge symmetry of QCD,

which we will study in some detail in later sections. The second is the global SU(3)f ßavor symmetry

of the eightfold way, originally formulated by Murray Gell-Mann [70] and Yuval NeÕeman [71]. With

the hindsight provided by the quark model, this classiÞcation scheme is based on the assumption that the

strong nuclear force does not distinguish among different quark ßavors11. Let us consider the action for

three quark ßavorsqi (i = 1 , 2, 3),

S =
%

i = u,d,s

!
d4x qi

*
i!/ " mi

+
qi + Sint

=
!

d4x q
*
i!/ " m

+
q + Sint , (4.70)

whereSint represents interaction terms that we will not care about for the time being and in the second

line we have grouped the quarks into a tripletq and rewrote the action in matrix notation, withm =

11Quarks were proposed as hadron constituents in Refs. [72,73], some three years after the formulation of the eightfold way. The
name, as with quarks, was invented by Gell-Mann drawing this time not from James Joyce but from the Noble Eightfold Path
of Buddhism: Right View, Right Intention, Right Speech, Right Conduct, Right Livelihood, Right Effort, Right Mindfulness,
and Right Meditation.
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diag(mu, md, ms). Under SU(3)f the quark triplet transforms in the fundamental irrep3 asq / Uq.

This results in the following transformation of the free action

!
d4x q

*
i!/ " m

+
q "/

!
d4x q

*
i!/ " U  mU

+
q, (4.71)

wherem = diag( mu, md, ms). Since all three quark masses are different,m is not proportional to the

identity andU  mU += m, and the mass term breaks the global SU(3)f invariance. Moreover, the strong

interaction does not distinguish quark ßavors andSint remains invariant. Thus, we conclude that SU(3)f

is an approximate symmetry of QCD that becomes exact in the limit of equal, in particular zero, quark

masses (also called, for obvious reasons, the chiral limit).

Mesons are bound states of a quark and an antiquark, the later transforming in the antifundamen-

tal 3 irrep. Their classiÞcation into SU(3)f multiplets follows from decomposing into irreps the product

of the fundamental and the antifundamental

3 8 3 = 8 : 1. (4.72)

The octet contains the$0, $± , K 0, K
0
, K ± , and%8 mesons, while the singlet is the%1 meson. In fact,

the %1 and%8 mesons mix together into the%and the%# mesons, which are the interaction eigenstates

in the electroweak sector of the SM. A similar classiÞcation scheme works for the baryons. Being com-

posed of three quarks, the baryon multiplets emerge from decomposing the product of three fundamental

representations

3 8 3 8 3 = 10 : 8 : 8 : 1. (4.73)

The proton and the neutron are in one of the octets, together with the$ 0, $ ± , %0, and%! particles of

nonzero strangeness. Were SU(3)f an exact symmetry, the masses of all hadrons within a single multiplet

would be equal. However, the differences in the quark masses induce a mass split, which in the case of

the octet containing the proton and the neutron is about30%of the average mass. By contrast, the mass

split between the proton and the neutron is only0.1% of their average mass. The wider mass gap with

the other octet members results from the larger mass of the strange quark,ms > m u % md.

5 A tale of many symmetries

Symmetry is probably the most important heuristic principle at our disposal in fundamental physics.

The formulation of particle physics models starts with selecting those symmetries/invariances to be im-

plemented in the theory, which usually restrict drastically the types of interactions allowed. In the SM

gauge, for example, invariance plus the condition that the action only contains operators of dimension

four or less Þxes the action, up to a relatively small number of numerical parameters to be experimentally

measured in high energy facilities.
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5.1 The symmetries of physics

Our approach to symmetry up to here has been rather casual. It is time to be more precise, beginning

with a discussion of the types of symmetries we encounter in QFT and how they are implemented.

i) Kinematic (or spacetime) symmetries. They act on the spacetime coordinates and Þeld indices.

This class of symmetries includes Lorentz, PoincarŽ, scale, and conformal transformations that we

already encountered in previous sections.

ii) Discrete symmetries.They include parity P, charge conjugation C, time reversal T, and the com-

positions CP and CPT. If gravity and electromagnetism were the only interactions in nature, the

universe would be invariant under C, P, and T separately. However, nuclear (both weak and strong)

interactions break P, C, T and CP in different degrees.

CPT, however, turns out to be a symmetry of QFT forced upon us by the basic requirements of

PoincarŽ invariance and locality. Moreover, it is a completely general result that can be demon-

strated without relying on the speciÞc form of any Hamiltonian (for a detailed proof of this result,

called the CPT theorem, see Chapter 11 of [14]).

iii) Global continuous symmetries. These are transformations depending on a continuous constant

parameter. One example is the invariance of the complex scalar Þeld action (3.86) under spacetime

constant phase rotation (3.98). The current view in QFT is that global symmetries are accidental

properties of the low energy theories, whereas, in the UV, all fundamental symmetries should be

local (see next).

iv) Local (gauge) invariance. Unlike the previous case, the theory is invariant under a set of contin-

uous transformations that vary from point to point in spacetime. The archetypical example is the

gauge invariance of the MaxwellÕs equations found in (3.4). Unlike standard quantum mechani-

cal symmetries, gauge invariance does not map one physical state into another, but represents a

redundancy in the labeling of the physical states. This is the price we pay to describe Þelds with

spin one and two in a way that manifestly preserves locality and Lorentz invariance. To highlight

this fundamental feature, we will refrain from talking about gauge symmetry and stick to gauge

invariance (we will qualify this statement below).

v) Spontaneously/softly broken symmetries.In all instances discussed above, we have assumed

that the symmetries/invariances are realized at the action level and in the spectrum of the quantum

theory. Classically, it is possible that the symmetries of the action are not reßected in their solu-

tions which implies that in the quantum theory, the spectrum does not remain invariant under the

symmetry. When this happens, we say that the symmetry (or invariance) isspontaneously broken.

Since the breaking takes place by the choice of vacuum, it does not affect the UV behavior of the

theory. Another situation when this also happens is when adding terms to the action that explicitly

break the symmetry but do not modify the UV behavior of the theory (e.g., mass terms). In this

case, the symmetry issoftly broken.

vi) Anomalous symmetries.Usually, symmetries are identiÞed in the classical action and then im-

plemented in the quantum theory. This tacitly assumes that all classical symmetries remain after

quantization, and this is not always the case. Sometimes, the classical symmetry is impossible to

implement quantum mechanically, and it is said to beanomalous. Anomalies originate in very
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profound mathematical properties of QFT and they have important physical consequences.

Let us see now how symmetries are implemented in QFT. We know from quantum mechanics

that symmetries are maps among rays in the theoryÕs Hilbert space that preserve probability amplitudes.

More precisely, for two arbitrary states|( 2 and|) 2, a symmetry is implemented by some operatorU

acting as

|( 2 "/ | U( 2, |) 2 "/ | U) 2, (5.1)

and satisfying the condition that probability amplitudes are preserved

|1( |) 2|= |1U( |U) 2|. (5.2)

There are two ways in which this last condition can be achieved. One is that

1( |) 2= 1U( |U) 2, (5.3)

implying that the operatorU is unitary. But there also exists a second alternative to fullÞl Eq. (5.2),

1U( |U) 2= 1( |) 2&. (5.4)

In this case the operatorU is said to beantiunitary. Notice that consistency requires that in this case the

operatorU implementing the symmetry should be antilinear:

U
*
a|( 2+ b|) 2

+
= a&|U( 2+ b&|U) 2, (5.5)

for any two states|( 2and|) 2, anda, b( C.

Our discussion has led us to WignerÕs theorem [74]: symmetries are implemented quantum-

mechanically either by unitary or antiunitary operators. In fact, continuous symmetries are always imple-

mented by the Þrst kind. This can be understood by thinking that a family of operatorsU(#), depending

on a continuous parameter, can always be smoothly deformed to the identity, a linear and not an antilin-

ear operator. On the other hand, there are two critical discrete symmetries implemented by antiunitary

operators: time reversal T and CPT.

5.2 NoetherÕs two theorems

In the case of continuous symmetries, we have the celebrated theorem due to Noether linking them to the

existence of conserved quantities [45]. What is often called ÒtheÓ Noether theorem is actually the Þrst of

two theorems, dealing with the consequences ofglobal andlocal symmetries respectively. Let us begin

with the Þrst one considering a classical Þeld theory ofn Þelds whose Þeld equations remain invariant

under inÞnitesimal variations" i / " i + , ( " i linearly depending onN continuous parameters-A . There

are two essential things about the transformations we are talking about. First, they form a group, as

can be seen by noticing that the composition of two symmetries is itself a symmetry and, that for each

transformation, there exists its inverse obtained by reversing the signs of-A . The second fact is that the
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inÞnitesimal transformations can be exponentiated to cover all transformations that can be continuously

connected to the identity. The latter statement is rather subtle in the case of diffeomorphisms (i.e.,

coordinate transformations), but we will not worry about them here.

Since the transformations leave invariant the Þeld equations, the theoryÕs Lagrangian density must

change at most by a total derivative, namely

S =
!

d4x L (" i , ! µ " i ) =- , (S =
!

d4x ! µK µ, (5.6)

whereK µ is linear in the-A Õs. At the same time, a general variation of the action can be written as

, (S =
!

d4x
F4

! L
!" i

" ! µ

"
! L

! ! µ" i

#5
, ( " i + ! µ

"
! L

! ! µ" i
, ( " i

#G
, (5.7)

so equating expressions (5.6) and (5.7), we Þnd

!
d4x

F4
! L
!" i

" ! µ

"
! L

! ! µ" i

#5
, ( " i + ! µ

"
! L

! ! µ" i
, ( " i " K µ

#G
= 0 , (5.8)

which is valid for arbitrary-. From this equation we identify the conserved current

j µ (-) =
! L

! ! µ" i
, ( " i " K µ =- ! µ j µ (-) =

4
! µ

"
! L

! ! µ" i

#
"

! L
!" i

5
, ( " i 5 0, (5.9)

where again we used the Dirac notation Þrst introduced in page31. Notice that since the expression

of the current is linear in the parameters-A the current can be written asj µ(-) = -A j µ
A , and (5.9) is

satisÞed for arbitrary values of-A , we conclude that there are a total ofN conserved currents! µ j µ
A . An

important point glaring in the previous analysis is that current conservation happenson-shell, i.e., once

the equations of motion are implemented.12

The second Noether theorem deals with local symmetries depending on a number of point-

dependent parameters-A (x). It is important to keep in mind that the Þrst theorem remains valid in

this case, in the sense that there exists a currentj µ whose divergence is proportional to the equations of

motion. To simplify expressions, let us denote the latter as

Ei (" ) ' ! µ

"
! L

! ! µ" i

#
"

! L
!" i

, (5.10)

and consider that our theory is invariant under Þeld transformations involving only-A (x) and their Þrst

derivatives

, ( " i = Ri,a (" k )-A + Rµ
i,A (" k)! µ -A . (5.11)

This includes, for example, the gauge transformations of electromagnetism,, (Aµ = ! µ- (the argument

12A note of warning: the term on-shell is employed in physics with at least two different meanings. In the one used here we
say that an identity is valid on-shell whenever it holds after the equations of motion are implemented. The second use applies
to the four-momentum of a particle with massm. The momentumpµ (or the particle carrying it) is said to be on-shell if it
satisÞesp2 = m2. As an example, particles running in loops in Feynman diagrams are off-shell in this sense.
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here can be easily generalized to include transformations depending up to thek-th derivative of the gauge

functions). The general variation of the action, (S has the structure shown in Eq. (5.8),

!
d4x

6
" Ei (" ), ( " i + ! µ j µ (-)

7
= 0 , (5.12)

with , ( " i given in (5.11) andj µ the Noether current implied by the Þrst theorem and deÞned in Eq. (5.9).

A crucial difference now is that, sincej µ(-) is linear in-A , when these parameters vanish at inÞnity the

boundary term on the right-hand side appearing when integrating by parts is zero

, (S = "
!

d4x - A (x)
B

Ri,A (" k)Ei (" k ) " ! µ

6
Rµ

i,A (" k)Ei (" k )
7C

. (5.13)

Thus, if this is a symmetry,, (S = 0 for any-A (x), we obtain the identities

Ri,A (" k)Ei (" k ) " ! µ

6
Rµ

i,A (" k)Ei (" k )
7

= 0 , (5.14)

where we should remember thatA = 1 , . . . , N , with N the number of gauge functions (i.e., the di-

mension of the symmetryÕs Lie algebra). This result is NoetherÕs second theorem: invariance of a Þeld

theory under local transformations implies the existence of several differential identities among the Þeld

equations, meaning that some are redundant.

As to the existence of conserved currents associated with local invariance, using Eq. (5.14) it can

be shown that

! µ

6
-A (x)Rµ

i,A (" k )Ei (" k )
7

= Ei (" k), ( " i , (5.15)

from where we read the conserved current

Sµ(-) ' -A (x)Rµ
i,A (" k )Ei (" k ) =- ! µSµ(-) = Ei (" k ), ( " i 5 0. (5.16)

This quantity is however trivial, in the sense that it vanishes on-shell,Sµ(-) 5 0. Notice, however, that

the conserved current obtained as the result of the Þrst Noether theorem also applies to the gauge case.

Indeed, considering transformations such that-A (x) does not vanish at inÞnity, we Þnd from (5.12)

! µ j µ (-) = Ei (" k ), ( " i 5 0, (5.17)

wherej µ is explicitly given by the expression on the left of Eq. (5.9). This shows that for theories with

local invariances the only nontrivial conserved currents are the ones provided by NoetherÕs Þrst theorem,

associated with transformations that do not vanish at inÞnity (see also the discussion in Box 9 below).

Together with the conserved current from the Þrst Noether theorem, there exists a conserved charge

deÞned by its time component,

Q(-) =
!

#
d3r j 0(-), (5.18)

where$ is a three-dimensional spatial section of spacetime. Using current conservation it is easy to see
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that the time derivative of the charge vanishes on-shell

úQ(-) 5 "
!

#
d3r r áj(-) =

!

+#
dS áj(-) = 0 , (5.19)

provided the spatial components of the currentj(-) are zero at! $ or, equivalently, there is no ßux of

charge entering or leaving the spatial sections at inÞnity.

Applying the Þrst Noether theorem to different symmetries, we get a number of conserved quan-

tities:

- The energyÐmomentum tensorTµ
! is the conserved current associated with the invariance of Þeld

theories under spacetime translations,xµ / xµ + aµ. Its general expression is

Tµ
! =

! L
! ! µ" i

! ! " i " , µ
! L , (5.20)

with ! µTµ
! = 0 . Notice that this canonical is not necessarily symmetric as, for example, in

MaxwellÕs electrodynamics

Tµ
! = " F µ" ! ! A" +

1
4

, µ
! F"# F "# . (5.21)

It can nevertheless be symmetrized by adding a term of the form! - K -µ
! , with K -µ

! = " K µ-
! ,

that does not spoil its conservation [75, 76]. In the case of the electromagnetism, the resulting

BelinfanteÐRosenfeld energy-momentum tensor reads

K µ!
- = F µ! A- =- ?Tµ

! = " F µ" F!" +
1
4

, µ
! F"# F "# . (5.22)

This modiÞed energyÐmomentum tensor not only is symmetric but, unlike (5.21), also gauge in-

variant. Notice that since conserved currents are quantities evaluated on-shell, we can apply the

vacuum Þeld equations! µF µ! = 0 .

- Invariance under inÞnitesimal Lorentz transformations,x µ = 4µ
! x! , with 4µ! = " 4!µ , implies

the conservation of the total angular momentum

J µ
!- = Tµ

! x- " Tµ
- x! + Sµ

!- , (5.23)

whereJ µ
!- = " J µ

-! and! µJ µ
!- = 0 . The Þrst two terms on the right-hand side represent the

ÒorbitalÓ contribution induced by the Lorentz variation of the spacetime coordinates, whileSµ
!- is

the ÒintrinsicÓ angular momentum (or spin) coming from the spacetime transformation properties

of the Þeld itself. For a scalar Þeld this last part vanishes13.

- As a further application, let us mention the invariance of complex Þelds under phase rotation,

already anticipated in various examples in previous pages. For instance, in the case of the complex

scalar Þeld studied in Box 6, applying (5.9) to inÞnitesimal variations, . " = i5" , , . " & = " i5" &

13To connect with the notation employed in our discussion of the Þrst Noether theorem, let us indicate that the conserved
current (5.9) associated to the invariance under spacetime translations is written byj µ(a�) = T µ

⌫a⌫ , whereasj µ(%↵�) =
J µ

⌫�%⌫� is the current whose conservation follows from Lorentz invariance.
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leads to the conserved current (3.99). The corresponding analysis for Weyl spinors gives (4.30).

5.3 Quantum symmetries: to break or not to break (spontaneously)

In the quantum theory symmetries are realized on the Hilbert space of physical states. In particular, the

charge (5.18) is promoted to a Hermitian operatorDQ(-) implementing inÞnitesimal transformations on

the Þelds

, ( D" k = " i [ DQ(-), D" k ], (5.24)

whereas, due to the conservation equation (5.19), it commutes with the Hamiltonian,[ DQ(-), DH ] = 0 .

In the case of rigid transformations, the parameters-A can be taken outside the integral in (5.18) to

write DQ(-) = -A DQA . Finite transformations in the connected component of the identity are obtained

then by exponentiating the charge operator

HU (-) = ei( A
bQA

=- HU (-)  D" k(x) HU (-) = Uk1(-) D" 1(x), (5.25)

whereUk1(-) is the representation of the symmetry group acting on the Þeld indices and the Hermiticity

of DQ guarantees the unitarity ofHU (-). The implication for the free theory is that the creationÐannihilation

operators transform covariantly under the symmetry. Consequently, to determine the action ofHU (-) on

the Fock space of the theory, we need to know how the charge acts on the vacuum. Here, we may have

two possibilities corresponding to different realization of the symmetry.

WignerÐWeyl realization: the vacuum state is left invariant by the symmetry

HU (-)|02= |02 =- DQa|02= 0 . (5.26)

If this is the case, the symmetry is manifest in the spectrum, falling into representations of the symmetry

group. Since the whole Fock space is generated by successive application of the ÞeldsD" k(x) on the

vacuum, it is enough to know how the symmetry acts on the states|" k2 ' D" k(x)|02,

HU (-)|" k2= Uk1(-)|" 12, (5.27)

whereUk1(-) is the representation of the symmetry group introduced in (5.25).

This is what happens, for example, in the hydrogen atom. Its ground state hasj = 0 and therefore

remains invariant under a generic rotation labelled by the Euler angles" , . , and/ ,

DR(", ., / )|0, 0, 02= |0, 0, 02, (5.28)

while the other states transform in irreps of the rotation group SO(3)6 SU(2),

DR(", ., / )|n, j, m 2=
j%

m! = ! j

D (j )
mm ! (", ., / )|n, j, m #2, (5.29)
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whereD (j )
mm ! (", ., / ) is the spinj rotation matrix [77]. From this point of view, the angular momentum

and magnetic quantum numbers introduced to account for certain properties of atomic spectra are just

group theory labels indicating how the atomic state transforms under spatial rotations. Symmetries in

quantum mechanical systems with Þnite degrees of freedom are usually realized ˆ la WignerÐWeyl,

since tunneling among different vacua results in an invariant ground state. We will return to this issue on

page64.

NambuÐGoldstone realization:the vacuum state is not invariant under the symmetry. This means that

the conserved charge does not annihilate the vacuum

DQ(-)|02 += 0 . (5.30)

Whenever this happens, the symmetry is said to bespontaneously broken. Notice that the previous

equation does not imply thatDQa|02 += 0 for all a. There might be a subset of charges satisfyingDQA |02=

0, with { A} ; { a} that we refer to asunbrokengenerators. It is easy to see that, since[ DQA , DQB ]|02= 0 ,

they must form a closed subalgebra under commutation.

Let us illustrate this mode of realization of the symmetry with the example ofN real scalar

Þelds1i with action

S =
!

d4x
4

1
2

! µ1 i ! µ1 i " V (1 i 1 i )
5

. (5.31)

This theory is invariant under global inÞnitesimal transformations

, (1 i = -a(Ta
f )i

j 1 j , (5.32)

with Ta
f the generators in the fundamental representation of SO(N ). Using the standard procedure, we

compute the associated Hamiltonian

H =
!

d3x
4

1
2

$i $i +
1
2

(r1i ) á(r1i ) + V (1i 1 i )
5

, (5.33)

with $i = ! 01 i the conjugate momenta. From this expression we read the SO(N )-invariant potential

energy

V (1 i ) =
!

d3x
4

1
2

(r1i ) á(r1i ) + V (1i 1 i )
5

. (5.34)

Its minimum is attained for spatially constant conÞgurationsr1i = 0 lying at the bottom of the poten-

tial V (1 i 1 i ). This is known as thevacuum expectation value(vev) of the Þeld and is represented as11i 2.

Its value is determined by

!V
!1 i

8
8
8
8
* k= , * k-

= 0 . (5.35)

Once the vev11i 2is known, we can expand the Þelds around it by writing1i = 11i 2+ 7i . Substituting
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in (5.31) we obtain the action for the ßuctuations7i whose quantization gives the elementary excitations

(particle) of the Þeld in this vacuum.

Here we may encounter two possible situations. One is that the vev of the Þeld is SO(N ) invari-

ant, (Tf )i
j 11 j 2 = 0 . In this case the action of the ßuctuations7i inherits the global symmetry of the

parent theory that is then realized ˆ la WignerÐWeyl. Here we want to explore the second alternative, the

vev breaks at least part of the symmetry. Let us split the SO(N ) generators intoTa
f = { K "

f , H A
f } , such

that

(K "
f )i

j 11 j 2 += 0 , (H A
f )i

j 11 j 2= 0 , (5.36)

and the global symmetry SO(N ) is spontaneously broken. As argued after Eq. (5.30), the generators

preserving the symmetry must form a Lie subalgebra generating the unbroken subgroupH ; SO(N )

and we have the spontaneous symmetry breaking (SSB) pattern SO(N ) / H .

Generically, the action for the Þeld ßuctuations around the vev can be written as

S =
!

d4x
"

1
2

! µ7i ! µ7i "
1
2

M 2
ij 7i 7j + . . .

#
, (5.37)

where the ellipsis stands for interactions terms and the mass-squared matrixM 2
ij is given by

M 2
ij '

! 2V
!1 i !1 j

8
8
8
8
* k= , * k-

. (5.38)

The SO(N ) invariance of the potential, (V = 0 implies

-a
!V
!1 i (Ta

f )i
j 1 j = 0 = - -a

! 2V
!1 k!1 i (Ta

f )i
j 1 j + -a

!V
!1 i (Ta

f )i
k = 0 , (5.39)

where in the equation on the right we have taken a further derivative with respect to1k. Evaluating this

expression at the vev, and taking into account eqs. (5.35) and (5.38), we Þnd

M ik (Ta
f )k

j 11 j 2= 0 . (5.40)

This equation is trivially satisÞed for the unbroken generatorsH A
f , but has very nontrivial physical impli-

cations forK "
R . It states that there are as many zero eigenvalues of the mass matrix as broken generators,

i.e., the theory contains one massless particle for each generator not preserving the vacuum. This result is

the Goldstone theorem [78,79], and the corresponding massless particles emerging as the result of spon-

taneous symmetry breaking are known as NambuÐGoldstone (NG) modes [80,81]. Although obtained

here using a particular example and in a classical setup, the result is also valid quantum mechanically

and applicable to any Þeld theory with a global symmetry groupG spontaneously broken down to a

subgroupH ; G, where the broken part of the symmetry is the coset spaceG/H . One way to prove the

Goldstone theorem in the quantum theory is by considering instead of the classical action the quantum

effective action and replacingV (1i 1 i ) with the effective potential, including all interactions among the

scalar Þelds resulting from resumming quantum effects. It can also be shown that the NG modes always
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have zero spin, also known as NG bosons.

Although we are mostly concerned with applications to particle physics, the idea of SSB, in gen-

eral, and the Goldstone theorem, in particular, have critical applications to nonrelativistic systems, partic-

ularly in condensed matter physics.14 In particular, the notion of SSB is intimately related to the theory

of phase transitions [82Ð84]. It is frequently the case that the phase change is associated with the system

changing its ground state. For example, the translational symmetry present in a liquid is spontaneously

broken at its freezing point when the full group of three-dimensional translation is broken down to the

crystalographic group preserving the lattice in the solid phase. The corresponding NG bosons are the

three species of acoustic phonons. These are massless quasiparticles in the sense that their dispersion

relation at low momentum takes the formEk 6 cs|k|, with cs the speed of sound, so it has no mass

gap. Another well-known example is a ferromagnet below the Curie point. The rotationally symmetric

ground state at high temperature is replaced by a lowest energy conÞguration where atomic magnetic

moments align, generating a macroscopic magnetization that spontaneously breaks rotational symmetry.

Magnetic waves, called magnons, are the associated NG gapless modes.

Besides their intrinsic physical interest, these condensed matter examples are useful in bringing

home a very important aspect of NG bosons: they do not need to be elementary states. Indeed, phonons

and magnons are quasiparticles and, therefore, collective excitations of the system. But also in high

energy physics we encounter situations where the NG bosons are bound states of elementary constituents.

The most relevant example are the pions, appearing as NG bosons associated with the spontaneous

breaking of chiral symmetry in QCD (see Box 8 below).

It is frequently stated that systems with SSB present vacuum degeneracy. Although technically the

theory might possess various vacua, there are important subtleties involved in the inÞnite volume limit

preventing quantum transitions among them, that would restore the broken symmetry through tunneling.

Let us consider a theory at Þnite volumeV and with a family of degenerate vacua labelled by a prop-

erly normalized real parameter7. It can be shown that the overlap between any two of these vacua is

exponentially suppressed but nonzero (see Chapter 7 of Ref. [14] for a more detailed analysis)

|17#|72|= e! 1
4 (2! ! 2)2V

2
3 |17|72|. (5.41)

This means that transitions among Fock states built on different vacua are allowed, resulting in a unique

ground state invariant under the original symmetry. As a consequence, no SSB can happen at Þnite

volume and symmetries are usually realized ˆ la WignerÐWeyl.

The situation is radically different in theV / * limit when the overlap between any two vacua

vanishes,17#|72 / 0. This means that the Fock space of states builds on different vacua are mutually

orthogonal, and no transition among them can occur. At a more heuristic level, what happens is that at

inÞnite volume switching from one vacuum to another requires a nonlocal operation acting at each space-

time point. Notice, however, that at a practical level if the volume is Òlarge enoughÓ compared with the

systemÕs microscopic characteristic scale we can consider the vacua as orthogonal for all purposes. This

14It should be stressed that historically the very notion of SSB and of NG bosons was inspired by solid state physics, as it is
clear in the seminal works by Yoichiro Nambu [80] and Jeffrey Goldstone [78]. Another example of this cross-fertilization
between the Þelds of condensed matter and high energy physics can be found in the formulation of the BroutÐEnglertÐHiggs
mechanism to be discussed in Section5.4.
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is why we see SSB in Þnite samples, as illustrated by the examples of ferromagnets and superconductors.

Box 8. Of quarks, chiral symmetry breaking, and pions

The SM offers a very important implementation of SSB as a consequence of quark low-energy

dynamics. Let us consider a generalization of the action in Eq. (4.70), now withNf different quark

ßavors. WritingqT = ( q1, . . . , qNf
), the action reads

S =
!

d4x q
*
i!/ " m

+
q + Sint

=
!

d4x
.

iqR!/ qR + iqL !/ qL " qRmqL " qL mqR

/
+ Sint , (5.42)

where in the second line we split the quark Þelds into its right- and left-handed chiralities and inSint

we include all interaction terms. This theory is invariant under global U(Nf ) transformations acting

on the fermion Þelds as

qR,L / U (( )qR,L where U (( ) = ei" AT A

R , (5.43)

and(TA
R )i

j , with A = 1 , . . . , N 2
f , are the U(Nf ) generators in the representationR with dimen-

sionN . We observe that it is the presence of the mass term, mixing right- and left-handed quarks,

that forces the two chiralities to transform under the same transformation of U(Nf ). This is why

in the chiral limit (i.e., zero quark massesm / 0) the global symmetry is enhanced from U(Nf )

to U(Nf )R ! U(Nf )L , acting independently on the two chiralities

qR / U (( R)qR, qL / U (( L )qL , (5.44)

where( a
R and( a

L are independent. Thus, there are two independent Noether currents

j µ
R(( ) = ( A

RqR* µTA
R qR, j µ

L (( ) = ( A
L qL * µTA

R qL (5.45)

as well as2 ! N 2
f conserved charges

QA
R =

!
d3x q 

RTA
R qR, QA

L =
!

d3x q 
L TA

R qL . (5.46)

Upon quantization, these charges are replaced by the corresponding operatorsDQA
R,L , whose commu-

tator realizes the algebra of generators of U(Nf )R ! U(Nf )L .

Taking into account that U(Nf ) = U(1) ! SU(Nf ), the theoryÕs global symmetry group can

be written as

U(Nf )R ! U(Nf )L = U(1)B ! U(1)A ! SU(Nf )R ! SU(Nf )L . (5.47)
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The Þrst two factors on the right-hand side act on the quark Þelds respectively as

q / ei" q, q / ei#$ 5q, (5.48)

the former symmetry leading to baryon number conservation (hence the subscript). The U(1)A factor

is an axial vector transformation acting on the two chiralities with opposite phases and is broken by

anomalies (more on this in Section7). The action of the two SU(Nf )R,L factors, on the other hand,

is deÞned by

SU(Nf )R :

0
1

2

qR / URqR

qL / qL

SU(Nf )L :

0
1

2

qR / qR

qL / UL qL

(5.49)

with

UR,L ' ei" I

L,R
tI

f (5.50)

andtI
f (I = 1 , . . . , N 2

f " 1) the generators of the fundamental irrep of SU(Nf ).

At low energies the strong quark dynamics triggers quark condensation, giving a non-zero

vev to the scalar quark bilinearqi qj

10|qi qj |02 ' 1 0|
*
qi,R qj,L + qi,L qi,R

+
|02= ! 3

0SB, ij , (5.51)

where! 0SB is the energy scale associated with the condensation. This vev, however, is only invariant

under the ÒdiagonalÓ subgroup of the SU(Nf )R ! SU(Nf )L transformations (5.49) consisting of

transformations withUR = UL . What happens is that the global SU(Nf )R ! SU(Nf )L chiral

symmetry is spontaneously broken down to its vector subgroup

U(1)B ! SU(Nf )R ! SU(Nf )L "/ U(1)B ! SU(Nf )V . (5.52)

GoldstoneÕs theorem implies that associated with each spontaneously broken generator there should

be a massless NG boson. In our case there areN 2
f " 1 broken generators corresponding to

the SU(Nf )A factor. Excitations around the vev (5.51) are parametrized by the Þeld$ ij (x) deÞned

by

qi (x)qj (x) = ! 3
0SB$ ij (x). (5.53)

This in turn can be written in terms of the NG matrix Þeld⇡(x) ' $A (x)tA
f as

⌃(x) ' e
i
#

2
f⇡

# (x) , (5.54)

with f ) a constant with dimensions of energy called the pion decay constant for reasons that will
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eventually become clear. Mathematically speaking, the Þeld⌃ parametrizes the coset

SU(Nf )R ! SU(Nf )L

SU(Nf )V
, (5.55)

leading to the following transformation under SU(Nf )R ! SU(Nf )L :

⌃ "/ UR⌃U 
L . (5.56)

We specialize the analysis now to the caseNf = 2 , with only theu and d quarks. The

unbroken SU(2)V symmetry is just the good old isospin interchanging both quarks, while the NG

bosons are the three pions$± and$0

⇡ =
1

&
2

'
$0

&
2$+

&
2$! " $0

(

. (5.57)

The objection might be raised that pions are not massless particles as the Goldstone theorem re-

quires. Our analysis has ignored the nonvanishing quark masses, explicitly breaking the SU(2)R !

SU(2)L global chiral symmetry. Since theu andd quarks are relatively light, we have instead three

pseudo-NG bosons whose masses are not zero but still lighter than other states in the theory. It is

precisely the strong mass hierarchy between the pions and the remaining hadrons what identiÞes

them as the pseudo-NG bosons associated with chiral symmetry breaking. In theNf = 3 case,

where we add the strange quark to the two lightest ones, SU(3)V is Gell-MannÕs eightfold way dis-

cussed on page54 and the set of pseudo-NG bosons is enriched by the four kaons and the%-meson

in the octet appearing on the right-hand side of Eq. (4.72).

As mentioned in the introduction, quarks and gluons do not exist as asymptotic states and

QCD at low energies is a theory of hadrons. The lowest lying particles are the pion triplet, whose

interactions can be obtained from symmetry considerations alone playing the EFT game. The ques-

tion is how to write the simplest action for NG bosons containing operators with the lowest energy

dimension and compatible at the same time with all the symmetries of the theory. For terms with

just two derivatives, the solution is

SNG =
f 2

)

4

!
d4x tr

.
! µ⌃

  ! µ
⌃

/

=
!

d4x
4

1
2

tr
.

! µ⇡! µ⇡
/

"
1

3f 2
)

tr
.

! µ⇡[⇡, [⇡, ! µ⇡]
/

+ . . .
5

. (5.58)

Thischiral effective actioncontains an inÞnite sequence of higher-dimensional operators suppressed

by increasing powers of the dimensionful constantf ) . It determines how pions couple among them-

selves at low energies. Its coupling to the electromagnetic Þeld is obtained by replacing! µ⌃ by the

adjoint covariant derivativeDµ⌃ = ! µ⌃" iA µ[Q, ⌃] where the charge matrix is given byQ = e63.

This, however, does not exhaust all their electromagnetic interactions. Neutral pions couple to pho-

tons as a consequence of the anomalous realization of the U(1)A symmetry, resulting in the$0 / 2*
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Fig. 9: Illustration from Ref. [88] depicting the celebrated Mexican hat potential shown in Eq. (5.61).

decay (see Section7).

In our analysis of chiral symmetry breaking we encountered two energy scales:! 0SSB ap-

pearing in (5.51) as a consequence of the quark condensate having dimensions of (energy)3, andf )

needed to give the pion Þelds their proper dimensions in Eq. (5.54). Both of them have to be exper-

imentally measured. In the pion EFT it isf ) that determines the relative size of the inÞnite terms in

the effective action (5.58). Operators weighted byf ! n
) typically give contributions or order(E/f ) )n

with E the characteristic energy of the process under study. In the spirit of EFT, working at a given

experimental precision, only a Þnite number of terms in the chiral Lagrangian have to be retained,

making the theory fully predictive (see Refs. [85,86] for comprehensive reviews of chiral perturba-

tion theory).

5.4 The BroutÐEnglertÐHiggs mechanism

Besides the ones already discussed, a further instance of SSB in condensed matter connecting with one

of the key concepts in the formulation of the SM is the BroutÐEnglertÐHiggs (BEH) mechanism. In

the BardeenÐCooperÐSchrieffer (BCS) theory of superconductivity the transition from the normal to

the superconductor phase is triggered by the condensation of Cooper pairs, collective excitations of two

electrons bound together by phonon exchange. Having net electric charge, the Cooper pair wave function

transforms under electromagnetic U(1) phase rotations and their condensation spontaneously breaks this

invariance. The physical consequence of this is a screening of magnetic Þelds inside the superconductor,

the Meissner effect, physically equivalent to the electromagnetic vector potentialA(t, r) acquiring an

effective nonzero mass [87].

The main difference between the BCS example and the ones discussed above is that this is not

about spontaneously breaking some global symmetry, but gauge invariance itself. This might look like

risky business, since we know that preserving gauge invariance is crucial to get rid of unwanted physical

states that otherwise would pop up in the theoryÕs physical spectrum destroying its consistency. As we

will see, due to the magic of SSB gauge invariance is in fact not lost, only hidden. That is why, even if

not manifest, it still protects the theory.

Let us analyze spontaneous symmetry breaking triggered by a complex scalar coupled to the elec-
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tromagnetic Þeld. We start with the action

S =
!

d4r

I

"
1
4

Fµ! F µ! + ( Dµ" )&(D µ" ) "
#
4

"
" &" "

v2

2

# 2
J

, (5.59)

whereDµ = ! µ " ieAµ is the covariant derivative already introduced in the footnote of page40. This

action is invariant under U(1) gauge transformations acting as

" (x) "/ eie( (x) " (x), " (x)& "/ e! ie( (x) " (x)&, Aµ(x) "/ Aµ(x) + ! µ-(x). (5.60)

As shown in Fig.9, the scalar Þeld potential

V (" &" ) =
#
4

"
" &" "

v2

2

# 2

, (5.61)

has the celebrated Mexican hat shape with a valley of minima located at" &" = v2

2 . When the scalar Þeld

takes a nonzero vev

1" 2=
v

&
2

ei. 0 , (5.62)

U(1) invariance is spontaneously broken, since1" 2 does not remain invariant,1" 2 / eie( 1" 2. The

dynamics of the ßuctuations around the vev (5.62) is obtained by plugging

" (x) =
1

&
2

,
v + h(x)

-
ei. (x) (5.63)

into (5.59). The resulting action is

S =
!

d4x
4
"

1
4

Fµ! F µ! +
e2v2

2

"
Aµ +

1
e

! µ5
# "

Aµ +
1
e

! µ5
#

+
1
2

! µh! µh "
#v2

4
h2

"
#v
4

h3 "
#
16

h4 +
e2

2

"
Aµ +

1
e

! µ5
# "

Aµ +
1
e

! µ5
#

(2vh + h2)
5

, (5.64)

which remains invariant under U(1) gauge transformations, now acting as

Aµ "/ Aµ + ! µ-, 5 "/ 5 " e-, h "/ h. (5.65)

In fact, the phase Þeld5(x) is the NG boson resulting from the spontaneous breaking of the U(1) sym-

metry by the vev in Eq. (5.62).

At this stage, we still keep a photon with two polarizations while the two real degrees of freedom

of the complex Þeld" have been recast in terms of the Þeldh and the NG boson5. We can Þx the

gauge freedom (5.65) by setting5 = 0 . In doing so, the disappearing NG boson transmutes into the

longitudinal component ofAµ, as beÞts a massive gauge Þeld (see the footnote on page32). We then
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arrive at the gauge-Þxed action

S =
!

d4x
"

"
1
4

Fµ! F µ! +
e2v2

2
AµAµ +

1
2

! µh! µh "
#v2

4
h2

"
#v
4

h3 "
#
16

h4 + e2vAµAµh +
e2

2
AµAµh2

#
, (5.66)

where the photon has acquired a nonzero mass15

m$ = ev. (5.67)

The real scalar Þeldh gets massive as well,

mh = v

K
#
2

, (5.68)

and has cubic and quartic self-interactions terms, besides coupling to the photon through terms involving

two gauge Þelds and one scalar and two gauge Þelds and two scalars. As we see, no degree of freedom

has gone amiss. We ended up with a massive photon with three physical polarizations and a real scalar,

making up for the four real degrees of freedom we started with. SSB has just rearranged the theoryÕs

degrees of freedom.

Here we have been only concerned with giving mass to the photon. Imagine now that we would

have two chiral fermions/ R, / L such that they transform differently under U(1)

/ L (x) "/ eie( (x) / L (x), / R(x) "/ / R(x). (5.69)

Due to the theoryÕs chiral nature, a mass term of the form/ L / R + / R/ L would not be gauge invariant,

so it seems that we need to keep our fermions massless for the sake of consistency. Using the Higgs Þeld,

however, there is a way to construct an action where the fermions couple to the complex scalar Þeld in a

gauge invariant way,

Sfermion =
!

d4x
.

i / RD/ / R + i / L D/ / + " c" / L / R " c" &/ R/ L

/
, (5.70)

wherec is some dimensionless constant. This particular form of the coupling between" and the fermions

is called a Yukawa coupling, since it is similar to the one introduced by Hideki Yukawa in his 1935 theory

of nuclear interactions between nucleons and mesons [89]. The interest of this construction is that once

the Þeld" acquires the vev (5.62), and after gauging away the Þeld5, the fermion action takes the form

Sfermion =
!

d4x
4
i / RD/ / R + i / L D/ / L "

cv
&

2

*
/ L / R " / R / L

+

"
c

&
2

h/ L / R "
c

&
2

h/ R/ L

5
. (5.71)

15The same result can be obtained noticing that the action (5.64) contains a termev2Aµ" µ& mixing the NG boson and the
gauge Þeld. Physically, this means that as the photon propagates it transmutes into the NG boson and vice versa. Resumming
these transmutations results in the mass term forAµ.
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Thus, the same mechanism giving mass to the photon also results in a mass for the fermion Þeld,

mf =
cv
&

2
, (5.72)

also generated without an explicit breaking of gauge invariance, hidden due to the choice of vacuum

of the complex scalar Þeld. Notice that, owing to symmetry breaking, the now massive Dirac fermion

couples to the remaining scalar degree of freedomh with a strength controlled by the dimensionless

constant c$
2

= mf

v . This indicates that the higher the mass of the fermion, the stronger it couples to the

Higgs Þeld. This feature, as we will see, has important experimental consequences for the SM.

This Abelian Higgs model illustrates the basic features of the BEH mechanism responsible for

giving masses to the SM particles, with the scalar Þeldh corresponding to the Higgs boson discovered at

CERN in 2012 [19,20]. In its nonrelativistic version it also provides the basis for the GinzburgÐLandau

analysis of the BCS theory of superconductivity, where the free energy in the broken phase has the same

structure as the potential terms in the action (5.59)

FBCS =
!

d3r

0
1

2
1

2µ
(r ! A)2 +

1
2m&

8
8r" " ie&A"

8
82 +

#(T)
4

I

" &" "
v(T)

2

2
J2

L
M

N
. (5.73)

Here" (r) is the Cooper pair condensate,µ the magnetic permeability of the medium, andm& ande&

the effective mass and charge of the quasiparticles. ForT > T c we havev(T) = 0 , so at temperatures

above the critical one, the only minimum of the free energy is at1" 2 = 0 . WhenT < T c, on the other

hand,v(T) += 0 and the U(1) invariance of the theory is spontaneously broken at the|1" 2| = v(T)

minima, while the former one at1" 2= 0 becomes a local maximum. As in the case studied earlier, this

results in a nonzero mass for the vector potentialA(r) given bym(T) = e&v(T). This provides the order

parameter of the transition and physically accounts for the Meissner effect inside the superconductor [83].

The system also contains a scalar massive excitation, the condensed matter equivalent of the Higgs

boson [90,91].

Box 9. ÒLargeÓ vs. ÒsmallÓ gauge transformations

We return brießy to the discussion of NoetherÕs second theorem on page58. There we paid attention

to gauge transformations in the connected component of the identity and made an important distinc-

tion among those approaching the identity at the spacetime boundary (-A / 0) and those that do

not. Let us call them ÒsmallÓ and ÒlargeÓ gauge transformations, respectively. To understand the

physical difference between them, we compare (5.17) with (5.16) to see thatj µ " Sµ is conserved

even off-shell, namely that! µ (j µ " Sµ) is identically zero. This means that we can write

j µ = Sµ + ! ! kµ! 5 ! ! kµ! , (5.74)

wherekµ! is an antisymmetric tensor and we have applied thatSµ vanishes on-shell. This peculiar

structure of the gauge theory current implies that the gauge charge is determined by an integral over
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theboundaryof the spatial sections

Q 5
!

#
dV ! i k0i =

!

+#
dSi k0i . (5.75)

Since the current, and therefore alsokµ! , is linear in the gauge functions-A (x), we conclude that

the charge vanishes for ÒsmallÓ gauge transformations

Qsmall 5 0. (5.76)

This is not the case of ÒlargeÓ transformations, the ones determining the value ofQ.

A very important fact to remember about ÒsmallÓ gauge transformations is that they are the

ones leading to the Noether identities (5.14) that, as we indicated, express the redundancy intrinsic

to gauge theories. Quantum mechanically, invariance under these transformations is mandatory

in order to get rid of the spurious states that we introduced as the price of maintaining locality

and Lorentz covariance. They cannot be spontaneously broken or affected by anomalies without

rendering the theory inconsistent. However, no such restriction exists for ÒlargeÓ transformations,

that can be broken without disastrous consequences.

To connect with the discussion of the Abelian Higgs model, let us look at the case of

MaxwellÕs electrodynamics in the temporal gaugeA0 = 0 . In the quantum theory, the vacuum

Gauss law constraintráE = 0 is implemented by the corresponding operator annihilating physical

states, namely (to keep notation simple, we drop hats to denote operators)

r áE|phys2= 0 . (5.77)

Finite gauge transformations preserving the temporal gauge conditionA0 = 0 are generated by

time-independent gauge functions and implemented in the space of states by the operator

U( = exp
4
i
!

d3r E(t, r) ár-(r)
5

. (5.78)

Using the canonical commutation relations (3.68), we readily compute

U(A0(t, r)U ! 1
( = 0 ,

U(A(t, r)U ! 1
( = A(t, r) + r-(r). (5.79)

At the same time, the operatorU( leaves the physical states invariant

U( |phys2 = exp
4
i
!

d3x E(t, r) ár-(r)
5

|phys2

= exp
4
" i

!
d3x - (r)r áE(t, r)

5
|phys2= |phys2, (5.80)

where in the second line it is crucial that the gauge function-(r) vanishes at inÞnityso that after
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integrating by parts we do not pick up a boundary term. This means thatU( / as|r| / * .

We have shown that invariance of the physical states under ÒsmallÓ gauge transformations

follows from GaussÕ law (5.77) annihilating them, precisely the condition that factors out the spu-

rious degrees of freedom. The conclusion is that ÒlargeÓ gauge transformations are not necessary

to eliminate the gauge redundancy and can be broken without jeopardizing the consistency of the

theory. This is precisely how the BEH mechanism works. The nonvanishing vacuum expectation

value of the complex scalar Þeld breaks ÒlargeÓ gauge transformations without spoiling GaussÕ law.

This is the reason why we need to qualify our statement in pages20 and56 that gauge invariance

is just a redundancy in state labelling: ÒsmallÓ gauge transformations are indeed redundancies, but

ÒlargeÓ gauge transformations arebona Þdesymmetries.

6 Some more gauge invariances

So far the only gauge theory we dealt with was MaxwellÕs electrodynamics, although here and there we

hinted at its non-Abelian generalizations. It is about time to introduce these in a more systematic fashion.

We start with a set of fermions T = ( / 1, . . . , / N ) transforming in some representationR of the gauge

groupG

 "/ ei" aT a

R  ' g(( ) . (6.1)

By now, we know very well how to construct an action that has this symmetry,

S =
!

d4x  
*
i!/ " m

+
 . (6.2)

The problem arises when we want to makeG a local invariance. In this case, the action we just wrote

fails to be invariant due to the nonvanishing derivatives of( a(x),

! µ "/ g! µ + i! µg = g
*
! µ + ig! 1! µg

+
 , (6.3)

where, to avoid cluttering expressions, we have omitted the dependence of the group elementg on the

parameters( a.

To overcome this problem we have to Þnd a covariant derivativeDµ, similarly to the one we

introduced for MaxwellÕs theory, with the transformation

Dµ "/ gDµ . (6.4)

A reasonable Ansatz turns out to be

Dµ =
*
! µ " iA µ

+
 , (6.5)

where we omitted the identity multiplying! µ andAµ ' Aa
µTa

R is a Þeld taking values in the algebra of
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generators ofG. In order to get the transformations (6.4), Aµ has to transform according to

Aµ "/ A#
µ = ig! 1! µg + g! 1Aµg. (6.6)

With this we can turn (6.2) into a locally invariant action by replacing! µ with Dµ deÞned in Eq. (6.5). In

addition, we must include the dynamics of the new ÞeldAµ adding a suitable kinetic term that preserves

the gauge invariance of the fermionic action. The Abelian-informed choice! µA! " ! ! Aµ for the gauge

Þeld strength will not do, since it does not transform covariantly

! µA! " ! ! Aµ "/ g! 1*
! µA! " ! ! Aµ

+
g + i

,
g! 1! µg, g! 1! ! g

-

+
,
g! 1Aµg, g! 1! ! g

-
+

,
g! 1! µg, g! 1A! g

-
. (6.7)

This however suggests a wiser choice,

Fµ! = ! µA! " ! ! Aµ + i
,
Aµ, A!

-
, (6.8)

with the much nicer (i.e., covariant) transformation

Fµ! "/ F #
µ! = g! 1Fµ! g. (6.9)

Notice that, similar toAµ, the Þeld strenghtFµ! takes values in the algebra of generators, so we can

write Fµ! = F a
µ! Ta

R , with the components given by

F a
µ! = ! µAa

! " ! ! Aa
µ + f abcAb

µAc
! , (6.10)

wheref abd are the structure constants of the Lie algebra of generators,[Ta
R , Tb

R ] = if abcTc
R .

We denote byG the set of gauge transformations acting on the Þelds. Although to Þx ideas here,

we have considered transformations (6.1) in the connected component of the identityG0, the derived

expressions remain valid for all transformations inG , even if they lie in disconnected components (we

saw an example of this in the case of the Lorentz group studied in page41). For transformations inG0,

we can write their inÞnitesimal form,

g(( ) 6 + i( aTa
R , (6.11)

to write the Þrst order transformation of both the gauge Þeld and its Þeld strength

, " Aa
µ = ! µ( a + if abc( bAc

µ ' (Dµ( )a,

, " F a
µ! = if abc( bF c

µ! , (6.12)

where in the Þrst line we expressed the variation of the gauge Þeld in terms of the (adjoint) covariant

derivative of the gauge function. The Þeld strength, in turn, can be also recast as the commutator of two

covariant derivatives,Fµ! = [ Dµ, D! ].
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After all these preliminaries, we can write a gauge invariant action for fermions coupled to non-

Abelian gauge Þelds,

SYM =
!

d4x
4
"

1
2g2

YM

tr
*
Fµ! F µ! +

+  
*
iD/ " m

+
 

5

=
!

d4x
4
"

1
4g2

YM

F a
µ! F aµ! +  

*
i!/ " m

+
 + Aa

µ * µTa
R 

5
, (6.13)

wheregYM is the only coupling constant of the theory16. This non-Abelian generalization of QED was

Þrst formulated by C. N. Yang and Robert L. Mills [92]. YangÐMills (YM) theories are the backbone

of our understanding of elementary particle physics. Although the actionSYM reduces to that of QED in

Eq. (4.58) for G = U(1), it displays a much richer structure for non-Abelian gauge groups. For starters,

the commutator in the Þeld strength (6.8) is nonzero and theF a
µ! F aµ! term in Eq. (6.13) contains cubic

and quartic gauge Þeld self-interaction terms. This indicates that, unlike the photon, non-Abelian gauge

bosons are never free particles even if uncoupled to matter.

The general analysis of gauge invariance follows in many aspects the Abelian case. The corre-

sponding electric and magnetic Þelds are deÞned in terms of the gauge potentialAa
µ ' (Aa

0, " A
a) by

E
a = " rAa

0 "
! A

a

!t
+ f abcAa

0A
b,

B
a = r ! A

a + f abc
A

b ! A
c, (6.14)

and, unlike their Abelian counterparts, they are not gauge invariant. The electric ÞeldE
a is in fact the

momentum canonically conjugate toAa,

@
Aa

i (t, r), E b
j (t, r#)

A
PB = , ij , ab, (3) (r " r

#), (6.15)

and the Hamiltonian reads

H =
!

d3x
4

1
2
E

a áEa +
1
2
B

a áBa + Aa
0

*
D áE

+a
5

. (6.16)

Similarly to MaxwellÕs electrodynamics,Aa
0 plays the role of a Lagrange multiplier enforcing the Gauss

law constraint, now reading

(D áE)a ' r áEa + f abc
A

b ! E
c = 0 . (6.17)

In the quantum theory, classical Þelds are replaced by operators. Using the non-Abelian version

of the temporal gauge,Aa
0 = 0 , residual gauge transformations correspond to time-independent gauge

16The factors ofgYM in front of the Þrst term in the action can be removed by a rescaleAµ " gYM Aµ. In doing so, an
inverse power of the coupling constant appears in the derivative terms in Eq. (6.6) and the Þrst identity in Eq. (6.12), while
the commutator in Eq. (6.8) acquires a power ofgYM , as well as the structure constant term in Eq. (6.10).
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functions( a(r) and are generated byD áE,

, " A(t, r) = i
4!

d3r ( a(r)(D áE)a, A(t, r)
5

= r( a + if abc( b
A

c ' (D( )a, (6.18)

where we have used the canonical commutation relations derived from Eq. (6.15) and to avoid boundary

terms after integration by parts we need to restrict to ÒsmallÓ gauge transformations where( a(r) vanishes

when|r| / * . Those in the connected component of the identityG0 are therefore implemented on the

space of physical states by the operator

U (( ) = exp
4
i
!

d3r ( a(r)(D áE)a
5

. (6.19)

As in the Abelian case discussed in Box 9 (see page71), the invariance under these ÒsmallÓ gauge trans-

formations has to be preserved at all expenses to avoid unphysical states entering the theoryÕs spectrum.

To achieve this, we require that the Gauss law annihilates physical states:

(D áE)a|phys2= 0 . (6.20)

In the presence of non-Abelian sources,(D áE)a gets replaced by(D áE)a " 0a, with 0a the matter

charge density operator.

We should not forget about ÒlargeÓ gauge transformations whose gauge parameter( a(r) does not

vanish when|r| / * . Notice that any transformation of this kind can be written as

g(r)large = hg(r)small , (6.21)

whereh += is a rigid transformation such thatg(r)large / h as|r| / * . They build up what can

be called a copy of the group at inÞnity,G" , the global invariance leading to charge conservation by

the Þrst Noether theorem. This is a real symmetry that quantum mechanically can be realized either

ˆ la WignerÐWeyl or ˆ la NambuÐGoldstone. For the SM gauge group SU(3)! SU(2) ! U(1), the

color SU(3)" symmetry remains unbroken by the vacuum, whereas due to the BEH mechanism the

electroweak factor[SU(2)! U(1)]" is partially realized ˆ la NambuÐGoldstone, with a preserved U(1)"

corresponding to the global invariance of electromagnetism17.

7 Anomalous symmetries

In Section5, we mentioned the possibility that classical symmetries or invariances could somehow turn

out to be incompatible with the process of quantization but so far did not elaborate any further. Since

anomalous symmetries are crucial in our understanding of a number of physical phenomena, it is about

time to look into anomalies in some detail (see Refs. [93Ð96] for some reviews on the topic).

17As we will see shortly, the unbroken U(1) generator is a mixture of the two generators of the Cartan subalgebra of the
electroweak SU(2)# U(1) gauge group factor.
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7.1 Symmetry vs. the quantum

Let us go back to the QED action Eq. (4.58). We have already discussed the global phase invariance

leading by the Þrst Noether theorem to the conserved current (4.57). In addition, we can also consider

the transformations

/ "/ ei"$ 5 /, / "/ /e i"$ 5 , (7.1)

where* 5 is the chirality matrix deÞned in Eq. (4.53). Unlike the transformation/ / ei. / rotating

the positive and negative chirality components of the Dirac spinor by the same phase, in Eq. (7.1) they

change by opposite phases. In what follows, we refer to the Þrst type asvectortransformations, while the

second we dub asaxial-vector. The latter, however, are not a symmetry of the QED action form += 0 ,

since// / /e 2i"$ 5 / += // , whereas/* µ ! µ / is invariant. In fact, using the Dirac Þeld equations it

can be shown that the axial-vector current

j µ
5 = /* 5* µ / (7.2)

satisÞes the relation

! µ j µ
5 = 2 im /* 5/ (7.3)

and form = 0 gives the conservation equation associated with the invariance of massless QED under

axial-vector transformations. Similar to what we found on Box 8 for the ßavor symmetry of QCD, in this

limit the global U(1)V symmetry of QED gets enhanced to U(1)V ! U(1)A .

In the quantum theory, Noether currents are constructed as products of Þeld operators evaluated

at the same spacetime point. These quantities are typically divergent and it is necessary to introduce

some regularization in order to make sense of them. In the case of QED one way to handle the vector

currentj µ (x) = / (x)* µ / (x) is by using point splitting

j µ(x, - )reg ' /
"

x "
1
2

-
#

* µ /
"

x +
1
2

-
#

exp

'

ie
! x+ 1

2 (

x! 1
2 (

dxµAµ

(

, (7.4)

where the divergences appear as poles in- = 0 . Notice that since the phases introduced by the gauge

transformations of the two Þelds are evaluated at different points, an extra Wilson line term is needed

to restore gauge invariance of the regularized current. Alternatively, we can use PauliÐVillars (PV)

regularization, where a number of spurious fermion Þelds of massesM i are added to the action

Sreg =
!

d4x

I

"
1
4

Fµ! F µ! + / (iD/ " m)/ +
n%

i =1

ck&k(iD/ " M k)& k

J

, (7.5)

with n andck chosen so that the limit

j µ (x)reg ' lim
x! ( x

I

/ (x#)* µ / (x) +
n%

k=1

ck&k(x#)* µ&k(x)

J

(7.6)
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remains Þnite (i.e., all poles atx " x# = 0 cancel). An important feature of the PV regularization is that

it explicitly preserves gauge invariance. The massesM k act as regulators, since in the limitM k / *

the PV fermions decouple and the original divergences reapear.

The need to make sense of composite operators is at the core of the potential problems with

current conservation in the quantum domain. The regularization procedure might collide with some of

the classical symmetries of the theory, resulting in its breaking after divergences are properly handled.

This is why our discussion of the regularization of the current operator in QED has been conspicuously

concerned with the issue of gauge invariance of the vector current. The existence of gauge invariant

regularization schemes guarantees that the current coupling to the gauge Þeld can be deÞned in the

quantum theory without spoiling its conservation! µ j µ = 0 at operator level. Otherwise, we would be

in serious trouble, as we can see by applying the quantization prescription Eq. (3.66) to the stability

condition of the Gauss law Eq. (3.54),

[G, H ] = " i! µ j µ , (7.7)

where we have deÞnedG ' r áE " j 0. If ! µ j µ += 0 , the Gauss law condition ensuring the factorization

of redundant states would not be preserved by time evolution. Indeed, imposing the constraint att = 0

on some state,G|&(0) 2= 0 , we would have at Þrst order in,t

G|&( ,t )2= " i,tGH |&(0) 2= " ,t! µ j µ |&(0) 2 += 0 , (7.8)

so the constraint is no longer satisÞed and unphysical states enter the spectrum. Another sign that some-

thing goes wrong when implementing the Gauss law constraint in theories with gauge anomalies appears

when computing the commutator of twoGÕs evaluated at different points. In the presence of a gauge

anomaly, it is no longer zero [97Ð99], but

[G(r), G(r#)] = cB(r) ár, (3) (r " r
#), (7.9)

wherec += 0 is a constant determined by the value of! µ j µ . This result implies thatG(r)|phys2 = 0

cannot be consistently imposed, since this condition would imply[G(r), G(r#)]|phys2 = 0 whereas the

right-hand side of Eq. (7.9) gives a nonzero result when acting on the state18. This being the case, spuri-

ous states cannot be factored out from the spectrum, with the upshot that the theory becomes inconsistent.

This shows that in constructing QFTs, gauge anomalies cannot emerge. This condition is a very

powerful constraint in model building, since it limits both the type of Þelds that can be allowed in the

actions and also their couplings. As we will see in Box 13 in page104, in the SM this requirement

completely Þxes the hypercharges of quarks and leptons, up to a global normalization (see Ref. [96] for

examples of anomaly cancellation in the SM and beyond).

After this digression, we go back to the quantum mechanical deÞnition of the axial-vector current

Eq. (7.2) and the fate of its (pseudo)conservation Eq. (7.3). To simplify things, we consider the massless

18Something similar happens in the case of non-Abelian gauge theories that we will discuss in the next section. There, the
commutator of two Gauss law operators acquires a central extension,[Ga(r), Gb(r! )] = if abcGc(r)' (3)(r! r! )+ A ab(r, r! ),
with Ga $ (D áE)a ! j a0 in this case.
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case where axial-vector transformations Eq. (7.1) are a symmetry of the classical action. A very conve-

nient way to study this problem is to treat the gauge Þeld as a classical external source coupling to the

quantum Dirac Þeld. This is made clear by denoting gauge Þelds and Þeld strengths using calligraphic

fonts asAµ andFµ! , respectively. Instead of working with operators, we deal with their vacuum expec-

tation values in the presence of the background Þeld and compute1J µ
5 2A ' 1 0|J µ

5 |02 together with its

divergence. This can be done using either the regularized operators introduced above (see, for example,

Ref. [100] for a calculation using point-splitting regularization) or diagrammatic techniques. In the latter

case, we need to compute the celebrated triangle diagrams

A#

A"

J µ
5 +

A#

A"

J µ
5 (7.10)

where in the left vertex of both diagrams (indicated by a dot) an axial-vector current is inserted, whereas

the other two are coupled to the external gauge Þeld through the vector gauge currents. Since in these

lectures we are not entering into the computation of Feynman graphs, we will not elaborate on how to

calculate these ones. Details can be found in Chapter 9 of Refs. [14] or in [94]. Here we just give the

Þnal result for the anomaly of the axial-vector current,

! µ1J µ
5 2A = "

e2!
16$2 -µ!"# Fµ! F"# . (7.11)

Despite having used all the time natural units with! = 1 , in this expression we have restored the powers

of the Planck constant to make explicit the fact that the anomaly is a pure quantum effect.

This crucial result has a long history. The diagrams in Eq. (7.10) were computed in 1949 by

Jack Steinberger [101] and later in 1951 by Julian Schwinger [102], in both cases in the context of the

electromagnetic decay of neutral mesons19. Almost two decades later, the consequences of the triangle

diagram for the quantum realization of the axial-vector symmetry of QED were pointed out by Stephen

Adler [105], and John S. Bell and Roman Jackiw [106] in what are considered today the foundational

papers of the subject of quantum anomalies.

There are some very important issues that should be mentioned concerning the calculation of the

axial anomaly Eq. (7.11). We have stressed how the anomaly could be seen as originated by the need

to regularize UV (i.e., short distance) divergences in the deÞnition of the current or, alternatively, in

the computation of the triangle diagrams. Nevertheless, using either method, we Þnd a regular result

in the limit in which the regulator is removed. In the language of QFT, we do not need to subtract

and renormalize divergences to Þnd the anomaly of the axial current. At the level of diagrams, what

happens is that, although the integrals are linearly divergent, this only results in an ambiguity in their

19Other early calculations of the triangle diagrams were carried out in 1949 by Hiroshi Fukuda and Yoneji Miyamoto [103],
and by S. Ozaki, S. Oneda, and S. Sasaki [104].
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value that is Þxed by requiring the gauge (vector) current to be conserved. In the case of the point

splitting calculation, introducing a Wilson line similar to the one inserted in Eq. (7.4) in the regularized

deÞnition of the axial-vector current to preserve gauge invariance we are led to the axial anomaly after

taking the- / 0 limit.

Another important point to be stressed is atensionbetween the conservation of the gauge and the

axial-vector currents: we can impose the conservation of either of the two,but not of both simultaneously.

After the above discussion of the dire consequences of violating gauge current conservation, the choice

is clear enough.

7.2 The physical power of the anomaly

When studying the global symmetries of QCD, we have also encountered axial transformations [see

Box 8 and in particular Eq. (5.48)] and mentioned that they are anomalous. Now we can be more

explicit. The axial-vector current of interest in this case is given by

J µ
5 = q* 5* µq, (7.12)

where a sum over color indices should be understood. Its anomaly comes from triangle diagrams similar

to the ones shown in Diagram (7.10), this time with quarks running in the loop. But, together with the

triangles coupling to the electromagnetic external potentialAµ , we also have a pair of triangles where

the vertices on the right couple to an external gluon ÞeldA a
µ (for this, we also use calligraphic fonts to

indicate that we are dealing with classical sources). This results in the anomaly

! µ1J µ
5 2A ,A = "

Nc

16$2

" Nf%

f =1

q2
f

#
-µ!"# Fµ! F"# "

Nf

16$2 -µ!"# F a
µ! F a

"# , (7.13)

whereF a
µ! is the non-Abelian Þeld strength associated with the external gluon Þeld andNc is the number

of colors. The coefÞcient of the Þrst term is obtained by summing the expression of the axial anomaly

given in (7.11) to all quarks running in the loop. As for the second, the quarks couple to the gluon Þelds

through the gauge current

J µa = q* µ+aq, (7.14)

where+a are the generators of the fundamental representation of SU(3) acting on the color indices of

each component ofq. Since the axial current does not act on color indices, the prefactor is proportional

to (tr )(tr { +a, +b} ) = Nf , ab, with the identity in ßavor space.

Anomalies can also affect the global non-Abelian SU(Nf )L ! SU(Nf )R symmetry deÞned

in (5.49). This global symmetry group can be rearranged in terms of vector and axial transformations

SU(Nf )L ! SU(Nf )R = SU(Nf )V ! SU(Nf )A acting on the quark Þelds as

SU(Nf )V : q / ei" I

V
tI

f q, SU(Nf )A : q / ei" I

A
tI

f $5q, (7.15)
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with qR and qL transforming respectively with the same or opposite SU(Nf ) parameters20. Vector

currents, however, are always anomaly-free. A simple way to come to this conclusion is to notice that

the PV regularization method introduced above preserved all vector symmetries, since these remain

unbroken by fermion mass terms21. We thus focus on the chiral SU(Nf )A factor, whose associated

axial-vector current is

J Iµ
5 = q* 5* µ t I

f q, (7.16)

where, again, there is a tacit sum over the quark color index. As in the case of the singlet current (7.12),

there are contributions coming from the photon and gluon couplings of the quarks. Taking into account

that, unlike photons, gluons are ßavor-blind, we Þnd

! µ1J Iµ
5 2A ,A = "

Nc

16$2

4 Nf%

f =1

q2
f (t I

f )f f

5
-µ!"# Fµ! F"# "

Nf

16$2

*
tr t I

f

+
-µ!"# F a

µ! F a
"# . (7.17)

Since all generators of SU(Nf ) are traceless, the second term is zero but the Þrst one does not necessarily

vanish.

Let be focus on the dynamics of the two lightest quarksu andd, wherequ = 2
3e andqd = " 1

3e.

In this caseNf = 2 and the ßavor group is generated bytI
f = 1

26I , with 6I the Pauli matrices. We have

then

2%

f =1

q2
f (t1

f )f f =
2%

f =1

q2
f (t2

f )f f = 0 ,
2%

f =1

q2
f (t3

f )f f =
e2

6
, (7.18)

whereNc is the number of quark colors. This means thatJ 3µ
5 is anomalous,

! µ1J 3µ
5 2A ,A = "

e2Nc

48$2 -µ!"# Fµ! F"# . (7.19)

The physical importance of this result lies in that after chiral symmetry breaking (see Box 8 in page65),

the operator! µJ aµ
5 becomes the interpolating Þeld for pions, creating them out of the vacuum22

1$a(p)|! µJ aµ
5 (x)|02= f ) m) , abe! ipáx =- $a(x) =

1
f ) m)

! µJ aµ
5 (x), (7.20)

wherem) is the pion mass andf ) the pion decay constant introduced in Eq. (5.54) to parametrize the

matrix of NG bosons resulting from chiral symmetry breaking. Although to compute the anomaly (7.19)

we took the electromagnetic Þeld to be a classical source, the corresponding operator identity implies the

20A warning note here. Unlike the Abelian U(1)A, transformations in SU(Nf )
A

do not close and therefore do not form a group.
This can be checked by composing two of them and applying the BakerÐCampbellÐHausdorff formula. Our notation has to
be understood in a formal sense.

21This argument also applies to the SU(3) gauge invariance of QCD, which cannot be anomalous since it acts in the same way
on quarks of both chiralities. As a consequence, the theory can be regularized in a gauge invariant way.

22The Þrst identity follows from%( a(p)|J bµ

5 (x)|0& ' pµ' abe" ipáx, a direct consequence of the Goldstone theorem [79].
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p2

m2
! 9m2

!

Fig. 10: Complexp2-plane showing the structure of singularities of the functionf (p2) in Eq. (7.24): a
pole atp2 = m2

) and a branch cut beginning atp2 = 9m2
) .

existence of a nontrivial overlap between the neutral pion state and the state with two photons,

1k1, #1; k2, #2|$0(p)2=
e2Nc

12$2f )
(2$)4, (4) (p " k1 " k2)-µ!"# kµ

1 k!
2-" (k1)-# (k2). (7.21)

The width of the process can be computed from this result to be

'( $0 / 2* ) =
( 2N 2

c m3
)

576$3f 2
)

= 7 .73eV, (7.22)

which is perfectly consistent with experimental measurements [107]

'( $0 / 2* )exp = 7 .798± 0.056(stat.) ± 0.109(syst.) eV. (7.23)

Incidentally, the presence off ) = 93 MeV in Eq. (7.22) gives a rationale for it being called the pion

decay constant.

The electromagnetic decay of the neutral pion is a direct consequence of the existence of the axial

anomaly. On general grounds, it can be argued that the amplitude for the decay process of the$0 into

two photons has the structure

1k1, #1; k2, #2|$0(p)2= i
p2 " m2

)

f ) m2
)

p2f (p2)(2$)4, (4) (p " k1 " k2)-µ!"# kµ
1 k!

2-" (k1)-# (k2), (7.24)

with f (p2) a function of the pion squared momentum. We could naively assumef (p2) to be well-

behaved, with a pole singularity atp2 = m2
) and a branch cut starting at9m2

) signalling multi-pion

production (see Fig.10). Were this the case, the amplitude would be suppressed in thep2 / 0 limit.

Historically, this result was known as the SutherlandÐVeltman theorem [108,109] and essentially ruled

out the existence of the process$0 / 2* , that was nevertheless observed. The catch lies in that the

regularity hypothesis concerningf (p2), called partial conservation of the axial current (PCAC), is wrong

due to the axial anomaly. The calculation of the triangle diagrams (7.10) shows that this function is not
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regular at zero momentum, but actually has a pole

f (p2) %
ie2Nc

12$
1
p2 as p / 0. (7.25)

This singularity is precisely responsible for compensating the low-momentum suppression of the am-

plitude (7.24), giving the nonzero result accounting for the$0 / 2* decay. It is somewhat fascinating

that the anomaly, that we identiÞed from the start as resulting from UV ambiguities in the deÞnition of

the current, is also associated with an IR pole and determined by its residue. This reßects the profound

topological connections of QFT anomalies [93Ð96].

Box 10. The path integral way to the anomaly

There are many different roads leading to the chiral anomaly. For our presentation above we have

chosen the perturbative approach, involving the computation of the two one-loop triangle diagrams

shown in Eq. (7.10). But the anomaly can also be computed using path integrals, where it appears as

a result of the noninvariance of the functional measure under chiral rotations of the Dirac fermions.

To see how this comes about, let us consider again a Dirac fermion coupled to an external

electromagnetic ÞeldAµ that we treat as a classical source. Its action is given by

S[/, /, Aµ ] =
!

d4x/* µ*
i! µ + eAµ

+
/

=
!

d4x
6
/ R

*
i! µ + eAµ

+
/ R + / L

*
i! µ + eAµ

+
/ L

7
, (7.26)

where in the second line we split the Dirac fermion into its two chiralities. A quantum effective

action'[ Aµ ] for the external Þeld can be deÞned by integrating out the fermions

ei $[Aµ] =
!

D / D / e iS [3, 3, Aµ]. (7.27)

The important point in this expression is that the Dirac Þelds are dummy variables that can be

modiÞed without changing the value of the functional integral. In particular, we can implement the

following Òchange of variablesÓ:

/ = ei"$ 5 / # =- / R,L = e± i" / #
R,L , (7.28)

writing the original Dirac Þeld in terms of its chiral-transform [see Eq. (7.1)]. As we know, in the

absence of a Dirac mass term the fermion action does not change

S[/, /, Aµ ] = S[/ #, /
#
, Aµ ], (7.29)

reßecting the classical chiral invariance of the massless theory.

However, we have to be careful when implementing this change in the integral (7.27). The

reason is that we have to properly transform the fermion integration measure, which in principle
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might pick up a nontrivial Jacobian. Since the transformation is linear in the fermions, this Jacobian

can only depend on the external sources, as well as on the transformations parameter( ,

D / D / = J [Aµ ]D /
#
D / #. (7.30)

Taking this into account, we go back to (7.27) that now reads

ei $[Aµ] =
!

D /
#
D / #eiS [3 ! ,3

!
,Aµ]+log J [Aµ] '

!
D /

#
D / #eiS ! [3 ! ,3

!
,Aµ]. (7.31)

Thus, the effective action can be computed in the new variables, provided we use the new fermion

actionS#[/ #, /
#
, Aµ ] including an additional term,

S#[/ #, /
#
, Aµ ] =

!
d4x /

#
* µ*

i! µ + eAµ
+
/ #" i logJ [Aµ ], (7.32)

that, coming from the functional measure, is obviously a pure quantum effect. A convenient way

to compute the Jacobian is by expanding the Dirac fermions in a basis of Dirac operatorD/ (A ) '

* µ (! µ " ieAµ) eigenstates. Using a regularization method preserving gauge invariance, a Þnite

result is obtained [95,110,111]:

" i logJ [Aµ ] =
e2(
16$2

!
d4x - µ!"# Fµ! F"# . (7.33)

Notice that in the case of massive fermions the change (7.28) also introduces, besides the quantum

anomalous term, a complex phase in the mass, which has a classical origin:

S#[/ #, /
#
, Aµ ] =

!
d4x

6
/

#
R* µ*

i! µ + eAµ
+
/ #

R + /
#
L * µ*

i! µ + eAµ
+
/ #

L

+ me2i" *
/

#
R/ #

L + /
#
L / #

R

+7
+

e2(
16$2

!
d4x - µ!"# Fµ! F"# . (7.34)

The last term associated to the nonzero Jacobian is just the integrated form of the chiral anomaly

found in (7.11). The analysis just presented will be useful in analyzing the strong CP problem in the

next section.

8 The strong CP problem and axions

When studying magnetic monopoles in Box 5 (see page27), we discussed the possibility of having non-

trivial gauge Þeld topologies. In this section, we are going to look deeper into the role played by topology

in non-Abelian gauge Þeld theories and study how nonequivalent topological gauge Þeld conÞgurations

deÞne different vacua of the theory.

8.1 The (inÞnitely) many vacua of QCD

To Þx ideas, let us consider pure YM theory in the temporal gaugeAa
0 = 0 , preserved by the setG of

time-independent gauge transformationsg(r). Adding to the Euclidean space3 the point at inÞnity,
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it gets compatiÞed to a three-sphere,3 ) {*} 6 S3. Thus, the residual gauge transformations inG

deÞne maps fromS3 onto the gauge group23:

G : S3 "/ G. (8.1)

The spaceG consists of inÞnitely topological nonequivalent sectors classiÞed by the third-homotopy

group$3(G) [57Ð60]. As an example, let us consider a gauge theory with groupG = SU(2). This Lie

group is topologically equivalent to a three-dimensional sphereS3, as can be seen by writing

g = n0 + in á�, (8.2)

with n0 andn = ( n1, n2, n3) real. Both unitarity

g  g = gg  =
,
(n0) + n

2-
= , (8.3)

and the requirement of unit determinant

det g = ( n0)2 + n
2 = 1 , (8.4)

lead to the condition

(n0)2 + n
2 = 1 , (8.5)

so (n0, n) parametrizes the unit three-sphereS3. Since$3(S3) = , the set of time-independent

SU(2) gauge transformations decomposes into topological nonequivalent sectors

G =
O

n.

Gn , (8.6)

wheren is the winding number of the mapS3 / S3. For a gauge transformationg(r), its winding

number can be shown to be

n =
1

24$2

!

S3
d3r - ijk tr

6
(g! 1! i g)(g! 1! j g)(g! 1! kg)

7
. (8.7)

Moreover, two gauge transformations can be continuously deformed into one another only when they

share the same winding number, withG0 the identityÕs connected component. Additivity is an important

property of the winding number. Giveng ( Gn andg# ( Gn! , their productgg#has winding number

ngg! = ng + ng! , (8.8)

and in particularng" 1 = " ng. This, together with the fact that ( G0, shows thatG0 is the only sector

forming a subgroup.

From the discussion in Section6, we learn that physical states are preserved by ÒsmallÓ gauge

23At a more physical level, the compactiÞcation of3 to S3 amounts to requiring that all Þelds, as well as gauge transforma-
tions, have well-deÞned limits as|r| " ( , independent of the direction along which the limit is taken.
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transformations inG0 provided they satisfy the Gauss law (6.20). As for transformations inGn with

n += 0 , keeping in mind that quantum states are rays in a Hilbert space deÞned up to a global complex

phase, we conclude that physical invariance under a transformationg1 ( G1 requires

g1|phys2= ei' |phys2, (8.9)

for some. ( . This number should be independent of the state, since otherwise gauge transformations

would give rise to observable interference. Another relevant fact to notice is that the value of. is also

independent of the transformation inG1. To see this, let us considerg1, g#
1 ( G1 and assume that

g1|phys2= ei' |phys2, g#
1|phys2= ei' !

|phys2. (8.10)

Since by additivity of the winding numberg#
1g! 1

1 ( G0, and transformations in the connected component

of the identity leave the physical states invariant without any complex phase, we immediately conclude

that. # = . . Using a similar argument it is straightforward to show that forgn ( Gn

gn |phys2= ein' |phys2. (8.11)

The conclusion is that a single actual number. determines the action of all gauge transformations on

physical states.

We can reach the same conclusion about the vacuum structure of YM theories in a different way.

Besides the gauge kinetic term in the action (6.13), there is also a second admissible gauge invariant term

S' = "
.

32$2

!
d4x F a

µ!
?F aµ!

= "
.

8$2

!
d4x E

a áBa, (8.12)

where ?F a
µ! is the non-Abelian analog of the dual tensor Þeld introduced in Eq. (3.45), deÞned as

?F a
µ! =

1
2

-µ!"# F a"# . (8.13)

What makes the. -term (8.12) interesting is that it is the integral of a total derivative

-µ!"# F a
µ! F a

"# = ! µJ µ , (8.14)

and therefore does not contribute to the Þeld equations. The current on the right-hand side of the previous

equation takes the form (see Box 11 below for a rather simple derivation of this result)

J µ = 4 -µ!"#
"

Aa
! ! " Aa

# +
1
3

f abcAa
! Ab

" Ac
#

#
. (8.15)
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In theAa
0 = 0 gauge, we have

-µ!"# F a
µ! F a

"# = 4
!
!t

4
A

a á
*
r ! A

a+
+

1
3

f abc
A

a á
*
A

b ! A
c+

5
, (8.16)

which, once integrated and with the proper normalization, gives the following expression of the. -term

S' = "
.

8$2

F !
d3r

4
A

a á
*
r ! A

a+
+

1
3

f abc
A

a á
*
A

b ! A
c+

58
8
8
8
t= "

"
!

d3r
4
A

a á
*
r ! A

a+
+

1
3

f abc
A

a á
*
A

b ! A
c+

58
8
8
8
t= !"

G
. (8.17)

To ensure Þniteness, we take the gauge ÞeldA = A
aTa

R to approach pure-gauge conÞgurationsA± =

g! 1
± rg± at t = ±* (see Fig.11). It is easy to see that the integrands in Eq. (8.17) are not gauge

invariant and therefore the. -term is nonzero (again, a derivation is outlined in Box 11),

S' =
.

24$2

!
d3r tr

B
(g! 1

+ rg+ ) á
6
(g! 1

+ rg+ ) ! (g! 1
+ rg+ )

7C

"
.

24$2

!
d3r tr

B
(g! 1

! rg! ) á
6
(g! 1

! rg! ) ! (g! 1
! rg! )

7C
. (8.18)

Comparing with Eq. (8.7), we identify the winding numbersn± of the asymptotic gauge transforma-

tionsg± , to write

S' = ( n+ " n! ).. (8.19)

Thus, non-Abelian gauge Þeld conÞgurations are classiÞed into topological sectors interpolating between

early and late time conÞgurations of deÞnite winding numbern± . These sectors are labelled by the

integern = n+ " n! , and when summing in the Feynman path integral over all gauge conÞgurations we

also have to include all possible sectors. Each one is weighted by the same phase,

eiS✓ = ein' , (8.20)

that we encountered in Eq. (8.11).

Box 11. Gauge Þelds and differential forms

The analysis of YM theories gets very much simpliÞed in the language of differential forms [57Ð60].

The gauge ÞeldAµ = Aa
µTa

R can be recast as the Lie algebra valued one-form

A = " iA µdxµ, (8.21)

while the two-form Þeld strength is given by

F ' "
i
2

Fµ! dxµ < dx! = dA + A < A, (8.22)
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Fig. 11: Representation of the spacetime interpolating between two pure gauge conÞgurationsA± =
g± rg± at t = ±* , in theA0 = 0 gauge.

where in the second term on the right-hand side a matrix multiplication of the one-forms is also

understood (in the Abelian case the matrices commute and the term vanishes due to the anticommu-

tativity of the wedge product). The factor of" i in both eqs. (8.21) and (8.22) is introduced to avoid

cluttering expressions with powers ofi .

Gauge transformations are determined by a zero-formg ( G acting on the gauge Þeld one-

form as [cf. (6.6)]

A "/ A# = g! 1dg + g! 1Ag. (8.23)

This leads to the corresponding transformation of the Þeld strength

F "/ F # = dA#+ A#< A#

= g! 1F g, (8.24)

that once written in components agrees with the one given in Eq. (6.9). In fact, given an adjoint

p-form Þeld

# p = "
i
p!

# µ1...µ p
dxµ1 < . . . < dxµp =- # p / # #

p = g! 1# pg, (8.25)

a covariant exterior derivative is deÞned acting as

D# p ' d# p + A < # p " (" 1)p# p < A =- (D# p)# = g! 1(D# p)g, (8.26)

satisfying the Leibniz rule

D(# p < &q) = ( D# p) < &q + ( " 1)p# p < (D&q). (8.27)

Using these deÞnitions and properties, it is easy to check that the Þeld strength two-form (8.22)
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veriÞes the Bianchi identityDF = 0 .

In four dimensions there are two gauge invariant four-forms that can be constructed from the

Þeld-strength two-form. The Þrst one is

tr ( F < 8F), (8.28)

where8 denotes the Hodge dual, acting on ap-form Þeld as [58]

8# p = "
i

p!(4 " p)!
-µ1...µ p

! 1...! 4" p
# µ1...µ p

dx! 1 < . . . < dx! 4" p . (8.29)

Since this operation commutes with the multiplication by a zero-form, the gauge invariance of (8.28)

follows directly from applying the cyclic property of the trace. In addition, we can also construct a

second gauge invariant four-form

tr ( F < F ), (8.30)

so the action of pure YM theory without matter couplings can be written as

SYM =
1

2g2
YM

!

M 4

tr ( F < 8F) +
.

8$2

!

M 4

tr ( F < F ), (8.31)

whereM 4 represents the four-dimensional spacetime. The two terms correspond respectively to the

kinetic and. terms given in components in eqs. (6.13) and (8.12). Incidentally, notice that while the

term inside the Þrst integral is always a maximal form in any dimension, the one in the second term

is only maximal inD = 4 . In fact, no analog of the. -term exits in odd-dimensional spacetimes.

Although in these lectures we are restricting our attention to (ßat) Minkowski spacetime,

QFTs can also be deÞned in curved spacetimes. In this respect, the action (8.31) written in terms of

differential forms is also valid for non-ßat metrics. An interesting difference between the two terms

is that, while the Þrst one depends on the spacetime metric the. -term does not and is therefore

topological. Metric dependence is actually signaled by the presence of the Hodge dual in the action.

Another relevant fact that can be easily shown using differential forms is that the. -term is a

total derivative, as we saw in Eq. (8.16). Indeed, Eq. (8.30) can be explicitly written in terms of the

gauge Þeld one-form as

tr ( F < F ) = tr ( dA < dA + 2dA < A < A + A < A < A < A)

= d tr
"

A < dA +
2
3

A < A < A
#

, (8.32)

where we have used thattr ( A < A < A < A) = 0 , as a result of the anticommutativity of one-forms

and the traceÕs cyclic property. Using the properties of the Hodge dual operator, we Þnally write

8tr ( F < F ) = d  J, (8.33)
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whered  ' 8d8is the adjoint exterior derivative [58] andJ is the current one form

J = 8tr
"

A < dA +
2
3

A < A < A
#

. (8.34)

Once expressed in components we retrieve Eq. (8.16).

The trace on the right-hand side of (8.34) deÞnes theChernÐSimons form. Applying (8.23)

and after some algebra we obtain its gauge transformation

43(A) ' tr
"

A < dA +
2
3

A < A < A
#

"/ 43(A) "
1
3

tr
6
(g! 1dg) < (g! 1dg) < (g! 1dg)

7
. (8.35)

The ChernÐSimons form is a very interesting object for many reasons. One is that it gives rise to the

action

SCS = "
k
4$

!

M 3

tr
"

A < dA +
2
3

A < A < A
#

, (8.36)

whereM 3 is a three-dimensional spacetime andk is a constant known as the ChernÐSimons level.

Although (8.35) implies that the action is not gauge invariant

SCS "/ SCS +
k

12$

!

M 3

tr
6
(g! 1dg) < (g! 1dg) < (g! 1dg)

7
, (8.37)

the extra term equals2$nk, with n the winding number of the gauge transformation deÞned

in Eq. (8.7). Since the quantum theory can be formulated using functional integrals involv-

ing exp(iSCS), this gauge variance is not a problem provided the ChernÐSimons levelk is an integer.

The action (8.36) deÞnes a topological Þeld theory appearing in many contexts in physics, ranging

from quantum gravity [112,113] to condensed matter, where it has found important applications in

the theory of the quantum Hall effect [84,114].

To conclude this discussion, let us also mention that the four-form (8.30) is also related to the

axial anomaly studied in Section7. DeÞned on a Euclidean spacetime, the integrated anomaly of

the axial-vector current can be shown to be [95,110,111]

!

M 4

d4x ! µ1J µ
A (x)2= " 2i

*
N+ " N! ), (8.38)

and N± are the number of positive/negative chirality solutions to the equationD/ (A)/ = 0 ,

with D/ (A) ' * µ(! µ " iA µ) the Dirac operator on the Euclidean manifoldM 4. The differ-

enceN+ " N! appearing on the right-hand side of Eq. (8.38) is in fact a topological invariant

called theindexof the Dirac operator. This quantity can be computed using the AtiyahÐSinger index
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Fig. 12: Classical depiction of the neutron and its electric dipolar momentdn . The components of the
d quarks position vectorsr1 andr2 are written using the coordinate axes shown in the picture, with origin
on the position of theu quark.

theorem [57Ð60] and in four dimensions it is given by the integral of the four-form (8.30)

indD/ = "
1

8$2

!

M 4

F < F, (8.39)

which, as explained above, is itself a topological quantity. By substituting this result into (8.38), we

retrieve the known form of the anomaly, apart from a global factor ofi that is the consequence of

working in Euclidean signature.

8.2 Breaking CP strongly

A signiÞcant feature of the. -term (8.12) is that it violates both parity and CP, the combination of parity

and charge conjugation,

CP:

0
1

2

E
a(t, r) "/ E

a(t, " r)

B
a(t, r) "/ " B

a(t, " r)
=- CP: S' "/ " S' . (8.40)

To understand these transformations heuristically, we can use the analogy with MaxwellÕs electric and

magnetic Þelds to conclude thatE
a is reversed by both parity and charge conjugation, whereas the

pseudovectorBa is preserved by the former and reversed by the latter. Notice that since CPT is a

symmetry of QFT, a breaking of CP is equivalent to a violation of time reversal T.

Among the phenomena where CP (or T) violation can manifest in QCD is the existence of a

nonvanishing electric dipole moment of the neutron (see, for example, Refs. [115, 116] for reviews).

To be clear, were neutrons elementary, we would not expect them to have an electric dipolar moment.

But being composed of three valence quarks with different charges, a nonvanishing value may appear

depending on the quark distribution. To estimate its size, let us consider a classical picture of the neutron
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assuming a structure similar to the water molecule (see Fig.12): the two d quarks are located at a

distance9 of theu quark and their position vectorsr1 andr2 span an angle/ with each other. Taking

coordinates on the plane deÞned by the three quarks, the modulus of the electric dipole momentdn is

readily computed to be

|dn | =
2
3

e9cos
/
2

'
2
3

e9sin
.
2

, (8.41)

where we have introduced the angle. ' $ " / , controlling the amount of CP violation. To estimate

the prefactor in Eq. (8.41), we recall that the distance9 between the quarks is of the order of the pionÕs

Compton wavelength

96
!

m) c
, (8.42)

where for computational purposes we have restored powers of! andc. Noticing that! c 6 200MeV áfm

andm) c2 6 135MeV, we Þnd

|dn | 6 10! 13 sin
.
2

eácm. (8.43)

A comparison with experimental measurements of the neutron electric dipole [117,118]

|dn |exp . 10! 26 eácm, (8.44)

leads then to the bound

. . 10! 13. (8.45)

This means that the angle/ = $ " . in Fig. 12 is extremely close to$, making the quark conÞguration

inside the neutron look like a CO2 rather than a water molecule.

This cartoon calculation exhibits the basic feature of the so-calledstrong CP problem: the stringent

experimental bound for the neutron electric dipole moment implies the existence of a dimensionless

parameter that is extremely small without any dynamical reason. Once we rephrase the problem in

the correct language of QCD, we will see that this parameter is precisely the. coupling introduced in

Eq. (8.12).

From a QFT point of view the neutron electric dipole emerges from the dimension-Þve nonminimal

coupling of the neutron to the electromagnetic Þeld

S $ "
i
2

|dn |
!

d4x n6µ! * 5nFµ! , (8.46)

wheren is the neutron Þeld and6µ! has been deÞned in Eq. (4.49). This term is explicitly gauge invariant

but breaks parity, as follows from the presence of* 5. It is, however, invariant under charge conjugation,

which preserves the neutron and gauge Þelds, and therefore it breaks CP. The operator (8.46) is in fact

an effective interaction emerging from loop diagrams in the EFT of pions and nucleons described by an

extension of the action (5.58). To construct this theory, let us consider QCD with the two light ßavorsu
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andd. Written in terms of the chiral isospin doublets

qR,L =

'
uR,L

dR,L

(

, (8.47)

the microscopic action takes the form

S =
!

d4x
"

iqRD/ qR + iqL D/ qL + qL M qR + qRM T qL "
.

32$2 -µ!"# F a
µ! F a

"# + . . .
#

, (8.48)

whereDµ = ! µ " iA a
µTa denotes the gauge covariant derivative and the mass matrix is given by

M =

'
mu 0

0 md

(

. (8.49)

We have included the. -term, while the ellipsis indicates other terms not important for the argument. In

writing the action (5.58) we assumed that quarks are massless, and also the NG bosons associated with

chiral SSB, but we now relax this condition. Although the chiral SU(2)R ! SU(2)L transformations

qR,L "/ UR,L qR,L , (8.50)

do not leave the quark action (8.48) invariant, we can restore the symmetry promoting the mass matrixM

to a spurion Þeld transforming as

M "/ UL MU  
R. (8.51)

Thus, the original action can be seen as one where chiral symmetry is spontaneously broken byM taking

the value in Eq. (8.49). The transformation ofM , together with Eq. (5.56), provides the basic clue to

incorporate masses into the NG action (5.58). An invariant mass term can be built by taking the trace of

the product of the mass and the NG boson matrices

SNG =
!

d4x
4

f 2
)

4
tr

*
Dµ⌃

  D µ
⌃

+
+ f 3

) B0tr
*
M  

⌃ + ⌃
  M

+
5

. (8.52)

HereDµ⌃ = ! µ⌃ " iA µ[Q, ⌃], with Q = e63 the pion charge matrix, is the electromagnetic covariant

derivative andB0 is a numerical constant that cannot be determined within the EFT framework24. Sub-

stituting the explicit expressions ofM and⌃, and expanding in powers of the pion Þelds, we Þnd the

mass term

" SNG = " f ) B0(mu + md)
!

d4x
6
($0)2 + 2$+ $!

7
, (8.53)

24The pion effective actionSNG also contains terms induced by the anomalous global symmetries of QCD, which are fully
determined by the mathematical structure of the anomaly (see, for example, Ref. [93]). An example is the term proportional
to

!
tr log ⌃ ! tr log ⌃  "

Fµ⌫
#F µ⌫ , accounting for the electromagnetic decay of the neutral pion discussed in page82.

93



LUIS ç LVAREZ-GAUMƒ AND MIGUEL ç. V çZQUEZ -MOZO

from where we read off the pion mass

m2
) = 2 f ) B0(mu + md) =- B0 =

m2
)

2f ) (mu + md)
. (8.54)

Within this approximation, neutral and charged pions have the same mass.

Nucleons can also be added to the chiral Lagrangian (see Refs. [119,120] for reviews). They are

introduced through the isospin doublet

N =

'
p

n

(

, (8.55)

transforming under SU(2)R ! SU(2)L as outlined in Refs. [121Ð123]

N "/ K (UR, UL , ⌃)N. (8.56)

The so-called compensating ÞeldK (UR, UL , ⌃) is a SU(2)-valued matrix depending on the NG boson

matrix⌃(x), and through it on the spacetime point. It is deÞned byK (UR, UL , ⌃) = u#(x)! 1URu(x),

whereu(x)2 ' ⌃(x) andu#(x)2 ' ⌃
#(x) = UR⌃(x)U 

L , thus providing a nonlinear realization of

the SU(2)R ! SU(2)L global chiral symmetry acting on the nucleon isospin doublet.

Having established the transformation of nucleons, we add to the effective action the term

" S)N =
!

d4x N
6
iD/ " f (⌃)

7
N, (8.57)

with f (⌃) a matrix-valued function depending on the NG boson matrix and such thatD/ ' D/ + if (⌃)

deÞnes a covariant derivative with respect to the local transformation (8.56), D/ / K D/ K   . At linear

order in the pion Þelds, it includes the pionÐnucleon vertices

f (⌃) = mN +
gA

2f )
* µ* 5! µ⇡ + O(⇡2)

= mN +
gA

2
&

2f )

*
n* µ* 5n " p* µ* 5p

+
! µ$0 +

gA

2f )

*
n* µ* 5p ! µ$! + p* µ* 5n ! µ$+ +

, (8.58)

wheremN is the nucleon mass. Incidentally, substituting this expression off (⌃) into the action (8.57)

we can integrate by parts and move the derivative from⇡ to N andN . For scattering processes with

on-shell nucleons the Dirac equationi!/N = mN N can be implemented to write the nucleonÐpion

interaction term asig)NN Nt I
f N$ I , with tI

f the generators in the fundamental representation of SU(2).

Furthermore, the coupling constantg)NN satisÞes by the GoldbergerÐTreiman relation [124]

f ) g)NN = gA mN . (8.59)

Notice that, sincegA is real, the couplings in Eq. (8.58) preserve CP.

We would like to study the effects in the chiral Lagrangian of adding the. -term to the quark action.

At this point we should invoke the analysis presented in Box 10 (see page83) where we saw how, due to

the chiral anomaly, implementing a chiral rotation of the fermions induces a. -term in the action. More
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precisely, performing a chiral rotation of theu-quark

uR,L "/ e± i" uR,L , (8.60)

results in shifting the value of the theta angle

S =
!

d4x
"

iqRD/ qR + iqL D/ qL + qL M qR + qRM   qL "
. " 2(
32$2 -µ!"# F a

µ! F a
"# + . . .

#
, (8.61)

and a complex mass matrix

M =

'
e2i" mu 0

0 md

(

. (8.62)

In particular, setting( = 1
2. the. -term cancels and all dependence on. is shifted to a phase in the mass

matrix M . In more physical terms, we have transferred the source of CP violation in the quark action

from the. -term to a complex coupling25.

It might seem that, at the level of the chiral effective Þeld theory, the phase in the mass ma-

trix M = diag(ei' mu, md) could be removed by an appropriate chiral transformation of the NG

Þeld⌃(x). In doing so, however, we introduce a. -dependence inf (⌃, . ) deÞned in (8.57), inducing

additional nucleonÐpion couplings. In particular, besides the neutronÐprotonÐpion vertex in Eq. (8.58),

there is a new CP violating vertex contributing to the dimension-Þve non-minimal electromagnetic cou-

pling in Eq. (8.46)

n

n

* =

$!

p

$!

n

n

* +

$!

p

$!

n

n

* (8.63)

The black dots in the diagrams on the right-hand side represent the CP-violating vertex, whereas the

lined blobs indicate the neutronÐpion coupling in (8.58). The chiral loop integrals are logarithmically

divergent and once evaluated give the following contribution to the neutron electric dipole moment [125]

|dn | =
1

4$2

|g)NN g)NN |
mN

log
"

mN

m)

#
, (8.64)

where

|g)NN | 5 0.027|. | (8.65)

is the coupling of the CP-violating vertex and, in the spirit of EFT, integrals have been cut off at! = m) .

25In fact, it is easy to prove that the quantity) $ ) + arg det M remains invariant under chiral transformations of the quarks.
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Substituting the value for the CP-preserving pionÐnucleon coupling and implementing the experimental

bound (8.44), we Þnd

|. | . 10! 11. (8.66)

We see that the amount of Þne tuning in the. parameter needed to explain experiments is not very far

off the one obtained for the angle. in (8.45) in the classical toy model of the neutron (not by accident

both quantities were denoted by the same Greek letter).

Box 12. A ÒpotentialÓ for.

We would like to understand how the energy of the ground state of QCD depends on the parameter. .

There are a number of things that can be said about this quantity, that we denote byV (. ). As we

learned above [see Eq. (8.19)], the. -term is a topological object and any physical quantity depending

on it like V (. ) should be periodic in. with period equal to2$,

V (. + 2$) = V (. ). (8.67)

Moreover, there exists a very elegant argument showing that energy is minimized for. = 0 [126]

V (0) , V (. ). (8.68)

To go beyond these general considerations and Þnd an explicit expression ofV (. ) in QCD, we

consider the potential energy in the pion effective action (8.52),

V(⌃) = "
m2

) f 2
)

2(mu + md)
tr

*
M  

⌃ + M ⌃
  +, (8.69)

whereM is given by

M =

'
ei' mu 0

0 md

(

. (8.70)

To Þnd the vacuum energy, we look for a NG boson matrix conÞguration minimizingV(⌃).

In fact, since the mass matrix is diagonal it can be seen that the trace in (8.69) only depends

on the diagonal components of⌃. This means that, in order to minimize the potential, it is enough

consider to NG matrices of the form⌃ = diag(ei* 1 , ei* 2). Furthermore, the dependence on. in the

mass matrix can be shifted to the NG boson matrix by the Þeld redeÞnition

⌃ "/ ?⌃ '

'
e! i✓

2 0

0 1

(

⌃

'
e! i✓

2 0

0 1

(

=

'
ei (* 1! ' ) 0

0 ei* 2

(

. (8.71)

Imposing the conditiondet ?⌃ = 1 , we have11 + 12 = . mod2$.

Substituting the redeÞned NG matrix Þeld?$ into (8.69) with M = diag(mu, md), we arrive
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at the potential

V(11, 12) = "
m2

) f 2
)

mu + md

*
mu cos11 + md cos12

+
, (8.72)

that has to be minimized subject to the constraint11 + 12 = . . The equation to be solved is

mu sin11 = md sin(. " 11), (8.73)

that, after a bit of algebra, gives

cos2 11 =
(mu + md cos. )2

m2
u + m2

d + 2mumd cos.
,

cos2 12 =
(md + mu cos. )2

m2
u + m2

d + 2mumd cos.
. (8.74)

Substituting these results into (8.72), we arrive at the expression of the QCD vacuum energy as a

function of.

V (. ) = "
m2

) f 2
)

mu + md

)
m2

u + m2
d + 2mumd cos.. (8.75)

In Fig. 13 we have represented this function for various values of the ratiomd/m u, from where we

see that, as announced, the minimum occurs at. = 0 . We also see that whenmu = md there are

cusps at the maxima located at. = (2 n + 1) $, that are smoothed out when the quarks have different

masses. Being an experimental fact that. is very small, we can expandV(. ) around. = 0 to Þnd

V(. ) = " m2
) f 2

) +
1
2

m2
) f 2

)
mumd

(mu + md)2 . 2. (8.76)

This expression will become handy later on when it will be reinterpreted as the potential for the

axion Þeld.

Sincems 0 mu, md we have restricted our attention to QCD with the two lightest ßavors,

although the analysis can be easily extended to anyNf . 2. The resulting expression of the ground

state energyV (. ; m1, . . . , mf ) for small . is symmetric under permutations of the quark masses

and satisÞes a recursion relation

V (. ; m1, . . . , mf ! 1) = lim
mf ("

V (. ; m1, . . . , mf ), (8.77)

implementing the decoupling of thef -th ßavor.
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Fig. 13: Plot of V (. ) in Eq. (8.75) for three different values of themu

md

ratio: 1 (blue), 0.3 (orange), and
0.5 (green).

8.3 Enters the axion

We would like to understand the smallness of. in a natural way, i.e., either as following from some sym-

metry principle or by Þnding out some dynamical reason for its value26. One possible explanation would

be thatmu = 0 , so a chiral rotation of theu-quark Þeld would get rid of the. -term without introducing

CP-violating phases in the chiral Lagrangian. This is however no good, since all experimental evidences

indicate that theu-quark is not massless.

A very popular solution to the CP problem is the one proposed by Roberto Peccei and Helen

Quinn [127, 128] consisting in making the. -parameter the vev of a pseudoscalar Þelda(x), the ax-

ion [129,130], whose potential would drive it to10|a(x)|02= 0 . To be more precise, let us consider the

action

S =
!

d4x
"

iqRD/ qR + iqL D/ qL + qL M qR + qRM   qL "
1

32$2f a
aF a

µ!
?F aµ!

#
, (8.78)

wheref a is an energy scale introduced so the axion Þeld has the canonical dimenension of energy. We

can now play the old game of shifting the last term in the action (8.78) to a complex phase in the mass

matrix. In the low-energy effective Þeld theory, this phase can be absorbed into the NG bosons matrix

by the Þeld redeÞnition (cf. the analysis presented in Box 12)

⌃ "/

'
e! ia

2fa 0

0 1

(

⌃

'
e! ia

2fa 0

0 1

(

. (8.79)

In the absence of a mass term for the NG bosons,⌃ only has derivative couplings and the theory

is invariant under constant shifts of the axion Þeld,a(x) / a(x) + constant. The presence of the

term f 3
) B0tr

*
M  

⌃ + ⌃
  M

+
, however, induces a potential that can be read off Eq. (8.75) with . re-

26The fact that in the CO2 molecule the angle) is zero is a consequence of the dynamics of the atomic orbitals and is therefore
ÒnaturalÓ.
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Fig. 14: Exclusion plot from Ref. [134] for the axion parametersf a (resp.gan$ ) andma. The yellow
line represents the relation given in Eq. (8.81).

placed bya/f a. Expanding around the minimum ata = 0 , we Þnd

V(a) =
m2

) f 2
)

2f 2
a

mumd

(mu + md)2 a2 + . . . , (8.80)

where we have dropped constant terms and the ellipsis indicates higher-order axion self-interactions.

This gives the axion mass

ma =
m) f )

f a

&
mumd

mu + md
= 5 .7

"
109 GeV

f a

#
meV. (8.81)

The Þeld redeÞnition (8.79) also induces axion interactions with mesons, baryons, leptons, and photons.

For example,

Saxion $ "
!

d4x
"

i
2

gap$ap6µ! * 5pFµ! +
i
2

gan$ an6µ! * 5nFµ! +
ga$$

4
aFµ! ?F µ!

#
, (8.82)

wheregan$ = " gap$ % f ! 2
a and ga$$ % f ! 1

a . The last non-minimal electromagnetic coupling of

the axion comes from the anomaly-induced term in the chiral Lagrangian pointed out in the footnote

on page93. In a strong magnetic Þeld, this term allows the conversion of a photon into an axion and

vice versa, one of the main astrophysical signatures of the axion and also the target process of the light-

shining-through-walls experiments [131].

Among other candidates for dark matter (sterile neutrinos, supersymmetric particles, etc.) axions

are currently one of the most popular candidates to account for the missing matter in the universe [132,

133]. Cosmological and astrophysical phenomena provide a wide class of observational windows for

these kind of particles, ranging from CMB physics to stellar astrophysics and black holes (see Fig.14).

Observations so far have been used to constrain the parameter space for axion-like particles (ALPs),
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leaving a wide allowed region including most of the values of the QCD axion. A comprehensive overview

of current axion experiments and the bounds on different parameters can be found in the review [116],

as well as in Ref. [117] (see also Ref. [134] for a collection of exclusion plots for various parameters).

9 The electroweak theory

It is time we look into the electroweak sector of the SM. As already mentioned several times in these

lectures, our current understanding of the electromagnetic and weak forces is based on a gauge theory

with group SU(2)! U(1)Y . This theory has subtle differences with respect to the color SU(3) QCD gauge

group used to describe strong interactions. The basic one is that it is a chiral theory in which left- and

right-handed fermions transform in different representations of the gauge group. Closely related to this is

that the SU(2)! U(1)Y gauge invariance is spontaneously broken at low energies by an implementation

of the BEH mechanism explained in Section5. This feature, that for decades was the shakiest part of

the electroweak theory, was Þnally conÞrmed in July 2012 when the detection of the Higgs boson was

announced at CERN, thus Þtting the Þnal piece into the jigsaw puzzle.

Whereas only hadrons (i.e., quarks) partake of the strong interaction, the weak force affects both

quarks and leptons. Its chiral character is reßected in that the weak interaction violate parity, a fact

discovered in the late 1950s in the study of) -decay and other processes mediated by the weak force [135Ð

138]. Unlike gluons, which couple to quarks through a vector currentJ µ
QCD = q*µq, the carriers of the

weak force interact with matter via the V" A currentJ µ
weak = /* µ( " * 5)/ , with / either a lepton or

a quark Þeld [139,140].

9.1 Implementing SU(2)⇥ U(1)Y

To be more precise,) -decay transmutes left-handed electrons into left-handed electron neutrinos (and

vice versa), whileu-quarks (resp.d-quarks) transform intod quarks (resp.u-quarks). This suggests

grouping left-handed electrons/neutrinos and quarks into doublets

L =

'
: e

e!

(

L

, Q =

'
u

d

(

L

, (9.1)

and assume they transform in the fundamental representation2 of the SU(2) algebra. At the same time,

since right-handed electrons and quarks do not undergo) -decay, their components are taken to be SU(2)

singlets

9R ' e!
R , UR ' uR, DR ' dR. (9.2)

Moreover, since there is no experimental evidence of the existence of right-handed neutrinos, we do not

include them in the description (at least for now; we will return to this issue later).

The whole picture is complicated because the weak force mixes with the electromagnetic inter-

action. In fact, the U(1)Y of the electroweak gauge group is not the U(1) of MaxwellÕs theory. The
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Leptons

i = 1 i = 2 i = 3 t3
R YR

L
i

"
: e

e!

#

L

"
: µ

µ!

#

L

"
: &

+!

#

L

1
263 " 1

2

9i
R e!

R µ!
R +!

R 0 " 1

Quarks

i = 1 i = 2 i = 3 t3
R YR

Q
i

"
u
d

#

L

"
c
s

#

L

"
t
b

#

L

1
263 1

6

Ui
R uR cR tR 0 2

3

D i
R dR sR bR 0 " 1

3

Table 2: Transformation properties of leptons and quarks in the electroweak sector of the SM. In addition
to the indicated representations of SU(2)! U(1)Y , quarks transform in the fundamental3 irrep of SU(3),
whereas leptons are singled under this group.

generatorYR of the former, called theweak hypercharge, satisÞes the Gell-MannÐNishijima relation

Q = YR + t3
R , (9.3)

whereQ is the charge of the Þeld in units ofe andt3
R is the Cartan generator of SU(2) in the representa-

tion R. As an example, forL in Eq. (9.1) we havet3
2 ' 1

262 = diag( 1
2, " 1

2) andQ = diag(0, " 1), so

we haveY(L) = " 1
2 . Repeating this for all lepton and quark Þelds, we Þnd

Y(L) = "
1
2

, Y (9) = " 1, Y (Q) = "
1
6

, Y (UR) =
2
3

, Y (DR) = "
1
3

, (9.4)

where for the SU(2) singlets we havet3
1 = 0 . Notice that for U(1)Y we haveYR = Y , so the represen-

tation of U(1)Y is fully determined by thehyperchargeY .

We might be tempted to believe that with this we have determined howall matter Þelds in the SM

transform under the gauge group SU(2)! U(1)Y . However, for reasons that we so far ignore, nature has

decided to have three copies of the structure just described. In addition to the electron, its neutrino, and

theu- andd-quarks there are two more replicas orfamilies. The second family includes the muon (µ! )
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and its neutrino (: µ ), together with the charm (c) and strange (s) quarks. The third family, on the other

hand, contains the+! lepton, its neutrino (: &), and the top (t) and bottom (b) quarks. Apart from an

increasing hierarchy of masses, each extra family exactly replicates the transformation properties of the

Þelds in the Þrst one. To include this feature in our description, we add an indexi = 1 , 2, 3 to the

doublet{ Li , Qi } and singlet{ 9i
R , Ui

R, D i
R} Þelds introduced above, summarizing in Table2 the three-

family structure with the corresponding representations of SU(2)! U(1)Y . We should not forget that,

besides the electroweak quantum numbers, leptons are singlets with respect to color SU(3), whereas

quarks are triplets transforming in the fundamental representation of this group.

Once the matter content of the SM is determined, as well as how the Þelds transform under the

electroweak gauge group, we Þx our attention on the gauge bosons. In the case of SU(2), it is convenient

to use the{ t±
R , t3

R } basis, so the corresponding gauge Þeld is written as27

Wµ = W +
µ t!

R + W !
µ t+

R + W 3
µ t3

R , (9.5)

whereas for the Abelian gauge Þeld associated with U(1)Y , we have

Bµ = BµY . (9.6)

The covariant derivative needed to construct the matter action is then given by

Dµ = ! µ " igWµ " ig#
Bµ

= ! µ " igW +
µ t!

R " igW !
µ t+

R " igW 3
µ t3

R " ig#BµY , (9.7)

whereg andg#are the coupling constants associated with the two factors of the electroweak gauge group.

We should not forget, however, that the electric chargeQ, the hyperchargeY , and the SU(2)

Cartan generatort3
R are not independent, but connected by the Gell-MannÐNishijima relation (9.3). It is

therefore useful to consider the combinations

Aµ = Bµ cos. w + W 3
µ sin . w,

Zµ = " Bµ sin . w + W 3
µ cos. w, (9.8)

whereAµ is to be identiÞed with the electromagnetic Þeld, whose gauge group will be denoted by U(1)em

to distinguish it from the one associated with the gauge ÞeldBµ . The parameter. w is called theweak

mixing angleand sometimes also the Weinberg angle, although it was Þrst introduced by Glashow in

Ref. [37]. Expressing the covariant derivative (9.7) in terms of the{ W ±
µ , Aµ, Zµ} gauge Þelds, we Þnd

Dµ = ! µ " igW +
µ t!

R " igW !
µ t+

R " iA µ
*
gsin . wt3

R + g#cos. wY
+

" iZ µ
*
gsin . wt3

R " g#cos. wY
+
. (9.9)

27In terms of the generatorst±
R $ t1R ± it 2

R , the SU(2) algebra reads[t3R , t±
R ] = ± t±

R , [t+R , t "
R ] = 2 t3R . This is just the algebra

of ladder operators familiar from the theory of angular momentum in quantum mechanics.
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Now, if Aµ is to be identiÞed with the electromagnetic Þeld, it has to couple to the electric charge

matrix eQ. Consistency with the Gell-MannÐNishijima relation (9.3) implies then

gsin . w = g#cos. w = e =- tan . w =
g
g#. (9.10)

This relation shows that the weak mixing angle not only measures the mixing among the Abelian gauge

Þelds associated with the U(1)Y and the Cartan generator of SU(2), but also of the relative strength of

the interactions associated with the two factors of the electroweak gauge group. Implementing all the

previous relations, the covariant derivative reads

Dµ = ! µ "
ie

sin . w
W +

µ t!
R "

ie
sin . w

W !
µ t+

R " ieAµQ "
2ie

sin(2. w)
Zµ

*
t3
R " Q sin2 . w

+
, (9.11)

where we have eliminatedY , g, andg#in favor ofQ, e, and. w. With this, the SM matter action reads

Smatter =
3%

k=1

!
d4x

.
iL

k
D/ L

k + i9
k
RD/ 9 k

R + iQ
k
D/ Q

k + iU
k
RD/ U k

R + iD
k
RD/ D k

R

/
. (9.12)

Next we look at the gauge action

Sgauge = "
1
2

!
d4x

,
tr

*
Wµ! W

µ! +
+ tr

*
Bµ! B

µ! +-
, (9.13)

whereWµ! andBµ! are the Þeld strengths ofWµ andBµ respectively. Recasting it in terms of the

electromagnetic andZµ gauge Þelds deÞned in Eq. (9.8), we have

Sgauge = "
!

d4x
F

1
4

W +
µ! W ! µ! +

1
4

Zµ! Z µ! +
1
4

Fµ! F µ! "
ie
2

cot . wW +
µ W !

! Z µ!

"
ie
2

W +
µ W !

! F µ! +
e2

2 sin. w

6
(W +

µ W + µ)(W !
µ W ! µ) " (W +

µ W ! µ)2
7G

, (9.14)

whereZµ! = ! µZ! " ! ! Zµ , Fµ! = ! µA! " ! ! Aµ, and we have deÞned

W ±
µ! = ! µW ±

! " ! ! W ±
µ 9 e

*
W ±

µ A! " W ±
! Aµ

+
9 ie cot . w

*
W ± Z! " W ±

! Zµ
+
. (9.15)

The SM gauge couplings can be now read off eqs. (9.11), (9.12), (9.14), and (9.15). The Þrst thing

to notice from the last two equations is that theW ±
µ gauge Þelds have electric charge± e and also couple

to theZµ gauge Þeld, which has itself zero electric charge. A look at the matter action also shows that

the two components of the SU(2) doublets are transmuted into one another by the emission/absorption of

a W boson. As to theZ 0, it can be emitted/absorbed by quarks and leptons with couplings that depend

on their SU(2)! U(1)Y quantum numbers (see Chapter 5 of Ref. [14] or any other SM textbook for the

details). As a practical example, the neutron) -decayn / p+ e! : e proceeds by the emission of aW !

by one of the neutronÕsd quarks, turning itself into au quark (and the neutron into a proton). TheW !
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then decays into an electron and an electronic antineutrino.

n[udd] "/ p+ [uud] + e! + : e =-
W !

d

u

: e

e!

(9.16)

As a second example, we also have leptonÐneutrino scattering mediated by the interchange of aZ 0

9! + : 1 "/ 9! + : 1 =- Z 0

9!

: 1

9!

: 1

(9.17)

where9 stands fore, µ or +. The existence of weak processes without transfer of electric charge is a

distinctive prediction of the GlashowÐWeinbergÐSalam model. The discovery of these so-called neutral

weak currents in the Gargamelle bubble chamber at CERN in 1973 [141] was solid experimental evidence

in favor of the electroweak theory (see also Ref. [142] for a historical account). Let us also mention

that Smatter + Sgauge includes QED, and therefore describes all electromagnetic-mediated processes

among leptons and quarks.

Box 13. Hypercharges and anomaly cancellation

Our discussion in Section7 has very much stressed the need to eliminate anomalies affecting gauge

invariance. Gauge anomalies come from the same triangle diagrams we encountered in our discus-

sion of the chiral anomaly, namely those shown in Eq. (7.10). The only difference is that, instead

of having an axial-vector current on the left and two vector currents on the right, now we have three

gauge currents, one at each vertex.

Fortunately, to decide whether the SM is anomaly free we do not need to compute the dia-

grams themselves. It is enough to look at the group theory factor and check that the result is zero

once we sum over all chiral fermions running in the loop. To compute this factor we consider the

gauge generator at each vertex(Ta
R )ij , where the indicesi , j are associated with the gauge index of

the incoming/outgoing fermion entering/leaving the vertex, whilea is the index of the gauge Þeld

attached to it. Thus, for a given fermion species in the loop, the group theory factor multiplying the

sum of the two triangles in (7.10) is given by

(Ta
R )ij (Tb

R )jk (Tc
R )ki + ( Ta

R )ij (Tc
R )jk (Tb

R )ki = tr
*
Ta

R { Tb
R , Tc

R }
+
. (9.18)
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Notice how the second term on the left-hand side is obtained from the Þrst one by interchanging

the two right vertices, as it happens in the second triangle diagram. Next, we have to sum over all

fermion species, taking into account that left- and right-handed fermions contribute with opposite

signs. Thus, the condition for anomaly cancellation is

%

L

tr
*
Ta

R { Tb
R , Tc

R }
+

L "
%

R

tr
*
Ta

R { Tb
R , Tc

R }
+

R = 0 , (9.19)

where the sums are respectively over all left- and right-handed fermions in their corresponding

representations. In checking anomaly cancellation it is important to keep in mind that if the gauge

group has several semisimple factors, like the case of the SM, the generatorTa
R is the tensor product

of the generators of each factor.

There is a simple way to summarize the group-theoretical information contained in Table2 by

just indicating the representations of the different fermion species with respect to SU(3)! SU(2)!

U(1)Y , including also now the gauge group factor associated with the strong force. Using the nota-

tion (Nc, N)Y , with Nc, N, andY the representations of SU(3), SU(2), and U(1)Y , we write for a

single family

L
i : (1, 2)L

! 1
2
, 9i

R : (1, 1)R
! 1,

Q
i : (3, 2)L

1
6
, Ui

R : (3, 1)R
2
3
, D i

R : (3, 1)R
! 1

3
, (9.20)

and we also introduced a superscript to remind ourselves whether they are left- or right-handed

fermions (a useful information to decide what sign they come with in the anomaly cancellation

condition). In this notation, the generators of the representation(Nc, N)Y are given by

T(I,a )
(N c,N )Y

= tI
N c

8 1 8 1 + 1 8 ta
N 8 1 + 1 8 1 8 Y, (9.21)

whereI = 1 , . . . , 8 anda = 1 , 2, 3 respectively label the generators of SU(3) and SU(2). At a

practical level, in order to check anomaly cancellation in the SM we attach a group factor to each

vertex of the triangle and compute the left-hand side of (9.19) to check whether it vanishes. Since
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we have three different factors and three vertices, there are ten inequivalent possibilities

There is no twin paradox
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Some of the possibilities are rather trivial. For example, the triangle with three SU(3) factors gives

zero since the strong interaction does not distinguish left- from right-handed quarks and the two

terms on the left-hand side of (9.19) are equal. The same happens whenever we have a single SU(3)

or SU(2) factor, since the generators of these groups are traceless. At the end of the day, there are

just four nontrivial cases. Using an obvious notation, they are: SU(2)3, SU(2)2U(1), SU(3)2U(1),

and U(1)3. In the Þrst case, since only left-handed fermions couple to SU(2), anomaly cancellation

follows directly from the properties of the Pauli matrices

tr
*
6i { 6j , 6k}

+
= 2 , jk tr 6i = 0 . (9.22)

For SU(2)2U(1), again the SU(2) factors only allow left-handed fermions in the loop, and the

anomaly cancellation condition reads

%

L

YL = 0 , (9.23)

while in the SU(3)2U(1) triangle the color factor rules out leptons, so we have

%

quarks,L

YL "
%

quarks,R

YR = 0 . (9.24)

Finally, we are left with the triangle with one U(1) at each vertex, leading to the condition

%

L

Y 3
L "

%

R

Y 3
R = 0 , (9.25)
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where the sum in this case extends to all fermion species.

But this is not all. Since the SM model couples to gravity, it turns out that we might have gauge

anomalies triggered by triangle diagrams with one gauge boson and two gravitons. The condition to

avoid this is

%

L

tr ( Ta
R )L "

%

R

tr ( Ta
R )R = 0 . (9.26)

In this case there are just three possibilities, corresponding to having a SU(3), SU(2) or U(1) factor

in the non-graviton vertex. For the Þrst two cases, the condition for anomaly cancellation is automat-

ically satisÞed, again because the generators of SU(3) and SU(2) are traceless. The third possibility,

on the other hand, gives a nontrivial condition

%

L

YL "
%

R

YR = 0 , (9.27)

where the sum runs over both leptons and quarks.

We have found the four conditions (9.23), (9.24), (9.25), and (9.27) to ensure the cancela-

tion of anomalies, all of them involving the hypercharges of the chiral fermion Þelds in the SM.

Now, instead of checking whether the hypercharges in Eq. (9.20) satisfy this condition, we are going

to see to what extent anomaly cancellation determines the fermion hypercharges. Let us there-

fore write the representations of leptons and quarks in each family as(1, 2)L
Y1

, (1, 1)R
Y2

, (3, 2)L
Y3

,

Ui
R : (3, 1)R

Y4
, andD i

R : (3, 1)R
Y5

, reading now the anomaly cancellation conditions as equations to

determineY1, . . . , Y5. These are

2Y1 + 6Y3 = 0 ,

6Y3 " 3Y4 " 3Y5 = 0 ,

2Y 3
1 + 6Y 3

3 " Y 3
2 " 3Y 3

4 " 3Y 3
5 = 0 , (9.28)

2Y1 + 6Y3 " Y2 " 3Y4 " 3Y5 = 0 .

Now, since these are homogeneous equations there exists the freedom to Þx the overall normal-

ization of the Þve hypercharges or, equivalently, to choose the value of one of them. Taking for

exampleY2 = " 1, we are left with four equations for the four remaining unknowns. They have a

single solution given by

Y1 = "
1
2

, Y2 = " 1, Y3 =
1
6

, Y4 = "
1
3

, Y5 =
2
3

, (9.29)

up to the interchange ofY4 andY5 (notice that the associated ÞeldsUi
R andD i

R transform in the same

representation with respect to the other two gauge group factors). This solution precisely reproduces

the hypercharges shown in Eq. (9.20).

With this calculation we have learned two things. One is that all gauge anomalies (and also
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the so-called mixed gauge-gravitational anomalies) cancel in the SM, and that they do so within each

family. And second, that the anomaly cancellation condition is a very powerful way of constraining

viable models in particle physics: in the SM it Þxes, up to a global normalization, the U(1)Y charges

of all chiral fermions in the theory.

9.2 But, where are the masses?

Adding together eqs. (9.12) and (9.14), we still do not get the full action of the electroweak sector of the

SM model. The reason is that all fermion species in the SM have nonvanishing masses and, therefore, we

need to add the corresponding mass terms to the matter action. This is, however, a very risky business in

a chiral theory like the electroweak model. As we learned in Box 7 (see page48), fermion mass terms

mix left- and right-handed components. In our case, since they transform in different representations of

the SU(2)! U(1)Y gauge group, adding such terms spoils gauge invariance and with that all hell breaks

loose.

Fermion masses are not the only problem. Weak interactions are short ranged, something that can

only be explained if the intermediate bosonsW ± andZ 0 have masses of the order of tens of GeV. Mass

terms of the formm2
W W +

µ W ± µ andm2
Z ZµZ µ also violate gauge invariance, so it seems that we are

facing double trouble.

The theory resulting from adding all needed mass terms toSmatter + Sgauge is the original model

proposed in 1961 by Glashow [37], where gauge invariance inexplicitly broken. The inclusion of masses

in the SM in a manner compatible with gauge invariance was achieved by Weinberg and Salam [38,39]

and requires the implementation of the BEH mechanism [34Ð36] studied in Section5 in its Abelian

version. In the case at hand, we need to introduce a SU(2) complex scalar doublet

H =

'
H +

H 0

(

, (9.30)

with Y (H) = 1
2 , so using the Gell-MannÐNishijima relation (9.3) we Þnd thatH + has chargeeandH 0

is neutral. We consider then the action

SHiggs =
!

d4x

I

(DµH)  D µ
H "

#
4

"
H

 
H "

v2

2

# 2
J

, (9.31)

where the covariant derivative is deÞned in (9.11). Although the action is fully SU(2)! U(1)Y invariant,

the potential has the Mexican hat shape shown in Fig.9 and the ÞeldH gets a nonzero vev, that by a

suitable gauge transformation can always be brought to the form

1H2=
1

&
2

'
0

v

(

. (9.32)

This vev obviously breaks SU(2) and, having nonzero hypercharge, also U(1)Y . However, since1H + 2=

0 it nevertheless preserves the gauge invariance of electromagnetism. We have then the SSB pattern

SU(2)! U(1)Y "/ U(1)em. (9.33)
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The masses of the gauge bosons are obtained by substituting the vev (9.32) into the action (9.31)

and collecting the terms quadratic in the gauge Þelds. With this, we see that theW andZ bosons acquire

nonzero masses given, respectively, by

mW =
ev

2 sin. w
, mZ =

ev
sin(2. w)

, (9.34)

and satisfying the custodial relationmW = mZ cos. w.

Interestingly, the scalev is related to the Fermi constantGF , a quantity that can be measured at

low energies. Considering the neutron) -decay process in Eq. (9.16) at energies below the mass of theW

boson and comparing with the result obtained from the Fermi interaction

SFermi =
GF&

2

!
d4x : e* µ(1 " * 5)ed* µ(1 " * 5)u, (9.35)

we get the relation

GF =

&
2

8
e2

m2
W sin2 . w

=
1

&
2v2

, (9.36)

where the expression ofmW given in Eq. (9.34) has been used. Substituting now the experimental value

of the Fermi constantGF = 1 .166! 10! 5 GeV2 [117], we Þnd

v 5 246GeV. (9.37)

In order to give mass to the fermions, we need to follow the strategy explained in page70 and

write the appropriate Yukawa couplings, which in this case read

SYukawa = "
3%

i,j =1

!
d4x

.
C(1)

ij L
i
H9j

R + C(1)&
ji 9

i
RH

 
L

j + C(q)
ij Q

i
HD j

R + C(q)&
ji D

i
RH

 
Q

j

+ ?C(q)
ij Q ?HUj

R + ?C(q)&
ji U

i
R

?H 
Q

j
/

. (9.38)

The two terms in the second line involve the conjugate Þeld

?H ' i6 2

'
H + &

H 0&

(

=

'
H 0&

" H + &

(

, (9.39)

which hasY( ?H) = " 1
2 and can be seen to transform also as aSU(2) doublet. Given the transformation

properties of all Þelds involved, it is very easy to check that the action (9.38) is SU(2)! U(1)Y gauge

invariant. Notice that here we are assuming that neutrino masses are not due to the BEH mechanism.

This is the reason why lepton doublets only couple to the Higgs doubletH, whose upper component

has zero vev. In the case of quarks, however, we need to generate masses for both the upper and lower

components ofQ. This is why they couple to the conjugate Þeld?H, whose upper component acquires a
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nonzero vev

1?H2=
1

&
2

'
v

0

(

. (9.40)

To Þnd the expression of the fermion masses generated by the BEH mechanism, we substitute in the

Yukawa action the ÞeldH and its conjugate?H by their vevs (9.32) and (9.40). The resulting mass terms

have the form

Smass = "
!

d4x

P

Q
R

*
eL , µL , +L

+
M (1)

9

:
;

eR

µR

+R

<

=
> +

*
dL , sL , bL

+
M (q)

9

:
;

dR

sR

bR

<

=
>

+
*
uL , cL , tL

+SM (q)

9

:
;

uR

cR

tR

<

=
> + H.c.

T

U
V , (9.41)

where the mass matrices are given in term of the couplings in Eq. (9.38) by

M (1)
ij =

v
&

2
C(1)

ij , M (q)
ij =

v
&

2
C(q)

ij , SM (q)
ij =

v
&

2
?C(q)

ij . (9.42)

These complex matrices are however not necessarily diagonal, although they can be diagonalized through

bi-unitary transformations

U(1) 
L M (1)U(1)

R = diag(me, mµ, m&),

V (q) 
L M (q)V (q)

R = diag(md, ms, mb), (9.43)

?V (q) 
L

SM (q) ?V (q)
R = diag(mu, mc, mt ),

where the eigenvalues are the leptons and quarks masses. Notice that fermion masses are determined

by both the Higgs vev scalev and the dimensionless Yukawa couplingsC(1)
ij , C(q)

ij , and ?C(q)
ij , which are

experimentally determined.

Let us focus for the time being on the quark sector (leptons will be dealt with below in section9.4).

SinceV (q)
L,R , ?V (q)

L,R are constant unitary matrices we could use them to redeÞne the quark and lepton triplets

in the total action

9

:
;

u#
L,R

c#
L,R

t#
L,R

<

=
> = ?V (q) 

L,R

9

:
;

uL,R

cL,R

tL,R

<

=
> ,

9

:
;

d#
L,R

s#
L,R

b#
L,R

<

=
> = V (q) 

L,R

9

:
;

dL,R

sL,R

bL,R

<

=
> , (9.44)

in such a way that the new Þelds are mass eigenstates, i.e., their free kinetic terms in the action have the

standard diagonal form. A problem however arises when implementing this Þeld redeÞnition in the in-

teraction terms between the quarks and theW ± gauge bosons, mixing the lower with upper components

of theSU(2) doublets. The issue is that, unlike in the kinetic terms, the matrices implementing the Þeld

110



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

redeÞnition do not cancel

S $
!

d4x
*
uL , cL , tL

+
* µ

9

:
;

dL

sL

bL

<

=
> W +

µ =
!

d4x
*
u#

L , c#
L , t#

L

+?V (q) 
L V (q)

L * µ

9

:
;

d#
L

s#
L

b#
L

<

=
> W +

µ , (9.45)

where, to simplify the expression, the overall coupling is omitted and the corresponding coupling of the

quarks to theW ! boson is obtained by taking the Hermitian conjugate of this term. The combination

?V (q) 
L V (q)

R ' VCKM (9.46)

deÞnes theCabibboÐKobayashiÐMaskawa (CKM) matrix[143] and determines the mixing among the

quarks families. It is an experimental fact that this matrix is nondiagonal, so the emission/absorption

of a W ± boson does not merely transform the upper into the lower Þelds (or vice versa)within a sin-

gle SU(2) quark doublet, but can also ÒjumpÓ into another family. This gives rise to processes known as

ßavor changing charged currents. For example, there is a nonzero probability that au quark turns into

as quark by the emission of aW + , or vice versa with aW ! , accounting for decays like! 0 / p+ e! : e.

What happens inside the! 0 baryon (uds) is that the strange quark emits aW ! and transforms into

a u-quark, thus converting the! 0 into a proton (uud). The W ! then decays into an electron and its

antineutrino.

It is an interesting feature of the electroweak sector of the SM that there are no ßavor changing

neutral currents at tree level. In the case of electromagnetic-mediated processes, this follows from the

fact that the Þeld redeÞnitions induced by the matricesV (q)
L,R and ?V (q)

L,R mix Þelds with the same electric

charge, so they commute with the charge matrixQ and cancel from the quark electromagnetic couplings.

In the case of the weak neutral currents (mediated by theZ 0) the same happens, though maybe it is less

obvious. Indeed, looking at the form of the covariant derivative (9.11) we Þnd the following couplings

between the quarks and theZ 0:

S $
!

d4x

P

Q
R

"
1
2

"
2
3

sin2 . w

#
(uL , cL , tL )* µ

9

:
;

uL

cL

tL

<

=
> "

"
1
2

"
1
3

sin2 . w

#
(dL , sL , bL )* µ

9

:
;

dL

sL

bL

<

=
>

+
2
3

sin2 . w(uR, cR, tR)* µ

9

:
;

uR

cR

tR

<

=
> "

1
3

sin2 . w(dR, sR, bR)* µ

9

:
;

dR

sR

bR

<

=
>

T

U
V , (9.47)

where again we have dropped an overall constant which is irrelevant for the argument. What matters for

our discussion is that, after the Þeld redeÞnition, we get the combinationsV (q) 
L,R V (q)

L,R = = ?V (q) 
L,R

?V (q)
L,R

and no mixing matrix is left behind. This shows that there are no ßavor changing neutral currents at tree

level28.

28Once quantum effects are included, ßavor changing neutral currents are suppressed due to the ßavor mixing brought about by
the CabibboÐKobayashiÐMaskawa matrix, via the so-called GIM (GlashowÐIliopoulosÐMaiani) mechanism [144].
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Box 14. SSB or QCD?

We have seen how the BEH mechanism provides the rationale to understand how the particles in

the SM acquire their masses, a scenario ultimately conÞrmed by the experimental detection of the

Higgs boson. But, does the BEH mechanism really explains the mass of everything we see around

us, from the paper in our hands to the sun over our heads? The answer is no. As we will see, the

fraction of the mass of macroscopic objects that we can assign to the Higgs boson acquiring a vev is

really tiny.

We know that the masses of protons and neutrons are very similar to one another, and much

larger than the mass of the electron

mp 6 mn 6 1836me. (9.48)

In turn, the mass of a(A, Z ) nucleus is

M (A, Z ) = Zmp + ( A " Z )mn + " M (A, Z ), (9.49)

with " M (A, Z ) the binding energy, which varies from a bit over1% for deuterium to around10%

for 62
28Ni. Taking Eq. (9.48) into account and to a fairly good approximation, the mass of an atom

can be written in terms of its mass number alone

m(A, Z ) 6 Am p. (9.50)

The point of this argument is to show that in order to explain the mass around us we essentially

need to explain the mass of the proton. But here we run into trouble if we want to trace backmp

to the BEH mechanism. The values of the masses of theu andd quarks accounted for by the BEH

mechanism (the so-called current algebra masses) are

mu 6 2.2 MeV, md = 4 .7 MeV. (9.51)

Comparing withmp[uud] 6 938.3 MeV andmd[udd] = 939.6 MeV, we see that quark masses

only explain about1% of the nucleon mass. Thus, close to99%of the mass in atomic form in the

universe is not due to the BEH mechanism.

Where does this mass/energy come from? Actually, from QCD effects. Protons and neutrons

are not only made out of their three valence quarks, but they are Þlled with a plethora of virtual

quarks and gluons ßuctuating in and out of existence whose energy make up the missing99%.

These effects can be computed numerically using lattice Þeld theory [145, 146]. Here, however,

we just want to offer some general arguments pointing to the origin of the difÞculties in describing

protons and neutrons in terms of their constituent quarks.

Let us begin with a very simple argument. We know that because of the strong dynamics

of QCD at low energies quarks get conÞned into hadrons in a region whose linear size is of the
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order ! ! 1
QCD . Applying HeisenbergÕs uncertainty principle, we can estimate the size of their mo-

mentum ßuctuations to be about

" p % ! QCD . (9.52)

If ßuctuations are isotropic the statistical average of the quark momentum vanishes,1p2 = 0 .

Since(" p)2 ' 1 p
22 " 1p22, we determine the averaged quark momentum squared to be

1p22 %! 2
QCD . (9.53)

Now, ! QCD is of the order of a few hundred MeV, so the masses of theu and d quarks sat-

isfy mu, md # ! QCD . This means that the linear momenta of the valence quarks inside protons and

neutrons is much larger than their masses, so they are relativistic particles. Moreover, since their

typical energy is of order! QCD , they are in the low energy regime of QCD where the dynamics is

strongly coupled.

What we said about theu andd quarks does not apply however to the top (mt 6 173.7 GeV),

bottom (mb 6 4.6 GeV), and charm (mc 6 1.3 GeV) quarks, which under the same conditions

would behave as nonrelativistic particles. Besides, since their energies are dominated by their

masses, which are well above! QCD , their QCD interactions are weakly coupled. This is why

heavy quark bounds states (quarkonium) can be analytically studied using perturbation theory, un-

like the bound states of light quarks (u, d, ands) that have to be treated numerically. The difÞculties

in describing quarks inside protons and neutrons boils down to them being ultrarelativistic particles.

The moral of the story is that the popular line that the BEH mechanism ÒexplainsÓ mass is

simply not correct. Most of our own mass and the mass of every object we see around us (and this

includes the Earth, the Sun, the Moon, and the stars in the sky) has nothing to do with the Higgs

Þeld and is the result of the quantum behavior of the strong interaction. Even in a universe where

the up and down quarks were massless, the proton and the neutron would still have nonzero masses

and moreover very similar to the ones in our world.

9.3 The Higgs boson

In order to analyze mass generation in the electroweak sector of the SM, it was enough to replace the

scalar doubletH by its vev. However, as we learned in Section5.4 for the Abelian case, the system

has excitations around the minimum of the potential corresponding to a propagating scalar degree of

freedom. To analyze the dynamics of this Þeld, theHiggs boson, we write the Higgs doubletH as

H(x) =
1

&
2

eia I (x)tI

2

'
0

v + h(x)

(

, (9.54)

whereaI (x) and h(x) are the four real degrees of freedom encoding the two complex components

in (9.30). In fact, as in the Abelian case of Section5.4, we can use the gauge invariance ofSHiggs +

SYukawa to eliminate the global SU(2) global factor, after which we are left with a single real degree of

113



LUIS ç LVAREZ-GAUMƒ AND MIGUEL ç. V çZQUEZ -MOZO

freedom representing the Higgs boson [36]. Substituting into (9.31) and expanding, we get

SHiggs =
!

d4x
4

1
2

! µh! µh "
#v2

4
h2 "

#v
4

h3 "
#
16

h4 +
2m2

W

v
W !

µ W + µh (9.55)

+
m2

W

v2 W !
µ W + µh2 +

m2
Z

v
ZµZ µh +

m2
Z

2v2 ZµZ µh2 + m2
W W +

µ W ! µ +
m2

Z

2
ZµZ µ

5
,

where in the last two terms we recognize the masses for theW ± andZ 0 gauge bosons. The Þrst thing to

be noticed is that the mass of the Higgs boson is determined by the vevv and the strength# of the Higgs

quartic self-couplings,

mH = v

K
#
2

= (125.25± 0.17) GeV, (9.56)

where the current average experimental value is quoted [117]. The action (9.55) also contains the cou-

pling between the Higgs boson and theW ± andZ 0 intermediate bosons, giving rise to the interaction

vertices

W ± , Z 0

W ± , Z 0

h %
m2

W,Z

v
,

W ± , Z 0

W ± , Z 0

h

h

%
m2

W,Z

v2 . (9.57)

In both cases, the strength of the coupling is proportional to the mass squared of the corresponding

intermediate bosons.

As to the coupling of the Higgs boson to fermions, this is obtained by replacing (9.54) into the

Yukawa action (9.38),

SYukawa = "
!

d4x

P

Q
R

*
eL , µL , +L

+
"

1
v

M (1)
#

9

:
;

eR

µR

+R

<

=
> h (9.58)

+
*
dL , sL , bL

+
"

1
v

M (q)
#

9

:
;

dR

sR

bR

<

=
> h +

*
uL , cL , tL

+
"

1
v

SM (q)
#

9

:
;

uR

cR

tR

<

=
> h + H.c.

T

U
V .

This, upon switching to mass eigenstates, takes the general form

SYukawa = "
%

f

mf

v

!
d4x f fh, (9.59)

wheref = ( e#, µ#, +#, u#, d#, c#, s#, t#, b#) runs over all the fermion mass eigenstates, apart from the three
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neutrinos that we will treat separately. The corresponding interaction vertices are

f

f

h %
mf

v
. (9.60)

That the coupling of the Higgs boson to the fermions is proportional to their masses has important exper-

imental consequences. Given the value of the Higgs vev energy scale found in (9.37), only the heaviest

fermions have sizeable Higgs couplings, in particular the top quark with massmt = 173.3 GeV [117].

This fact is at the heart of the experimental strategy that culminated with the observation of the Higgs

boson at CERN. In a hadron collider such as the LHC, there are plenty of gluons produced during the

collision that can fuse through a top quark loop to produce a Higgs boson

t
t

t
h

g

g

(9.61)

The Higgs boson produced in the gluon fusion process can decay in various distinctive ways. One of

them is by a second top loop with emission of two photons

t

t

t

h

*

*

(9.62)

Alternatively, the Higgs boson may produce a pair ofZ 0 bosons that in turn decay into two leptonÐ

antilepton pairs

Z 0

Z 0h

9

9

9

9

(9.63)
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These were precisely the decay channels that led to the discovery of the Higgs boson by the ATLAS and

CMS collaborations at the LHC [19,20].

9.4 Neutrino masses

We have been postponing the issue of neutrinos masses. It is however an experimental fact that neutrinos

have nonzero masses and this is something we have to incorporate in the SM action. One way to do it

is to extend the SM to include right-handedsterileneutrinos: i
R transforming as(1, 1)0 under SU(3)!

SU(2)! U(1)Y (see the notation introduced on page105), adding then the following terms to the Yukawa

action

" SYukawa = "
3%

i =1

!
d4x

.
?C(! )

L
i ?H: i

R + ?C(! )&
ji : i

R
?HL

j
/

. (9.64)

Once the Higgs Þeld gets a vev, this term generates a mass term of the form

" SYukawa = "
!

d4x

P

Q
R(: eL , : µL , : &L) SM (! )

9

:
;

: 1R

: 2R

: 3R

<

=
> + H.c.

T

U
V , (9.65)

with

M (! )
ij =

v
&

2
?C(! )

ij . (9.66)

Being singlets under all SM gauge groups, the sterile neutrinos only interact gravitationally with other

particles.

Box 15. Dirac vs. Majorana fermions

In previous sections, we have shown how antiparticles in QFT are somehow related to complex

Þelds, for example in the complex scalar Þeld discussed in Box 6 (see page37). In this case, particles

are interchanged with antiparticles by replacing the Þeld1(x) with its complex conjugate1(x)&. To

make things more elegant, we may call this operationcharge conjugationand the result thecharge

conjugated Þeld

C : 1(x) "/ %C 1(x)& ' 1c(x), (9.67)

where%C is some phase that we are always free to add while keeping the action (3.86) invariant. At

the quantum level, C does indeed interchange particles and antiparticles

C|p; 02= %&
C |0;p2, C|0;p2= %C |p; 02. (9.68)

From this perspective, areal scalar Þeld is one identical to its charge conjugate,1(x) = 1c(x).

After quantization, its elementary excitations are their own antiparticles.
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Let us try to make something similar with the Dirac Þeld. In the scalar Þeld case, replac-

ing 1(x) by 1(x)& does not change the ÞeldÕs Lorentz transformation properties, after all, complex

conjugate or not, both Þelds arescalars. Not so for a Dirac fermion. The spinor/ (x) and its complex

conjugate/ (x)& do not transform the same way under the Lorentz group and neither satisfy the same

Dirac equation. This means that we cannot deÞne a ÒrealÓ Dirac spinor just requiring/ (x) = / (x)&.

We have to work a little bit more and consider

C : / (x) "/ %C (" i* 2)/ (x)& ' / c(x), (9.69)

where again%C is a complex phase. This charge conjugate spinor transforms in the same way as

the original Þeld and also satisÞes the same free Dirac equation. Moreover, its action on the multi-

particle states generated by the creation operatorsDb(k, s)  and Dd(k, s)  in Eq. (4.56) is given by

C|k, s; 02= %&
C |0;k, s2, C|0;k, s2= %C |k, s; 02, (9.70)

and interchanges particles and antiparticles.

The spinor analog of the real scalar Þeld is aMajorana spinor, which equals its charge con-

jugate

/ (x) = / c(x). (9.71)

Upon quantization, this identiÞes particles and antiparticles, as follows from Eq. (9.70). It is in-

teresting to implement the Majorana condition expressing the Dirac fermion in terms of its chiral

components and using the representation (4.47) of the Dirac matrices

'
' +

' !

(

= %C

'
i6 2' &

!

" i6 2' +

(

=- / =
1

&
2

'
' +

" i%C 62' &
+

(

. (9.72)

In the second identity we wrote a solution to (9.71), and a similar expression can be written in terms

of the negative chirality component' ! . Here we see how the Majorana condition halves the four

complex components of a Dirac Þeld down to two. In fact, the Majorana spinor can be written as

the sum of a Weyl fermion and its charge conjugate as

/ =
1

&
2

'
' +

0

(

+
1

&
2

'
0

" i%C 62' +

(

'
1

&
2

*
/ + + / c

+

+
. (9.73)

Using this expression, we write the Dirac action for a Majorana fermion

S =
!

d4x
6
i / + !/ / + "

m
2

*
/ c

+ / + + / + / c
+

+7
. (9.74)

Unlike Weyl fermions, Majorana spinors admit a mass term without doubling the number of degrees

of freedom.

An important point concerning Majorana fermions is that they cannot be coupled to the elec-
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tromagnetic Þeld. This is to be expected, since the Majorana condition identiÞes particles with

antiparticles that, as we saw in Box 7, have opposite electric charge. In more precise terms what

happens is that the associated Noether current vanishes

j µ = /* µ / =
1
2

.
'  

+ 6µ
+ ' + + ' T

+ 6µT
+ ' &

+

/
= 0 . (9.75)

This can be also seen as a consequence of the incompatibility of the Majorana condition (9.71) with

a global U(1) phase rotation of the spinor/ / ei. / . In particular, the Majorana mass term in (9.74)

does not conserve the U(1) charge

/ c
+ / + + / + / c

+ "/ e2i' / c
+ / + + e! 2i' / + / c

+ , (9.76)

a very important feature for the accidental symmetries of the SM such as lepton number.

The addition of sterile neutrinos to generate neutrino masses is only partly satisfactory. One ob-

vious problem is its lack of economy, since it requires the addition of extra species to the SM that

nevertheless do not partake in its interactions. But the solution is also unnatural. Due to the smallness of

the neutrino masses, the new Yukawa couplings have to be many orders of magnitude smaller than the

ones for charged leptons.

Generating a Dirac mass term is not the only possibility of accounting for neutrino masses. Having

zero electric charge, they are the only fermions in the SM that can be of Majorana type. If this were the

case, their mass terms in the action would be build from the left components alone, as we saw in Box 15

" S = "
3%

i,j =1

!
d4x

"
1
2

M ij : ic
L : j

L + H.c.
#

, (9.77)

where because of Fermi statistics: ic
L : j

L = : jc
L : i

L and the mass matrixM (! )
ij can be taken to be sym-

metric. The problem now lies in how to generate a Majorana mass from a coupling of the neutrinos to

the Higgs Þeld, since bothLi and its charge conjugate are SU(2) doublets and there is no way to con-

struct a gauge invariantdimension fouroperator involvingLi , L
ic , andH (or ?H). A group-theoretical

way to see this is by noticing that the product representation2 8 2 8 2 = 4 : 2 : 2 does not con-

tain any SU(2) singlet. This changes if we admit a dimension-Þve operator with two Higgs doublets,

a left-handed fermion and its charge conjugate. Now it is possible to construct a gauge invariant term

since2 8 2 8 2 8 2 = 5 : 3 : 3 : 3 : 1 : 1. For example,

" S = "
1

M

3%

i,j =1

!
d4x

6
C(! )

ij

.
Lic ?H&

/ .
?H 

L
j
/

+ H.c.
7

(9.78)

is invariant under SU(2)! U(1)Y . This operator in the action has to be understood, in the spirit of EFT,

as the result of some new physics appearing at the energy scaleM 0 v, with v the Higgs vev.

When the Higgs Þeld acquires its vev, the coupling (9.78) generates a Majorana mass term for the
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neutrinos,

" S = "
1
2

3%

i,j =1

!
d4x

.
M (! )

ij : ic
L : j

L + H.c.
/

, (9.79)

where the neutrino mass matrix is given by

M (! )
ij =

v2

M
C(! )

ij . (9.80)

The entries of this matrix are suppressed by the factorv/M # 1, naturally producing neutrinos with

masses well below the ones of the charged leptons. Thus, Majorana neutrinos not only are the most

economical solution, making unnecessary adding new fermion species, but also avoids the unnaturalness

of the neutrino Yukawa couplings. Incidentally, the Majorana mass term (9.79) violates lepton number,

since: j
L and: ic

L transform with the same phase [cf. (9.76)].

Neutrinos are regarded as one of the most promising windows to physics beyond the SM, being

the main reason why neutrino physics has remained for decades one of the most exciting Þelds in (as-

tro)particle physics and cosmology [147Ð149]. As to the question of whether the neutrino is a Dirac or a

Majorana particle, however, the jury is still out. Some processes can only take place if the neutrino is its

own antiparticle, most notably neutrinoless double) decay [150,151]. A nucleus with mass and atomic

numbers(A, Z ) can undergo double) -decay and transmute into the nucleus(A, Z + 2) with emission

of two electrons and two antineutrinos:

(A, Z ) "/ (A, Z + 1) + e! + : e

|"/ (A, Z + 2) + e! + : e

. (9.81)

If the neutrino is a Majorana particle there is an alternative. The neutrino produced in the Þrst decay may

interact with a neutron in the nucleus, turning it into a proton with the emission of an electron,

: e(' : e) + n "/ p+ + e! , (9.82)

so no neutrino is emitted in the process(A, Z ) / (A, Z + 2) + 2 e! . This is described by the diagram

W !

(A, Z + 1) : e

W !

(A, Z )

(A, Z + 2)

e!

e!

(9.83)

where the double-arrowed line represents the Majorana neutrino. The detection of neutrinoless double

) -decay would decide the question of the Dirac or Majorana character of the neutrino. A lot of exper-

imental effort is being dedicated to this problem, so far without deÞnite results (see Ref. [152] for an

updated overview of past, present, and future experiments).
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Box 16. CP violation and the CKM and PMNS matrices

When studying the strong CP problem in Section8.2, we hinted at the fact that CP violation is as-

sociated with the existence of complex couplings in the action. This is shown easily, taking into

account that the CP transformation acting on an operatorO transforms it into its Hermitian conju-

gate, CPO(CP)! 1 = O   . Hence, a term in the Hamiltonian of the formgO + g&O   , although being

Hermitian, leads to CP violation unless the coupling is real,g = g&. This is why when exploiting the

axial anomaly to move the. dependence in the QCD action from the. -term into a complex phase

in the fermion mass matrix we said that we wereshifting the source of CP-violation to a complex

coupling.

Besides the. -term in the QCD action, it is a fact that CP symmetry is broken in the elec-

troweak sector of the SM, for example in neutral kaon decays. Its origin is found in the unitary

CKM matrix

VCKM =

9

:
;

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

<

=
> (9.84)

introduced in (9.46) since, as we will see now, it contains a complex phase that cannot be removed

by redeÞnition of the quark Þelds. Let us be general and analyze the case of a SM withn families.

An n ! n unitary matrix depends onn2 real parameters (the2n2 real parameter of a general complex

matrix reduced by then2 conditions imposed by unitarity). In addition to this, we can play with

the phases of the2n quarks, keeping in mind the invariance of the action under a common phase

redeÞnition of all quark Þelds leading to (perturbative) baryon number conservation. This means

that2n " 1 of then2 real parameters can be absorbed in the phases of the quark Þelds, and we are

left with n2 " 2n + 1 = ( n " 1)2 independent ones. The question is how many of them correspond

to complex phases. To decide this, let us recall that were the CKM matrix real it would be an SO(N )

matrix depending on12n(n " 1) real angles. Subtracting this number from the total number of

independent real parameters computed above, we get the Þnal number of complex phases in the

CKM matrix to be

n2 " 2n + 1 "
1
2

n(n " 1) =
1
2

(n " 1)(n " 2). (9.85)

For three families(n = 3) the matrix depends on a single complex phaseei, and three real

angles. 12, . 13, and. 23. In terms of them, the CKM matrix is usually parametrized as

VCKM =

9

:
;

c12c13 s12c13 s13e! i,

" s12c23 " c12s23s13ei, c12c23 " s12s23s13ei, s23c13

s12s23 " c12c23s13ei, " c12s23 " s12c23s13ei, c23c13

<

=
> , (9.86)

wheresij ' sin . ij andcij ' cos. ij . The modulus of the entries can be measured through the

observation of various weak interaction mediated decays and scattering processes (see for example
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Ref. [153]), with the result [117]

|VCKM | =

9

:
;

0.97435± 0.00016 0.22500± 0.00067 0.00369± 0.00011

0.22486± 0.00067 0.97349± 0.00016 0.04182+0 .00085
! 0.00074

0.00857+0 .00020
! 0.00018 0.04110+0 .00083

! 0.00072 0.999118+0 .000031
! 0.000036

<

=
> , (9.87)

while the value of the CP-violating phase is, = 1 .144± 0.027. The experimental measurement

of |VCKM | exhibits a clear hierarchy among its entries, derived froms13 # s23 # s12 # 1. This is

manifest in the so-called Wolfenstein parametrization [154]

VCKM =

9

:
;

1 " 1
2#2 # A# 3(0 " i%)

" # 1 " 1
2#2 A#2

A#3(1 " 0 " i%) " A#2 1

<

=
> + O(#4), (9.88)

where# ' s12. The diagonal elements are all of order one, whereas the size of the other entries

decreases as we move away from it.

A look at (9.85) shows that with just two families the corresponding ßavor mixing matrix

would contain no complex phases and depend on a single real parameter, the Cabibbo angle. C '

. 12 [155]. Thus, CP violation in the electroweak sector, like the one showing up in for example kaon

decays, requires the existence of at least three SM families.

CP-violation in the SM is of major importance, since it is a basic ingredient to explain why

there is such a tiny amount of antimatter in our universe. However, the amount of CP violation

produced by the single complex phase of the CKM matrix is far too small to account for the observed

matterÐantimatter asymmetry [156]. Finding additional sources in or beyond the SM is one of the

big open problems in contemporary high energy physics.

Maybe the lepton sector is a good place to look for more CP violation. As with quarks, lepton

masses appear when switching from interaction to mass eigenstates by diagonalizing the lepton mass

matrix. RedeÞning the massive lepton Þelds

9

:
;

e#
L,R

µ#
L,R

+#
L,R

<

=
> = U(1)

L,R

9

:
;

eL,R

µL,R

+L,R

<

=
> (9.89)

with U(1)
L,R deÞned in Eq. (9.43), the interaction terms with theW ± bosons take the form

S $
!

d4x

P

Q
R

*
e#

L , µ#
L , +#

L

+
U(1) 

L * µ

9

:
;

: eL

: µL

: &L

<

=
> W +

µ + H.c.

T

U
V . (9.90)

Here, the Hermitian conjugate term contains the interaction with theW ! and we have dropped

the global normalization. In the original version of the SM there are no right-handed neutrinos

and therefore we can reabsorb the matrixU(1) 
L in a redeÞnition of the left-handed neutrino Þelds,
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without it appearing elsewhere in the SM action. As a result, if the neutrino were massless there

would be no ßavor mixing in the lepton sector.

Things are drastically different once we add the neutrino mass terms. Let us consider Þrst

the case of Dirac masses. As with quarks and charged leptons, the mass matrix in Eq. (9.66) can be

diagonalized by a bi-unitary transformation

U(! ) 
L M (! )U(! )

R = diag(m1, m2, m3), (9.91)

and the interaction term (9.90) is recast in terms of neutrino mass eigenstates as

S $
!

d4x

P

Q
R

*
e#

L , µ#
L , +#

L

+
U(1) 

L U(! )
L * µ

9

:
;

: 1L

: 2L

: 3L

<

=
> W +

µ + H.c.

T

U
V , (9.92)

where

U ' U(1) 
L U(! )

L =

9

:
;

Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U&1 U&2 U&3

<

=
> , (9.93)

is the PontecorvoÐMakiÐNakagawaÐSakata (PMNS) unitary matrix [157, 158]. Similarly to what

the CKM matrix does for quarks, the PMNS matrix introduces ßavor mixing in the leptonic sector.

Moreover, following the same reasoning as with the CKM matrix, we see that for three families

the PMNS matrix also depends on three real angles and a single complex phase, representing an

additional source of CP violation. It also admits a parametrization similar to the one shown in

Eq. (9.86) for the CKM matrix, where the phase is denoted by, CP .

For Majorana neutrinos, however, the mass matrix (9.80) is symmetric and can be diagonal-

ized by aunitary transformation

U(! )T
L MU (! )

L = diag(m1, m2, m3), (9.94)

so switching to neutrino mass eigenstates we Þnd again an interaction term of the form (9.92). The

big difference with respect to the Dirac case is that, since the Majorana mass term (9.79) is not

invariant under phase rotations of the neutrino Þelds, we cannot get rid of two of three phases in the

PMNS matrix. As a consequence, besides the three angles. 12, . 13, . 23 and the phaseei, CP of the

Dirac case, the matrix depends now on two additional complex phasesei%1 andei%2 , known as Ma-

jorana phases. The three angles and, CP can be measured from the neutrino oscillations, whereas the

measurement of the two Majorana phases would be possible through the observation of neutrinoless

double) decay [152]. Fits of neutrino data (including the Super-Kamiokande atmospheric neutrino
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data) give the following36 ranges for the absolute values of the entries of the PMNS matrix [159]

|U| =

9

:
;

0.801/ 0.845 0.513/ 0.579 0.143/ 0.155

0.234/ 0.500 0.471/ 0.689 0.637/ 0.776

0.271/ 0.525 0.477/ 0.694 0.613/ 0.756

<

=
> . (9.95)

It is interesting to compare the textures of the matrices (9.88) and (9.95). As already mentioned, for

quarks the matrix is of order 1 at the diagonal,# for the second diagonal, and#2 in the upper right

and lower left corners. There seems to be a hierarchical pattern (this is a bit of wishful thinking,

clearly). In the case of neutrinos, however, it seems that there is democracy in all its entries, and

a crude approximation to (9.95) would be to set all its entries to 1. This is a matrix with a single

nonzero eigenvalue and two degenerate zeros, reminiscent of the normal or inverted hierarchies in

the Þt of the neutrino masses. Both textures are so different that it is difÞcult to imagine that they

have a common origin. A major mystery, whose clariÞcation is beyond the SM.

10 Scale invariance and renormalization

Renormalization appeared in physics as a way to make sense of the divergent results in QFT. In quantum

mechanics, inÞnities are usually handled by invoking a normal ordering prescription, and even in QFT,

they are absent when computing semiclassical contributions to processes in perturbation theory29. The

trouble comes when calculating quantum corrections, associated in the perturbative expansion to Feyn-

man diagrams with closed loops. These contain integrals over all independent momenta running in the

loops that are frequently divergent.

We will not enter into the many details and subtleties involved in the study of divergences in

QFT and the philosophy and practicalities of renormalization. They are explained in all major textbooks

on the subject and a concise and not too technical overview can be found in Chapter 8 of Ref. [14].

The Þrst step is to make the divergent integrals Þnite in order to handle them mathematically. This is

done by introducing a proper regulator, that can either be a scale where loop momenta are cut off or a

more abstract procedure to render the integrals Þnite, such as playing with the dimension of spacetime

or introducing PV fermions. In any case, regularization implies the introduction of an energy scale! ,

called the cutoff for short. The basic point is that this cutoff is an artefact of the calculation and cannot

appear in anyphysicalquantity that we compute.

Roughly speaking, renormalization consists on getting rid of the cutoff. The key point to do this

is the realization that the masses, couplings, and the Þelds themselves appearing in the classical action

are not physical quantities. Therefore, there is nothing wrong with them depending on! . What must

be cutoff independent are the physical quantities that we compute and can (and will) be compared with

experiments. These quantities areoperationally deÞned, in the sense that their deÞnition within the

theoryÕs framework is given in terms of the process to be used to measure them. An example is the

29Here we are going to be concerned with UV divergences associated with the high energy regime of the theory. IR divergences,
which appear in the limit of low momenta, cancel once the physical question is properly posed and all contributions to the
given process are taken into account.
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self-interacting scalar theory

S =
!

d4x
"

1
2

! µ1! µ1 "
m2

2
12 "

#
4!

14
#

, (10.1)

where we would like to deÞne the physical coupling#phys. We could identify it as the value of the

scattering amplitude for four scalar particles when allp
2
i are equal

#phys '

p2

p1

p3

p4 8
8
8
8
8
8
8
8
8
p2

i
= µ2

, (10.2)

where the blob stands for all diagrams contributing at a given order in perturbation theory andµ is the

energy scale of the process. The dependence of the action parameters on! is then chosen so this renor-

malization condition remains cutoff independent. Once this is done not just for the coupling constant but

also forall physical quantities (e.g., masses), the theory is renormalized and everything can be computed

in terms of experimentally deÞned physical couplings and masses.

In the case of the scalar theory deÞned by the action (10.1), as well as in other physically relevant

theories like QED, QCD or the SM as a whole, it is possible to get rid of the cutoff dependence in

any physical process by ÒhidingÓ it in aÞnitenumber of parameters. Those theories for which this can

be accomplished are called renormalizable. Nonrenormalizable theories, on the other hand, require the

introduction of an inÞnite number of parameters to absorb the cutoff dependence, that in turn means

that we need to specify an inÞnite number of operationally-deÞned physical quantities. In this picture,

nonrenormalizability seems quite a disaster, since it seems that to compute physical observables we need

to specify an inÞnite number of physical renormalization conditions. This is the reason why, historically,

nonrenormalizable theories were considered to be no good for physics.

Regularization and renormalization may have important consequences for classical symmetries,

and we have seen examples of this in Section7. One of the immediate consequences of regularization

is the necessity of introducing a cutoff in the theory and therefore an energy scale. This has the result

that, after renormalization, the physical couplings acquire a dependence on the energy scale where they

are measured. This scale dependence is codiÞed in the) function, containing information on how the

coupling constantg depends on the scale where it is measured,

) (g) ' µ
dg
dµ

. (10.3)

This function can be computed order by order in perturbation theory. In QCD) (g) < 0, which means

that the coupling constant decreases as the energy grows, a property known as asymptotic freedom. Be-

sides, the theory dynamically generates an energy scale! QCD below which it becomes strongly coupled,

with quarks and gluons conÞned into mesons and baryons. Asymptotic freedom is the reason behind

QCDÕs success as a description of strong interactions. It allows us to understand, for example, why in

deep inelastic scattering experiments electrons seem to interact with quasifree partons inside the proton.
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To summarize, we can say that generically classical scale invariance is anomalous, in the sense

that it disappears as the result of renormalization30. The ) -function is just one example of a set of

functions describing how couplings and masses change with the energy scale. Together, they build the

coefÞcients of a set of Þrst-order differential equations satisÞed by the theoryÕs correlation functions and

other quantities and known as therenormalization group equations.

The cartoon description of renormalization presented above might lead to thinking that it is just a

smart trick, somehow justifying FeynmanÕs dictum that renormalization is sweeping the inÞnities under

the rug [160]. We have come, however, a long way from there. The current understanding of renormal-

ization, dating back to the groundbreaking work of Kenneth Wilson [161Ð163], goes much deeper and

beyond the mere mathematics of shifting the cutoff dependence from one place to another. It is also

closely related to the idea of EFTs, so now we can revisit our discussion on pages3-7 in more precise

terms.

Everything boils down to making a physical interpretation of the cutoff. Instead of seeing it as an

artiÞcial scale introduced to render integrals Þnite, we can regard it as the upper energy scale at which

our theory is deÞned. At energies above! , new physics may pop up, but we do not really care too much,

since all we need to know are the values of the massesmi (!) and dimensionless couplingsgi (!) .

Now we ask ourselves how the theory looks at some lower energy scaleµ < ! . To answer, we

need to Òintegrate outÓ all physical processes taking place in the rangeµ , E , ! , which results in a new

Þeld theory now deÞned at scaleµ and expressed in terms of some ÒrenormalizedÓ Þelds. Generically,

the masses and couplings of this theory will differ from the original ones, so we havemi (µ) += mi (!)

andgi (µ) += gi (!) . But, in addition to this, the new theory might also contain additional couplings not

present at the scale! , in principle an inÞnite number of them. Using the language of path integrals, we

symbolically summarize all this by writing

!

µ/ E / %

D# 0 eiS0[! 0] = eiS [!] , (10.4)

where# 0 collectively denotes the Þelds of the original theory and# their renormalized counterparts,

while S[#] is the action of the new theory deÞned at the energy scaleµ. On general grounds, it can be

written as

S[#] = S0[#] +
%

n

g#
n(µ)

! dim On! 4

!
d4x On[#] . (10.5)

In this expressionS0[#] is the action of the original theory with all Þelds, masses, and couplings replaced

by the corresponding renormalized quantities, andOi [#] are new operators with dimensions greater than

or equal to four induced by the physics integrated out between the scales! andµ. Their couplingsg#
n(µ)

are dimensionless and we see that higher-dimensional operators are suppressed by inverse powers of the

high energy scale! .

In this Wilsonian picture of renormalization the dependence of the coupling constants with the

30This happens, for example, in QCD with massless quarks. There are however a few examples of theories for which this does
not happen, most notablyN = 4 supersymmetric Yang Mills theory in four dimensions. Due to its large symmetry, classical
conformal invariance is preserved by quantization.
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scale has a clear physical meaning: as we go to lower energies, their changing values incorporate the

physics that we are integrating out at intermediate scales. But not only this, also the difference between

renormalizable and nonrenormalizable theories gets blurred. All theories are deÞned at a given energy

scale! . In order to describe the physics above this scale, the theory would have to be ÒcompletedÓ with

additional degrees of freedom and/or interactions. What is special in renormalizable theories is that they

are their own UV completion, in the sense that they can be extended to arbitrarily high energies without

running into trouble, although technically this only makes sense for asymptotically free theories.

Nonrenormalizable theories need to be completed in the UV to make sense of them above! . Let

us look at the example of FermiÕs theory of weak interaction. It has a natural cutoff given by! =

mW , and if we try to go beyond this energy we run into trouble. For example, the theory violates

unitarity at high energies. The theory, however, can be completed in the UV by the electroweak model

studied in Section9, which being renormalizable can in principle be extended to higher energies without

inconsistencies.

Another case of nonrenormalizable theories encountered in section5 is the chiral Lagrangian (see

page67). Again, the theory is endowed with a physical cutoff, in this case! QCD , above which the

description in terms of pions is no longer valid. In fact, we can see the chiral Lagrangian as resulting

from Wilsonian renormalization applied to QCD: by integrating out the physics of strongly coupled

quarks and gluons we get a low energy action for the new Þelds (the pions) and their interactions. Since

the resulting theory does not make sense above! QCD there is no problem with the divergences appearing

in loops. After all, before the momenta running in them can reach inÞnity the pion as such ceases to exist.

The Þnal instance of a nonrenormalizable theory we discuss is gravity, which, as explained in

section1, has to be completed above the Planck scale (1.7). But here we have to remember that everything

couples to gravity, including the SM. Thus, we are led to conclude that despite being renormalizable,

the SM itself has to be regarded as an effective description to be supplemented at the Planck scale, if

not earlier. In fact, phenomena like the nonzero neutrino masses strongly indicate new physics lurking

somewhere between the electroweak scale and the Planck scale.

The bottomline of our discussion is that nonrenormalizability is just a sign that we are dealing

with an EFT and that the ubiquitous presence of gravity in nature forces us to regardall QFTs as EFTs

(have a look again at Fig.1 in page7). Nonrenormalizable theories are not anymore those sinister objects

they were when renormalization was seen as nothing but inÞnites removal. They are perfectly reasonable

theories, provided we are aware of what they are and of what they are good for (and they are indeedvery

good for quite many things!).

Box 17. The Planck chimney

Let us go back to the Higgs action (9.31) and particularly to the potential

V (H, H  ) =
#
4

"
H

 
H "

v2

2

# 2

. (10.6)

We have seen that after symmetry breaking the parameter# directly relates to the Higgs mass (9.56)

and determines its self couplings in the action (9.55). Since after quantization masses and couplings
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get a dependence on the energy scale, we would like to know how#(µ) or the Higgs massmH (µ)

depend on the scaleµ. At this point we should recall that the strength of the coupling of the Higgs

boson to fermions is proportional to the latterÕs masses [see Eq. (9.60)], so its interactions with the

matter Þelds are dominated by the top quark. Thus the renormalization group equations determining

the evolution of#(µ) andµH (µ) with the energy scale should also involve the top quark massmt (µ).

An important question is whether the evolution of these parameters with the scale changes

in a signiÞcant way the shape of the Mexican hat potential and, most importantly, whether this

jeopardizes the existence of a stable Higgs vacuum (see [164] and references therein). It might be

that the sombreroÕs brim get ßattened at higher energies, or even inverted like in the case shown

here:

There is no twin paradox
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If this happens, the Higgs vacuum becomes metastable or outright unstable.

Since the renormalization group equations are Þrst order, we need to specify some Òinitial

conditionsÓ. In this case they are the values of the Higgs and top masses measured at the LHC.

Assuming that the SM correctly describes the physics all the way to! Pl , the bounds to be satisÞed

by the masses in order to preserve the stability of the Higgs vacuum are [165Ð167]

mH > (129.1 ± 1.5) GeV,

mt < (171.53± 0.42) GeV. (10.7)

Comparing with the experimental valuesmH = (125.25 ± 0.17) GeV andmt = (172.69 ±

0.30) GeV [117], we see that the SM lies slightly outside the stability zone. In fact, the SM seems

to be metastable, with the Higgs boson trapped in a false vacuum. The energy scale where the in-

stability appears turns out to be of the order of the geometric mean of theW mass and the Planck

scale! inst %
&

mW ! Pl . This is quite a discovery made at the LHC!

The instability of the Higgs vacuum is indeed no good news. Of course, living in a metastable

universe is no major problem if its tunneling probability is so low that its decay time turns out to

be much larger than the age of the universe, around13.6 Gyr. But we have to remember that the

bounds (10.7) are obtained with the proviso that there are no new degrees of freedom between the

electroweak and the Planck scales. This is yet another reason to expect some physics beyond the

SM making the universe stable.
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The apparent metastability of the Higgs vacuum highlights a very important feature of the

renormalization group. We can run it from high to low energies with total conÞdence. Knowing the

degrees of freedom and interactions at a certain scale! , everything is determined at energiesµ < ! .

The worst thing that may happen is that the degrees of freedom get ÒrearrangedÓ, as it happens in

QCD where mesons and baryons replace quarks and gluons at low energies. But if the aim is getting

information about what is going on atµ > ! , additional assumptions are required: either that no

new degrees of freedom emerge above! , or that there is some UV completion whose details are

necessarily an educated guess. After all, this is why particle physics is hard. Whatever happens

above the energies we explore is blurred in the parameters of the theory we test. The best we can

do is to play the model building game to reproduce this blurriness, and hopefully predict distinct

signals that could be detected in some future facility.

11 Closing remarks

The SM is a vast and complex subject, providing the best description of particle physics and its ap-

plications at energies below a few TeV. It explains a large amount of phenomena in microphysics and

in cosmology. However, its precise formulation delineates some of its limitation, as illustrated by the

following list:

- The SM does not predict the values for the masses and mixing angles of quarks and leptons (in-

cluding neutrino masses).

- The SM does not provide adequate candidates to explain dark matter.

- The only real progress in the study of dark energy has been to change its name from the previous

one: the cosmological constant.

- We know that CP needs to be violated in the universe in order to generate a matterÐantimatter

asymmetry. Thus, three families are the minimum needed to generate a CP violating angle, apart

from the QCD vacuum angle. Unfortunately, CP violation from the CKM matrix is not enough

to generate the observed asymmetry. The equivalent angle in the neutrino sector has not yet been

measured. It would be ironical if the ultimate origin of ÒhumansÓ was related to properties of

the ghostly neutrinos. Theories beyond the Standard Model provide many scenarios with larger

amounts of CP violation.

- The currently preferred paradigm in cosmology is inßation. We still do not have a convincing

candidate for what the inßaton is, or how the big bang was triggered, if that question makes any

sense at all. There are still many open questions in cosmology, including what is the correct

paradigm.

This is just a sample of the most pressing issues for which the SM cannot provide a satisfactory answer.

For decades now the scientiÞc community has been trying to address these problems through exten-

sions of the SM, from minimal ones inspired by supersymmetry to radical proposals rethinking the very

structure of the elementary constituents, like string theory.

So far the experiments have not given any positive indication as to where the answers to the open

questions might lie. Despite transient anomalies or data bumps, the more we probe the Higgs particle
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the more it looks like its Òvanilla versionÓ. It is truly fascinating that, in order to give masses to the SM

particles, nature has chosen the simplest solution we came up with, the Higgs Þeld. The SMÕs deÞnite

triumph, the discovery of the Higgs particle in 2012, was also a disappointment, because it apparently

closed the door to more exciting possibilities with a clear bearing on new physics.

One of the reasons for the impasse might be that we are at the end of a cycle and the current con-

ceptual framework based on symmetry and locality has been exhausted, or maybe the idea of naturalness,

a basic guiding principle in our understanding of particle physics, is after all a red herring. We still need

to bring gravity into the SM and this opens a plethora of problems and questions, some of them touching

notions like landscapes or multiverses loaded with philosophical or just metascientiÞc ideas.

Cosmology and astroparticle physics might offer some hope. In recent years, we have witnessed

important discoveries, from the Þrst direct detection of gravitational waves in 2015 [168] to the ÒphotoÓ

of the black hole at the center of the M87 galaxy [169] in 2019. The rapidly developing Þeld of gravita-

tional wave astronomy opens up new windows to phenomena up to now out of observational reach, and

it may allow unprecedented glimpses into the physics of compact astrophysical objects or the very early

universe.

We should not give up hope. Maybe we are on the verge of a golden era of discoveries that will

leave us gasping with awe and laughing with joy in amazement of a new vision of the universe. One

never knows, and dreaming is for free.
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