FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

Field theory and the Standard Model: A symmetry-oriented
approach

Luis ¢lvarez-Gaum#P and Miguel ¢. Vizquez-MoZo

8 Simons Center for Geometry and Physics, Stony Brook University, New York 11794-3636, USA.

E-mail: lalvarezgaume@scgp.stonybrook.edu

® Theory Department CERN, CH-1211 Geneva 23, Switzerland.

E-mail: Luis.Alvarez-Gaume@cern.ch

¢ Departamento de F'sica Fundamental, Universidad de Salamanca, Plaza de la Merced s/n, E-37008
Salamanca, Spain.

E-mail: Miguel.Vazquez-Mozo@cern.ch

The Standard Model of particle physics represents the cornerstone of our understanding of the mi-
croscopic world. In these lectures we review its contents and structure, with a particular emphasis on
the central role played by symmetries and their realization. This is not intended to be an exhaustive
review but a discussion of selected topics that we bPnd interesting, with the specibc aim of clarifying
some subtle points and potential misunderstandings. A number of more technical topics are discussed
in separated boxes interspersed throughout the text.

1 Preliminaries . . . . . . . . . . e 2
2 Fromsymmetrytophysics. . . . . . . . . . . . ... . 7
2.1 Relativity fromgeometry . . . . . . . . ... ... . 9
2.2 Relativity and quantum mechanics . . . . . . .. .. .. ... ... .... 15
3 The importance of classical beldtheory . . . . . . .. .. .. ... .. ....... 19
3.1 The symmetries of MaxwellOstheory . . . . . ... .. ... ........ 19
3.2 Quantum electromagnetism . . . . . . . . .. ... o 29
3.3 Some commentsonquantumbelds . . . .. .. ... ... L. 36.
4 Some group theory and some more wave equations . . . . .. ... ... ..... 41 .
4.1 Special relativity and grouptheory . . . . . .. ... ... ... ... 41
4.2 Chiral (and also nonchiral) fermions . . . . . .. ... ... ... ...... 44
4.3 Some moregrouptheory . . . . .. .. .. ... 53
5 Atale of many symmetries . . . . .. .. .. ... e 55
5.1 The symmetries of physics . . . . . . . . . . .. ... .. .. .. .. ... 56
5.2 NoetherOstwotheorems . . . . . . .. ... .. ... ............ 57.
5.3 Quantum symmetries: to break or not to break (spontaneously) . . . . .. 61 .

This article should be cited as: Field theory and the Standard Model: A symmetry-oriented approach, Luis ¢lvarez-GaumZ and
Miguel ¢ Vizquez-Mozo, DOI:10.23730/CYRSP-2025-001.ih: Proceedings of the 2022 European School of High-Energy
Physics,

CERN Yellow Reports: School Proceedings, CERN-2025-001, @R3730/CYRSP-2025-00f. 1.

© CERN, 2025. Published by CERN under fieeative Commons Attribution 4.0 license


mailto:lalvarezgaume@scgp.stonybrook.edu
mailto:Luis.Alvarez-Gaume@cern.ch
mailto:Miguel.Vazquez-Mozo@cern.ch
https://doi.org/10.23730/CYRSP-2025-001.1
https://doi.org/10.23730/CYRSP-2025-001
http://creativecommons.org/licenses/by/4.0/

LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

5.4 The BroutbEnglertbHiggs mechanism . . . .. ... ... .. ... .... 68.
6 Some more gqauge invarianCes . . . . . . . v v i e e e e e e 73.
7 Anomalous symmetries . . . . . . . ... e e 76
7.1 Symmetry vs. thequantum . . . . .. .. .. ... .. ... .. 77
7.2 The physical power oftheanomaly . . . . . ... ... ... ......... 30
8 The strong CP problemandaxions . . .. ... ... ... .. ... ........ 84
8.1 The (inbnitely) manyvacuaof QCD . . . ... ... ... ... ....... 84
8.2 Breaking CPstrongly . . . . . . . . . .. ... a1
8.3 Enterstheaxion . . . . . . . . . ... 98
9 The electroweak theory . . . . . . . . . . . . .. 100
9.1 Implementing SU(2) U(1)y . . . . . . o o it 100
9.2 But, wherearethemasses? . . . .. ... ... ... ... ... .. ... 108.
9.3 The Higgsboson . . . . .. . . . . . . . .. .. e 113
9.4 Neutrinomasses . . . . . . . . . o i i e e 116
10  Scaleinvariance and renormalization . . . . . . ... ... ... ... ... 123
11 Closingremarks . . . . . . . . . . . e e 128

1 Preliminaries

Quantum beld theory (QFT) is the language in which we codify our knowledge about the fundamental
laws of nature in a manner compatible with quantum mechanics, relativity, and locality. Its most signif-
icant achievement has been formulating the Standard Model (SM) of strong, weak, and electromagnetic
interactions. This theory summarizes what we know about the physics of the fundamental constituents of
matter. It also delineates our ignorance, providing a glimpse of the known unknowns that will motivate
future research. The story of QFT and the SM has been told many times with various degrees of detail
and depth (see Refslff18] for a necessarily incomplete sample of books on both topics). In the pages
reserved for these lecture notes, it is utterly impossible to provide a detailed account of the towering
achievements accumulated since the discovery of the electron by J. J. Thomson in 1897, whose most
recent milestone was the announcement in 2012 of the discovery of the Higgs boson at CERN. Gener-
ations of physicists and engineers have made possible the formulation of a theory describing the most
fundamental laws of nature known so far.

High energy physics is not the only arena in which QFT has shown its powers. In the nonrel-
ativistic regime, it leads to quantum many body theory, a mathematical framework used in condensed
matter physics to study phenomena such as superconductivity, superBuidity, and metalsO thermal and
electronic propertie2[lER3]. Furthermore, in the last few decades QFT has also played a central role in
understanding the formation of the large scale structure of the uniiseq).

Exciting as all these developments are, these lectures will focus on the applications of QFT to
particle physics and particularly the construction of the SM. We will highlight symmetry arguments to
show how virtually all known forms of symmetry realizations play a role in it. But even within this
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restricted scope, space limitations require choosing not just the material to include but also the viewpoint
to adopt. In explaining some of the ideas and techniques in our study of the SM, it is useful to focus on
several key concepts, many of which are related to implementing symmetries in a quantum system with
inPnite degrees of freedom. In doing so, we will encounter many surprises and some misconceptions to
be claribped. Explaining physics can be compared to the performance of a well-known piece of music.
Often the performer surprises the audience by accentuating some features of the work that only then are
sufpbciently appreciated. In such a vein, we will highlight some important fundamental aspects of the SM
the reader may not have encountered previously, some of which also point to the limitations of the theory.
Although we will not shy away from diving into calculations when needed, our aim here is less giving

a detailed account of the technicalities involved than providing the reader with both essential conceptual
tools and inspiration to further deepen in the study of the topics to be presented.

Having set our plan of action, we turn to physics and begin by reviewing the system of units to be
used throughout the lectures. Since we are dealing with quantum relativistic systems, it is natural to work
with natural units, where the speed of light and the Planck constant are botltsette 1. Doing a bit
of dimensional analysis, it is easy to see that setting these two fundamental constants to 1 means that of
the three fundamental dimensidnglength),T (time), andM (mass) only one is independent. Indeed,
from[c] = LT' tand[!] = ML 2T' titfollows thatT = L andM = L', meaning that time has the
dimension of length and masses(téngth)' 1. Alternatively, we may prefer to use enerdy)(as the
fundamental dimension, as we will actually do in the following. In this case, feovargy = ML 2T" 2
we see that both lengths and times have dimensiogerafrgy’ *, while masses are measured in units
of energy.

Using natural units simplibes expressions by eliminating factotsaridc and brings other ad-
vantages. The most relevant for us is that it provides a simple classibcation of the operators, or terms,
appearing in the action or Hamiltonian debning a theory. As an example, let us consider the scalar beld

action
I 11}

1 m?2 # #
— 4 _ n IJII n II2II 74"4" 76"6
S=  d% 2! ! - 20 5 ) (1.1)

Action is measured in the same unitslagot by chance historically known as the quantum of action)
and is therefore dimensionless in natural units. Taking into accounfithdt= E' 4 and[! ,] = E, we

Pnd from the kinetic term thdt] = E, which in turn conbrms thdin] = E as behooving a mass. As
for the coupling constant#, is dimensionless whilg#s] = E' 2.

Terms such a%®, whose coupling constants have negative energy dimension, are called higher-
dimensional operators. In the modern (Wilsonian) view of QFT to be discussed in SgQtitrey are
seen as induced by physical processes above some energy saaleh higher than the energy at which
we want to describe the physics using the corresponding action. The presence of higher-dimensional
operators in the action signals that we are dealing with a theory that is not fundamental, but some effective
description valid at energies # !, that should eventually be replaced (completed) by some more
fundamental theory at higher energies.

Although the action of an effective Peld theory (EFT) may contain an inbnite number of higher-
dimensional operators of arbitrary high dimension, this does not make it any less predictive at low en-
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ergies R7,28]. To understand this, let us look at a higher-dimensional ope@gowith [0,] = E™ 4
for n > 4, entering in the action as

S$ oy dxO, (1.2)
whereg, is a dimensionless coupling. The correction induced by this term to processes occurring at
energyE scales agE/!) ™ 4 soforE # ! thereis a clear hierarchy among the inbnite set of higher-
dimensional operators. The upshot is that using our EFT to ask physical questions at sufbciently low
energies, and taking into account the limited sensitivity of our detectors, only a small number of higher-
dimensional operators have to be considered in the computation of physical observables.

Applying the philosophy of EFT to the actiod.() leads to identifygfhe theory as an effective
description valid at energies well below the scale settpynamely! % 1/ #g. Nature offers more
interesting implementations of this scheme, some of which we will encounter later on in the context of
the SM. A particularly relevant case is that of general relativity (GR), that we discuss now in some detail.
We start with the EinsteinDBHilbert action

1

S= 1656y

&
d*x  "gR, (1.3)
and consider Buctuations around the Minkowski metric (nonf3at background metrics can also be used)
Qu = % +2&Nhy, (1.4)

where

$
&' 8%Gy. (1.5)

Inserting (L.4) into (1.3) and expanding in powers bf; we get an action debning a theory of interacting
gravitons propagating on 3at spacetir@6gB1]. Its interaction part contains an inPnite number of terms

with the structure

%% |

Sint = &2 d* Ons2[h,!], (1.6)
n=3

where the operatdDn+2 [h,! ], which has energy dimensian+ 2, containsn graviton belds and two
derivatives, while from Eq.1(.5) we see that the coupling constant has dimenggr= E' 1. In the
spirit of EFT, this indicates that EinsteinOs gravity is not fundamental, but an effective description valid

at energies below its natural energy scale set by the dimensionful gravitational constant, the so-called
Planck scale

&
L p 8;; =2.4! 10" Gev, (1.7)

where we have restored powers!ofndc. To get an idea of the size of this scale, let us just say it is
about10'“ times the center-of-mass energy at which LHC currently operates.
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The statement is occasionally encountered in the literature and the media that GR is impossible to
quantize. This needs to be qualibed. The effective acfidh) ¢an be consistently quantized provided
we restrict our physical questions to the range of energies where it can be used, Baelyp,. In
this regime, the quantum Ructuations of the background metric shovindnafe of ordelE/ ! p; and,
therefore, small. Furthermore, powers of this same quantity suppress the induced corrections and, at the
level of accuracy set by our experiments, only a small number of operatatimeed to be retained
to compute physical observables. In other words, below the Planck energy scale quantum gravity is just
a theory of weakly coupled gravitons propagating on a regular background spacetime.

This state of affairs breaks down when the energy gets closeto At this point the quantum
Buctuations of the geometry become large and the hierarchy of terrhgjrb(eaks down. Physically,
what happens is that our gravitons become strongly coupled and therefore cease to be the appropriate
degrees of freedom to describe a quantum theory of gravity. Thus, the correct statement is not that
there is no consistent theory of quantum gravity, but that we lackameh remains valid at arbitrarily
high energies The difference is crucial, since it is precisely the latter kind of theory needed to analyze,
for example, what happens close to spacetime singularities, where quantum effects are so large as to
override the semiclassical description provided by GR. Viewed as an EFT, EinsteinOs (quantum) gravity is
expected to be subsumed neay into another theory, its ultraviolet (UV) completion, which presumably
remains valid to arbitrarily high energies. Among the particle physics community string theory continues
to be the favored candidate for such a framework (see, for instance 3Rgd3] for a modern account).

The previous digression on EFTs leads us to the related issue of renormalizability, on which we
will further elaborate in Sectioh0. All QFTs used in describing elementary particles, particularly the
SM, lead to inPnities when computing quantum corrections (terms of éraerhigher) to classical
results. The origin of these divergences lies in the behavior of the theory at very high energies. Quantum
Buctuations of very short wavelength actually dominate the result, driving them to inPnity. This problem
was tackled already in the 1940s by the procedure of renormalization. To make a long story short,
one begins by regularizing the theory by setting a maximum enlergy cutoff, so RBuctuations with
wavelength smaller thaln' 1 are ignored. This makes all results Pnite, albeit dependent on the otherwise
arbitrary cutoff. The key observation now is that the parameters in the action (Peld normalizations,
masses, and coupling constants) can depend,@o physical observables are cutoff independent. For
this to work, a further ingredient is needed: an operational dePnition of masses and couplings, which
serves to Px the dependence of the action parameters on the cutoff (for all the details see, for example,
Chapter8 of Ref. [14] or any other of the QFT textbooks listed in the references).

In carrying out this program, two things may happen. One is that divergences can be removed
with a Pnite number of operators in the action (most frequently, just those already present in the classical
theory). This is the case of a renormalizable theory. The second situation arises when it is necessary
to add an inbPnite number of new operators in order to absorb all the divergences in their corresponding
couplings. The theory is then said to be nonrenormalizable. The SM belongs to the brst type, while
GR is an example of the second. As a rule of thumb, actions containing operators of dimension equal
or smaller than four debne renormalizable theories, while the presence of higher-dimensional operators
renders the theory nonrenormalizable, at least when working in perturbation theory.



LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

For decades, renormalizability was considered necessary for any decent theory of elementary par-
ticles. The very formulation of the SM and, most particularly, its implementation of the BroutbDEnglertb
Higgs (BEH) mechanisnBgEB6] through the Higgs boson was guided by making the theory renormal-
izable. As a token of how important this requirement was perceived to be at the time, let us mention
that the electroweak sector of the SM developed by Sheldon L. Glashow, Steven Weinberg, and Abdus
Salam B7EB9] only started to be taken seriously by the particle physics community after Gerard Ot Hooft
and Martinus Veltman mathematically demonstrated its renormalizabityt[].

From a modern perspective, however, the condition that a theory must be renormalizable is re-
garded as too restrictive, equivalent to requiring that it remains valid at all energies. As a matter of fact,
there is no reason to exclude nonrenormalizable theories from our toolkit. They can be interpreted as
EFTs whose natural energy scale is set by the cuitoffiving accurate results for processes involving
energie€ # ! . Furthermore, from this viewpoint, the cutoff ceases to be a mere mathematical artefact
to eventually be hidden in the action parameters. Instead, it acquires a physical signibPcance as the energy
threshold of the unknown physics encoded in the higher dimensional operators of our EFTs. Otherwise
expressed, nonrenormalizability has lost its bad reputation and now is taken as a hint that some unknown
physics is lurking at higher energies.

To make the previous discussion more transparent, let us look at the important case of quantum
chromodynamics (QCD), the theory describing the interaction of quarks and gluons. QCD is not just a
renormalizable theory that can be extrapolated to arbitrary energies, but asymptotically free as well. This
means that its coupling constant approaches zero as we go to higher energies, thus making perturbation
theory more and more reliable. The issue, however, is that when studying its low energy dynamics, the
QCD coupling grows as we decrease the energy and the theory becomes strongly coupled. This has to
be handled in a way somehow reminiscent of what we explained when discussing quantum GR near the
Planck scale: below a certain energy sdalscp we need to abandon the perturbative QCD (pQCD)
description in terms of quarks and gluons, now strongly coupled, and bnd the OrightO, weakly coupled,
degrees of freedom to build an operative QFT. But, simultaneously, we have a huge advantage w.r.t.
the gravity case. There, the trouble arose in the unexplored region of extremely high energies, where
identifying the appropriate degrees of freedom, their interactions, or just the right framework remains
anybodyOs guess (strings? spin foam? causal sets?). By contrast, life is much easier in QCD. The
problematic regime happens at low energies, so to identify the weakly coupled degrees of freedom, we
only need to OlookO, i.e., do experiments. From them, we learn that the physics has to be described in
terms of mesons and baryons, whose interactions are largely bPxed by symmetries (an issue to which
we will come back later). What is relevant for the present discussion is that the appropriate framework,
chiral perturbation theory (PT), is a nonrenormalizable QFT whose action contains a plethora of higher-
dimensional operators. Its cutoff, however, is not some arbitrary etemgyose role is just to make the
theory Pnite, but the physical scdlgcp at which quarks and gluons get conbned into hadrons. The
theory of hadron interactions should then be understood as an EFT valid at efiefiésqocp .

The existence of the Planck scale at which quantum gravity is expected to become the dominant
interaction has led to the realization that all guantum Peld theories have to be regarded as EFTs with a
limited range of validity. This includes even renormalizable theories that, like the SM, are well-debPned
in a wide range of energies. However, explaining some experimental facts, such as nonzero neutrino



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

Gravity GR

Strong nuclear force I PT pQCD ~

/

Weak nuclear force FermiOs theor GUT? ’

Electroweak theory
Electromagnetisir QED

i } } y 1 >
! qeo ! ew | gur g ETeTY)

Fig. 1: SimpliPed cartoon showing the network of EFTs behind our understanding of subatomic physics.

masses, might require adding higher-dimensional operators to the theory, setting the energy scale for
new physics to be explored in future high-energy facilities. At this energy, the SM will be superseded,
maybe by some grand unibed theory (GUT), which in turn is expected to break ddvgn. altt is in

this sense that EFTs provide the foundational framework to understand nature at the smallest length
scales (see Fid).

2 From symmetry to physics

Symmetry is a central theme of contemporary physics, although its tracks go back a long way in history.
More or less in disguise, symmetry-based arguments can be found in natural philosophy since classical
times. In his refutation of vacuum in the fourth bookRifysics(215a), Aristotle used the homogeneity

of empty space to conclude the principle of inertia, that he however regarded as an inconsistency since it
contradicted his Prst principle of motion: whatever moves has to be moved by something else. Galileo
GalileiOs assumption that reversing the velocity with which a free-rolling ball arrives at the basis of an
inclined plane would make it climb exactly to the height from which it was released can be also regarded
as an earlye factoapplication of time reversal symmetry.

Although the origins of the mathematical study of symmetry are traced back to the brst half of
the 19th century with the groundbreaking works on group theory of Evariste Galois and Niels Henrik
Abel, its golden age was ushered in by Felix KleinOs 1872 Erlangen Progpa#3][ Its core idea
is that different geometries can be fully derived from the knowledge of the group of transformations
preserving its objects (points, angles, bgures, etc.). This establishes at the same time a hierarchy among
geometries, determined by the relative generality of their underlying symmetry groups. In this way,
Euclidean, afpne, and hyperbolic geometries can be retrieved from projective geometry by restricting its
group of transformations.

As an example, the whole plane Euclidean geometry emerges from the invariance under the com-
bined action of rotations and rigid translations

x* = Rix + 4, (2.1)

whereRij ( SO(2) anda' is an arbitrary two-dimensional vector. These two transformations build
together the Euclidean group(2) ' 1S0O(2), leaving invariant the Euclidean distance between two

7
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yB ! YA

XA XB

Fig. 2: Euclidean distance between two points on the plane.

pointsA andB with Cartesian coordinates = ( Xa,Yya) andB = (Xxg,VYs),

$
d(A,B)= (xg" xa)?2+(ys" ya)? (2.2)

which is just an application of the Pythagorean theorem (se&J:itn a similar fashion, the geometry on
the complex projective lin€P* (a.k.a. the Riemann sphere) follows from the invariance of geometrical
objects under the projective linear group R@LC), acting through M3bius transformations @) {*}

#_ az+ b

zr d (2.3)

wherea, b,c,d( Candad" bc= 0. Among the invariants in this case are the four-point cross ratios
associated with four points with complex coordinatesz,, zz, andz,

(z1" z3)(22" z4)
CRi ‘ 2.4
(21, 22, 23, Z4) 2" 222" 7)) (2.4)
as well as the chordal distance between two pongndB on the Riemann sphere
2lza " z
d(A, B )chordal = $ 12 e | (2.5)

T @+ 1zaPH 28D

MS3bius transformations preserve angles and maps circles to circles, so from a Kleinian point of view
they arebona Pdejeometrical objects o8P,

KleinOs association of geometry and symmetry (i.e., group theory) revolutionized mathematics
and became a game changer in physics. Beyond all early tacit uses, the systematic implementation of
symmetry in physics had to wait until the end of the 19th century. In 1894 Pierre Curie used group
theoretical methods to study the role of spatial symmetries in physical pheno##grthdis introducing
mathematical tools so far only applied in crystallography. This inaugurated a trend taken up later by
the emerging Pelds of relativity and atomic physics, that led to key results like Emmy NoetherOs two
celebrated theorems linking symmetries with conserved chad@késee Sectiorb.?).
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2.1 Relativity from geometry

A beautiful example of geometry emerging from symmetry is provided by the geometrization of special
relativity carried out in 1908 by Hermann MinkowskiEinsteinOs formulation of special relativity in
terms of events occurring in some instarat some positionr (as measured by some inertial observer)
leads naturally to introducing the four-dimensional space of all potential events, each represented by
a point with spacetime coordinat€s r). Although switching from one inertial observer to another
changes the individual coordinates of the events, the invariance of the speed of light implies the existence
of an invariant. Given two arbitrary events taking place at patrdaadr +" r, and separated by a time
lapse" t, their Ospacetime separationO

P2 g2n (v )2 (2.6)

remains the same for all inertial observers. The existence of this invariant with respect to the reference
frame transformations introduced by Lorentz, PoincarZ, and Einstein (and named after the brst one)
makes it natural to endow the space of events, or spacetime for short, with the metric

ds? = dt?" dx?" dy?" dz?. (2.7)

This is how spacetime geometry originates from the postulate of invariance of the speed of light.

We can take advantage of the language of tensors and write the line el@mirt the form
ds? = 9 dxMdx', (2.8)

where(x%, x1,x2,x3) ' (t,x,y,z) and% ' diagl," 1," 1," 1) is the Minkowski metric. The most
general linear transformation leaving invaria®tg) [or (2.7)] is written as

x# =1 HKx' +a (2.9)
where! ¥, satisbes
o = %!, (2.10)

and a* is an arbitrary constant vector. The linear coordinate cha@d® (enerates the PoincarZ
group, ISd1, 3), that includes all transformations! in the Lorentz group SQ@, 3) in addition to rigid
translations. Notice that" is a4! 4 matrix with 16 real components, so that the ten conditi@n$Q

reduce to six independent ones. They correspond to the three parameters of a three-dimensional rotation
(e.g., the Euler angles) plus the three velocity components of a generic boost. Adding the four real num-
bers determining a spacetime translation, we conclude that the PoincarZ transfortgYidegends on

ten independent real parameters.

Besides the invariance of the speed of light, EinsteinOs special relativity is also based on a second
postulate, that all laws of physics take the same form for any inertial observer. This can also be recast in

!Einstein actually dubbed MinkowskiOs idézerRussige GelehrsamkgstiperRuous erudition}tp], although geometrization
later turned out to be the basis of his general theory of relativity.
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geometric language by demanding that all equations of physics be expressed as tensor identities with the
structure

THi-HE () = 0. (2.11)

T =0 M Tl RO e =0, (2.12)

........

Box 1. Retrieving Lorentz transformations

It is a trivial exercise to recover the standard expression of Lorentz transformations from the invari-
ance of the line elemen2(7). For simplicity we consider a two-dimensional spacetime, equivalent
to restricting to boosts along theaxis so the coordinateg’ = y andz” = z remain unchanged.
Implementing the coordinate change

t#( !00!01( t( i
x# 1Ly X (2.13)

with the conditiondt® " dx® = dt?" dx? implies

{! l0)1" (! 10)2: i
¢ Y32=1, (2.14)

0Oy0w 1,1 _
1 Op g Lt =0,

Using the properties of the hyperbolic functions, we easily see that the Prst two identities are solved
by! % =cosh(,!% = +sinh( and! % = £ sinh),! % = cosh), for arbitrary( and) , with
the third one requiring = (. The sought transformation is therefore parametrized as
' « _ (" (
v cosh( " sinh( t

- , 2.15
x* " sinh(  cosh( X (2.15)

where the parametdr is called the boost rapidity. A comment on the signs is in order. First, we
have takerl % > 0 so the arrow of time points in the same direction for both observers (later in
page41we will assigh a Greek name to this and call these transformations orthochronous). On the
other hand, as we will see right away, the paramgétées related to the boost velocity. Choosing a
negative sign for the off-diagonal components of the matriia% means thaf > 0 corresponds

to a boost in the direction of the positixeaxis.

To bPnd the standard expression of the Lorentz transformation, we notice that the hyperbolic

10



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

functions can be alternatively parametrized as

cosh( = &1— sinh( = —1Y ViR

: 2.16
RRE (2.16)

where the relation between the boost velocity and its rapidity is givex by tanh (. Plugging
these expressions intd.5, we arrive at the well-known formulae

pe e Ve (2.17)
= 1" V21 - 1" \/_21 .

2
where exceptionally we have restored powers.of

Whereas the Euclidean distan@2) tells us about how far apart in space two points lie, the
spacetime geometr (7) contains information about the causal relations between events. Let us consider
an arbitrary event that, without loss of generality, we place at the origin of our coordinate sggstem
(0, 0). The question arises as to whether some other esent( t, r) may either inBuence what happens
atxg or be inBuenced by it. Since the speed of light is a universal velocity limit, the question is settled by
checking whether it is possible for a signal propagating with velocity 1 to travel from(t, r) to (0, 0),
if t < 0, or vice-versa for positive. The condition for this to happen is

||

it = t>" 2. 0. (2.18)

The set of events satisfying this condition debnes the interior and the surface of the light-cone associated
with the event a0, 0), that we have depicted in Fig for a(2+1) -dimensional spacetime. Points in the
causal past of the origin lie inside or on the past light-care (), whereas those on or inside the future
light-cone { > 0) are causally reachable frof@, 0). By contrast, events outside the light-cone cannot
inBuence or be inBuenced by the event at the origin, since this would require superluminal propagation.
What we have said about the origin applies to any other event: every point of the spacetime is endowed
with its light-cone, debning its area of casual inBuence.

Thus, if two events lie outside each otherOs light-cones, they cannot inBuence one another. Math-
ematically this is characterized by their spacetime separation satisfyghgc 0, so they are said to be
spatially separated. Interestingly, there always exists a reference frame in which both events happen at
the same, i.e. they are simultaneous. This is not possible when one event is inside the otherOs light-cone,
in which case' s> > 0 and their separation is calldinelike Looking at @.6) and remembering the
invariant character of s? we see that there can be no frame for which= 0. Nonetheless, it is always
possible to Pnd an inertial observer for which both events happen at the same point of sgaces i @.

In this case¢ s? is just the (squared) time elapsed between both events, as measured by the observer who
is visiting both. Notice for two events lying on each others light-cone there is no such possibility, since
they can only be joined by signals propagating at the speed of light and no observer can travel at this
velocity.
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Fig. 3: Representation of the light cone at the origin i(Ra+ 1) -dimensional spacetime.
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rocket to this coordinate, with the Earth locateckat O .

Physical observers move along wordling'$#) whose tangent at any point debnes a timeline
vector XH(#)K (#) > 0. The time elapsed between two eveitandB as measured by the clock
carried by the observer (called its proper time) equals the spacetime length along the wdglglline

! ! % ) —
"SaB = ds= d# O/Q! X}‘(#)X'J! (#) (2.19)
$aB %4
A particularly conyenient Earametrization of the curve is provided by the coordinatexfiie, t,
so writingx*(t) = t, R(t) the previous equation becomes
Y s
" Spg = dt* 1" v(th2, (2.20)

ta

with v(t) = l’i(t) the observer velocity satisfying(t)| < 1.

Let us return to our twins. Both of them travel frolnto B, as shown in the graph above, but
along different worldlines with different speeds. The one on Earthwhas0, so the time elapsed
between the departure and arrival of the second twin is

"s® =g " ta. (2.21)

For the twin on the spaceship, by contrast, we dg not even need to know anything about the details
of the varying speed. Itis enough to notice that 1" v(t)2 < 1, implying

Ry Y (2.22)

Consequently, after reunion, the traveling twin will be the younger.

A basic difference between the twins is that the one at rest is precisely the inertial observer
for which the timelike separated everftsandB happen at the same point of space. In fact, the
result .22 refRects a property of this particular frame: its worldline represents the path of the
longest proper time interpolating between two given events.

As announced, the reason why there is no paradox is because only one of the twins is an
inertial observer and their descriptions cannot be simply interchanged without further ado. Seeing
everything from the point of view of the spaceship leads us to give up the Minkowski m2frjc (
Indeed, by changing the coordinates

N

= r+ R(t), (2.23)

*

+
the worldlines of both twins are respectively parametrizedft” = t%" R(t% andx5(t) =

13
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* 4
t* 0 , while the spacetime metric now reads

ds? = "1" v(th2 dt® + 2v(t) adrdt? dr?, (2.24)

which is no longer the Minkowski metric. To compute the proper time of both twins we use
Eq. 2.19, replacing?q by the line elementq.24). We then bnd

Y8

dt* 1" v(tH2+2v(tH2" v(tH2=tg " ta,

w (D)
SAB

]
ts
!

ty $_ 0
" Sf% Bdt# e V(ti'az < Sg%, (225)

Uy

which reproduce the results obtained above. The conclusion is that, if properly analyzed, the de-
scriptions from the points of view of both twins are absolutely consistent and no paradox arises.

As time and space coordinates combine to label a point (event) in the four-dimensional Minkowski
spacetime, so do energy and momentum build up an energybmomentum foupWectoE, p). For a
particle of massn moving along an afbnely paramerized worldliigs), the four-momentum is debned
by

" #
m mv

pi(s) " mxt(s)= &—=, &— , (2.26)
1" v2 1" 2

with v the particleOs velocity. A brst thing to be noticed here is that the particleOs energy is nonzero even
when its velocity vanishes. Restoring powerg of

, mY7 mc v % (2.27)

ey =
c
we get the famous equatidfyest = mc?. On the other hand, the particleOs energy divergpg as c.

This shows that the speed of light is a physical limiting velocity for any massive patrticle, since reach-
ing |v| = cwould require pumping an inPnite amount of energy into the system. The transformation of
energy and momentum among inertial observers is bxga tpeing a four-vector, whose change under

a Lorentz transformatioh, is given byp® =1 ¥ p'. Considering a boost along tlxedirection with
velocity V and using the expressions obtained in Box 1 in pddetl, we have

E#:E"Vpx " &"VE

— = &e—, 2.28
1" V2 b= S TV2 (2.28)
together withp{ = py andpj = p;.
Equation 2.26) also implies the mass-shell conditfon
E2" p?=m>. (2.29)

2In covariant terms, the mass-shell condition repdp* = m? and follows from 2.26), remembering that the particleOs
worldline is afpnely parametrizetl,,, Xt (s)x”(s) = 1.

14
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E:‘ p2+m2

By
E=—p|
E =—/p?+m?

Fig. 4: Energybmomentum hyperboloid for a particle of mass 0 (orange). The energy-momentum
vector of a massless particle lies on the blue cone.

In the four-dimensional energmeomentggn space spannédioylp, the particleOs four-momentyh

lies on the two-sheeted hyperboldid= + p2+ m2, with the two signs corresponding to the upper
and lower sheet. Interestingly, the mass-shell condition has a smooth limit as0, where the hyper-
boloid degenerates into the coBé = p?, to which all massive hyperboloids asymptote for large spatial
momentum|p| O m (see Fig4). Unlike Newtonian mechanics, special relativity admits the existence
of zero-mass patrticles whose four-momenta have the form

p* = (Ipl, p), (2.30)

where we have chosen the positive energy solution. In terms of its energy and momentum, the velocity
of a massive particle is given by [cR.26 and @.29]

v=$—P (2.31)
pZ + m2

which asm / 0gives|v| = 1. Thus, massless particles necessarily propagate at the speed of light.

2.2 Relativity and guantum mechanics

So far, our analysis has left out quantum effects. Special relativity can be combined with quantum
mechanics to formulate relativistic wave equations plagued with trouble. An immediate problem arises
from the energy hyperboloid depicted in Fiy.The existence of the lower sheet implies that the system

of a relativistic quantum particle coupled to an electromagnetic bPeld has no ground state, since the
particle has inbnitely many available states with arbitrary negative energy to which it could decay by
radiating energy. This fundamental instability of the system is impossible to solve in the context of the
KleinDGordon wave equation, while in the Dirac equation it can be avoided by OPbllingO all states in the
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lower sheet of the hyperboloid (the Dirac sea). The Pauli exclusion principle now prevents electrons
from occupying negative energy states, and the system is stable.

The Dirac sea notwithstanding, the interpretation of the Dirac equation as a single-particle rela-
tivistic wave equation is problematic, leading to puzzling results such as the Klein patatidx][ In
fact, all the difbculties we run into when trying to marry quantum mechanics with special relativity stem
from insisting in a single-particle description, as can be seen from a simple heuristic argument. As we
know, HeisenbergOs uncertainty principle correlates quantum Ructuations in the position and momentum
of a particle

!
E.

X" Py . (2.32)

Looking at physics at small distances requires taming spatial Buctuations below the scale of interest,
which in turn leads to large RBuctuations in the particleOs momentum. When the latter reaches the
scale” py % mc, the corresponding energy RBuctuatioh& % mc? are large enough to allow the
creation of particles out of the vacuum and the single-particle description breaks down. Equivalently,
localizing a particle below its Compton wavelength,

" !

X, e (2.33)

leads to a quantum state characterized by an indebnite number of them. Unlike what happens in non-
relativistic many body physics, in the quantum-relativistic domain particle number is not conserved and
creation-annihilation of particles is a central ingredient of the theory. Thus, the single-particle descrip-
tion inherent to the relativistic wave equation is fundamentally wrong, as indicated by the paradoxes and
inconsistencies it leads to.

Box 3. Antiparticles and causality

One of the consequences of the Klein paradox alluded to above is the impossibility of a consistent
formulation of relativistic quantum mechanics without the inclusion of antiparticles. We can reach
the same conclusion by showing that antiparticles are the unavoidable ingredient to preserve causal-
ity in a relativistic quantum theory. To do so, let us consider a relativistic particle of mabst

att = 0 is detected at the origin. Its quantum-mechanical propagator is given by

& &
G(+,r)'1r|e & PP*m’g2= g i& 1! %+m? @) (g (2.34)

Physically, this quantity gives the probability amplitude of the particle being detected at a later
timet = + at some locationr. To explicitly evaluate the propagator, we Fourier transform the
Dirac delta function and compute the resulting integral in terms of a modiPed Bessel function of the

second kind
[

BK i s ks
G( , ): (2$)3 | i& k2+m2+ika
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1 : e e
i m?t S pe—
=g zie ImoHrE

where, to write the last identity, we regularized the momentum integral by analytical contin-
uation+ / +" iI-. Naively, one would expect this propagator to vanish outside the light
cone,+? " r? < 0, since otherwise the particle would have a nonvanishing probability of being
detected at points spacelike separated from the origin, its locatton 8t Were this to happen, it
would imply a violation of causality.

Despite expectations, the modiPed Bessel functioB.Bq is nonzero for both real and imag-
inary values of the argument and the propagator spills out of the light-cone despite being derived
from a relativistic Hamiltonian. The key point to understand what is going on is that wiiea
outside the light-cone at the origin there are frames in which the detection of the particle at the po-
sition r precedests detection at the origin. In computing the propagator we should take this into
account and consider the superposition of both processes outside and inside the light-cone

0 &
1 1r|e & P*m°|02 when +2" 12> 0
G(+r) =, & & (2.36)
Ir|e' & P+*M%|02+ 10|€% P*M*|r2 when +2" r2< 0

Now, from the explicit expressior2(35 we can check thatr|e' & P*™*|02is purely imaginary
when+2" r2 < 0. Since, on the other hand,

& & &_
Irje & P*™*|02+ 10]€% P*M’|r2=2Relrle' ¢ P*™’|02 (2.37)
we conclude that
; 2 A
G(r,+) = " ﬁ%m im 42" 12 (42" 1), (2.38)

and causality is consequently restored.

There exists an interesting interpretation of this cancellation mechanism due to Ernst Stueck-
elberg B8] and Richard Feynmanip, 50]. Our propagator can be seen as the wave function of the
particle of interest/ (+,r) ' G(+,r), satisfying the boundary condition(0,r) = ,® (r). We
found that outside the light-cone there is a superposition of two processes: one in which the particle
is traveling from the origin ta forward in time, and a second described by the wave function

& &
[ (+,1)5' 1 0]€& P**M*|p2= 1r|e' & P**M*0X | (+1)& (2.39)
where the particle moves backwards in time fremo the origin. Furthermore, writing

/ (+,I‘)%= . d’k ei&$ k2+m2! ikad — . d*k e! i&(! $k2+ m2)+i(! k)& (240)

(28)° (2$)3
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and comparing with the Prstline in EQ.85), we reinterpret (+,r)qas describing a state of mass

and momentumi k, lying in the lower sheet of the energy hyperboloid, and propagating forward
in time. This represents a hole in the Dirac sea, i.eaatiparticle of momentumk. Moreover,
from (2.39 we see that if our particle has chamgwvith respect to some global U(1) symmetry, the
antiparticle necessarily transforms with the opposite charge

| (+,r) [ €9/ (+r) = | (+,r)9/ € 9/ (+,r)0 (2.41)

Antiparticles are therefore a necessary ingredient in a relativist theory of quantum pro-
cesses if we want to avoid superluminal effects. They automatically imply the possibility of cre-
ation/annihilation of particleDantiparticle pairs, turning what was intended as single-patrticle rela-
tivistic quantum mechanics into a multiparticle theory where the number of particles is not even
well debPned.

A fundamental consequence of the causal structure of spacetime is that measurement of observ-
ables in regions that are spacelike separated cannot interfere with each other. In quantum theory these
measurements are implemented by local oper&gx9 smeared over the spacetime regiomwhere the
measurement takes place

O(R)'  d*xOX)fr(x), (2.42)
where
0
11 ifx(R
fr(x) = 5 _ (2.43)
0 ifx(R

is the characteristic function associated wihIn mathematical terms, the noninterference of the mea-
surements carried out in spacelike separated redgtarendR> like those shown in Figb is expressed
by the vanishing of the commutator of the associated operators

[O(R1),0(R2)]=0 if Ry andR> are spacelike separated (2.44)
or equivalently
[O(x),0(y)]1=0 if (x" y)2< 0. (2.45)

This states th@rinciple of microcausalitya profound form of locality that has to be imposed on con-
structing any admissible QFT. To date no consistent theory has been formulated violating this principle.
This is why all theories to be encountered later in these lecture will be local quantum Peld theories
(LQFTS) in the sense of EqR (44).
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Fig. 5: The two spacelike-separated regiétisandR» cannot causally inBuence one another.

3 The importance of classical beld theory

MaxwellOs electromagnetism is arguably the mother of all classical beld theories. Despite its apparent
simplicity, the theory contains a number of symmetries and structures that underlie many other develop-
ments in QFT. This is the reason why it is worthwhile to spend some time extracting some lessons from
classical electromagnetism that we will bnd useful later in our study of the SM and other theories.

3.1 The symmetries of MaxwellOs theory

Using Heaviside units, and keeping 1 all the way, the MaxwellOs equations take the form

V aE = 0O,
V aB = Oy,
. . !B
v ! =" jm T (3.2)
|
V! B=je+ —

Here we have introduced a color code signaling various layers of generality. Setting to zero all terms in
blue and red we get the vacuum MaxwellOs equations governing the evolution of electromagnetic Pelds
in the absence of any kind of matter. If we keep the terms in blue but remove those in red, the resulting
expressions describe the coupling of electric and magnetic belds to electrically charged mattedg where
andje, respectively, represent the electric charge density and current. These are the MaxwellOs equations
that can be found in most textbooks on classical electrodynamics (see, for exampl&1Ref. [

Let us postpone a little bit the discussion of the terms in red and concentrate on the second and
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third equations

vaB=0,
I

VI E=" %. (3.2)

They imply that the electric and magnetic Pelds can be written in terms of a scalar and a vector poten-
tial (", A) as

="y LA (3.3)

These potentials, however, are not uniquely debned. The electric and magnetic belds remain unchanged
if we replace

Al A" V- (3.4)

with -(t, r) an arbitrary well-behaved function. Thiguge invariances probably the most important

of those structures of the electromagnetic theory that we said were of radical importance for QFT at
large. Although at a classical level it might seem a mere technicality, it has profound implications for the
guantum theory and is the cornerstone of the whole SM. We explore its signiPcance in some detail in the
following. For computational purposes, it is convenient sometimes to (partially) Px the gauge freedom
by imposing certain conditions dnand A.. Two popular choices in classical electromagnetism are the
Coulomb gaugé&v 4A = 0 and the temporal (also called Weyl) gauge= 0. These conditions still

leave a residual invariance, generated in the brst case by harmonic furkfigisr) = 0 and by time
independent functiongr) in the second. A covariant alternative is the Lorentz gauge

Ill
V aA + 'IT:O, (3.5)

preserved by gauge functions satisfying the wave equdtieft, r) = 0.

Gauge invariance introducegedundancyin the description in terms of the electromagnetic po-
tentials that however cannot be refRected in physically measurable quantities such as the electric and
magnetic Pelds. These are not the only gauge invariant quantities that can be constructed in'terms of
andA. There is also the Wilson loop, dePned by

" 3 #
U*)' exp "ie $dréA , (3.6)

where* is a closed path in space aathe electric charge. Implementing a gauge transformation on the
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vector potential and using the Stokes theorem, we see that it is indeed gauge invariant
! 3 # " 3 3 # " 3 #
exp "ie draA 7 exp "ie drdA+ie draV- =exp "ie draA , (3.7)
$ $ $ $
after taking into account that is closed. Whereak andB arelocal observables depending on the
spacetime point where they are measured, the Wilson loopri¢ocal since it OexploresO the whole
region enclosed by.

It is enlightening to study the consequences of gauge transformations for the dynamics of a quan-

tum particle coupled to an electromagnetic beld. In quantum mechanics the prescription of minimal
coupling of a particle with electric charggo the electromagnetic beld

p! p" €A, HY H+e, (3.8)

introduces an explicit dependence of the Schrsdinger equation on the electromagnetic potentials
4 5

) 1* )
= " — V" ieA “+¢e" | 3.9
om V" ie € (3.9)

"TT

To preserve the gauge invariance of this equation, the transformafiaghséve to be supplemented by
a phase shift of the wave function

I (t,r)1 e St 1), (3.10)

which does not affect the probability dens|ty(t, r)|?. This shows that the gauge transformations in
electromagnetism belong to the Abelian group U(1) of complex rotations, parametrized by elements

U= ¢ e@n, (3.11)

in terms of which Eq.3.4) reads

I |
ot 4+ I—U! 1y,
e It

AT A" (IEU! lyu. (3.12)

Box 4. Wilson loops and quantum interference

At the classical level we can live with just local observables, like the electric and magnetic Pelds,
but not anymore when we introduce quantum effects. In this case the phase transformation of the
wave function may give rise to observable interference phenomena. As we will see now, these are
measured by a Wilson lodg(*).

We work for simplicity in the temporal gauge= 0. The action of a classical charged particle
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propagating in the background of an electromagnetic poteAiiglr) is given by
! !

S= % dtmeéf" e $dré1A, (3.13)
where* is the particle trajectory anglis the electron charge. An interesting property of the second
term is that its value does not change if we smoothly deform the*patitoss any region where the
magnetic Peld vanishes. Let us consider two pathend*, joining two pointsA andB as shown
here

72

Al

Computing the difference between the contributions of both paths, we Pnd a Wilson loop
! ! 3

dr aA " dr aA = dr aA =0, (3.14)
$ $o $, '$1

where*!2 1+, represents the closed path froto B following *; and back toA along*,. To
see why this term is zero, let us denote®yny surface bounded by, 1*;. Applying the Stokes

theorem, we have
3 !
dr 4A = dS&V! A)=0, (3.15)
$, '$1 s

since we assumed thBt= V! A =0 in the integration domain.

This topological property of the interaction term B.13 has an important consequence in
guantum mechanics, as pointed out by Yakir Aharonov and David Bé&#n |Let us look at a
doubile slit experiment performed with electrons in which behind the slitted screen we place a vertical
solenoid conbPning a constant magnetic Helisee Fig6 in page23). The amplitude for an electron
emitted fromA att = 0 to be detected at a poiRt of the detection screen it + can be computed
as a coherent quantum superposition of all possible classical trajectories, expressed by the Feynman
path integral

! "ol ! #

&
G(+ira,rp)= N Jrexp 'é dtmé?" ie draA | (3.16)
0 $

r0)=ra
r(&=rp

with N a global normalization. The modulus squaredsgf+; ra, rp) gives the probability of the
electron being detected at the poihtat time+.

Recall that the magnetic Peld outside the solenoid is equal to zero and we can thus apply the
topological property3.14) to conclude that the second term in the exponentiaBdfq) takes the
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same value foall trajectoriest| passing through the left slit, and the samedbrpaths*r going
through the right one. The total propagator can then be written as

! iefWRdréA ! iewadréA

Gr(+;ra,rp)ot+ €

G(+;ra,rp)= € GL(+ra,rp)o

7

e[, dré+ief, dré GL(+ra,rp)o , (3.17)

= ¢ b "® Gp(+ita,tp)0+ €
whereGr | (+;ra,rp)o are the propagators for the electrons going through the right (resp. left)
slit in the absence of the solenoid. Now, although the global phase disappears when computing the
probability amplitude, the relative phase inside the brackets of the second liBd gf ¢ontributes
to the interference pattern to be observed on the detection screen. Using the same arguments leading
to the result 8.14), we express this phase as the Wilson loop associated with the close’dqﬁath

" ! # 3 (

exp "ie drdA+ie drdA =exp "ie draA ' U(g™.). (3.18)
$r $r $,'$1

It is important to keep in mind that!R 1%, representsny closed path going through both slits and
enclosing the solenoid. To evaluate this Wilson loop let us take a birdOs-eye view of the AharonovD
Bohm experimental setup in Fig, that we schematically represent as:

s B=0

Should we apply the Stokes theorem to the calculatiohl(df,; 1% ) as we did in Eq.%.15), the
resulting integral would not be zero anymore. As we see, the suBf@relosed by the loop is now
pierced by the solenoid, and the magnetic H&ld V! A is not zero everywhere. Instead
3 !
drdA = dSaB=#, (3.19)
$,'$; S

where# is the magnetic Bux inside the solenoid, and we have
UCp*)=¢e'® =1, (3.20)

Hence, the presence of the solenoid modibes the interference pattern on the screen, even if the elec-
trons never enter the region where the magnetic beld is nonzero. The reason is thaBeveif
outside,A is not. Although no force is applied to them, the electrons interact with the vector po-
tential whose global structure, codibed in the nonlocal gauge-invariant quamig}*L), contains
information about the conbPned magnetic beld.

Going back to the MaxwellOs equatioBdl), we notice that the vacuum equations (with all blue
and red terms removed) exhibit an interesting symmetry. Combining the electric and magnetic pelds into
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..... NE

Fig. 6: Experimental setup to exhibit the AharonovBBohm effect explained in Box 4.

a single complex el + iB, the four equations can be summarized as
VaE+iB)=0,
v!I (E+iB)" i%(EHB):O. (3.21)
Both identities remain invariant under the transformation
* +

E+iB7 € E+iB, (3.22)

with . areal global angle. To be more specibc, splitting the previous equation into its real and imaginary
parts, we bnd

E'l Ecos. " Bsin.,

B'/ Esin. + Bcos,, (3.23)

which for. = % interchanges electric and magnetic P€BsB) / (" B, E).

This electricPmagnetic duality of the vacuum equations is however broken by the source terms in
the OtextbookO MaxwellOs equations [i.e.,3E1). Without the terms in red]. The identitie8.p1) are
then recast as

V 4(E + iB) = 0O,
V! (E+iB)" i%(E+ iB) = ije. (3.24)

Since0 andje are both real quantities, the only transformations preserving these equations are the trivial
ones which either leave invariant the electric and magnetic belds or reverse their signs (corresponding
respectively toa = 0, $), the latter one also requiring the reversal of the sigb.afndje. Physically this
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makes sense, since as far as we know there is a fundamental asymmetry in nature between electric and
magnetic belds. While the brst are sourced by point charges (electric monopoles) at which beld lines
either begin or end, magnetic pelds are associated with the motion of electric charges and their bPeld lines
always close on themselves. Restoring electric-magnetic duality in the MaxwellOs equations requires
treating the sources of both pelds symmetrically, which means introducing magnetic charge density and
current. These are the terms in red in E211), that we rewrite now as

VaE+ iB)= 0c+ 0y,

I * +
V! (B+iB)" i —(B+iB)= i je+ ijn . (3.25)

These equations remain invariant under electricbmagnetic dualt®) (vhen supplemented by a corre-
sponding rotation of the sources

L F +
Oc+i0n 7 € 0g+i0y ,
L +
jet ijm T € jetijm . (3.26)

For. = % the interchange of electric and magnetic belds is accompanied by a swap of the electric and
magnetic source$0e,je) /' (" Om," jm) @and(Om,jm) / (Oe,je)-
The consequences of having particles with magnetic charge were brst explored by Dirac in

Ref. [63]. Let us assume the existence of a point magnetic source that for simplicity we locate at the
origin, Om = g, ®(r). The second equation iB.(l) leads to

VvV aB = g, ®(r) =- B(r) = (3.27)

19
Eﬁur,
which would be a magnetic analog of the Coulomb Peld. An important point to consider is that, despite
the sourceOs presence, the magnetic beldOs divergence still vanishes everywhere except at the monopole
position. As a consequence, away from this point we can still Bite V! A, which is solved by

"#
A0 = ~%an & u, (3.28)
48 r 2
where we are using spherical coordinatesl,. ). This vector potential is singular not only at the
monopole location at = 0, but all along the line = $ as well. The existence of this singular Dirac
string should not be a surprise. Wekér) be regular everywhere outside the origin, we could apply the
Stokes theorem to the integral giving the magnetic Bux across a closed ssidacksing the monopole,
to bnd
! ! 3

dSaB= dSAV! A)=  d¢aA =0, (3.29)
S

S +S

since! S = 4. This would contradict the calculation of the same integral applying GaussO theorem
! !

dSaB= VaB=g=0, (3.30)
S Bs
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Dirac string

Fig. 7: Left: Section of a sphere around a Dirac magnetic monopole with chgrgesulting from
cutting out a region around the south pole. Its bounda&@ysurrounds the singular Dirac string located
along. = $ (in red). Right: Closed path surrounding the Dirac string.

whereB3 denotes the three-dimensional region bounde8 land containing the monopole. Notice that
this second calculation is free of trouble, since the magnetic B&2d)(is regular everywhere dB. The
catch, of course, is that the vector potential is singular at $ and the surfac& in (3.29 cannot be
closed. As shown on the left of Fi@, its boundary is a circle surrounding the singularity and the integral
gives a honzero result

3 "#

de A = }gsin,otan

0 000
s 2 2

ey g, (3.31)

where the last limit corresponds to shrinking the boundary to a point, reproducing the result38g. (

Even if mathematically unavoidable, the existence of a singularity is always a source of concern
in physics. A way to restore our peace of mind in this case might be to make the Dirac string an artefact
that somehow is rendered unobservable. One may think that a way to accomplish this is to apply a gauge
transformation, since the vector potential is not uniquely debned. This, however, does not eliminate the
Dirac string, just changes its location.

Let us look a bit closer at the vector potentiald8 near the Dirac string. Denoting [&the linear

distance to the string (see the right of Fig, in the limit2/ 0 we can write

19

A5 ——u-. 3.32

252" (3.32)
This expression should be familiar from elementary electrodynamics, since it represents the vector poten-
tial outside an inbnite solenoid. The Dirac string can be pictured then as an inPnitely thin solenoid pump-
ing magnetic Bux into the monopole which, according to the limiting value of the integral ir8E),(
is actually equal to the outgoing RBux through a closed surface surrounding the monopole.

In Box 4 we learned a way to Odetect solenoidsO by their imprints on the wave function of charged
guantum particles detectable by interference experiments. The Wilson loop of a particle with electric
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chargee going around the Dirac string is computed from the vector potergi8P( and gives [see also
Eq. 3.3D)]
! 3 #
U*)=exp "ie deaA = ¢ ', (3.33)
$

The absence of detectable interference requires this phase to be equal to one for any electrically charged
particle, which amounts to the condition

eg = 2%n =- e= —n. (334)

with n an integer. This is a very interesting result, stating that the existence of a single magnetic
monopole anywhere in the universe implies by consistency that electric charges havguantized
The quantization conditiorB(34) remains invariant under electricbmagnetic duality with %

Unconbrmed sightings in cosmic rays notwithstandB@y35], no evidence exists of magnetically
charged particles at the energies explored. They are, however, an almost ubiquitous prediction of many
theories beyond the SM, where they usually emerge as solitonic objects resulting from the spontaneous
breaking in unibed Peld theories leaving behind unbroken U(1)Os. Although they acquire masses of the
order of the symmetry breaking scale, magnetic monopoles should have been created in huge amounts at
the early stages of the universeOs history. One of the original aims of cosmological inRation models was
to dilute their presence in the early universe, thus accounting for their apparent absence.

Box 5. Magnetic monopoles from topology

The origin of all our troubles with the Dirac monopole was aftet@ological although the vector
potential of the magnetic monopole is locally well debned anywhere away from the origin, it cannot

be extended globally to the sphere surrounding the monopole. There is however a way to avoid the
singular Dirac string, which was pointed out by Tai Tsun Wu and Chen Ning Yaélg When
computing the Bux integraB(30), instead of covering the sphere with a single patch cutting out the
region around the place where the Dirac string crosses the surface (in our case, the south pole), we
can be more sophisticated and use two patches, respectively centered at the north and south poles
and overlapping at the equator. This is what we represent in the picture below) withe upper

and lower hemispheres glued together along their respective boungaries

On bothD: andD, we can write vector potentials whose curls reproduce the expression of the
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monopole beld3.27)

_1g . $
A(r)+ = EFtan > ux o, ., X
1 g n # $
A(I‘)! =" EF cot é ux* E y ey $ (335)

The important point here is that both expressions are perfectly regular in their respective domains,
so our vector potential is regular everywhere on the spBére D. ) D, . An apparent obstacle
arises in their overlap at the equator % where the two expressions do not agree

A(r)+gsl " A gs} = o5 (3.36)

+

This is however not a problem since, as we know, the vector potential is not uniquely debned. It is
physically acceptable that the identibcation of the vector potentials at the equator is made modulo a
gauge transformation, which is indeed the case here

w9 _ - "
El =- A(r)+ gSi = A(r) BS} V-. (3.37)

The magnetic Bux due to the magnetic monopole at its center can be evaluated using these expres-
sions as

dS 4B = dS&(V! A,)+ dS&V! A))
S D+ D«
3 3
=  deaA, +  deaa, (3.38)
S}F st
=-(2%)" -(0)= g,

correctly reproducing3.30. Notice that the two boundari& = !D . have opposite orientations,
so using Eq.%.37) the second line combines into a single integral®f ) from 0 to 2$.

The gauge function(1) relating the vector potentials along the equator is not single-valued
on St. This might pose a problem in the presence of quantum charged particles, since their wave
functions also change under gauge transformations [seeS8E®)]( In order to avoid multivalued-
ness of the wave function, we must require

e! ie((0) = e! ie((2)) = ged = 1, (3.39)

and the Dirac quantization conditioB.B84) is retrieved. Alternatively, we can also notice that under
a gauge transformation the action of a particle moving along the equator chang&by' eg, as
can be easily checked from E®.13. This has no effect in the Feynman path integral provieted
2%n, with n ( Z, and the same result is obtained.

The WubYang construction highlights the topological structure underlying the magnetic
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monopole. Implementing the quantization conditiemn = 2$n, the U(1) transformation3(37)
relating the vector potential of both hemispheres takes the form3dfl){

Uu=em. (3.40)

Since U(1) is the multiplicative group of complex phases, it can be identibed with the unit circle.
As we move once along the equator and the azimuthal ahgleanges fron0 to 2$, the gauge
transformation .40 wrapsn times around U(1), as we illustrate here for the particular case

More technically speaking, when mapping the cirBfeonto U(1) we encounter inbnitely many
sectors that cannot be smoothly deformed into one another and are distinguished by how many
times the circle wraps around U(1). The corresponding integer is an element of the brst homotopy
group$1[U(1)] = Z classifying the continuous maps: S*/ U(1) (see, for example, Ref$STD

60] for physicist-oriented overviews of basic concepts in differential geometry).

This should not come as a surprise. After all, at face value, our insistence in expressing the
magnetic Peld as the curl of the vector potential is incompatible with having a nonvanishing value
for V&B as in Eq. 8.27). To reconcile these two facts we have to assume that althBughV! A
is valid on a contractible coordinate patch, there is no vector Rajtbbally dePned on the sphere
with this property. This is why in our case the topologically trivial conPguratienO corresponds
to zero magnetic charge and a vanishing magnetic peld.

Looking at the symmetries of classical electrodynamics, we notice one conspicuously absent from
the MaxwellOs equation.{): Galilean invariance. It is amusing that Maxwell composed a fully rela-
tivistic invariant bPeld theory some forty years before EinsteinOs formulation of special relativity. It took

the latterOs genius to realize that the tension between classical mechanics and electrodynamics was to be
solved giving full credit to the MaxwellOs equations and their spacetime symmetries. The price to pay
was to modify Newtonian mechanics to make it applicable to systems involving velocities close to the
speed of light.

3.2 Quantum electromagnetism

The easiest way to show the relativistic invariance of the MaxwellOs equations is to rewrite them as
tensor equations with respect to PoincarZ transformations. To do so, we combine the scalar and vector
electromagnetic potentials into a single four-vector

AR (" A), (3.41)
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while electric and magnetic belds are codibed in the peld strength two-tensor
Fu ' TuAL " 1AL (3.42)

The latter can be explicitly computed to be
9

N

0 E« E, E
"Ex 0 "B, By
"E, B, 0 "By
"E, "By By O

Fu =

(3.43)

VI

whereE = (Ex, Ey,E;) andB = ( By, By, B;). The gauge transformation3.4) are now expressed in
the more compact form

ApT  Apt lys, (3.44)
which obviously leavé-, invariant. Itis also convenient to dePne the dual Peld strength

1 "
Pu = 5w F ", (3.45)

whose components are obtained fraBm@ by replacingE / B andB /" E. Charge densities and
currents are also merged into four-vectors

Jg l (Oe!jE)l

im" (Om,jm), (3.46)

in terms of which the four MaxwellOs equatioBd) are recast as

'IJFHI = Jle!

L PH o=l (3.47)

Some comments about the magnetic current are in order here. It should be noticed that the depni-
tion (3.42 automatically implies the Bianchi identity

1 " "
| P = E-!-# L. Fuy = -"% 1.1.A,=0, (3.48)

contradicting the second equation B.47). In fact, we have already encountered this problem in its
noncovariant version when discussing magnetic monopoles: wiigirg V' ! A is incompatible with
havingV aB = 0. The solution given there is also applicable here. What happens is3tha\ is valid
locally butnot globally. Magnetic monopoles can be described using the vector potégtiabut the
gauge beld conbguration needs to be topologically nontrivial.

The tensord,, andF, can be used to construct quantities that are relativistic invariant. By
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contracting them, we bnd the two invariants

* +
FuF" = Py P =" 2 E2" B?,

Fu P* =2E4B. (3.49)

This implies that the complex combinations

*

. +2_ 2 2 . p
E+iB “= E2" B2+ 2iE 4B, (3.50)

also remain invariant under the Lorentz grdujfhe present discussion is very relevant for building an
action principle for classical electrodynamics. In particular, noticing matf’“! =21 (A F¥)isa
total derivative, the obvious choice is

! n 1 #

S= d% " JFuFY + A,
! 4 5
s, 1% 2t 4
= dtd>x éE"B +0"" jaA , (3.51)

which is also gauge invariant provided charge is conservgd, = 0. Since from now on we will
ignore the presence of magnetic charges, we drop the color code used so far, as well as the subscript in
the electric density and current.

Although obtaining the Maxwell Peld equations from the action3ib]) is straightforward, the
canonical formalism is tricky. The reason is tHatloes not appear in the action and as a consequence
the momentum conjugate #g is identically zero. Thus, we have a constrained system that has to be
dealt with using DiracOs formalism (see, for example, R&ffpr the details). At a practical level, we
regardA andE as a pair of canonically conjugated variables

@Ai(t, r), Ej (t, r*‘)APB =i, @@ . (3.52)

UsingA'd ="E" V", we construct the Hamiltonian
! 4

did®x " Al4E"
| 3 41* 2 ot + °

dtdx§E+B +" VaAE" 0 + jaA , (3.53)

5
* +
E2" B2 " 0"+ j4&A

H

NI =

where the ternf E &V" has been integrated by parts and the substitdBon V! A is understood.
GaussO laW 4E = 0 emerges as a constraint preserved by time evolution

A

@
VAE" O,H o, =" V4" @50, (3.54)

where we follow DiracOs notation and denote5bidentities that are satisbed after the equations of

They change however under electricEmagnetic duality, which mixes the two quantities introdu&dg)in (
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motions are implemented. It also generates the gauge transformations of the vector potential

B ! C
JA(Lr) = A(tr), B, o) vaE® ) o, e V-(t, r). (3.55)

Solving the vacuum beld equations written in terms of the gauge potential
DA™ 'y A =0, (3.56)

requires bxing the gauge freedof44). To preserve relativistic covariance it is convenient to use the
Lorenz gaugé ,A* = 0 introduced in 8.5), so the gauge potential satisbes the wave equatfn= 0.
Trying a plane wave ansatz

AL(x) %3, (k, #)e *nx" (3.57)
the wave equation implies that the momentum vektois null
kuk* =0 =- kO = +| K| (3.58)

The parametei in 3, (k,#) labels the number of independent polarization vectors, which the Lorentz
gauge condition force to be transverse

kM3, (k,#)= 0. (3.59)

Using this condition we eliminate the temporal polarization in terms of the other three

3o(k, #) = Ililk ae(k, #). (3.60)

In addition, there is a residual gauge freedom preserving the Lorentz condition implemented on the plane
wave solutions by shifts of the polarization vector proportional to the wave momentum

3u(k,#) T 3u(k,#)+ ((K)ky. (3.61)

Using this freedom to s&y(k, #) to zero, we are left with just two independent transverse polarizations
satisfyingk as(k, #) = 0. The plane wave solution then reads

A(t, r) %e(k, #)e Kltrika (3.62)

with A = 0 and# = =1 labelling the two transverse polarizations, that in the following we will
respectively identify with rightBleft circular polarizatidns(k, #)% = e(k," #). They moreover satisfy

ek, #) A k! e(k,#) = i#|k|, 051 06 (3.63)

“4For a massive vector beld the Lorentz conditigiA® = 0 is still satisbed as an integrability condition of the equations of
motion" ,F** + m?A” = 0 and Eq. 8.60 therefore holds. The key difference lies in that the residual free@®#i)(is
absent and we have an additional longitudinal polarization (i.e., alignedkyithaddition to the two transverse ones.
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This identity will be useful later on.

Since the beld equations are linear, a general solution can be written as a superposition of the plane
wave solutions3.62 and their complex conjugates. Upon quantization the coefpbcients in this expansion
become operators and we can write a general expression for the gauge beld operator

7
Wﬂ e(k, #)A(k, #)€ ilk|t+ika e(k, #) 4Bk, #) kit ika (3.64)

B, r) =

%+l

where, with our gauge bxind(t, r) = 0. The integration measure appearing in this expression results
from integrating over all four-dimensional momenta lying on the upper light-cone irFig.

P 1
(2$)3 2|

d*k

|
%) (kuk"). (KO)[...] =

L., (3.65)

and is by construction Lorentz invariant. The quantum states of the theory are vectors in the space of
states the operatoB.64) acts on. To determine it and therefore the excitations of the quantum beld,
we establish prst the algebra of operators and then Pnd a representation. This is done by applying the
canonical quantization prescription replacing classical Poisson brackets with quantum commutators
i{aas 7 [44. (3.66)
Using the debnitio®® = | o B, the electric Peld operator is computed to be
i % ' g 6 il ke S
Bltr)="3 @5)8 St MBlk He itk e ok, #) Sk, #) kIU k@ (3,67)

% +1

Classically, the electric beld is canonically conjugate to the vector potential [se€.Bg],(so the
prescription 8.66) gives its equal-time commutator with the gauge peld

[Ai(t, r), Ei(t, e = i, 5, @ (" o (3.68)

that translates into the following commutation relations for the oper&@des#) and their Hermitian
conjugates

[B(k, #), B(K" #% 1= (2$)32/k], 060 & (k" K,
[B(k, #), B(k" #9] = [ B(k, #) , B(k" #) 1=0. (3.69)

This algebra is reminiscent of the one of creationBannihilation operators in the quantum harmonic oscil-
lator. Introducing a properly normalized vacuum si@&to be annihilated by aBk; #), we debne the
vector

Ik, #2= B(k,#) |02 (3.70)

representing a one-photon state with momenkuaind helicity#. These states are covariantly normalized
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according to
1k, #[K", #2= (2$)°2/k], 000 @ (k" K, (3.71)

as can be seen from EQ®.69. Multiple photon states are obtained by successive application of creation
operators

|k1,#1; ko, #o;...: kn, #n2= §Xk1,#1) mkz,#z) .. .Ean,#n) |02. (3.72)

From the commutation relation of creation operators give3if9 we see that the multi-photon state is
even under the interchange of whatever two photons, as it should be for bosons.

Although we have been talking about photons, we must check that the s3atésHave the
guantum numbers corresponding to these particles. So, Prst we compute their energy by writing the
guantum Hamiltonian. Going back to E®.%3, we set the sources to zerd € 0 andj = 0) and
replace the electric and magnetic beld for their corresponding operators. A brst thing to notice is that the
electric beld 8.67) satisbes the Gauss I&W 4R = 0 as a consequence of the transversality condition of
the polarizations vectors. Computing in additBr= V' ! A and after some algebra, we bnd
% | 4 % !

(g$';32llkl|k|@(k,#) B(k, #) + % d®k |k|, ® (0). (3.73)

%+ 1

Hp =

%+ 1

The second term on the right-hand side represents the energy of the vacuum state
1% (
|02 = > dk k|, @ (0) |02 (3.74)

% +1

and is doubly divergent. One inPnity originates in the delta function and comes about because we are
working at inbnite volume, a type of divergence that in QFT is designatedfrased (IR). It can be
regularized by setting our system in a box of voluvhewhich replace$2$)2, @ (0). Proceeding in this
way, we write the energy density of the vacuum as
By 1% =
Ovac V] = 3 W k.

% +1

(3.75)

This expression has the obvious interpretation of being the result of adding the zero-point energies of
inPnitely many harmonic oscillators, each with frequedcy |k|. It is still divergent, and since the
inPnity originates in the integration over arbitrarily high momenta, it is callédviolet (UV). A way

to get rid of it is assuming thgk| < ! yyv, so that after carrying out the integral, the vacuum energy
density is given by

1

Ovac = @! 6v-

(3.76)

In the spirit of effective Peld theory this UV cutoff is physically interpreted as the energy scale at which
our description of the electromagnetic beld breaks down and has to be replaced by some more general
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theory.

The vacuum energy densit$.{6 is at the origin of the cosmological constant problem. Due to its
strong dependence on the UV cutoff, when we add the contributions of all known quantum HEglds to
the result is many orders of magnitude larger than the one measured through cosmological observations.
The way to handle this mismatch is by assuming the existence of a nonzero cosmological donstant
contribution to the total vacuum energy of the universe as

. C %
Ovac = =——— + iy 3.77
vac 8$GN i OVaC,I ( )
where the sum is over all quantum Pelds in nature. Identifying the UV cutoff with the Planck en-
ergy,! uv 6 ! p;, the cosmological constant has to be bne tuned over 120 orders of magnitude in order
to cancel the excess contribution of the quantum Pelds to the vacuum energy density of the universe (see,

for example, Refs.g1863] for comprehensive reviews).

Let us get rid of the vacuum energy for the time being by subtracting it from the Hamilto-
nian 3.73. Acting with this subtracted Hamiltonian on the multiparticle sta&323), we bnd they
are energy eigenstates

*

+
@lkl,#l; ko, #2:... . kn, #n2= |k1| + |k2| + ...+ |kn| |k1,#1; ko, #2:.... kn, #n2 (378)

with the eigenvalue giving the energymfree photons with momentay, k», . . ., k,. The beld momen-
tum, on the other hand, is given by the Poynting operator
!
P= &rE{tr)! B(tr)
% ' ko1

= - 25)5 2 < Bk ) B ), (3.79)

where, unlike for the Hamiltonian, here there is no vacuum contribution due to the rotational invariance

of |02 Its action on the state8.(72 gives

*

+
plkl,#l;kz,#z;...;kn,#n2: ki+ko+ ...+ ky |k1,#1;k2,#2;...;kn,#n2, (380)

showing that the vectok labelling the one-particle state8.70 is rightly interpreted as the photon

momentum. Finally, we compute the spin momentum operator
!

§- xR B
!
% ek 1 N
= Wme(k,#)! e(k, #)%B(k, #) Bk, #). (3.81)
%, %=+ 1
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Acting on a one-particle stat8.(0, we bnd

%
Bk, #2= i ek, #) ! e(k, #)4k, #2 (3.82)
%, %=+ 1

We now project this expression on the direction of the photonOs momentum, to Pnd the helicity operator
acting on the single photon state

k i % : -

ik aBlk, #2= — ka ek #)! ek # |k #2 (3.83)

|
k,#2'
d k|

%, %=+ 1

Using the relation3.63 to evaluate the mixed product inside the sum, we arrive at
Rk, #2= #|k, #2 (3.84)

which shows that# is indeed the helicity of the photon. We have convinced ourselves that our interpreta-
tion of the quantum numbers describing the Hamiltonian eigenstates was correct, and they describe states
with an arbitrary number of free photons of debnite momenta and helicities. Photons therefore emerge
as the elementary excitations of the quantum electromagnetic peld.

3.3 Some comments on quantum Pelds

The previous calculation also teaches an important lesson: the space of states of a free quantum beld (in
this case the electromagnetic beld) is in fact a Fock space, i.e., the direct sum of Hilbert spaces spanned
by then-particle states3.72),

F = : I, (3.85)
n=0

where we takeip = L{| 02}, the one-dimensional linear space generated by the vacuurrjG2ai&e
have shown that the canonical commutation relatié88 admit a representation in the Fock space.
Although we have done this for the free sourceless MaxwellOs theory, it is also the case for any other free
Peld theory, as we will see in other examples below. Including interactions does not change this, provided
they are sufpbciently weak and to be treated in perturbation theory. Thus, the brst step in describing a
physical system is to identify the weakly coupled degrees of freedom, whose multiparticle states span the
Fock space representing the asymptotic states in scattering experiments of the type carried out everyday
in high energy facilities around the world. This is well illustrated by the case of QCD discussed in the
Introduction (see pag®), where while the asymptotic states are described by hadrons, the fundamental
interactions taking place are described in terms of weakly coupled quarks and®gluons

5A technical caveat: HaagOs theoréd],[however, states that for a general interacting QFT there exists no Fock space rep-
resentation of the canonical commutation relation. This is usually interpreted as implying that full interacting QFT is not a
theory of particles§5867).

36



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH




LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

The key observation here is that, sirfldés not Hermitian, the two operatofXp) andP(p) cannot

be identiPed, as it was the case with the electromagnetic Peld. Imposing the equal-time canoni-
cal commutation relations induced by the canonical Poisson brackets [se& &q]. leads to the
following algebra of operators

[O(p), O(p) 1= (2$)°2E,, @ (p" P,
[O(p), O(PA1 = [ Op) . B(pH 1=0, (3.94)

and corresponding expressions Jaip) andAp) , with both types of operators commuting with
each other. As with the photons, the Fock space of states is built by actin@{pijhOs an@(p) Os
on the vacuum stat@2, which is itself annihilated by(p)Os anfp)Os

IP1,---,Pnid1, .., dm2= O(p1) ...0(pn) Rai) ... Rai) 102 (3.95)

where we have distinguished the momenta associated with the two kinds of creation operators. No-
tice that, since the operators on the right-hand side of this expression commute with each other, the
order in which we list the momentay, ..., pn andqa, ..., qm is irrelevant, signalling that both

types of excitations are bosons.

The states constructed iB.05) in fact diagonalize the Hamiltonian

d*p 1

6 7
WﬁEp O(p) Op) + RP) Rp) ) (3.96)

where we have subtracted a UV and IR divergent vacuum contribution similar to the one encountered
in Eq. B.73. Indeed, it is not difbcult to show that

I-mlply'--!pn;ql!--'lqmz

*

+

from where we conclude that the elementary excitations of the quantum real scalar beld are free
scalar particles with well-debned energy and momentum. These particles come in two different
types depending on whether they are create(p) orAp) , since they share the same dispersion
relation, they have equal masses.

The obvious question is what distinguishes physically one from the other. To answer, we have
to study the symmetries of the classical theory. A look at the ac8@®6) shows that it is invariant
under global phase rotations of the complex beld

1(x)7 € 1(x), 1(x)&7 €' 1(x), (3.98)

with 5 a constant real parameter. NoetherOs theorem (se&Pasiates that associated to this
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symmetry there must be a conserved current, whose expression turns out to be
j“=i1&/‘7! M1 jré@Hr jo*1%d1 = Lt =0. (3.99)

In particular, the conserved charge is given by
|

Q= 160 1, (3.100)

and once classical belds are replaced by their operator counterparts (and complex by Hermitian
conjugation), we have the following form for the charge operator:

®= @8)35E, OP) O Rp) Rp) . (3.101)

By acting with it on one-particle states, we get

Ap; 02= |p; 02

®0;q2= "] 0;q2 (3.102)

showing that the conserved charge distinguishes the excitations generd¥ge) bjrom those gen-

erated b)P(p) . Moreover, the complex scalar bPeld can be coupled to the electromagnetic bPeld by
identifying the current3.99 with the one appearing in the Maxwell actidh§1), its conservation
guaranteeing gauge invariance of the combined action. Thus, the two kinds of particles with the
same mass and spin have opposite electric charges and are identibed as particles and antiparticles.
The complex (i.e., non-Hermitian) character of the scalar Peld is crucial to have both particles and
antiparticles. In the case of the gauge PRidhermiticity identibes the operators associated with
positive and negative energy plane wave solutions as conjugate to each other, making the photon its
own antiparticle.

It is time we address another symmetry present in MaxwellOs electrodynamics that is of pivotal
importance for QFT as a whole: scale invariance. Looking at the free electromagnetic action
!
Sem = " % d*'xFu F¥ (3.103)

we notice the absence of any dimensionful parameters, unlike in the case of the complex scalar peld
action 3.86), where we have a parameter that turns out to be the mass of its elementary quantum
excitations. It seems that the free MaxwellOs theory should be invariant under changes of scale.

To formulate the idea of scale invaraince in more general and precise mathematical terms, let us
assume a scale transformation of the coordinates

xH #xM, (3.104)
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with # a nonzero real parameter, combined with the following scaling of the belds in the theory
#(x)1  # O e#(# 1x), (3.105)

where" | is called the beldOs scaling dimension. Applying these transformations to the particular case
of the action 8.103, we bnd

Sem 1 #% % ASgy, (3.106)

so that by settin o = 1 the action remains invariant under scale transformations.

We will explore now whether the scale invariance of the free MaxwellOs theory is preserved by
the coupling of the electromagnetic beld to charged matter. As an example, let us consider the complex
scalar beld we studied in Box 6, but now coupled to an electromagnetic peld
! F G

dx 1,18 M1 m1d1 %Fu! FY o+ie’ 18,1 (1,191 Al + 21%1A A¥
! 4, + % + 1 5
= d'% I +ieA, 1% 1M jeAM 1" m2141 " 27w FH (3.107)

S

Here, besides the coupling, A" suggested by the MaxwellOs equations, we also have the
terme?1&1A uAH, that has to be added to preserve the invariance of the whole action under the gauge
transformation%

1/ d1& 187 o e((q& Apl Ap+!y-(x). (3.108)

Setting the scaling dimension of the scalar beld to bres 1, we easily check that the scale invariance
of the action 8.107) is only broken by the mass term of the scalar beld
! !
m dx1% 7  #°m d*x1%L (3.109)

This conbrms our intuition that classical scale invariance is incompatible with the presence of dimen-
sionful parameters in the action. It also shows that taking 0 the photon can be coupled to scalar
charged matter preserving the classical scale invariance of the free Maxwell theory. Several essential
Peld theories share this property besides the example just analyzed, most notably QCD once all quark
masses are set to zero.

The discussion above has emphasized the tdassicalwhenever referring to scale invariance.
The reason is that this is a very fragile symmetry once quantum effects are included. For example, let us
go back to the actior3(107 but now takem = 0. The classical scale invariance is broken by quantum
effects in the sense that, once the quantum corrections induced by interactions are taken into account,
physics depends on the energy scale at which experiments are carried out. One way in which this happens
is by the electric charge of the elementary excitations of the beld depending on the energy at which it is

®Notice that the combinatiogi' , ! ieA ,)# appearing in the second line of E§.107 transforms as the complex scalar peld
itself. It dePnes the gauge covariant derivativé# pfts name ref3ecting its covariant transformation under gauge transforma-
tions,D,# " €D #.
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measure We will further elaborate on this phenomenon in Secfion

4 Some group theory and some more wave equations

Scalars and vectors are relatively intuitive objects, which is why we did not need to get into sophisticated
mathematics to handle them. In nature, however, elementary scalar belds are rare (as of today, we know
just one, the Higgs beld) and vector belds only describe interactions, not matter. To describe fundamental
physics we need belds whose excitations are particles with%spa’ueh as the electron, the muon, and

the quarks. We have to plunge into group theory before we can formulate these objects rigorously.

4.1 Special relativity and group theory

Let us begin by giving a more technical picture of the Lorentz group. We have debned it as the set
of linear transformations of the spacetime coordinat#s= ! * x' satisfying .10 and therefore
preserving the Minkowski metric. The Prst thing to be noticed is that this condition implies the inequality

0,

(%)% (1P =1
i=1

| 19. 1 (4.1)

The sign oft 9, indicates whether or not the transformed time coordinate ORowsO in the same direction
as the original one, this being why transformations witly . 1 are calledbrthochronous At the same
time, Eq. .10 also implies

(det) 2=1 =- det!= =+1. (4.2)

Since it is not possible to change the signs 8 ordet! by continuously deforming Lorentz transfor-
mations, the full Lorentz group is seen to be composed of four different connected components:

L’ : proper, orthochronous transformations witfy, . 1anddet! =1 ,

e

L: . proper, non-orthochronous transformations Wiﬂa ," landdet!=1 ,
L? . improper, orthochronous transformations witf, . 1anddet!= " 1, (4.3)

Lf . improper, non-orthochronous transformations Wiﬂa ," landdet!= " 1.

The set of proper orthochronous transformatidlris contains the identity, while the remaining ones
respectively include the time reversal operationt @ /" x°), parity (P: x' /" x'), and the com-
position of both. As indicated in Fi@, these discrete transformations also map the identityOs connected
component to the other three,

T:U7 Ly, P:LL 7 L), PT:L), Y L.. (4.4)

"Incidentally, most scale invariant QFTs are also invariant under the full conformal group, i.e., the group of coordinate trans-
formations preserving the light cone.
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Fig. 8: The four connected components of the Lorentz group. The matrices indicate the transforma-
tionsP, T, andP T mapping the connected component of the idemﬁyto the other three.

Thus, to study the irreducible representations (irreps) of the Lorentz group it is enough to restrict our
attention td_)+ " S0O(1,3).

As discussed in pag® the proper group Lorentz SO(1,3) is composed by two kinds of transfor-
mations: rotations with angle@, " < 2$ around an axis debPned by the unit veaicand boosts with
rapidity # along the direction set by the unit vectar Since we are on the connected component of the
identity, the transformations can be written by exponentiation of the Lie algebra generators

R(u l_l) - e! il ua
B(#,e) = ¢ "M, (4.5)

wheredJ = (J1,J2,J3) andM = (M1, M, M3) are the generators of rotations and boost, respectively.
They satisfy the algeb?a

[Bi, Jj]1 = i-ijk I,
[Ji,Mj] = i-jjk My, (4.6)
[Mi,Mj]="l-jjk Jk.

Although the calculation leading to them is relatively easy, the previous commutation relations can also

be heuristically understood. The Prst commutator reproduces the usual algebra of inbnitesimal rotations
familiar from elementary quantum mechanics. The second one is the simple statement that the generators
of the boost along the three spatial directions transform as vectors under three-dimensional rotations. The

8The six generator&l;, M ;) of the proper Lorentz group can be bt into a rank-2 antisymmetric tensor with compofigts
M; and/ij = $L’jk~]k: satisfying the algebr[a/,“,,{]ag] =il Haflfﬁ! il MB(],J,X + il VB/;MX! il Vaj'ug.
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third identity is the less obvious. It amounts to saying that if we carry out two boosts along the directions
set by unit vectorg; ande;, the ambiguity in the order of the boost is equivalent to a three-dimensional
rotation with respect to the axis debPneddyy! e».

We could now try to Pnd irreducible representations of the algeb@h (Life gets simpler if we
relate this algebra to the one of a group we are more familiar with. This can be done in this case by
introducing the new set of generators

Jix iM; (4.7)
in terms of which, the algebrd (6) reads
[, ]= ik I
B0 .3 1= ik Iy (4.8)
[07.3/1=0.

One thing we gain with this is that we have decoupled an algebra of six generators into two algebras
of three generators each commuting with one another. But the real bonus here is that the individual
algebras are those of SU(2), whose representation theory can be found in any quantum mechanics group.

Thus, SO(1,3F SU(2), ! SU(2) and its irreps are obtained by providing a pair of irreps of SU(2),

labeled by their total sping. ,s: ), with sy = 0, % 1, % ... SincelJ; is a pseudovector, it does not

change under parity transformations, whereas the boost gendvhtols reverse sign
P: i Ji, P:Mi 7" M. (4.9)
As a consequence, parity interchanges the two SU(2) factors
P:(se,s1 )T (s1,84). (4.10)
Finally, the generators of the group SOB)SU(2) of spatial rotations are given by
Ji=3"+3, (4.11)

so the irref(s.+ , s1 ) decomposes into those of SU(2) wjtlr s+ + s ,s+ + 50 " 1,..., s+ " s1 |

Let us illustrate this general analysis with some relevant examples. We begin with the trivial
irrep (s+,s1 ) = (0,0), whose generators ad = 0. Fields transforming in this representation are
scalar, which under a Lorentz transformatich = ! * x change according to

1% = 1(%). (4.12)
Another parity invariant representation(is. , s1 ) = ( 3, 1), with generators,"” = J; = 16'. Decom-

posing this irrep with respect to those of spatial rotations, we see that they include ajscal)y &nd
a three-vectorj(= 1). These correspond respectively to the zero and spatial components of a spin-one
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vector pbeldv H(x) transforming as
VE(xH =1 H Vv (x). (4.13)

Finally, we look at(s+,s1 ) = (1,1). This is decomposed in terms of three irreps of SUR)
SO(3) withj = 2,1,0. Together, they build a rank-two symmetric-traceless tensor P&lgk) =
h'¥ (x), % h¥ (x) = 0, transforming as

' (x% =1 K1 h* (x), (4.14)

the three irreps of SU(2) corresponding respectivelifto” £, h%, h® = hi®, andh®. This is a
spin-two Peld like the one used to describe a graviton.

We look next at parity-violating representations, starting with, s; ) = ( % 0). Its generators
are

JF = 26K, J, =0. (4.15)

Hence, objects transforming in this representation have two complex components changing under rota-
tions and boost according to

Ly @ sluring. (4.16)

whereX = (#1, #5, #3) is the boostOs rapidity. In particular, we see'thatransforms as a SO(3) spinor.
A beld transforming in this representation ip@sitive helicityWWeyl spinor. Very soon we will learn the
reason for its name.

4.2 Chiral (and also nonchiral) fermions

After all these group-theoretical considerations, it is time to start thinking about physics. To construct
an action principle for Weyl spinors, we need to build Lorentz invariant quantities from these pbelds. To
begin with, we notice that the Hermitian conjugate spimpralso transforms in th(%, 0) representation

of the Lorentz group, since the representations of SU(2) are real. A general bilipdar. , on the

other hand, transforms under the group SC§35U(2) of three-dimensional rotations in the product
representatior% 8 % = 18 0. Computing the appropriate ClebshbGordan coefbcients, we bnd

'LB6' = j=1. (4.17)
They represent the time and spatial components of a four-vector

tLeY (4.18)
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where6! ' (1,6'). With this, we construct an action for the Weyl beld as
!
S. = d%i L6l .. (4.19)

Notice that although , ' + is invariant under rotations it does transform under boosts. Therefore it is
not a Lorentz scalar and cannot be added to the action as a mass term.

As for the (s+,s1) = (0, %) irrep of SO(1,3), anegative helicityWeyl spinor, the analysis is
similar to the one just presented and the corresponding expressions are obtained from the ones derived
above by applying a parity transformation. In particular, we bnd its transformations under rotations and
boosts to be

Co e L u+il)a L, (4.20)

showing that they also transform as SO(3) spinors. Their free dynamics is derived from the action
!
S = di' 6!y, (4.21)

where6!' ' (1," 6').
Let us analyze in some more detail the physics of Weyl spinor belds. The equations of motion
derived from the actiongl(19 and @.21) are

*

+
6L, + =0 =- 109 0aV ', =0. (4.22)
As in other cases, we search for positive enek§yX 0) plane wave solutions of the form
"1 (X) %us (k)e ¥, (4.23)
whereu: (k) are(%, 0) and(0, %) spinors normalized according to
s (k) 65 us (k) = 2kMI. (4.24)
Using this Ansatz, the wave equatiodsa? then take the form
* +
ko9 kao u:(k)=0. (4.25)

Multiplying by ko + k 4o on the left and usingik; 6'6/ = k21, we obtain the dispersion relation of a
massless particlég = |k|. Equation 4.25 implies the condition
" # " #
k

k 1
19 — 4 k)=0 =. 4 k)= + —u. (K), 4.26
|k|aU u: (k) IkIas Uz (k) 2ui() (4.26)

wheres %0' is the spin operator. Helicity is debned as the projection of the particleOs spin on its
direction of motion and the previous identity shows thaik) are spinors with positive and negative

helicity, respectively. Since the generic Weyl spinoks can be written as a superposition of the plane
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wave solutions4.23), this explains the terminology introduced above.

To write a general positive (resp. negatively) helicity Weyl spinor, we also need to consider nega-
tive energy plane waves (k)e' & wherek® < 0. Imposing this to solve Eq4(22), we bnd that. (k)
satisbes

*

+
kK°+ kéo vi(k)=0, (4.27)
where we set the normalization
Vs (k) 6&_,‘ Ve (k) = 2kH1. (4.28)

In addition, it can also be shown that the positive and negative energy solutions satisfy the orthogonality
relations

u(" k) v(k) = v(" k) utk)=0. (4.29)

These identities will be important later in determining the spectrum of excitations of the free quantum
Weyl spinor beld.

Classical Weyl spinors are complex belds and their actiéri®)and @.21) are invariant under
global phase rotationis: '/ €' .. The associated Noether currents (see fEfere the bilinear
Lorentz vector constructed in Egt.(8), and the corresponding expression for negative helicity,

jh=".68 .. (4.30)

Plugging this current into Eq3(51) we couple the Weyl spinors to the electromagnetic Peld

! n #
: 1
Se = d' LBl s re LBl LA ZFU!F“!
! 4 . 5
4 - U no +| n l u'
= dx T L6L 1yt ieAy Lt JFuFY (4.31)

where in the second line we bnd again the gauge covariant derivative brst introduced 3118. (
This action is invariant under gauge transformations, acting on the Weyl spinlmcalyphase rota-
tions' + 7 €)' . Moreover, given the absence of any dimensionful parameter in the action, we
can expect the classical theory to be scale invariant. This is indeed the case, with the Weyl spinors having
scaling dimensiot o = 3.

To quantize the Weyl beld, we begin with the computation of the canonical Poisson algebra. The
momentum canonically conjugate to the spinor is given by

St

$. 0 SEo=i,, (4.32)
- 0 £
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leading to

@

A
saltr), et e oo =i an @t ), (4.33)

wherea, b denote the spinor indices and all other Poisson brackets are equal to zero. The Hamiltonian
then reads

He = zi d*' ,(c&v) .. (4.34)

So much for the classical theory. Quantum Weyl spinor belds are written as operator-valued
superpositions of positive- and negative-energy plane wave solutions

Pk 1

° 7
29)3 2k Bk, +£)us (k)& K ikE 4 @i+ v, (k&K ika (4.35)

D(tr)=

It is important to remember that the previous operator is not Hermitian. Similarly to what we learned
from the analysis of the complex scalar pPeld, this implies that the opeftors ) and®k, +) are
independent and unrelated to each other by Hermitian conjugation. However, we need to be careful
when constructing the algebra of beld operators. For example, the spin-statistics theorem states that
particles with half-integer spin are fermions, and their quantum states should be antisymmetric under
the interchange of two of them. To achieve this, the prescrip8a®6( has to be modibed and Poisson
brackets are replaced lapticommutatorsnstead of commutators

i{4aps 7{& ,a&k (4.36)
Accordingly, we impose
@ alt ), D p(t, %) APB = a0 D@ 19, (4.37)
which, using the normalization. (k) u: (k) = 2 |k| [cf. (4.24)], leads to the operator algebra
%k,i),ak# * A (2$)%2/k|, a0, @ (r" ¥,
%{k,i), R + g (2$)32/K], ap, @ (r" ¥, (4.38)

with all remaining anticommutators equal to zero. As in the case of the complex scalar beld analyzed in
Box 6, here we also get two types of particles generated by the two kinds of creation operators acting on
the vacuum

lk1,...,kn;p1, ..., pm2 = Bky, =) ...Bkn,*) &p1,+) ... &pm, ) 02 (4.39)

As expected, the state is antisymmetric under the interchange of two particles of the same type, due to
the anticommutation of the creation operators. Similarly to the complex scalar peld, the two types of
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particles are distinguished by the charge operator debPned by the conserved dusnt (

0
! 1 Ok;02 = |k 02
&= &ErD(tr) Dt r) =- , (4.40)
2 ®0;k2 = " 0;k2

so the statefD; k2. are naturally identiPed as the antiparticle$lqf02, .

The calculation of the Hamiltonian operator follows the lines outlined in previous cases. Replac-
ing classical belds by operators in the Hamiltonidr84), and using the properties of the positive and
negative energy solutiongk) andv(k), we bnd after some algebra
!

@Bk 16 7
k|Bk, +) Bk, +)+ [k|®k, +) &k, +) " d°k k], @ (0). (4.41)

T 2932k

We see from the brst term on the right-hand side that the multiparticle sta8% diagonalize the
Hamiltonian, with particles and antiparticles having zero megsz= |k|. In this Hamiltonian we pnd

once more the UV and IR divergent zero-point contribution, that once regularized gives a vacuum energy
density

Ovac = " 8;2! e (4.42)
Although it will eventually be subtracted, it is worthwhile to stop a moment and compare this with the
expression3.76. A brst thing meeting the eye is the relative factor of two in the Weyl spinor case.
This rel3ects that while a real scalar beld has a single propagating degree of freedom, here we have two,
associated with the complex beldOs real and imaginary parts. The second and physically very relevant
feature is the different sign, boiling down to having anticommutators rather than commutators. It implies
that bosons and fermions contribute to the vacuum energy with opposite signs. This is the reason why
supersymmetric theories, which have as many bosonic as fermionic degrees of freedom and therefore
zero vacuum energy, have been invoked to solve the problem of the cosmological constant mentioned in
page35, or at least to ameliorate’it

Box 7. Dirac spinors

Although the theory of a single Weyl spinor violates parity, it is possible to construct a parity-
invariant theory by taking together two Weyl spinors with opposite chiralities. They can be combined
into a single object, a Dirac spinor

/ , (4.43)

which obviously transforms in the parity-invariant reducible represente@}oﬂ) : (0, %). The
corresponding free action is obtained by adding the ones already written irdetf$.and @.19

9Since supersymmetry must be broken at low energies (after all, we do not OseeO the same number of bosons as fermions),
there is still a nonvanishing contribution to the vacuum energy proportional to the fourth power of the scale of supersymmetry
breaking,! susy, rather than the much highé;.
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The associated Peld equations admit positive energy plane wave solutions of thé (foynd
u(k,s)e’ *& withs = + 3 labelling the two possible values of the spin third component

* *

+ +
i*Hl," m /[ (x)=0 =- k" m u(k,s)=0. (4.51)

Here we have introduced the Feynman slash notatibn*"a,, that we will use throughout these
lectures. Acting on the equation to the right 4f%1) With§§+ m and implementing the identik =
k21, we Pnd the massive dispersion relatidh Ex = k2 + m2,

To get a better idea abothrthe role played by the mass term in the Dirac equation, it is instruc-
tive to write the equationk " m u(k, s) = 0 in terms of the two helicity components of the Dirac
spinor

* +
Ex1" kéo u.(k,s)= mu, (k,S),

*

+
Exl+ kéo u (k,s) = mus (k,S). (4.52)

These expressions show that the mass terms mix the two helicities. Introducing the chirality matrix

' (
1 0
*5 (T i* 0* 1* 2*3 - O ., ]l , (4.53)
the previous identity is recast as
! ( n #
k s

xga 0 1 Ex, ., m
! '0 o u(k,s)= 3 K m*o *su(k, s), (4.54)

with s = %0' the spin, so the matrix on the left-hand side of this expression is the helicity oplerator
acting on a four-component Dirac spinor.

The chirality matrix satisbe‘% = 1 and anticommutes with all Dirac matric§ss, **} = 0.
As a consequence, its commutator with the Lorentz generators vanjsbe®! ] = 0, and by
SchurOs lemma this means that the spRofsandP, / transform in different irreps of the Lorentz
group, withP, = %(]1 + *;5) the projector onto the two chiralities. The spinorOs chirality is therefore
a Lorentz invariant.

A look at Eq. @.54) shows that for anassiveDirac, spinor helicity (the projection of the
spin onto the direction of motion) and chirality (the eigenvalue of the chirality matrix) are very
different things. The former is not even a Lorentz invariant, since for a massive fermion with posi-
tive/negative helicity we can switch to a moving frame overcoming the particle and make the helicity
negative/positive. Taking, however, the massless lmit 0 we haveEy /| k| and chirality and
helicity turn out to be equivalent

h= Z* (m =0). (4.55)

NI
o
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This is why, when dealing with massless séiriermions, both terms can be used indistinctly, al-
though in the case of massive particles one should be very careful in using the one appropriate to the
physical situation under analysis.

To quantize the theory, we write an expansion of the Dirac Peld operator into its positive and
negative energy solutions

% ! d3k 1 6 . . ' . '7
Wﬁ Rk1 S)U(k, S)e’ ilk|t+ik& + &zk’ S) V(k, S)&e||k|t. ika 1 (456)

At r) =

=+

N|=

where the negative energy solutiongk, s) are debPned by the equatigk + m)v(k,s) = 0.

The canonical anticommutation relations of the Dirac Peld with its Hermitian conjugate imply
that Bk, s) andBk,s) are a system of fermionic creationBannihilation operators for particles,
while ®k, s) and®k,s) respectively annihilate and create antiparticles out of the vacuum. The
multiparticle states obtained by acting with creation operators on the Fock vacuum are eigenstates
of the Dirac Hamiltonian, with the elementary excitatidak, s) |(82 and®k, s) |02 representing

spin% particles (resp. antiparticles) of momentkmyenergyEx = k2 + m2, and spin third com-
ponents. The details of this analysis are similar to the ones presented above for Weyl fermions and
can be found in any of the QFT textbooks listed in the references.

Finally, let us mention that Dirac spinors can be coupled to the electromagnetic Peld as we did
in Eq. @.31) for the Weyl spinors. The Dirac actiod.60) is invariant under a global phase rotation
of the spinor/ / e/, leading to the existence of a conserved current due to the brst Noether
theorem (see padeY)

jH=1x ML (4.57)

We can use this conserved current to couple fermions to the electromagnetic Peld and write the QED
action

! 4 . N 5
S= d " 2 FR 4T 0" m/ +eA* Y
! 4 . .5
= d* " 27w FM +7 iD" m/ (4.58)

where once again we encounter the covariant derivdiye= !, " ieA and the slash notation
introduced in Eq.4.5)) is used. This action describes the interaction of spinors with the electro-
magnetic Peld, that upon quantization is called quantum electrodynamics (QED). It is an interacting
theory of charged particles (e.g., electrons) and photons that, unlike the free theories we have been
dealing with so far, cannot be exactly solved. One particularly effective way to extract physical in-
formation is perturbation theory. This assumes that the coupling is sufbciently weak, so that physics
can be reliably described in terms of the interaction among the excitations of the free theory.

Before closing our discussion of the irreps of the Lorentz group, let us mention some more rel-
evant examples. The representatig¢as,s; ) = (1,0) and(s+,s1 ) = (0,1) correspond to rank-2
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Representation Field Parity
(0,0) Scalar v
(%, 0) Positive helicity Weyl spinor X
(0,3) Negative helicity Weyl spinor X
(.3 Vector v

(3,0): (0,3) | Dirac spinor v
(1,0) Self-dual rank-2 antisymmetric tensor X
(0,1) Anti-self-dual rank-2 antisymmetric tensor x

(1,0): (0,1) | Antisymmetric rank-2 tensor v
(1,1) Symmetric-traceless rank-2 tensor v

Table 1: Summary of some relevant representations of the Lorentz group and their parity properties.

antisymmetric tensor beld3,, = By, respectively satisfying self-dugt) and anti-self-dua(” )
conditions
1 "3
BH! = ié-“!"# B ™. (459)

An example of thé€1, 0) and(0, 1) irreps are the complex combinatioRst i B that we encountered in
our discussion of electricbmagnetic duality in p2deThe two irreps can be added to form the parity-
invariant reducible representati¢h, 0): (0, 1), corresponding to a generic rank-2 antisymmetric tensor
Peld such as the electromagnetic beld streéfigth

Finally, multiplying together two vector representations we have
n # n #

8 =(1,1): '(1,0): (0,1) : (0,0). (4.60)

N =
N =
N =
N =

This is just group theory lingo to express the decomposition of the progut of two four-vectors
into its symmetric-traceless, antisymmetric, and trace pieces
) 1 " # 1 "
VWi = VWi " 2%V W+ VWi + 20 Ve W (4.61)

This leads to identify th€l, 1) irrep as corresponding to a symmetric-traceless rank-2 tensor beld. For
the readerOs benebt, we have summarized in Tab&edifferent representations of the Lorentz group
discussed in this section, indicating as well whether or not they preserve parity.

Rank-2 antisymmetric tensor belds are ubiquitous in string theories, including those satisfying the (anti-)self-dual condi-
tion (4.59.
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4.3 Some more group theory

Having got some practice with the language of group theory, we close this section by enlarging our
vocabulary with many important group-theoretic concepts that will become handy later on (seé&efs. |

69] for some physics oriented textbooks on group theory, or Appendix B of Rff¢r a quick survey

of basic facts). Next, we focus on the relevant groups for the SM, namely SU(3), SU(2), and U(1)
associated with the strong and electroweak interactions. We have encountered the Abelian group U(1)
when discussing electromagnetism and learned there that it has a single generator, let Qs salitd
elements are written d$(5) = € . This is the only irrep of this group, all others being reducible to a
diagonal form.

Concerning SU(2), its properties are well know from the theory of angular momentum in quantum
mechanics and we have already used many of them in our analysis of the representations of the Lorentz
group. Its three generators satisfy the algebra

[TE,TR] = i-2°TS, (4.62)

where the subscrif® denotes the representation. Up to this point, we have labelled the irreps of SU(2)
by their spins = 0, % 1,..., although they are also frequently referred to by their dimen&sonl, as

it is customary for all unitary groups SN(). As an example, the fundamental representatien % is
denoted by2 and the adjoins = 1 by 3. In the former case the generators are written in terms of the

three Pauli matrices agf = %63, a fact we used when studying Weyl spinors.

As for the group SU(3), less familiar from elementary physics, it has eight generators satisfying
the Lie algebra

[T&,TR] = if 3°°TS (a,b,c=1,...,8), (4.63)

where the structure constants are given by

&_
f147:"f156=f246:f257=f345="f367=} f458:f678: 3 (464)

§123 -1 _9
7 2’ 2!

the remaining ones being either zero or bxed from the ones just given by antisymmetry. The group
elements are written as exponentials of linear combinations of the algebra generators

U(()r = € "R, (4.65)

where the conditiomet U(( )r = 1 impliestr T§ = 0 and the generators can be chosen to satisfy the
orthogonality relations

* +
tr TETR = T2(R), . (4.66)

Although similar in many aspects, there are however important differences between SU(2)
and SU(3) concerning the character of their irreps. For any Lie algebra representation with genera-
tors T2 itis very easy to check thatT3% satispes the same Lie algebra, debning the complex conjugate
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representation denoted . A representation is said to lbeal or pseudoreaivhenever it is related to
its complex conjugate irrep by a similarity transformation

T2 T84 = s'1Tgs, (4.67)

with S either symmetric (real representation) or antisymmetric (pseudoreal representation). For SU(2)
all irreps are real or pseudoreal. This is the reason why we only have one independent irrep of a given
dimension labelled by its spin. The group SU(3), on the other hand, has complex irreps. This is the case
of the fundamental and an antifundamental representatiomsd3, whose generators are given by

1 1
T$= St and  T2=" é#;, (4.68)

where#, are the eight Gell-Mann matrices, given by

9 < 9 < 9 <
010 0"i 0 1.0 0
#1=: 1 0 05, #,=: i 0 0>, #3=: 0 "1 05,
000 0 0 0 0 0 0
9 < 9 < 9 <
001 00 "] 000
Hy= 0 0>, #=: 00 0>, #=:00 15, (4.69)
00 i 0 0 010

P00 0° ,9$1—3 0 Oi
#7=7 00 "i>, #g=: 0 s& 0 3.
0i O 0 O "$%

Two instances of the group SU(3) exist in the SM. One is the color gauge symmetry of QCD,
which we will study in some detail in later sections. The second is the global §B&J)or symmetry
of the eightfold way, originally formulated by Murray Gell-Man#( and Yuval NeOema{]. With
the hindsight provided by the quark model, this classibcation scheme is based on the assumption that the
strong nuclear force does not distinguish among different quark Ravdrst us consider the action for

three quark Ravorg (i =1, 2, 3),

% ! * +

S= d*xg i " m; g+ Sin
i=u,d,s
!

* +
= d*%*gi1" m q+ S, (4.70)

whereSjy; represents interaction terms that we will not care about for the time being and in the second
line we have grouped the quarks into a tripjeaind rewrote the action in matrix notation, with =

1Quarks were proposed as hadron constituents in R&fg.3), some three years after the formulation of the eightfold way. The
name, as with quarks, was invented by Gell-Mann drawing this time not from James Joyce but from the Noble Eightfold Path
of Buddhism: Right View, Right Intention, Right Speech, Right Conduct, Right Livelihood, Right Effort, Right Mindfulness,
and Right Meditation.
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diag(my, mg, ms). Under SU(3) the quark triplet transforms in the fundamental irepsq / Ug.
This results in the following transformation of the free action
! . N ! . N
dxgit 1" m q' dxg i 1" U mU gq, (4.71)

wherem = diag(my, mg, mg). Since all three quark masses are differentis not proportional to the
identity andU mU = m, and the mass term breaks the global SYJ{Byariance. Moreover, the strong
interaction does not distinguish quark RBavors &pd remains invariant. Thus, we conclude that SY(3)

is an approximate symmetry of QCD that becomes exact in the limit of equal, in particular zero, quark
masses (also called, for obvious reasons, the chiral limit).

Mesons are bound states of a quark and an antiquark, the later transforming in the antifundamen-
tal 3 irrep. Their classiPcation into SU¢Sultiplets follows from decomposing into irreps the product
of the fundamental and the antifundamental

383=28: 1. (4.72)

The octet contains th&?, $*, K °, ?O, K *, and% mesons, while the singlet is t8¢ meson. In fact,

the % and% mesons mix together into tigand the%f mesons, which are the interaction eigenstates

in the electroweak sector of the SM. A similar classibcation scheme works for the baryons. Being com-
posed of three quarks, the baryon multiplets emerge from decomposing the product of three fundamental
representations

38383=10: 8: 8: 1. (4.73)

The proton and the neutron are in one of the octets, together withthe* | 98, and% particles of
nonzero strangeness. Were SlJ(&h exact symmetry, the masses of all hadrons within a single multiplet
would be equal. However, the differences in the quark masses induce a mass split, which in the case of
the octet containing the proton and the neutron is aBo&bof the average mass. By contrast, the mass
split between the proton and the neutron is dbilifs of their average mass. The wider mass gap with

the other octet members results from the larger mass of the strange apgarkn , % my.

5 Atale of many symmetries

Symmetry is probably the most important heuristic principle at our disposal in fundamental physics.
The formulation of particle physics models starts with selecting those symmetries/invariances to be im-
plemented in the theory, which usually restrict drastically the types of interactions allowed. In the SM
gauge, for example, invariance plus the condition that the action only contains operators of dimension
four or less bxes the action, up to a relatively small number of numerical parameters to be experimentally
measured in high energy facilities.
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5.1 The symmetries of physics

Our approach to symmetry up to here has been rather casual. It is time to be more precise, beginning
with a discussion of the types of symmetries we encounter in QFT and how they are implemented.

)

ii)

Vi)

Kinematic (or spacetime) symmetries They act on the spacetime coordinates and Peld indices.
This class of symmetries includes Lorentz, PoincarZ, scale, and conformal transformations that we
already encountered in previous sections.

Discrete symmetries.They include parity P, charge conjugation C, time reversal T, and the com-
positions CP and CPT. If gravity and electromagnetism were the only interactions in nature, the
universe would be invariant under C, P, and T separately. However, nuclear (both weak and strong)
interactions break P, C, T and CP in different degrees.

CPT, however, turns out to be a symmetry of QFT forced upon us by the basic requirements of
PoincarZ invariance and locality. Moreover, it is a completely general result that can be demon-
strated without relying on the specibc form of any Hamiltonian (for a detailed proof of this result,
called the CPT theorem, see Chapter 111d}).

Global continuous symmetries These are transformations depending on a continuous constant
parameter. One example is the invariance of the complex scalar beld &86runder spacetime
constant phase rotatio3.08. The current view in QFT is that global symmetries are accidental
properties of the low energy theories, whereas, in the UV, all fundamental symmetries should be
local (see next).

Local (gauge) invariance Unlike the previous case, the theory is invariant under a set of contin-
uous transformations that vary from point to point in spacetime. The archetypical example is the
gauge invariance of the MaxwellOs equations founa.®).(Unlike standard quantum mechani-

cal symmetries, gauge invariance does not map one physical state into another, but represents a
redundancy in the labeling of the physical states. This is the price we pay to describe belds with
spin one and two in a way that manifestly preserves locality and Lorentz invariance. To highlight
this fundamental feature, we will refrain from talking about gauge symmetry and stick to gauge
invariance (we will qualify this statement below).

Spontaneously/softly broken symmetries.In all instances discussed above, we have assumed
that the symmetries/invariances are realized at the action level and in the spectrum of the quantum
theory. Classically, it is possible that the symmetries of the action are not re3ected in their solu-
tions which implies that in the quantum theory, the spectrum does not remain invariant under the
symmetry. When this happens, we say that the symmetry (or invariare@)riganeously broken

Since the breaking takes place by the choice of vacuum, it does not affect the UV behavior of the
theory. Another situation when this also happens is when adding terms to the action that explicitly
break the symmetry but do not modify the UV behavior of the theory (e.g., mass terms). In this
case, the symmetry softly broken

Anomalous symmetries.Usually, symmetries are identibed in the classical action and then im-
plemented in the quantum theory. This tacitly assumes that all classical symmetries remain after
gquantization, and this is not always the case. Sometimes, the classical symmetry is impossible to
implement quantum mechanically, and it is said toam@malous Anomalies originate in very
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profound mathematical properties of QFT and they have important physical consequences.

Let us see now how symmetries are implemented in QFT. We know from quantum mechanics
that symmetries are maps among rays in the theoryOs Hilbert space that preserve probability amplitudes.
More precisely, for two arbitrary stat¢s2 and|) 2 a symmetry is implemented by some operator
acting as

I(27] U(2 N27] U)2 (5.1)
and satisfying the condition that probability amplitudes are preserved
110D 21= [u(|u) 2| (5.2)
There are two ways in which this last condition can be achieved. One is that
AN2=W(U)2 (5.3)
implying that the operatdd is unitary. But there also exists a second alternative to fullpl B®)(
W(u)2=1(|) & (5.4)

In this case the operattt is said to beantiunitary. Notice that consistency requires that in this case the
operatoriJ implementing the symmetry should be antilinear:

U*a|( 2+ b|) 7= a4u(2+ Biu) 2 (5.5)

for any two state§( 2and|) 2 anda,b( C.

Our discussion has led us to WignerOs theor&dh [symmetries are implemented quantum-
mechanically either by unitary or antiunitary operators. In fact, continuous symmetries are always imple-
mented by the Prst kind. This can be understood by thinking that a family of opetit#)ysdepending
on a continuous parameter, can always be smoothly deformed to the identity, a linear and not an antilin-
ear operator. On the other hand, there are two critical discrete symmetries implemented by antiunitary
operators: time reversal T and CPT.

5.2 Noether®s two theorems

In the case of continuous symmetries, we have the celebrated theorem due to Noether linking them to the
existence of conserved quantitids]. What is often called OtheO Noether theorem is actually the brst of
two theorems, dealing with the consequenceglolbal andlocal symmetries respectively. Let us begin

with the brst one considering a classical beld theony belds whose beld equations remain invariant
under inbnitesimal variatio's / " + , (" linearly depending olN continuous parameterg. There

are two essential things about the transformations we are talking about. First, they form a group, as
can be seen by noticing that the composition of two symmetries is itself a symmetry and, that for each
transformation, there exists its inverse obtained by reversing the signs @he second fact is that the
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inbnitesimal transformations can be exponentiated to cover all transformations that can be continuously
connected to the identity. The latter statement is rather subtle in the case of diffeomorphisms (i.e.,
coordinate transformations), but we will not worry about them here.

Since the transformations leave invariant the Peld equations, the theoryOs Lagrangian density must
change at most by a total derivative, namely
! !
S= d*L("i, ") =- ,(S= d! KH, (5.6)

whereK M is linear in the-5 Os. At the same time, a general variation of the action can be written as

! F4'L " L #5 " L #G
(S=  d' ﬁ'u o it ﬁ(l ) (5.7)

S0 equating expressions.@) and 6.7), we bnd

! F4'L " L #5 " L #G
——— . ’("i+!l1 !!-T,("i" KH =0, (5.8)

which is valid for arbitrary-. From this equation we identify the conserved current

L 4 7 L # ||_5
J'”(')=”'T,("i" KH =- )= 1y ”.u"i " ﬁ ,("i50 (5.9

where again we used the Dirac notation Prst introduced in fageNotice that since the expression
of the current is linear in the parametegs the current can be written a$(-) = —ij, and 6.9 is
satisPed for arbitrary values ef, we conclude that there are a totalfconserved currents,j k. An
important point glaring in the previous analysis is that current conservation happestel] i.e., once
the equations of motion are implementéd.

The second Noether theorem deals with local symmetries depending on a number of point-
dependent parameterg(x). It is important to keep in mind that the brst theorem remains valid in
this case, in the sense that there exists a cujfenwtose divergence is proportional to the equations of
motion. To simplify expressions, let us denote the latter as

" #
Ei(")" 'y o " (5.10)

and consider that our theory is invariant under Peld transformations involving g0y and their brst
derivatives

(i = Ria("k)-a + R (") pea. (5.11)

This includes, for example, the gauge transformations of electromagnetiémy= ! - (the argument

12A note of warning: the term on-shell is employed in physics with at least two different meanings. In the one used here we
say that an identity is valid on-shell whenever it holds after the equations of motion are implemented. The second use applies
to the four-momentum of a particle with mass The momentunp” (or the particle carrying it) is said to be on-shell if it
satisbep® = m?2. As an example, particles running in loops in Feynman diagrams are off-shell in this sense.
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here can be easily generalized to include transformations depending ugktthtderivative of the gauge
functions). The general variation of the actiqis has the structure shown in E..§),

! 6 7
d " Ei("), (i + 'i*(-) =0, (5.12)

with, (" givenin (6.11) andj * the Noether current implied by the Prst theorem and debned irbE}). (
A crucial difference now is that, singé(-) is linear in- 5, when these parameters vanish at inbnity the
boundary term on the right-hand side appearing when integrating by parts is zero

I B 6 7C
(S=" d%-a(X) RaC"E(CK) " Ty RIACKEI("K) (5.13)

Thus, if this is a symmetry, S = 0 for any-(x), we obtain the identities

6 7
Ria("KEi("k)" 'y RIAC"KEiI("k) =0, (5.14)

where we should remember that= 1,...,N, with N the number of gauge functions (i.e., the di-
mension of the symmetryOs Lie algebra). This result is NoetherOs second theorem: invariance of a Peld
theory under local transformations implies the existence of several differential identities among the peld
equations, meaning that some are redundant.

As to the existence of conserved currents associated with local invariance, usifglEByit Can
be shown that

6 7
Ly -aOORPA CREICK) = Ei"k). (i (5.15)

from where we read the conserved current
SH(-) " -A()ORIA ("KEi("K) =- SH(-) = Ei("k).("i 5 0. (5.16)

This quantity is however trivial, in the sense that it vanishes on-sB&(l) 5 0. Notice, however, that
the conserved current obtained as the result of the brst Noether theorem also applies to the gauge case.
Indeed, considering transformations such thd) does not vanish at inbnity, we bnd froB112

PG = Ei("e), (i 5 0, (5.17)

wherej ¥ is explicitly given by the expression on the left of E§.9). This shows that for theories with
local invariances the only nontrivial conserved currents are the ones provided by NoetherOs prst theorem,
associated with transformations that do not vanish at inPnity (see also the discussion in Box 9 below).

Together with the conserved current from the brst Noether theorem, there exists a conserved charge

debned by its time component,
|

Q(-) = , d*rj °¢), (5.18)

where$ is a three-dimensional spatial section of spacetime. Using current conservation it is easy to see
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that the time derivative of the charge vanishes on-shell
! !

-)5"  d°rvaj-) = ds 4j(-) =0, (5.19)
# #

+
provided the spatial components of the currgr} are zero at $ or, equivalently, there is no Bux of
charge entering or leaving the spatial sections at inPnity.

Applying the prst Noether theorem to different symmetries, we get a number of conserved quan-
tities:

- The energyPmomentum tenddh is the conserved current associated with the invariance of beld
theories under spacetime translatioxts/ x" + a". Its general expression is

L
TH = =1 PL (5.20)
..u ]

with !uT“g = 0. Notice that this canonical is not necessarily symmetric as, for example, in
MaxwellOs electrodynamics

" 1 "
TH =R A e SR E (5.21)

It can nevertheless be symmetrized by adding a term of the fo#ni* |, with K #, = " K* |
that does not spoil its conservations| 76]. In the case of the electromagnetism, the resulting
BelinfanteDRosenfeld energy-momentum tensor reads

KM = FHA. = PH = "FYE. o+ %,FFH# S (5.22)

This modibed energyPmomentum tensor not only is symmetric but, ublik#,(also gauge in-
variant. Notice that since conserved currents are quantities evaluated on-shell, we can apply the
vacuum pPeld equationg,F* =0.

- Invariance under inbnitesimal Lorentz transformatipn$ = 4" x' , with 4y =" 4y, implies
the conservation of the total angular momentum

\]u!_ = Tu! X. " Tu_X! + Su!_ y (523)

whered%. =" J", and!,J". =0. The Prst two terms on the right-hand side represent the
OorbitalO contribution induced by the Lorentz variation of the spacetime coordinate§Hwhike
the QintrinsicO angular momentum (or spin) coming from the spacetime transformation properties
of the beld itself. For a scalar beld this last part vanishes

- As a further application, let us mention the invariance of complex Pelds under phase rotation,
already anticipated in various examples in previous pages. For instance, in the case of the complex
scalar beld studied in Box 6, applying.9) to inbnitesimal variations " = i5",, "&="i5" &

13To connect with the notation employed in our discussion of the brst Noether theorem, let us indicate that the conserved
current 6.9) associated to the invariance under spacetime translations is writigh(8y) = T*,a”, whereag *(%*°) =
J*, %7 is the current whose conservation follows from Lorentz invariance.
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leads to the conserved curreftg9. The corresponding analysis for Weyl spinors gives().

5.3 Quantum symmetries: to break or not to break (spontaneously)

In the quantum theory symmetries are realized on the Hilbert space of physical states. In particular, the
charge 5.18) is promoted to a Hermitian operat®(-) implementing inbnitesimal transformations on
the pelds

(Be= i), B, (5.24)

whereas, due to the conservation equat®ni9, it commutes with the Hamiltoniari®(-), ] = 0.

In the case of rigid transformations, the parametgrsan be taken outside the integral B.18 to

write ®(-) = -A®*. Finite transformations in the connected component of the identity are obtained
then by exponentiating the charge operator

()= laQ” = P(-) L)W () = Zal-)Dux), (5.25)

whereZ41(-) is the representation of the symmetry group acting on the peld indices and the Hermiticity
of ® guarantees the unitarity @ (-). The implication for the free theory is that the creationDannihilation
operators transform covariantly under the symmetry. Consequently, to determine the a@i(}r) @i

the Fock space of the theory, we need to know how the charge acts on the vacuum. Here, we may have
two possibilities corresponding to different realization of the symmetry.

WignerbWeyl realization: the vacuum state is left invariant by the symmetry
B (-)|02= |02 =- ®,102=0. (5.26)

If this is the case, the symmetry is manifest in the spectrum, falling into representations of the symmetry
group. Since the whole Fock space is generated by successive application of th&ite)dsn the
vacuum, it is enough to know how the symmetry acts on the stai@s 'q((x)|02

B )" k2= Ual-)]" 12 (5.27)

whereZ4xa(-) is the representation of the symmetry group introduce® 2.

This is what happens, for example, in the hydrogen atom. Its ground stgtesha@nd therefore
remains invariant under a generic rotation labelled by the Euler ahglesand/ ,

2",.,1 )|0,0,02= |0,0,02 (5.28)

while the other states transform in irreps of the rotation group S®(SU(2),

% .
2,1 )In,j,m 2= 29 ("1 )In,j,m*%, (5.29)

m!=1j
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where@,ﬂr)n

and magnetic quantum numbers introduced to account for certain properties of atomic spectra are just
group theory labels indicating how the atomic state transforms under spatial rotations. Symmetries in

(",.,/ ) is the spin rotation matrix [7]. From this point of view, the angular momentum

guantum mechanical systems with Pnite degrees of freedom are usually realized ~ la WignerbWeyl,
since tunneling among different vacua results in an invariant ground state. We will return to this issue on
pageb4.

NambubGoldstone realizationthe vacuum state is not invariant under the symmetry. This means that
the conserved charge does not annihilate the vacuum

®-)|02=0. (5.30)

Whenever this happens, the symmetry is said tspentaneously brokenNotice that the previous
equation does not imply thd:]02=0 for all a. There might be a subset of charges satisf¥id02 =

0, with {A}; { a} that we refer to asnbrokengenerators. It is easy to see that, sif@&, ®]/02=0,
they must form a closed subalgebra under commutation.

Let us illustrate this mode of realization of the symmetry with the examplll aieal scalar
peldsl’ with action
! 4 5
S=  d*% %! plirkate v(aialy | (5.31)

This theory is invariant under global inPnitesimal transformations
(1= (TR 1, (5.32)

with T2 the generators in the fundamental representation oNgOUsing the standard procedure, we
compute the associated Hamiltonian

! 4 5
H= d% %$i$i+ %(v1i)a(v1i)+ v(ii1h (5.33)
with $' = 151! the conjugate momenta. From this expression we read thal Bd¢ariant potential
energy
! 41 5
@)= d E(Vli)é(Vli)+ V(i1 . (5.34)

Its minimum is attained for spatially constant conbgurati®Hs = 0 lying at the bottom of the poten-
tial V(111"). This is known as theacuum expectation valeev) of the beld and is representedlas2
Its value is determined by

\Y,
uig =0. (5.35)

* k= % k_

Once the veu1' 2is known, we can expand the belds around it by writihg= 112+ 7'. Substituting
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in (5.31) we obtain the action for the Ructuatiofiswhose quantization gives the elementary excitations
(particle) of the Peld in this vacuum.

Here we may encounter two possible situations. One is that the vev of the PeldNg Bdri-
ant,(Ty)'; 1172 = 0. In this case the action of the Ructuatichsinherits the global symmetry of the
parent theory that is then realized " la WignerbWeyl. Here we want to explore the second alternative, the
vev breaks at least part of the symmetry. Let us split theN§Qfenerators intd@ = {K; ,H#}, such
that

(Ki)jul2=o0,  (Hf) jul2=o, (5.36)

and the global symmetry S8() is spontaneously broken. As argued after Eg3Q), the generators
preserving the symmetry must form a Lie subalgebra generating the unbroken subigrouON )

and we have the spontaneous symmetry breaking (SSB) patteh)3OH .
Generically, the action for the Peld Ructuations around the vev can be written as
! " #
S= d'x L1, 71R7" IMZ77 4 5.37
= X Sl SMi cee (5.37)

where the ellipsis stands for interactions terms and the mass-squared mhi%t'r!b(given by

12y g
2. .
Mij RIEE S (5.38)

The SON) invariance of the potentialV = 0 implies

v oo 12y o
R 1! =0 = 'BW(Tfa)lj 1! + -a

vV ayi  —

!1i(Tf)k_o! (5.39)
where in the equation on the right we have taken a further derivative with respeftt Evaluating this
expression at the vev, and taking into account eég85 and 6.38, we bnd

Mic (TR 111 2= 0. (5.40)

This equation is trivially satisbed for the unbroken gener&ﬂcﬁ*sbut has very nontrivial physical impli-
cations forK . It states that there are as many zero eigenvalues of the mass matrix as broken generators,
i.e., the theory contains one massless particle for each generator not preserving the vacuum. This result is
the Goldstone theoren7,79], and the corresponding massless particles emerging as the result of spon-
taneous symmetry breaking are known as NambubGoldstone (NG) n@j&$][ Although obtained

here using a particular example and in a classical setup, the result is also valid quantum mechanically
and applicable to any peld theory with a global symmetry grGugpontaneously broken down to a
subgroupH ; G, where the broken part of the symmetry is the coset s@@dkle. One way to prove the
Goldstone theorem in the quantum theory is by considering instead of the classical action the quantum
effective action and replacing(1'1') with the effective potential, including all interactions among the
scalar belds resulting from resumming quantum effects. It can also be shown that the NG modes always
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have zero spin, also known as NG bosons.

Although we are mostly concerned with applications to particle physics, the idea of SSB, in gen-
eral, and the Goldstone theorem, in particular, have critical applications to nonrelativistic systems, partic-
ularly in condensed matter physitsin particular, the notion of SSB is intimately related to the theory
of phase transition8pEB4]. It is frequently the case that the phase change is associated with the system
changing its ground state. For example, the translational symmetry present in a liquid is spontaneously
broken at its freezing point when the full group of three-dimensional translation is broken down to the
crystalographic group preserving the lattice in the solid phase. The corresponding NG bosons are the
three species of acoustic phonons. These are massless quasiparticles in the sense that their dispersion
relation at low momentum takes the fofx 6 cs|k|, with cs the speed of sound, so it has no mass
gap. Another well-known example is a ferromagnet below the Curie point. The rotationally symmetric
ground state at high temperature is replaced by a lowest energy conbguration where atomic magnetic
moments align, generating a macroscopic magnetization that spontaneously breaks rotational symmetry.
Magnetic waves, called magnons, are the associated NG gapless modes.

Besides their intrinsic physical interest, these condensed matter examples are useful in bringing
home a very important aspect of NG bosons: they do not need to be elementary states. Indeed, phonons
and magnons are quasiparticles and, therefore, collective excitations of the system. But also in high
energy physics we encounter situations where the NG bosons are bound states of elementary constituents.
The most relevant example are the pions, appearing as NG bosons associated with the spontaneous
breaking of chiral symmetry in QCD (see Box 8 below).

Itis frequently stated that systems with SSB present vacuum degeneracy. Although technically the
theory might possess various vacua, there are important subtleties involved in the inbPnite volume limit
preventing quantum transitions among them, that would restore the broken symmetry through tunneling.
Let us consider a theory at Pnite voluiMeand with a family of degenerate vacua labelled by a prop-
erly normalized real paramet@r It can be shown that the overlap between any two of these vacua is
exponentially suppressed but nonzero (see Chapter 7 of Rgfof a more detailed analysis)

1

| 2
117172]= € 12! 27V 3|17]72) (5.41)

This means that transitions among Fock states built on different vacua are allowed, resulting in a unique
ground state invariant under the original symmetry. As a consequence, no SSB can happen at Pnite
volume and symmetries are usually realized ~ la WignerbWey!.

The situation is radically different in thé / *  limit when the overlap between any two vacua
vanishes17{72 / 0. This means that the Fock space of states builds on different vacua are mutually
orthogonal, and no transition among them can occur. At a more heuristic level, what happens is that at
inPnite volume switching from one vacuum to another requires a nonlocal operation acting at each space-
time point. Notice, however, that at a practical level if the volume is Olarge enoughO compared with the
systemOs microscopic characteristic scale we can consider the vacua as orthogonal for all purposes. This

141t should be stressed that historically the very notion of SSB and of NG bosons was inspired by solid state physics, as it is
clear in the seminal works by Yoichiro Namb8(] and Jeffrey Goldstone7B]. Another example of this cross-fertilization
between the belds of condensed matter and high energy physics can be found in the formulation of the BroutbEnglertbHiggs
mechanism to be discussed in Sectiof
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is why we see SSB in bnite samples, as illustrated by the examples of ferromagnets and superconductors.

Box 8. Of quarks, chiral symmetry breaking, and pions

The SM offers a very important implementation of SSB as a consequence of quark low-energy
dynamics. Let us consider a generalization of the action in4£@0(, nhow withN¢ different quark
Ravors. Writingg" = (. ..., Oy ,), the action reads
! . +
S= dgil" m g+ S
! . /
= d* igrl gr + iGN q. " Grmq. " G mqr + Sint, (5.42)

where in the second line we split the quark Pelds into its right- and left-handed chiralities@xd in
we include all interaction terms. This theory is invariant under global{)transformations acting
on the fermion Pelds as

w AT A
R I

qrL | 7 (()ar,L where w()= ¢ : (5.43)

and(TF/j)‘j , WithA =1,..., Nfz, are the UN; ) generators in the representatiBhwith dimen-

sionN . We observe that it is the presence of the mass term, mixing right- and left-handed quarks,
that forces the two chiralities to transform under the same transformationNof)U(This is why

in the chiral limit (i.e., zero quark masses / 0) the global symmetry is enhanced fromNJ()

to U(N¢ )z ! U(N¢),, acting independently on the two chiralities

ar | % ((R)4r. qu ! Z((L)avL, (5.44)
where( & and( 2 are independent. Thus, there are two independent Noether currents
iR(O) = (RErR*"TR 4R, IO = (fa*"Tha (5.45)

aswella®2! NZ conserved charges
! !
QR= dqgThar, Q=  d*xq Tha. (5.46)

Upon quantization, these charges are replaced by the corresponding og@%}omhose commu-
tator realizes the algebra of generators oYY, ! U(N¢), .

Taking into account that W; ) = U(1)! SU(N; ), the theoryOs global symmetry group can
be written as

U(Nf)g ! U(Nf), = UL ! UDa! SUNi)L! SUN:), . (5.47)

65



LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

The Prst two factors on the right-hand side act on the quark bPelds respectively as

i#$ 5

q/ € gq, gl €%, (5.48)

the former symmetry leading to baryon number conservation (hence the subscript). Thégd(ad)

is an axial vector transformation acting on the two chiralities with opposite phases and is broken by
anomalies (more on this in Secti@h The action of the two SUN; )R’L factors, on the other hand,

is debned by

0 0
SU(Nf)R:; ®  Urar SU(Nf)L:; ® O (5.49)
a I q q | U.q
with
UgL ' & Ll (5.50)
andt} (= 1,...,Nf2 " 1) the generators of the fundamental irrep of SIgy.

At low energies the strong quark dynamics triggers quark condensation, giving a hon-zero
vev to the scalar quark bilinegyq

*

+
105G 102'10] GrGL + G Gr [02=! 3sp.i (5.51)

where! gsg is the energy scale associated with the condensation. This vev, however, is only invariant
under the OdiagonalO subgroup of theNsQl{ ! SU(Ns ), transformationsg.49 consisting of
transformations wittJg = U_. What happens is that the global $U(; ! SUN;¢), chiral
symmetry is spontaneously broken down to its vector subgroup

U@)s ! SUNf)g! SUNf), 7 U@g! SUN),- (5.52)

GoldstoneQOs theorem implies that associated with each spontaneously broken generator there should
be a massless NG boson. In our case thereNgfe' 1 broken generators corresponding to
the SU(\t ), factor. Excitations around the ve§.61) are parametrized by the Pedg (x) dePned

by
G (x)g () =" 3sa$ij (). (5.53)
This in turn can be written in terms of the NG matrix Peltk) ' $4(x)tf* as
i#§
B(x)' e ™) (5.54)

with f) a constant with dimensions of energy called the pion decay constant for reasons that will
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eventually become clear. Mathematically speaking, the Egbéhrametrizes the coset

SUNf)g ! SUNt),

, 5.55
SUNY), (559

leading to the following transformation under Y(, ! SUNs ), :
X7 UrXU, . (5.56)

We specialize the analysis now to the caée = 2, with only theu andd quarks. The
unbroken SU(2) symmetry is just the good old isospin interchanging both quarks, while the NG
bosons are the three piofi§ and$°

1I $0 &§$+(
7r=&3 &§$! Jg0 (5.57)

The objection might be raised that pions are not massless particles as the Goldstone theorem re-
quires. Our analysis has ignored the nonvanishing quark masses, explicitly breaking the SU(2)
SU(2) global chiral symmetry. Since theandd quarks are relatively light, we have instead three
pseudeNG bosons whose masses are not zero but still lighter than other states in the theory. It is
precisely the strong mass hierarchy between the pions and the remaining hadrons what identibes
them as the pseudo-NG bosons associated with chiral symmetry breaking. N the3 case,

where we add the strange quark to the two lightest ones, $U¢33ell-MannOs eightfold way dis-
cussed on page4 and the set of pseudo-NG bosons is enriched by the four kaons afehibson

in the octet appearing on the right-hand side of Bqgr3).

As mentioned in the introduction, quarks and gluons do not exist as asymptotic states and
QCD at low energies is a theory of hadrons. The lowest lying particles are the pion triplet, whose
interactions can be obtained from symmetry considerations alone playing the EFT game. The ques-
tion is how to write the simplest action for NG bosons containing operators with the lowest energy
dimension and compatible at the same time with all the symmetries of the theory. For terms with
just two derivatives, the solution is

f2 ! . /
Sne = % d'xtr 1,3 148
! 4 / / 5
1 - 1 -
= d% Ztr lymlMg ot st tpwlm, [w ]+ (5.58)
2 3

Thischiral effective actiorontains an inPnite sequence of higher-dimensional operators suppressed
by increasing powers of the dimensionful consfantit determines how pions couple among them-
selves at low energies. Its coupling to the electromagnetic Peld is obtained by replakiny the

adjoint covariant derivative , X = ! ;=" iA ,[Q, X] where the charge matrix is given Qy= €6°.

This, however, does not exhaust all their electromagnetic interactions. Neutral pions couple to pho-
tons as a consequence of the anomalous realization of thg Byimetry, resulting in th§® /  2*
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Fig. 9: lllustration from Ref. B8] depicting the celebrated Mexican hat potential shown in E@1j.

decay (see Sectior).

In our analysis of chiral symmetry breaking we encountered two energy staless ap-
pearing in b.51) as a consequence of the quark condensate having dimensions of (érmngtjf)
needed to give the pion Pelds their proper dimensions inE54)( Both of them have to be exper-
imentally measured. In the pion EFT itfig that determines the relative size of the inPnite terms in
the effective actiond.58. Operators weighted b‘){ " typically give contributions or ordgE/f ) )"
with E the characteristic energy of the process under study. In the spirit of EFT, working at a given
experimental precision, only a bPnite number of terms in the chiral Lagrangian have to be retained,
making the theory fully predictive (see Ref85[86] for comprehensive reviews of chiral perturba-
tion theory).

5.4 The BroutbEnglertbHiggs mechanism

Besides the ones already discussed, a further instance of SSB in condensed matter connecting with one
of the key concepts in the formulation of the SM is the BroutbEnglertbHiggs (BEH) mechanism. In
the BardeenbCooperbSchrieffer (BCS) theory of superconductivity the transition from the normal to
the superconductor phase is triggered by the condensation of Cooper pairs, collective excitations of two
electrons bound together by phonon exchange. Having net electric charge, the Cooper pair wave function
transforms under electromagnetic U(1) phase rotations and their condensation spontaneously breaks this
invariance. The physical consequence of this is a screening of magnetic bPelds inside the superconductor,
the Meissner effect, physically equivalent to the electromagnetic vector potar{tiat) acquiring an

effective nonzero mas8f7].

The main difference between the BCS example and the ones discussed above is that this is not
about spontaneously breaking some global symmetry, but gauge invariance itself. This might look like
risky business, since we know that preserving gauge invariance is crucial to get rid of unwanted physical
states that otherwise would pop up in the theoryOs physical spectrum destroying its consistency. As we
will see, due to the magic of SSB gauge invariance is in fact not lost, only hidden. That is why, even if
not manifest, it still protects the theory.

Let us analyze spontaneous symmetry breaking triggered by a complex scalar coupled to the elec-
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tromagnetic beld. We start with the action

! | " #ZJ
—_ 4 n } ul n & ull n ﬁ n &ll n L

whereD, = !, " ieA, is the covariant derivative already introduced in the footnote of gégd his
action is invariant under U(1) gauge transformations acting as

"(x) 7 (), "(x)& € e ()& Au() T Au(X)+ y-(x).  (5.60)

As shown in Fig9, the scalar beld potential

n #
272
n & on L

" & #
V(&):Z 2 )

(5.61)

has the celebrated Mexican hat shape with a valley of minima locatet at % When the scalar beld
takes a nonzero vev

1"2= %ei' 0, (5.62)

U(1) invariance is spontaneously broken, siit@ does not remain invariant'2 / €€(1'2 The
dynamics of the Buctuations around the v&\6@) is obtained by plugging

1, -
"(x) = &3 v+ h(x) € & (5.63)
into (5.59. The resulting action is
! 4 " #" #
' L1 e’v? 1 1 1 L V2
S=  d¥% 2 FR+ AL+ J'ub A+ o M5+ Stuh! Mh Th2
# # &2 1 1 >
" th?’ " Eh4+ S Aut Sl AV + o M5 (2vh+ h?) | (5.64)

which remains invariant under U(1) gauge transformations, now acting as
Al Ap+ly- 57 5" e h’ h. (5.65)

In fact, the phase pebl(x) is the NG boson resulting from the spontaneous breaking of the U(1) sym-
metry by the vev in EqQ.5.62).

At this stage, we still keep a photon with two polarizations while the two real degrees of freedom
of the complex beld have been recast in terms of the Phldnd the NG boso®. We can bx the
gauge freedom5(65 by setting5 = 0. In doing so, the disappearing NG boson transmutes into the
longitudinal component o\, as bebts a massive gauge beld (see the footnote orBgagé/e then
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arrive at the gauge-bxed action
! n

L1 e’v? 1 . HV2
S=  d% 2w FH o+ — A AH + Stuh! Hh T h?
#v # e? #
" Zh3t Tht+ vA APh+ A ARNZ 5.66
4" 16 Al 2" (5.66)
where the photon has acquired a nonzero flass
mg = ev. (5.67)

The real scalar Peld gets massive as well,
K
mp =V

N 3|

(5.68)

and has cubic and quartic self-interactions terms, besides coupling to the photon through terms involving
two gauge belds and one scalar and two gauge belds and two scalars. As we see, no degree of freedom
has gone amiss. We ended up with a massive photon with three physical polarizations and a real scalar,
making up for the four real degrees of freedom we started with. SSB has just rearranged the theoryOs
degrees of freedom.

Here we have been only concerned with giving mass to the photon. Imagine now that we would
have two chiral fermions g,/ | such that they transform differently under U(1)

[Lx) T ¥ (x), Ir(X)T 1 R(X). (5.69)

Due to the theoryOs chiral nature, a mass term of the/ferng + / r/ | would not be gauge invariant,

so it seems that we need to keep our fermions massless for the sake of consistency. Using the Higgs beld,
however, there is a way to construct an action where the fermions couple to the complex scalar beld in a
gauge invariant way,

|
! : /
Stermion =  d* i/ gD R+ i/ D +" T /r" YRl , (5.70)

wherecis some dimensionless constant. This particular form of the coupling betwaetthe fermions

is called a Yukawa coupling, since it is similar to the one introduced by Hideki Yukawa in his 1935 theory
of nuclear interactions between nucleons and mesgfijis The interest of this construction is that once
the peld' acquires the ve\5(62), and after gauging away the bédthe fermion action takes the form

! 4
_ - * B +
Stermion = d*x il gD R+i/LD’L"%/L/Ru/RlL
5
C  — cC  —
TESN IR &SRl L (5.71)

5The same result can be obtained noticing that the acidd¥) contains a ternev?A*" ,& mixing the NG boson and the
gauge beld. Physically, this means that as the photon propagates it transmutes into the NG boson and vice versa. Resumming
these transmutations results in the mass ternfar
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Thus, the same mechanism giving mass to the photon also results in a mass for the fermion peld,
v
m; = % (5.72)

also generated without an explicit breaking of gauge invariance, hidden due to the choice of vacuum
of the complex scalar beld. Notice that, owing to symmetry breaking, the now massive Dirac fermion
couples to the remaining scalar degree of freedomwith a strength controlled by the dimensionless
constant% = % This indicates that the higher the mass of the fermion, the stronger it couples to the
Higgs Peld. This feature, as we will see, has important experimental consequences for the SM.

This Abelian Higgs model illustrates the basic features of the BEH mechanism responsible for
giving masses to the SM particles, with the scalar hetdrresponding to the Higgs boson discovered at
CERN in 2012 19, 2Q]. In its nonrelativistic version it also provides the basis for the GinzburgbLandau
analysis of the BCS theory of superconductivity, where the free energy in the broken phase has the same
structure as the potential terms in the actibrb9

! 1 2°2M
1 1 _ #(T T
Focs = dr 72u(V! A)?+ 2m&§V" " |e&A"§Z+ —(4) n o —V(Z) N (873

Here" (r) is the Cooper pair condensatethe magnetic permeability of the medium, amg andeg,

the effective mass and charge of the quasiparticles.TForT ;. we havev(T) = 0, so at temperatures

above the critical one, the only minimum of the free energy &' &= 0. WhenT < T, on the other
hand,v(T) = 0 and the U(1) invariance of the theory is spontaneously broken gttt = v(T)

minima, while the former one d 2= 0 becomes a local maximum. As in the case studied earlier, this
results in a nonzero mass for the vector potemiat) given bym(T) = egv(T). This provides the order
parameter of the transition and physically accounts for the Meissher effect inside the supercoB8luctor [

The system also contains a scalar massive excitation, the condensed matter equivalent of the Higgs
boson PO, 91].

Box 9. OLargeO vs. OsmallO gauge transformations

We return brieRy to the discussion of NoetherOs second theorem dsgpafere we paid attention

to gauge transformations in the connected component of the identity and made an important distinc-
tion among those approaching the identity at the spacetime boundary (0) and those that do

not. Let us call them OsmallO and OlargeO gauge transformations, respectively. To understand the
physical difference between them, we comp&rd 7) with (5.16) to see thaf* " SH is conserved

even off-shell, namely that,(j* " S*) isidentically zero This means that we can write

jH= s+ kM 5K, (5.74)

wherek" is an antisymmetric tensor and we have applied 8tavanishes on-shell. This peculiar
structure of the gauge theory current implies that the gauge charge is determined by an integral over
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theboundaryof the spatial sections
! !
Q5 dv!ik¥= dsi k. (5.75)
# +
Since the current, and therefore algd , is linear in the gauge functiong (x), we conclude that
the charge vanishes for OsmallO gauge transformations

Qsmai 5 O. (5.76)

This is not the case of OlargeO transformations, the ones determining the @lue of

A very important fact to remember about OsmallO gauge transformations is that they are the
ones leading to the Noether identitiés14) that, as we indicated, express the redundancy intrinsic
to gauge theories. Quantum mechanically, invariance under these transformations is mandatory
in order to get rid of the spurious states that we introduced as the price of maintaining locality
and Lorentz covariance. They cannot be spontaneously broken or affected by anomalies without
rendering the theory inconsistent. However, no such restriction exists for OlargeO transformations,
that can be broken without disastrous consequences.

To connect with the discussion of the Abelian Higgs model, let us look at the case of
MaxwellOs electrodynamics in the temporal gatdige= 0. In the quantum theory, the vacuum
Gauss law constrairW? 8E = 0 is implemented by the corresponding operator annihilating physical
states, namely (to keep notation simple, we drop hats to denote operators)

V 4E|phys2= 0. (5.77)

Finite gauge transformations preserving the temporal gauge conditon 0 are generated by
time-independent gauge functions and implemented in the space of states by the operator
4| 5
U=exp i drE(r)av-(r) . (5.78)

Using the canonical commutation relatio3sg8, we readily compute

APt O L = 0,

YA )Y A(t, r)+ V-(r). (5.79)

At the same time, the operat@r leaves the physical states invariant
4 | 5
exp i dxE(t,r) aV-(r) |phys2
4 | 5
= exp "i &x-(r)VaE(t, r) |phys2= |phys2 (5.80)

% |phys2

where in the second line it is crucial that the gauge functian vanishes at inbnitgo that after
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integrating by parts we do not pick up a boundary term. This means4hat 1 as|r|/*

We have shown that invariance of the physical states under OsmallO gauge transformations
follows from GaussO lavs.(77) annihilating them, precisely the condition that factors out the spu-
rious degrees of freedom. The conclusion is that OlargeO gauge transformations are not necessary
to eliminate the gauge redundancy and can be broken without jeopardizing the consistency of the
theory. This is precisely how the BEH mechanism works. The nonvanishing vacuum expectation
value of the complex scalar beld breaks OlargeO gauge transformations without spoiling GaussO law.
This is the reason why we need to qualify our statement in pagesd56 that gauge invariance
is just a redundancy in state labelling: OsmallO gauge transformations are indeed redundancies, but
OlargeO gauge transformationsoarmea Pdesymmetries.

6 Some more gauge invariances

So far the only gauge theory we dealt with was MaxwellOs electrodynamics, although here and there we
hinted at its non-Abelian generalizations. It is about time to introduce these in a more systematic fashion.
We start with a set of fermiong™ = (/ 1, ...,/ n) transforming in some representatiBnof the gauge
groupG

P TRy g(()ep. (6.1)

By now, we know very well how to construct an action that has this symmetry,

|
: * +

S= d¢ it " ma. (6.2)

The problem arises when we want to madkea local invariance. In this case, the action we just wrote
fails to be invariant due to the nonvanishing derivativeé ¥(x),
+

Lap T gty + il ugyp = g L+ igh Mg 4, (6.3)

where, to avoid cluttering expressions, we have omitted the dependence of the group gleméms
parameters @.

To overcome this problem we have to bnd a covariant derivadiye similarly to the one we
introduced for MaxwellOs theory, with the transformation

Duy 7 gDy, (6.4)

A reasonable Ansatz turns out to be

*

+
Duyp= 1" iAy 9, (6.5)
where we omitted the identity multiplying, andA, ' ARTR is a Peld taking values in the algebra of

73



LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

generators of. In order to get the transformations.4), A, has to transform according to
Apt A =ig' Mug+ g TAug. (6.6)

With this we can turng.2) into a locally invariant action by replacing, with D, debned in Eq.&.5). In
addition, we must include the dynamics of the new Pgldadding a suitable kinetic term that preserves
the gauge invariance of the fermionic action. The Abelian-informed cHgiée " ! A, for the gauge
Peld strength will not do, since it does not transform covariantly

*

+ , -
LA DALY g r A A g+ g M gg g
+'g A0, d Mg + g Mg d *Ag. (6.7)
This however suggests a wiser choice,
Fu = 1WA " LA +ITALA (6.8)

with the much nicer (i.e., covariant) transformation

|

Fu 7 Fji =d 'Fuo. (6.9)

Notice that, similar toA,,, the beld strengh,; takes values in the algebra of generators, so we can
write Fy = F§ T, with the components given by

Fa = LWAR" 1 AL+ Fa°ADAF, (6.10)

wheref 9 are the structure constants of the Lie algebra of generdlgsTR] = if 2°°TS.

We denote by? the set of gauge transformations acting on the belds. Although to bx ideas here,
we have considered transformatiorslf in the connected component of the identfy, the derived
expressions remain valid for all transformationsdneven if they lie in disconnected components (we
saw an example of this in the case of the Lorentz group studied in4lBgé&or transformations i,
we can write their inbnitesimal form,

g(() 6 1+i(2Tg, (6.11)
to write the brst order transformation of both the gauge beld and its beld strength
o AS = (2 if (CPAS T (D()?,
o F8 = if B(PRS (6.12)

where in the brst line we expressed the variation of the gauge Peld in terms of the (adjoint) covariant
derivative of the gauge function. The beld strength, in turn, can be also recast as the commutator of two
covariant derivativess, =[Dy,D].
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After all these preliminaries, we can write a gauge invariant action for fermions coupled to non-
Abelian gauge pelds,

14 5
1 * L *
S = d* "29$tr FuFY +¢ iD" ma
M
L4 . N 5
= dx T FAFM B Mg ATPTRY (6.13)
M

whereg,y is the only coupling constant of the thed®y This non-Abelian generalization of QED was

prst formulated by C. N. Yang and Robert L. Mil8Z. YangbMills (YM) theories are the backbone

of our understanding of elementary particle physics. Although the aBtipmeduces to that of QED in

Eq. @.58 for G = U(1), it displays a much richer structure for non-Abelian gauge groups. For starters,
the commutator in the Peld strength®§) is nonzero and the § Fa term in Eq. 6.13 contains cubic

and quartic gauge pbeld self-interaction terms. This indicates that, unlike the photon, non-Abelian gauge
bosons are never free particles even if uncoupled to matter.

The general analysis of gauge invariance follows in many aspects the Abelian case. The corre-
sponding electric and magnetic belds are debned in terms of the gauge p@t&htie{ g8," A?) by

a n n I Aa abcp a b
E%= " VAS" 4 fabepaab
It

B3= V! A%+ facAby AC (6.14)

and, unlike their Abelian counterparts, they are not gauge invariant. The electri€P&dn fact the
momentum canonically conjugate AF,

@%?(t, r), EX(t, r#)APB =i, 2" 1, (6.15)

and the Hamiltonian reads
! 4 5
S 1 .. o h
H= d éEaaEa+§BaaBa+A8DaE . (6.16)
Similarly to MaxwellOs electrodynamiés? plays the role of a Lagrange multiplier enforcing the Gauss

law constraint, now reading
(DAE)?' VA&E?+ faCAP1 EC=0. (6.17)

In the quantum theory, classical belds are replaced by operators. Using the non-Abelian version
of the temporal gaugeéd§ = 0, residual gauge transformations correspond to time-independent gauge

The factors ofgym in front of the brst term in the action can be removed by a restalé’ gvwmA,. In doing so, an
inverse power of the coupling constant appears in the derivative terms i6.Bgafd the Prst identity in Eq6(12), while
the commutator in Eq6(8) acquires a power ajym, as well as the structure constant term in EBq1().
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functions( 2(r) and are generated iy 4E,
41 S
AT =i dr(3(r)(DA&E)?, At r)

= V(2 +if PYPAS (D()?, (6.18)

where we have used the canonical commutation relations derived fror.E8.4nd to avoid boundary
terms after integration by parts we need to restrict to OsmallO gauge transformatiorisi(vheamnishes
when|r| /* . Those in the connected component of the ider#yare therefore implemented on the
space of physical states by the operator
4| 5
w()=exp i d(3)(DAEE)? . (6.19)

As in the Abelian case discussed in Box 9 (see pél)ethe invariance under these OsmallO gauge trans-
formations has to be preserved at all expenses to avoid unphysical states entering the theoryOs spectrum.
To achieve this, we require that the Gauss law annihilates physical states:

(D 4E)?|phy2= 0. (6.20)

In the presence of non-Abelian sourcéB, aE)? gets replaced byD aE)2 " 02, with 02 the matter
charge density operator.

We should not forget about OlargeO gauge transformations whose gauge pé&¥metieres not
vanish wherjr| / * . Notice that any transformation of this kind can be written as

9(r)iarge = hg(r)sman, (6.21)

whereh = 1 is a rigid transformation such thg(r)arge / h asir| / * . They build up what can

be called a copy of the group at inbnify; , the global invariance leading to charge conservation by
the prst Noether theorem. This is a real symmetry that quantum mechanically can be realized either
" la WignerbWeyl or ~ la NambubGoldstone. For the SM gauge group SUBY(2)! U(1), the

color SU(3) symmetry remains unbroken by the vacuum, whereas due to the BEH mechanism the
electroweak factojSU(2)! U(1)]- is partially realized " la NambubGoldstone, with a preserved.U(1)
corresponding to the global invariance of electromagnétism

7 Anomalous symmetries

In Section5, we mentioned the possibility that classical symmetries or invariances could somehow turn
out to be incompatible with the process of quantization but so far did not elaborate any further. Since
anomalous symmetries are crucial in our understanding of a number of physical phenomena, it is about
time to look into anomalies in some detail (see R&ISEPE] for some reviews on the topic).

As we will see shortly, the unbroken U(1) generator is a mixture of the two generators of the Cartan subalgebra of the
electroweak SU(2¥ U(1) gauge group factor.
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7.1 Symmetry vs. the quantum

Let us go back to the QED action E¢t.$8. We have already discussed the global phase invariance
leading by the pbrst Noether theorem to the conserved cudesif)( In addition, we can also consider
the transformations

/Y %y, I Te'®s, (7.1)

where*s is the chirality matrix debned in Eq4.63. Unlike the transformation / €/ rotating
the positive and negative chirality components of the Dirac spinor by the same phase, ThlEtipey
change by opposite phases. In what follows, we refer to the brst tymeastransformations, while the
second we dub aaxial-vector The latter, however, are not a symmetry of the QED actiomfot O,
since/l | Je?$s/ = ][ , whereag* !,/ isinvariant. In fact, using the Dirac Peld equations it
can be shown that the axial-vector current

jE = 1* 5*H (7.2)
satisbes the relation
it =2im/7* of (7.3)

and form = 0 gives the conservation equation associated with the invariance of massless QED under
axial-vector transformations. Similar to what we found on Box 8 for the Ravor symmetry of QCD, in this
limit the global U(1), symmetry of QED gets enhanced to Ug1) U(1)a .-

In the quantum theory, Noether currents are constructed as products of beld operators evaluated
at the same spacetime point. These quantities are typically divergent and it is necessary to introduce
some regularization in order to make sense of them. In the case of QED one way to handle the vector
currentj H(x) = / (x)*"/ (x) is by using point splitting

n # n # ' ! l (
. - 1 1 sl
JROG-)reg ' 1 X" == *ML x+ Z- exp ie dxHAL (7.4)
2 2 x! 4(
where the divergences appear as poles in0. Notice that since the phases introduced by the gauge
transformations of the two belds are evaluated at different points, an extra Wilson line term is needed
to restore gauge invariance of the regularized current. Alternatively, we can use PaulibVillars (PV)

regularization, where a number of spurious fermion belds of m&dsase added to the action

I I J
. o 0/6 L
Sreg = d4X " %Ful Fu! + / (|D " m)/ + Ck&k(lD " Mk)&k y (75)
i=1
with n andc, chosen so that the limit
| J
_ w
JF(reg ' I,i(m FOHH )+ c&i(XH*H&(x) (7.6)
X ( X
k=1
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remains Pnite (i.e., all poles at' x*= 0 cancel). An important feature of the PV regularization is that
it explicitly preserves gauge invariance. The maddgsact as regulators, since in the linhity / *
the PV fermions decouple and the original divergences reapear.

The need to make sense of composite operators is at the core of the potential problems with
current conservation in the quantum domain. The regularization procedure might collide with some of
the classical symmetries of the theory, resulting in its breaking after divergences are properly handled.
This is why our discussion of the regularization of the current operator in QED has been conspicuously
concerned with the issue of gauge invariance of the vector current. The existence of gauge invariant
regularization schemes guarantees that the current coupling to the gauge Peld can be debned in the
quantum theory without spoiling its conservatiogj # = 0 at operator level. Otherwise, we would be
in serious trouble, as we can see by applying the quantization prescriptio3.E6. 0 the stability
condition of the Gauss law E3.64),

[G,H]= "1 yj*, (7.7)

where we have debné&l' VaE" jO. If ! uj ! = 0, the Gauss law condition ensuring the factorization
of redundant states would not be preserved by time evolution. Indeed, imposing the constrairft at
on some state;|&(0) 2= 0, we would have at brst order jh

Gl&(,t)2= " itGH |&(0)2= " ,t! ,j"|&(0)2=0, (7.8)

so the constraint is no longer satisbed and unphysical states enter the spectrum. Another sign that some-
thing goes wrong when implementing the Gauss law constraint in theories with gauge anomalies appears
when computing the commutator of tv@Os evaluated at different points. In the presence of a gauge
anomaly, it is no longer zer®yE99], but

[G(r), G(x"] = cB(r) &V, @ (r " ¥, (7.9)

wherec # 0 is a constant determined by the value! f . This result implies thaG(r)|phy2 = 0

cannot be consistently imposed, since this condition would irff@{y), G(r"]|phy2 = 0 whereas the
right-hand side of Eq.79) gives a nonzero result when acting on the stat€his being the case, spuri-

ous states cannot be factored out from the spectrum, with the upshot that the theory becomes inconsistent.

This shows that in constructing QFTS, gauge anomalies cannot emerge. This condition is a very
powerful constraint in model building, since it limits both the type of pPelds that can be allowed in the
actions and also their couplings. As we will see in Box 13 in pa@4 in the SM this requirement
completely bxes the hypercharges of quarks and leptons, up to a global normalization (s66é| Ref. [
examples of anomaly cancellation in the SM and beyond).

After this digression, we go back to the quantum mechanical depnition of the axial-vector current
Eq. (7.2 and the fate of its (pseudo)conservation Eq3). To simplify things, we consider the massless

1850mething similar happens in the case of non-Abelian gauge theories that we will discuss in the next section. There, the
commutator of two Gauss law operators acquires a central extefGitq), G®(r')] = if **°G(r)' @ (r! ')+ A% (r,1'),
with G* $ (D 4aE)*! j°C in this case.
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case where axial-vector transformations Bl are a symmetry of the classical action. A very conve-

nient way to study this problem is to treat the gauge beld as a classical external source coupling to the
guantum Dirac beld. This is made clear by denoting gauge pelds and Peld strengths using calligraphic
fonts aser, and.7, , respectively. Instead of working with operators, we deal with their vacuum expec-
tation values in the presence of the background beld and coripfizs ' 1 0|JL'|02together with its
divergence. This can be done using either the regularized operators introduced above (see, for example,
Ref. [10Q for a calculation using point-splitting regularization) or diagrammatic techniques. In the latter
case, we need to compute the celebrated triangle diagrams

o o
M\
Jt Y + J¢ (7.10)
NN\
JZ%# 42{#

where in the left vertex of both diagrams (indicated by a dot) an axial-vector current is inserted, whereas
the other two are coupled to the external gauge beld through the vector gauge currents. Since in these
lectures we are not entering into the computation of Feynman graphs, we will not elaborate on how to
calculate these ones. Details can be found in Chapter 9 of Refjsof in [94]. Here we just give the

Pnal result for the anomaly of the axial-vector current,

ke, = L

T Fog . (7.11)

Despite having used all the time natural units with 1, in this expression we have restored the powers
of the Planck constant to make explicit the fact that the anomaly is a pure quantum effect.

This crucial result has a long history. The diagrams in Egl@ were computed in 1949 by
Jack Steinbergerlp]] and later in 1951 by Julian Schwingek(Z, in both cases in the context of the
electromagnetic decay of neutral mesgnsAlmost two decades later, the consequences of the triangle
diagram for the quantum realization of the axial-vector symmetry of QED were pointed out by Stephen
Adler [105, and John S. Bell and Roman Jackit0f in what are considered today the foundational
papers of the subject of quantum anomalies.

There are some very important issues that should be mentioned concerning the calculation of the
axial anomaly Eq.{.11). We have stressed how the anomaly could be seen as originated by the need
to regularize UV (i.e., short distance) divergences in the debnition of the current or, alternatively, in
the computation of the triangle diagrams. Nevertheless, using either method, we bnd a regular result
in the limit in which the regulator is removed. In the language of QFT, we do not need to subtract
and renormalize divergences to bnd the anomaly of the axial current. At the level of diagrams, what
happens is that, although the integrals are linearly divergent, this only results in an ambiguity in their

1%0Other early calculations of the triangle diagrams were carried out in 1949 by Hiroshi Fukuda and Yoneji Miya@#to [
and by S. Ozaki, S. Oneda, and S. Sasa@#].
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value that is bxed by requiring the gauge (vector) current to be conserved. In the case of the point
splitting calculation, introducing a Wilson line similar to the one inserted in Ed) (n the regularized
debnition of the axial-vector current to preserve gauge invariance we are led to the axial anomaly after
taking the- / 0O limit.

Another important point to be stressed iteasionbetween the conservation of the gauge and the
axial-vector currents: we can impose the conservation of either of thédtwopt of both simultaneously
After the above discussion of the dire consequences of violating gauge current conservation, the choice
is clear enough.

7.2 The physical power of the anomaly

When studying the global symmetries of QCD, we have also encountered axial transformations [see
Box 8 and in particular Eq.5(48] and mentioned that they are anomalous. Now we can be more
explicit. The axial-vector current of interest in this case is given by

Jg = g*s*Hq, (7.12)

where a sum over color indices should be understood. Its anomaly comes from triangle diagrams similar
to the ones shown in Diagrani.@0), this time with quarks running in the loop. But, together with the
triangles coupling to the electromagnetic external potert{glwe also have a pair of triangles where

the vertices on the right couple to an external gluon Rejdfor this, we also use calligraphic fonts to
indicate that we are dealing with classical sources). This results in the anomaly

n & ) #
Nc¢ 4 2 W g o N W4 pcarpa
16$2 G -- JH! %-# 16$2_ . I:|.‘l! "# (713)

1a13E2, 0 ="
f=1

whereF § is the non-Abelian Peld strength associated with the external gluon pelddadhe number

of colors. The coefbcient of the Prst term is obtained by summing the expression of the axial anomaly
given in (7.11) to all quarks running in the loop. As for the second, the quarks couple to the gluon pelds
through the gauge current

Jha = grh+aq, (7.14)

where+? are the generators of the fundamental representation of SU(3) acting on the color indices of
each component af. Since the axial current does not act on color indices, the prefactor is proportional
to (tr 1)(tr {+2,+P}) = N¢, 2, with 1 the identity in Ravor space.

Anomalies can also affect the global non-Abelian BY) ! SUNf); symmetry dePned
in (5.49. This global symmetry group can be rearranged in terms of vector and axial transformations
SUN¢), ! SUNs)g = SUN¢), ! SUN¢), acting on the quark Pelds as

SUNt), 1q/ € Vg, SUNt), : g/ € alf%g, (7.15)
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with g and g, transforming respectively with the same or opposite J(parameters. Vector
currents, however, are always anomaly-free. A simple way to come to this conclusion is to notice that
the PV regularization method introduced above preserved all vector symmetries, since these remain
unbroken by fermion mass terfs We thus focus on the chiral SN¢(), factor, whose associated
axial-vector current is

I = grsrtilg, (7.16)

where, again, there is a tacit sum over the quark color index. As in the case of the singlet Guti2nt (

there are contributions coming from the photon and gluon couplings of the quarks. Taking into account

that, unlike photons, gluons are Ravor-blind, we bnd
4%f 5

N "
16% f=1

N¢ *

16$2

+
rtg W% FAFS. (7.17)

Since all generators of SN¢ ) are traceless, the second term is zero but the brst one does not necessarily

vanish.

Let be focus on the dynamics of the two lightest quarkendd, whereq, = seandgg = " %e.
In this caseN¢ = 2 and the Ravor group is generatedtby= %6' , with 6' the Pauli matrices. We have

then

% % % &2
FtHir = FtHr =0, F(tP)r = 5 (7.18)
f=1 f=1 f=1
whereN. is the number of quark colors. This means Lﬂ%f is anomalous,
N -
IR EC N 48$§-“!# T Fog . (7.19)

The physical importance of this result lies in that after chiral symmetry breaking (see Box 8 i6fage
the operatot HJS“ becomes the interpolating beld for pions, creating them out of the veéuum

1
f)m

1$3(p)|! LI2*(x)|02= fymy, g P& =- $3(x) = I (x), (7.20)

)

wherem, is the pion mass anfi the pion decay constant introduced in E5.5¢) to parametrize the

matrix of NG bosons resulting from chiral symmetry breaking. Although to compute the anofribdy (

we took the electromagnetic beld to be a classical source, the corresponding operator identity implies the

20A warning note here. Unlike the Abelian U({)transformations in SUW(;) , do not close and therefore do not form a group.
This can be checked by composing two of them and applying the BakerbCampbellDHausdorff formula. Our notation has to
be understood in a formal sense.

2IThis argument also applies to the SU(3) gauge invariance of QCD, which cannot be anomalous since it acts in the same way
on quarks of both chiralities. As a consequence, the theory can be regularized in a gauge invariant way.

22The prst identity follows fron% “(p)|J2*(x)|0& ' p*' “*e” P*  a direct consequence of the Goldstone theorggh [
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m?  9m?

A\ 4

Fig. 10: Complexp?-plane showing the structure of singularities of the funcfi¢p?) in Eq. (7.24: a
pole atp? = m¢ and a branch cut beginning gt = 9m¢.

existence of a nontrivial overlap between the neutral pion state and the state with two photons,

e2NC

. 0 =
Ikq,#1, ko, #2|$7(p) 2= 12$2f)

)4, D (p" ki " ka)-pew Kiky- (ki)-# (ko). (7.21)

The width of the process can be computed from this result to be

‘ 2N 2m3
($°/ 2*)= (576$?3f))2 =7.73eV, (7.22)

which is perfectly consistent with experimental measureméditg |
'($°/ 2%)exp = 7.798+ 0.056(stat.)+ 0.109(syst.) eV (7.23)

Incidentally, the presence ¢f = 93 MeV in Eq. (7.22 gives a rationale for it being called the pion
decay constant.

The electromagnetic decay of the neutral pion is a direct consequence of the existence of the axial
anomaly. On general grounds, it can be argued that the amplitude for the decay procest’dfhtbe
two photons has the structure

2u 2

Ty, #1; ko, #o|$%(p)2= ipf)mr;)pzf (P)29)% @ (0" ki k) Kk (ko) (ko) (7.2)
with f (p?) a function of the pion squared momentum. We could naively asduip® to be well-
behaved, with a pole singularity af = m¢ and a branch cut starting 8m¢ signalling multi-pion
production (see Figl0). Were this the case, the amplitude would be suppressed ip?the O limit.
Historically, this result was known as the SutherlandbVeltman thedt@&11[09 and essentially ruled
out the existence of the proce$8 / 2*, that was nevertheless observed. The catch lies in that the
regularity hypothesis concernifigp?), called partial conservation of the axial current (PCAC), is wrong
due to the axial anomaly. The calculation of the triangle diagratmg) shows that this function is not
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regular at zero momentum, but actually has a pole

ie2N. 1

F07) % g

as p/ O (7.25)

This singularity is precisely responsible for compensating the low-momentum suppression of the am-
plitude (7.24), giving the nonzero result accounting for th&/ 2* decay. It is somewhat fascinating

that the anomaly, that we identibed from the start as resulting from UV ambiguities in the dePnition of
the current, is also associated with an IR pole and determined by its residue. This ref3ects the profound
topological connections of QFT anomali&sio6g].

Box 10. The path integral way to the anomaly

There are many different roads leading to the chiral anomaly. For our presentation above we have
chosen the perturbative approach, involving the computation of the two one-loop triangle diagrams
shown in Eq. 7.10. But the anomaly can also be computed using path integrals, where it appears as
a result of the noninvariance of the functional measure under chiral rotations of the Dirac fermions.

To see how this comes about, let us consider again a Dirac fermion coupled to an external
electromagnetic beld/, that we treat as a classical source. Its action is given by
|

— ; _* +
SI, 1, efy]l= d*F Wil + e |
! 6 T o 7
= d4X/R||u+edu/R+/L|'u+e52{u/|_, (7.26)

where in the second line we split the Dirac fermion into its two chiralities. A quantum effective
action'[ .#,] for the external bPeld can be debned by integrating out the fermions
!
ei$[£{“] = 9/_@/8 iS[S,g,ngu]. (727)

The important point in this expression is that the Dirac Pelds are dummy variables that can be
modiPed without changing the value of the functional integral. In particular, we can implement the
following Ochange of variablesO:

| =€%s% = lrL=€" 1%, (7.28)

writing the original Dirac Peld in terms of its chiral-transform [see Eql)]. As we know, in the
absence of a Dirac mass term the fermion action does not change

SU, T, ] =Sl *T" ], (7.29)

reRecting the classical chiral invariance of the massless theory.

However, we have to be careful when implementing this change in the int&ged).(The
reason is that we have to properly transform the fermion integration measure, which in principle
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might pick up a nontrivial Jacobian. Since the transformation is linear in the fermions, this Jacobian
can only depend on the external sources, as well as on the transformations patameter

T 91 = Il4)2T 1 * (7.30)

Taking this into account, we go back t6.27) that now reads
! !
dSll = gty #eiS[s!,é!,%]nog NEAR a9/ #eis![3!,§’,,%]_ (7.31)

Thus, the effective action can be computed in the new variables, provided we use the new fermion
actionSf/ #y ] including an additional term,
—# ! —— +
SUAT e )= d* T Wil + e |7 ilogd[l, (7.32)

that, coming from the functional measure, is obviously a pure quantum effect. A convenient way
to compute the Jacobian is by expanding the Dirac fermions in a basis of Dirac ofe(aOr'

*H(Iy " ieg,) eigenstates. Using a regularization method preserving gauge invariance, a bnite
result is obtainedds,110,111]:

|

(

" IOgJ[e,qu] = sz

d*x-W* 2y T (7.33)
Notice that in the case of massive fermions the chafd&8(also introduces, besides the quantum
anomalous term, a complex phase in the mass, which has a classical origin:

|
g * *

a + . +
SUHAT = d' Te*hil y+edf, I+ T 1% il y+ e, |}

|
% +7 e2 :
w o —# —# "
+me? Tolf+T[1E + 1ch(;2 d*x-WH 2y Ty (7.34)
The last term associated to the nonzero Jacobian is just the integrated form of the chiral anomaly
foundin (7.17). The analysis just presented will be useful in analyzing the strong CP problem in the

next section.

8 The strong CP problem and axions

When studying magnetic monopoles in Box 5 (see g&gewe discussed the possibility of having non-
trivial gauge Peld topologies. In this section, we are going to look deeper into the role played by topology
in non-Abelian gauge Peld theories and study how nonequivalent topological gauge beld conbgurations
debne different vacua of the theory.

8.1 The (inPnitely) many vacua of QCD

To bx ideas, let us consider pure YM theory in the temporal g#fge 0, preserved by the sét of
time-independent gauge transformatiggs). Adding to the Euclidean spad®? the point at inPnity,
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it gets compatibed to a three-spheRe,) {*} 6 SS. Thus, the residual gauge transformationin
debne maps fror82 onto the gauge grodp

¢:5%1 G. (8.1)

The space4 consists of inbnitely topological nonequivalent sectors classibed by the third-homotopy
group$s3(G) [57B60]. As an example, let us consider a gauge theory with g@up SU(2). This Lie
group is topologically equivalent to a three-dimensional spBéras can be seen by writing

g=n°l+ iné&o, (8.2)
with n® andn = (n?, n?, n3) real. Both unitarity
gg=9gg = (nN%+n?1=1, (8.3)
and the requirement of unit determinant
detg=(n%?+ n®=1, (8.4)
lead to the condition
(n%%+n=1, (8.5)

so (n% n) parametrizes the unit three-sphe®@. Since$3(S°) = 7Z, the set of time-independent
SU(2) gauge transformations decompaoses into topological nonequivalent sectors

@]
@G = gn, (86)

n. 7z

wheren is the winding number of the map® / S3. For a gauge transformatia(r), its winding
number can be shown to be
1 ! 6 7

N=oagz Okt (0 o)(g M ag i) - 87)

Moreover, two gauge transformations can be continuously deformed into one another only when they
share the same winding number, wif the identityOs connected component. Additivity is an important
property of the winding number. Given( %, andg”( %, their producgg®has winding number

Ngg = Ng+ Ng, (8.8)

and in particulang 1 = " ng. This, together with the fact thdt ( %, shows that% is the only sector
forming a subgroup.

From the discussion in Sectidi we learn that physical states are preserved by OsmallO gauge

At a more physical level, the compactibcatiorit to S* amounts to requiring that all belds, as well as gauge transforma-
tions, have well-debned limits &g " ( , independent of the direction along which the limit is taken.
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transformations ir% provided they satisfy the Gauss la#.20. As for transformations %, with
n = 0, keeping in mind that quantum states are rays in a Hilbert space debned up to a global complex
phase, we conclude that physical invariance under a transforntatior¢; requires

qilphys2= € |phys2, (8.9)

for some. ( R. This number should be independent of the state, since otherwise gauge transformations
would give rise to observable interference. Another relevant fact to notice is that the valug aso
independent of the transformationd. To see this, let us considey, gf ( % and assume that

qlphy2= €' |phy gflphy2= € '|phy< (8.10)

Since by additivity of the winding numbtg.jij*g!l 1 ( %, and transformations in the connected component
of the identity leave the physical states invariant without any complex phase, we immediately conclude
that. #= .. Using a similar argument it is straightforward to show thatgpX %,

on|phy2= €" |phy<2 (8.11)

The conclusion is that a single actual numbetdetermines the action of all gauge transformations on
physical states.

We can reach the same conclusion about the vacuum structure of YM theories in a different way.

Besides the gauge kinetic term in the actiéri@), there is also a second admissible gauge invariant term
!
n ) 4 a au!
!

" @ d*x E? 4B?, (8.12)

S

wherelf’j‘! is the non-Abelian analog of the dual tensor Peld introduced inE45)( debned as
I_?a — 1 a"#
WS ST Fo7. (8.13)
What makes the-term 8.12) interesting is that it is the integral of a total derivative
MRS RE =1, N, (8.14)

and therefore does not contribute to the Peld equations. The current on the right-hand side of the previous
equation takes the form (see Box 11 below for a rather simple derivation of this result)
" #
=4 AR AR+ %f LARAPAG (8.15)
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IntheA§ = 0 gauge, we have

. A + 1 * #
_u'# Fﬁ‘ F%f :4W A2A VI A2 + éfabCAaé AP1 AC , (8.16)

which, once integrated and with the proper normalization, gives the following expression. efdita

FIo 4 5
S=v & ATAVI AT+ aeacg AP) A
8%2 ' 3 ' 5.
L4, . 58 G
+ 1 +
" d ARA V! A? + 3f abcaa g AP AC . (8.17)

t=1"

To ensure Pniteness, we take the gauge Betkl A?TZ to approach pure-gauge conbguratidas =
gﬂ_, 1¥g. att = +* (see Fig.11). It is easy to see that the integrands in E81{) are not gauge
invariant and therefore theterm is nonzero (again, a derivation is outlined in Box 11),

! B 6 7C
d*rtr (g,'Vai)a (g 'Va)! (0.'Va)

! B 6 7C

" r FrU (@ Ve)A (@ Ve)! (g 1ve) (8.18)

SI:T4$2

Comparing with Eq. &.7), we identify the winding numberms. of the asymptotic gauge transforma-
tionsg: , to write

S =(n," ni).. (8.19)

Thus, non-Abelian gauge beld conbgurations are classibed into topological sectors interpolating between
early and late time conbgurations of debnite winding nunmher These sectors are labelled by the
integern = n. " n, , and when summing in the Feynman path integral over all gauge conbgurations we
also have to include all possible sectors. Each one is weighted by the same phase,

eSo = g | (8.20)

that we encountered in EB.(LD.

Box 11. Gauge Pelds and differential forms

The analysis of YM theories gets very much simplibed in the language of differential foriR&)].
The gauge peld, = A TS can be recast as the Lie algebra valued one-form

A= "IAdxH, (8.21)
while the two-form Peld strength is given by

Fo IEF“! dxM<dx' = dA+ A <A, (8.22)
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time

Fig. 11: Representation of the spacetime interpolating between two pure gauge conbguAatiens

o Vo. att = +* | intheAo = 0 gauge.
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veribes the Bianchi identit)F = 0.

In four dimensions there are two gauge invariant four-forms that can be constructed from the
peld-strength two-form. The Prst one is

tr(F < 8F), (8.28)

where8 denotes the Hodge dual, acting op-form beld as’$8]

8o = " ST et X << a0, (8.29)
Since this operation commutes with the multiplication by a zero-form, the gauge invaria@c2®f (
follows directly from applying the cyclic property of the trace. In addition, we can also construct a

second gauge invariant four-form
tr(F<F), (8.30)

so the action of pure YM theory without matter couplings can be written as
! !

tr(F <8F)+ oo M4tr(F<F), (8.31)

1
zggM M 4

Sy =

whereM 4 represents the four-dimensional spacetime. The two terms correspond respectively to the
kinetic and. terms given in components in eg6.13 and @.12. Incidentally, notice that while the

term inside the prst integral is always a maximal form in any dimension, the one in the second term
is only maximal inD = 4. In fact, no analog of the-term exits in odd-dimensional spacetimes.

Although in these lectures we are restricting our attention to (Bat) Minkowski spacetime,
QFTs can also be debned in curved spacetimes. In this respect, the @@initten in terms of
differential forms is also valid for non-Rat metrics. An interesting difference between the two terms
is that, while the Prst one depends on the spacetime metric-tten does not and is therefore
topological. Metric dependence is actually signaled by the presence of the Hodge dual in the action.

Another relevant fact that can be easily shown using differential forms is thattéren is a
total derivative, as we saw in EB.(L6). Indeed, Eq.&.30 can be explicitly written in terms of the
gauge Peld one-form as

tr(F<F)=tr(dA<dA+2dA<A<A+A<A<A<A)

#
= dtr A<dA+§A<A<A , (8.32)

where we have used th@i( A < A < A< A) =0, as a result of the anticommutativity of one-forms
and the traceOs cyclic property. Using the properties of the Hodge dual operator, we Pnally write

8tr(F<F)=dJ, (8.33)
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whered ' 8d8is the adjoint exterior derivativésg] andJ is the current one form
n 2 #
J = 8tr A<dA+§A<A<A . (8.34)

Once expressed in components we retrieve Ed.4].

The trace on the right-hand side &.84) debnes th€hernBSimons formApplying (8.23
and after some algebra we obtain its gauge transformation
7 , "
43(A) " tr A<dA+ §A<A<A

6 7
il 43(A)" %tr (¢ *dg) < (¢ *dg) < (¢’ *dg) . (8.35)

The ChernBSimons form is a very interesting object for many reasons. One is that it gives rise to the

action
! : #

Scs="4k$ Mstr A<dA+§A<A<A , (8.36)
whereM 3 is a three-dimensional spacetime dnid a constant known as the ChernbSimons level.
Although 8.35 implies that the action is not gauge invariant

! 6 7
Scs? Scst 15z tr (g 'dg)< (g 'dg) < (g 'dg) , (8.37)
125 .,

the extra term equal@$nk, with n the winding number of the gauge transformation debned
in Eq. B8.7). Since the quantum theory can be formulated using functional integrals involv-
ingexp(iScs), this gauge variance is not a problem provided the ChernBSimong lieweh integer.
The action 8.36 debnes a topological Peld theory appearing in many contexts in physics, ranging
from quantum gravity112 113 to condensed matter, where it has found important applications in
the theory of the quantum Hall effe@4,114).

To conclude this discussion, let us also mention that the four-f8r&t)is also related to the
axial anomaly studied in Sectioh Debned on a Euclidean spacetime, the integrated anomaly of
the axial-vector current can be shown to Bg,[L10,111]

|
: *

d*x ! R (x)2="2 N+ " N;), (8.38)
M 4
and N. are the number of positive/negative chirality solutions to the equdii¢d)/ = 0,
with D(A) * *¥(!, " iA) the Dirac operator on the Euclidean manifdtls. The differ-
enceN: " N, appearing on the right-hand side of E§.38 is in fact a topological invariant
called thendexof the Dirac operator. This quantity can be computed using the AtiyahBSinger index
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Fig. 12: Classical depiction of the neutron and its electric dipolar mordgntThe components of the
d quarks position vectons; andr; are written using the coordinate axes shown in the picture, with origin
on the position of thel quark.

theorem $7860] and in four dimensions it is given by the integral of the four-fo8rB30)

|
1!
indD=" — F <F, 8.39
& . (8:39)
which, as explained above, is itself a topological quantity. By substituting this resulBi3@,(we
retrieve the known form of the anomaly, apart from a global factdrtbft is the consequence of

working in Euclidean signature.

8.2 Breaking CP strongly

A signibcant feature of the-term .12 is that it violates both parity and CP, the combination of parity
and charge conjugation,

0
1 E3t,r) 7 E4(t," r)

CP = CP:S 7" S. (8.40)

2 Bag,r) 7 " BA(t," 1)
To understand these transformations heuristically, we can use the analogy with MaxwellOs electric and
magnetic Pelds to conclude thBf is reversed by both parity and charge conjugation, whereas the

pseudovectoB? is preserved by the former and reversed by the latter. Notice that since CPT is a
symmetry of QFT, a breaking of CP is equivalent to a violation of time reversal T.

Among the phenomena where CP (or T) violation can manifest in QCD is the existence of a
nonvanishing electric dipole moment of the neutron (see, for example, Réf5.1[.4 for reviews).
To be clear, were neutrons elementary, we would not expect them to have an electric dipolar moment.
But being composed of three valence quarks with different charges, a nonvanishing value may appear
depending on the quark distribution. To estimate its size, let us consider a classical picture of the neutron
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assuming a structure similar to the water molecule (see Hly. the twod quarks are located at a
distance9 of theu quark and their position vectorg andr, span an anglé with each other. Taking
coordinates on the plane debned by the three quarks, the modulus of the electric dipole mhpisent
readily computed to be

2 / 2 .
|dn| = éegcosz' §e93|n§, (8.41)

where we have introduced the anglé $" /, controlling the amount of CP violation. To estimate
the prefactor in Eq.§.41), we recall that the distanc@between the quarks is of the order of the pionOs
Compton wavelength

|
96 — 8.42
e (8.42)

where for computational purposes we have restored powérsiofic. Noticing thatl c 6 200MeV &m
andm) ¢ 6 135MeV, we bnd

|dn| 6 10 Bsin'éeécm. (8.43)

A comparison with experimental measurements of the neutron electric didoiel[Lg

dnlexp < 10 *°edcm, (8.44)
leads then to the bound
. <10 8, (8.45)
This means that the angle= $" . in Fig. 12is extremely close t&, making the quark conbguration

inside the neutron look like a CQather than a water molecule.

This cartoon calculation exhibits the basic feature of the so-caltedg CP problemthe stringent
experimental bound for the neutron electric dipole moment implies the existence of a dimensionless
parameter that is extremely small without any dynamical reason. Once we rephrase the problem in
the correct language of QCD, we will see that this parameter is preciselydbepling introduced in
Eq. 8.12.

From a QFT point of view the neutron electric dipole emerges from the dimension-pve nonminimal
coupling of the neutron to the electromagnetic beld

. !
S$" Jldal  dnBH *enFy (8.46)

wheren is the neutron Peld arét' has been debned in E4.49. This term is explicitly gauge invariant

but breaks parity, as follows from the presencé ©flt is, however, invariant under charge conjugation,
which preserves the neutron and gauge belds, and therefore it breaks CP. The opd@tsri6 fact

an effective interaction emerging from loop diagrams in the EFT of pions and nucleons described by an
extension of the actiorb(58. To construct this theory, let us consider QCD with the two light 3auors
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andd. Written in terms of the chiral isospin doublets

' (
UR,L
qR,L = y (847)
dr,L
the microscopic action takes the form
! " #
S= d'% igrDqr+iq Dq + G Mgr+ grM q " 32'$2'”!"# FaFg +... . (848)
whereD, = ', " iA ﬁTa denotes the gauge covariant derivative and the mass matrix is given by
1 O (
m
M = ! . (8.49)
0 My

We have included the-term, while the ellipsis indicates other terms not important for the argument. In
writing the action .58 we assumed that quarks are massless, and also the NG bosons associated with
chiral SSB, but we now relax this condition. Although the chiral SH(R2)SU(2) transformations

grL 7 URLGRyL, (8.50)

do not leave the quark actioB.48) invariant, we can restore the symmetry promoting the mass nitrix
to a spurion beld transforming as

M7 U.MUg. (8.51)

Thus, the original action can be seen as one where chiral symmetry is spontaneously bidkéaking

the value in Eqg.§.49. The transformation oM , together with Eq.%.56), provides the basic clue to
incorporate masses into the NG acti®B@. An invariant mass term can be built by taking the trace of
the product of the mass and the NG boson matrices

! 4, . . . 5
Sne = d*x %tr D,S D*S +fBotr M T+ XM . (8.52)

HereD, X =!,3" iA[Q, X], withQ = e6° the pion charge matrix, is the electromagnetic covariant
derivative and is a numerical constant that cannot be determined within the EFT fram&wv&ub-
stituting the explicit expressions 8 andX, and expanding in powers of the pion pelds, we bnd the
mass term

! 6 7
" Sng = " fyBo(my + mg)  d*x ($9%+2%%$ (8.53)

2The pion effective actioSne also contains terms induced by the anomalous global symmetries of QCD, which are fully
defermined by the mathematical structure of the anomaly (see, for example9®efAn example is the term proportional
to trlog X! trlog X FWI'#*”’, accounting for the electromagnetic decay of the neutral pion discussed i8page
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from where we read off the pion mass

2
my

= e (8.54)

m)2 = 2f) Bo(mu + md) =- Bog

Within this approximation, neutral and charged pions have the same mass.

Nucleons can also be added to the chiral Lagrangian (see R&81p(Q for reviews). They are
introduced through the isospin doublet

N = , (8.55)

transforming under SU(R)! SU(2) as outlined in Refs.121P123
N7 K(Ug, U, Z)N. (8.56)

The so-called compensating P&dUg, U, , X) is a SU(2)-valued matrix depending on the NG boson
matrix £(x), and through it on the spacetime point. It is dePne&i§yr, U, , 2) = vf(x)' TUgu(X),
whereu(x)? ' 3(x) anduf(x)? ' XHx) = UrX(x)U_, thus providing a nonlinear realization of
the SU(2x ! SU(2) global chiral symmetry acting on the nucleon isospin doublet.

Having established the transformation of nucleons, we add to the effective action the term

! 6 7
"Sn = d*N D" f(Z) N, (8.57)

with f (X) a matrix-valued function depending on the NG boson matrix and suclbthatD + if (X)
debPnes a covariant derivative with respect to the local transformaiéf)(D / K DK . At linear
order in the pion Pelds, it includes the pionBnucleon vertices

F(3)= myl+ 2‘1’*)*“*5! L+ O(n?)

* + * +
=my1+ &9—2 % gt prieep 180+ gf—A mHesply g+ priesnt 18T, (8.58)
) )

wheremy is the nucleon mass. Incidentally, substituting this expressidr{) into the action 8.57)

we can integrate by parts and move the derivative froto N andN. For scattering processes with
on-shell nucleons the Dirac equatidd = mpyN can be implemented to write the nucleonbpion
interaction term aggyn NtjN$', with t} the generators in the fundamental representation of SU(2).
Furthermore, the coupling constagyiy satisPes by the GoldbergerbTreiman relatic|

f) ONN = GaMN . (859)

Notice that, sinc@p is real, the couplings in Eq8(58 preserve CP.

We would like to study the effects in the chiral Lagrangian of adding ttexrm to the quark action.
At this point we should invoke the analysis presented in Box 10 (see§®géere we saw how, due to
the chiral anomaly, implementing a chiral rotation of the fermions inducegam in the action. More
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precisely, performing a chiral rotation of thiequark
ury 1 € ury, (8.60)

results in shifting the value of the theta angle

! " #
. . _ _ L2 e
S= d'% igrDqr +iq Dq + G Mqr+ qrM q_ 32$2('“!# FaF% +... , (861)
and a complex mass matrix
| e’ 0 (
m
M = Y . (8.62)
0 My

In particular, setting = % the. -term cancels and all dependence. as shifted to a phase in the mass
matrix M . In more physical terms, we have transferred the source of CP violation in the quark action
from the. -term to a complex couplirfg.

It might seem that, at the level of the chiral effective beld theory, the phase in the mass ma-
trix M = diagl€ my, mq) could be removed by an appropriate chiral transformation of the NG
PeldX(x). In doing so, however, we introduce. adependence i (X, .) debned in&.57), inducing
additional nucleonbpion couplings. In particular, besides the neutronbBprotonbpion vertexBiBggq. (
there is a new CP violating vertex contributing to the dimension-bve non-minimal electromagnetic cou-

pling in Eq. 8.46

n n n

=~ $! N $|

\\ \\

\ \

* = P O~ p * (8.63)

/// //l

e $l ,/ $I
n n n

The black dots in the diagrams on the right-hand side represent the CP-violating vertex, whereas the
lined blobs indicate the neutronbpion coupling8mb@. The chiral loop integrals are logarithmically
divergent and once evaluated give the following contribution to the neutron electric dipole ma2gnt |
" #
my

_ 1 [gnn Gy | mn
Idnl—4$27mN log m (8.64)

where

[Own |5 0.027. | (8.65)

is the coupling of the CP-violating vertex and, in the spirit of EFT, integrals have been cut off an, .

In fact, it is easy to prove that the quant)tys ) +argdet M remains invariant under chiral transformations of the quarks.
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Substituting the value for the CP-preserving pionbnucleon coupling and implementing the experimental
bound 8.44), we bnd

|| <10 (8.66)

We see that the amount of bPne tuning in thearameter needed to explain experiments is not very far
off the one obtained for the anglein (8.45 in the classical toy model of the neutron (not by accident
both quantities were denoted by the same Greek letter).

Box 12. A OpotentialO for

We would like to understand how the energy of the ground state of QCD depends on the parameter
There are a number of things that can be said about this quantity, that we dend(e)byAs we
learned above [see E®.(9)], the. -term is a topological object and any physical quantity depending
on it like V(.) should be periodic in with period equal t@$,

V(. +2%)= V(.). (8.67)
Moreover, there exists a very elegant argument showing that energy is minimized fo 126
V), V(.). (8.68)

To go beyond these general considerations and Pnd an explicit expressidn)oin QCD, we
consider the potential energy in the pion effective actb?),

méf 2 * +
VE)="=—2) tr M T+ MX (8.69)
2(my + mg)
whereM is given by
| e 0 (
M = = : (8.70)
0 My

To Pnd the vacuum energy, we look for a NG boson matrix conpguration minimiZzgy.

In fact, since the mass matrix is diagonal it can be seen that the tra8&8 dnly depends
on the diagonal components Bf. This means that, in order to minimize the potential, it is enough
consider to NG matrices of the forBd = diag(€” ', €" 2). Furthermore, the dependence.oim the
mass matrix can be shifted to the NG boson matrix by the Peld redebnition
g o et o geiy g |

sy & ° = = s (8.71)
0 1 0 1 0 €

Imposing the conditiodet ¥ = 1, we havel; + 1, = . mod2$.
Substituting the redebPned NG matrix p&dnto (8.69 with M = diagimy, mg), we arrive
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Fig. 13: Plot of V(.) in Eqg. 8.75 for three different values of th% ratio: 1 (blue), 0.3 (orange), and
0.5 (green).

8.3 Enters the axion

We would like to understand the smallness df a natural way, i.e., either as following from some sym-
metry principle or by Pnding out some dynamical reason for its &lu@ne possible explanation would

be thatm, = 0, so a chiral rotation of tha-quark pPeld would get rid of the-term without introducing
CP-violating phases in the chiral Lagrangian. This is however no good, since all experimental evidences
indicate that thei-quark is not massless.

A very popular solution to the CP problem is the one proposed by Roberto Peccei and Helen
Quinn [127,128 consisting in making the -parameter the vev of a pseudoscalar Flxl), the ax-
ion [129 130, whose potential would drive it té0]a(x)|02= 0. To be more precise, let us consider the
action
! " #
S= d'* igrDgr+ig Dg + G Mgr+ GrM q_ " 32$12faaFj‘! pau (8.78)

wheref 5 is an energy scale introduced so the axion beld has the canonical dimenension of energy. We
can now play the old game of shifting the last term in the act®g) to a complex phase in the mass
matrix. In the low-energy effective beld theory, this phase can be absorbed into the NG bosons matrix
by the beld redebnition (cf. the analysis presented in Box 12)

' ; « : (
| e | a
" 2fq " 2fq
ny €0 5 € 0 (8.79)
0 1 0 1
In the absence of a mass term for the NG bos@isynly has derivative couplings and the theory
is invariant ynder constant+shifts of the axion belfk) / a(x) + constant. The presence of the

termf)3Botr M X+ X M , however, induces a potential that can be read off Bzg with . re-

ZThe fact that in the C@molecule the angl} is zero is a consequence of the dynamics of the atomic orbitals and is therefore
OnaturalO®.
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placed bya/f 5. Expanding around the minimumat 0, we bnd

m md 2
2 (my + mg)?

V(a) = m) ) (8.80)

where we have dropped constant terms and the ellipsis indicates higher-order axion self-interactions.
This gives the axion mass

&_ " #
myfy MMy _ 5 - 10° GeV eV, (8.81)
fa my+ my ' fa . .

My =

The Peld redebnitior8(79 also induces axion interactions with mesons, baryons, leptons, and photons.
For example,

! n ) ] #
i i
Saxion $" d*x égap$ap6u! *spFy + égan$aﬁ6u! *snFy + ga:$ aF PH (8.82)
wheregans = " Gaps % f4 2 andgags % f5 1. The last non-minimal electromagnetic coupling of

the axion comes from the anomaly-induced term in the chiral Lagrangian pointed out in the footnote
on pagef3. In a strong magnetic beld, this term allows the conversion of a photon into an axion and
vice versa, one of the main astrophysical signatures of the axion and also the target process of the light-
shining-through-walls experiment$31].

Among other candidates for dark matter (sterile neutrinos, supersymmetric particles, etc.) axions
are currently one of the most popular candidates to account for the missing matter in the udis@rse [
133. Cosmological and astrophysical phenomena provide a wide class of observational windows for
these kind of particles, ranging from CMB physics to stellar astrophysics and black holes (sié#).Fig.
Observations so far have been used to constrain the parameter space for axion-like particles (ALPSs),
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leaving a wide allowed region including most of the values of the QCD axion. A comprehensive overview
of current axion experiments and the bounds on different parameters can be found in the té@ew [
as well as in Ref.117] (see also Ref.]34] for a collection of exclusion plots for various parameters).

9 The electroweak theory

It is time we look into the electroweak sector of the SM. As already mentioned several times in these
lectures, our current understanding of the electromagnetic and weak forces is based on a gauge theory
with group SU(2) U(1)y. This theory has subtle differences with respect to the color SU(3) QCD gauge
group used to describe strong interactions. The basic one is that it is a chiral theory in which left- and
right-handed fermions transform in different representations of the gauge group. Closely related to this is
that the SU(2) U(1)y gauge invariance is spontaneously broken at low energies by an implementation

of the BEH mechanism explained in SectibnThis feature, that for decades was the shakiest part of

the electroweak theory, was Pnally conbrmed in July 2012 when the detection of the Higgs boson was
announced at CERN, thus btting the bnal piece into the jigsaw puzzle.

Whereas only hadrons (i.e., quarks) partake of the strong interaction, the weak force affects both
guarks and leptons. Its chiral character is ref3ected in that the weak interaction violate parity, a fact
discovered in the late 1950s in the study edlecay and other processes mediated by the weak fbBEB[

138. Unlike gluons, which couple to quarks through a vector curﬂ%@D = g*Hq, the carriers of the
weak force interact with matter via the'VA currentd! .. = /* ¥(1" *s)/ , with/ either a lepton or
a quark peld139 140Q.

9.1 Implementing SU(2)x U(1)y

To be more precise,-decay transmutes left-handed electrons into left-handed electron neutrinos (and
vice versa), whileu-quarks (resp.d-quarks) transform inta quarks (resp.u-quarks). This suggests
grouping left-handed electrons/neutrinos and quarks into doublets

L= ¢ , Q= , (9.1)

and assume they transform in the fundamental representatibthe SU(2) algebra. At the same time,
since right-handed electrons and quarks do not underdecay, their components are taken to be SU(2)
singlets

R' eg, Ur ' URg, Dr' dr. (9.2)

Moreover, since there is no experimental evidence of the existence of right-handed neutrinos, we do not
include them in the description (at least for now; we will return to this issue later).

The whole picture is complicated because the weak force mixes with the electromagnetic inter-
action. In fact, the U(4) of the electroweak gauge group is not the U(1) of MaxwellOs theory. The

100



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

Leptons
i=1 i=2 i=3 t3 YR
n . # m . # n .

i -e fY - & 1,3 w1
L| e! u! ) +! 26 i]l
5% % o & o | 1

Quarks
i=1 =2 i=3 t3 Yr
m # n # m t #

i u c 1a3 1
Q d s | b 2 o
UIIQ URr Cr tr 0 %
DiR dR SR hq 0 " %

Table 2: Transformation properties of leptons and quarks in the electroweak sector of the SM. In addition
to the indicated representations of SU(2)(1)y , quarks transform in the fundamengairrep of SU(3),
whereas leptons are singled under this group.

generatolYg of the former, called theveak hyperchargesatisbes the Gell-MannbNishijima relation

Q=Yg +t3, (9.3)

whereQ is the charge of the beld in units ehndt% is the Cartan generator of SU(2) in the representa-
tion R. As an example, foL in Eq. 0.1) we havet3 ' 162 = diag3," 3) andQ = diag0," 1), so

we haveY (L) = " %]L. Repeating this for all lepton and quark pelds, we bnd
L1 . L1 2 L1
Y(L): E:ﬂ'l Y(g): 11 Y(Q): é:ﬂ-v Y(UR): é! Y(DR): él (94)

where for the SU(2) singlets we hatg= 0. Notice that for U(1) we haveYg = Y 1, so the represen-
tation of U(1), is fully determined by théyperchargey .

We might be tempted to believe that with this we have determinedationvatter Pelds in the SM
transform under the gauge group SU(2YJ(1)y . However, for reasons that we so far ignore, nature has
decided to have three copies of the structure just described. In addition to the electron, its neutrino, and
the u- andd-quarks there are two more replicasfamilies The second family includes the muqu ()
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and its neutrino:(,), together with the charnt) and stranges) quarks. The third family, on the other

hand, contains the' lepton, its neutrino:(z), and the topt) and bottom i) quarks. Apart from an
increasing hierarchy of masses, each extra family exactly replicates the transformation properties of the
Pelds in the brst one. To include this feature in our description, we add an iindek, 2, 3 to the
doublet{ L', Q'} and single{ 9%, UL, DL} belds introduced above, summarizing in Tablie three-

family structure with the corresponding representations of SU(R)1)y. We should not forget that,
besides the electroweak quantum numbers, leptons are singlets with respect to color SU(3), whereas
guarks are triplets transforming in the fundamental representation of this group.

Once the matter content of the SM is determined, as well as how the belds transform under the
electroweak gauge group, we bx our attention on the gauge bosons. In the case of SU(2), it is convenient
to use thet,, t3} basis, so the corresponding gauge Peld is writtéh as

W, = Wjtg + W)ty + WIS, (9.5)
whereas for the Abelian gauge beld associated with\J (e have
By = B,Y1L. (9.6)

The covariant derivative needed to construct the matter action is then given by

Dy="!y" igW," ig"B,

L igWrte " igW tE "t WSt igBLY I, (9.7)

whereg andg*are the coupling constants associated with the two factors of the electroweak gauge group.

We should not forget, however, that the electric chaggehe hyperchargd 1, and the SU(2)
Cartan generatdﬁ are not independent, but connected by the Gell-MannbNishijima rel&ti@nt is
therefore useful to consider the combinations

- 3gi
Ay = Bycos.yw+ Wysin. y,

Zy

" Bysin.w + WS cos. w, (9.8)

whereA , is to be identibed with the electromagnetic Peld, whose gauge group will be denoted gy U(1)
to distinguish it from the one associated with the gauge Bgld The parameter,, is called theweak
mixing angleand sometimes also the Weinberg angle, although it was prst introduced by Glashow in
Ref. [37]. Expressing the covariant derivativ@.7) in terms of thelf W , A, Z,,} gauge belds, we bnd

* +
Dy ="!yu" igW tg " igW, th " 1Ay gsin.wtd + g’cos. Y1
*

iZ, gsin.wty

+
g’cos.wY1 . (9.9)

'In terms of the generatot§ $ tk * it , the SU(2) algebra readist ,t5] = = t5, [td,ty]= 2t} . Thisis just the algebra
of ladder operators familiar from the theory of angular momentum in quantum mechanics.

102



FIELD THEORY AND THE STANDARD MODEL: A SYMMETRY-ORIENTED APPROACH

Now, if A, is to be identibed with the electromagnetic Peld, it has to couple to the electric charge
matrix eQ. Consistency with the Gell-MannbNishijima relati@3] implies then
; — ot — _ _ 9

gsin.y = g'cos., = € = tan.y = 7 (9.10)
This relation shows that the weak mixing angle not only measures the mixing among the Abelian gauge
Pelds associated with the U{1jand the Cartan generator of SU(2), but also of the relative strength of
the interactions associated with the two factors of the electroweak gauge group. Implementing all the
previous relations, the covariant derivative reads
2ie *

ie ie
—Z
sin(2.w) "

Dp=!p" ——Witg" ——W,tr" ieA,Q"

30 Qsin.y 9.11
SIn.W SIn'W H tR QSIn W ( . )

where we have eliminated, g, andg#in favor of Q, e, and. ,. With this, the SM matter action reads
08 ! /

Smatter = d4X. ikaLk + @,;ZDE + iQKDQk + IUEDJ é + IS:(QD:) lé . (9.12)
k=1

Next we look at the gauge action

! * + * -

1 : +
Sgauge = " 5 d'tr Wy WH +tr By B | (9.13)

whereW, andBy are the beld strengths W, andB,, respectively. Recasting it in terms of the
electromagnetic and,, gauge belds debned in E§.§), we have

! F .
1 1 1 e
Sgauge =" d4X ZWJ’ W! u! + ZZuI Zu! + ZFHI Fu! " E COt WWJ W!! Zu!
ie ! | e2 6 1 1 1 27G
" EWJ W, F¥ o+ Sein (WJWJ’“)(WL'1 Wy (WJW' H) , (9.14)
=W
whereZ, =z " 'WZy, Fu = WA " 11 Ay, and we have debned
+ + + * + + + . * + + +
Wy =HWeE " LW 9 e WA " WA, 9ldecot.y W2Z, " WEZ, . (9.15)

The SM gauge couplings can be now read off egd.4), (9.12, (9.14), and ©.15. The Prst thing
to notice from the last two equations is that Wﬁ gauge belds have electric chatgeand also couple
to theZ,, gauge beld, which has itself zero electric charge. A look at the matter action also shows that
the two components of the SU(2) doublets are transmuted into one another by the emission/absorption of
aW boson. As to th&?, it can be emitted/absorbed by quarks and leptons with couplings that depend
on their SU(2) U(1)y quantum numbers (see Chapter 5 of R&f] jor any other SM textbook for the
details). As a practical example, the neutjodecayn / p* € T proceeds by the emission oivd'
by one of the neutron@sjuarks, turning itself into a quark (and the neutron into a proton). TWe
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then decays into an electron and an electronic antineutrino.

nludd]? p'uud]+ € + T =- d Te (9.16)

As a second example, we also have leptonBneutrino scattering mediated by the interch&yje of a

1 1
g + i1 g + ‘1 =- Al (9.17)

9 9

where9 stands fore, 4 or +. The existence of weak processes without transfer of electric charge is a
distinctive prediction of the GlashowbWeinbergbSalam model. The discovery of these so-called neutral
weak currents in the Gargamelle bubble chamber at CERN in 1I81BWas solid experimental evidence

in favor of the electroweak theory (see also Ré&#7 for a historical account). Let us also mention

that Smatter + Sgauge INcludes QED, and therefore describes all electromagnetic-mediated processes
among leptons and quarks.

Box 13. Hypercharges and anomaly cancellation

Our discussion in Sectiohhas very much stressed the need to eliminate anomalies affecting gauge
invariance. Gauge anomalies come from the same triangle diagrams we encountered in our discus-
sion of the chiral anomaly, namely those shown in Eq1@. The only difference is that, instead

of having an axial-vector current on the left and two vector currents on the right, now we have three
gauge currents, one at each vertex.

Fortunately, to decide whether the SM is anomaly free we do not need to compute the dia-
grams themselves. It is enough to look at the group theory factor and check that the result is zero
once we sum over all chiral fermions running in the loop. To compute this factor we consider the
gauge generator at each ver{@g);; , where the indices j are associated with the gauge index of
the incoming/outgoing fermion entering/leaving the vertex, while the index of the gauge peld
attached to it. Thus, for a given fermion species in the loop, the group theory factor multiplying the
sum of the two triangles in7(10 is given by

* +
(T2)ii (TR)ik (T ki + (T8)ij (TR)ik (TR =tr TE{TR,TE} . (9.18)
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Notice how the second term on the left-hand side is obtained from the brst one by interchanging
the two right vertices, as it happens in the second triangle diagram. Next, we have to sum over all
fermion species, taking into account that left- and right-handed fermions contribute with opposite
signs. Thus, the condition for anomaly cancellation is

Y00 + % = +
tr TR{TR. T8} " tr TR{TR.T§} 5 =0, (9.19)
L R

where the sums are respectively over all left- and right-handed fermions in their corresponding
representations. In checking anomaly cancellation it is important to keep in mind that if the gauge
group has several semisimple factors, like the case of the SM, the gerggatothe tensor product
of the generators of each factor.

There is a simple way to summarize the group-theoretical information contained inZliaple
just indicating the representations of the different fermion species with respect to!SI3(32)!
U(1)y, including also now the gauge group factor associated with the strong force. Using the nota-
tion (N¢, N)y, with N¢, N, andY the representations of SU(3), SU(2), and (1lwe write for a
single family

L':(1,2) 5, % (LR,
Q' : (3,2)5, Uk : (3,18, Dr : (3. 1DF,, (9.20)

and we also introduced a superscript to remind ourselves whether they are left- or right-handed
fermions (a useful information to decide what sign they come with in the anomaly cancellation
condition). In this notation, the generators of the representédQnN)y are given by

L _
T((Na:,)N)y_t}\ICS 181+18t381+1818Y, (9.21)

wherel = 1,...,8anda = 1,2, 3 respectively label the generators of SU(3) and SU(2). At a
practical level, in order to check anomaly cancellation in the SM we attach a group factor to each
vertex of the triangle and compute the left-hand sideQat9 to check whether it vanishes. Since
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where the sum in this case extends to all fermion species.

But thisis not all. Since the SM model couples to gravity, it turns out that we might have gauge
anomalies triggered by triangle diagrams with one gauge boson and two gravitons. The condition to
avoid this is

% %
tr(TE)L " tr(T8)r =0. (9.26)
L R
In this case there are just three possibilities, corresponding to having a SU(3), SU(2) or U(1) factor
in the non-graviton vertex. For the brst two cases, the condition for anomaly cancellation is automat-
ically satisped, again because the generators of SU(3) and SU(2) are traceless. The third possibility,
on the other hand, gives a nontrivial condition
% %
Yo" Yr =0, (9.27)
L R

where the sum runs over both leptons and quarks.

We have found the four condition9.23), (9.24), (9.25, and 0.27) to ensure the cancela-
tion of anomalies, all of them involving the hypercharges of the chiral fermion pPelds in the SM.
Now, instead of checking whether the hypercharges in €80 satisfy this condition, we are going
to see to what extent anomaly cancellation determines the fermion hypercharges. Let us there-
fore write the representations of leptons and quarks in each fam(ly,as)'\-(l, (1, 1)$2, (3, 2)';(3,
U,‘? (3, 1)54, andD}q (3, 1)55, reading now the anomaly cancellation conditions as equations to
determineYy, ..., Ys. These are

2Y1+6Y3=0,
6Y3" 3Ys" 3Y5=0,
2Y2+6YS" Y2 32 3v2 =0, (9.28)

2Y1+6Y3" Yo" 3Ys" 3Y5=0.

Now, since these are homogeneous equations there exists the freedom to bx the overall normal-
ization of the Pve hypercharges or, equivalently, to choose the value of one of them. Taking for
exampleY, = " 1, we are left with four equations for the four remaining unknowns. They have a
single solution given by

Yy="Z Y2="1, Y3= -, Ya=" 3 I (9.29)

up to the interchange of, andYs (notice that the associated Delqg andD‘R transform in the same
representation with respect to the other two gauge group factors). This solution precisely reproduces
the hypercharges shown in E§.20).

With this calculation we have learned two things. One is that all gauge anomalies (and also
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the so-called mixed gauge-gravitational anomalies) cancel in the SM, and that they do so within each
family. And second, that the anomaly cancellation condition is a very powerful way of constraining
viable models in particle physics: in the SM it bxes, up to a global normalization, the dBrges

of all chiral fermions in the theory.

9.2 But, where are the masses?

Adding together eqs9(12 and ©.14), we still do not get the full action of the electroweak sector of the

SM model. The reason is that all fermion species in the SM have nonvanishing masses and, therefore, we
need to add the corresponding mass terms to the matter action. This is, however, a very risky business in
a chiral theory like the electroweak model. As we learned in Box 7 (see4f3gérmion mass terms

mix left- and right-handed components. In our case, since they transform in different representations of
the SU(2) U(1)y gauge group, adding such terms spoils gauge invariance and with that all hell breaks
loose.

Fermion masses are not the only problem. Weak interactions are short ranged, something that can
only be explained if the intermediate bosakls andZ© have masses of the order of tens of GeV. Mass
terms of the fornrn\z,\,WJWi W andm2Z,Z* also violate gauge invariance, so it seems that we are
facing double trouble.

The theory resulting from adding all needed mass tern&nt@er + Sgauge iS the original model
proposed in 1961 by Glashows7], where gauge invariance axplicitly broken The inclusion of masses
in the SM in a manner compatible with gauge invariance was achieved by Weinberg and S32&h [
and requires the implementation of the BEH mechani8dig6] studied in Sectiorb in its Abelian
version. In the case at hand, we need to introduce a SU(2) complex scalar doublet

1 H + (
H= Ho (9.30)
withY (H) = %]1, so using the Gell-MannBNishijima relatich) we bnd thatd * has charge andH °

is neutral. We consider then the action
! I 11} #ZJ

# 2
Sriggs = dx (DuH) D'H" 7 HH" V? , (9.31)

where the covariant derivative is debPned9ril@). Although the action is fully SU(2) U(1)y invariant,
the potential has the Mexican hat shape shown in ignd the bPeld gets a nonzero veyv, that by a
suitable gauge transformation can always be brought to the form

o
0
1H2= &1i . (9.32)
2 v

This vev obviously breaks SU(2) and, having nonzero hypercharge, alsp \Hbyvever, sincdH * 2=
0 it nevertheless preserves the gauge invariance of electromagnetism. We have then the SSB pattern

SU@)! Uy 7 U@)em. (9.33)
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The masses of the gauge bosons are obtained by substituting th@& 38virfto the action 9.31)
and collecting the terms quadratic in the gauge Pelds. With this, we see thdtaheZ bosons acquire
nonzero masses given, respectively, by

ev ev

my = - ) Mz = —-—,
W 2sin. y z sin(2. w)

(9.34)

and satisfying the custodial relatiomy = mz cos. y,.

Interestingly, the scale is related to the Fermi consta@f, a quantity that can be measured at
low energies. Considering the neutfofdecay process in EQQ (16 at energies below the mass of the

boson and comparing with the result obtained from the Fermi interaction
!

SFerm| = giz d4X7e*u(1 " *5)66*”(1 " *S)U, (935)
we get the relation
&_
2 e? 1
Ge = ——— = & , 9.36
P78 m2, sin?., 2v2 (9.35)

where the expression aify given in Eqg. .34 has been used. Substituting now the experimental value
of the Fermi constarGr = 1.166! 10 ° GeV? [117], we bnd

v5 246GeV. (9.37)

In order to give mass to the fermions, we need to follow the strategy explained in7PQaayel
write the appropriate Yukawa couplings, which in this case read

|
% - - o » . . , . :
Svukawa = " d*x c{’L'He; + ", H U + c{?Q'HDL + C{?DrH Q
ij =1
@OQRAUL + GO !
+ GUQAUL + EURA Q) (9.38)
The two terms in the second line involve the conjugate peld
., H*E& ( H %& (
A 6 Hoe T e (9.39)
which hasy (I?[) =" %IL and can be seen to transform also & H2) doublet. Given the transformation

properties of all Pelds involved, it is very easy to check that the ac8@8(is SU(2)! U(1)y gauge
invariant. Notice that here we are assuming that neutrino masses are not due to the BEH mechanism.
This is the reason why lepton doublets only couple to the Higgs doliblevthose upper component

has zero vev. In the case of quarks, however, we need to generate masses for both the upper and lower
components of). This is why they couple to the conjugate b#ldwhose upper component acquires a
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nonzero vev
o
W= & Vo (9.40)
2 0
To bnd the expression of the fermion masses generated by the BEH mechanism, we substitute in the
Yukawa action the belH and its conjugat# by their vevs 9.32 and ©.40). The resulting mass terms

have the form

P 9 < 9 <
! . €r N dr
e B VICE S+ 4. s B M@ S
Smass = dx Re., i, fL MY pr >+ d, 5., MW s >
R br
9 < T
UR
* + . —
+ O,o,f M@ o S+ HeV, (9.41)
tr

where the mass matrices are given in term of the couplings in%Esg) (by

MO = &l M@= gcl GO - e 0.42)
ij 2 Ij 2l ] 2

These complex matrices are however not necessarily diagonal, although they can be diagonalized through
bi-unitary transformations

Ufl) M (1)Uél) = diag(me, My, Mg),
V@ M@y = diagimg, ms, mp), (9.43)

9@ @ @GP = diagm,, me, my),

where the eigenvalues are the leptons and quarks masses. Notice that fermion masses are determined
by both the Higgs vev scalkeand the dimensionless Yukawa couplir(g%), CSQ), and@i(jq), which are
experimentally determined.

Let us focus for the time being on the quark sector (leptons will be dealt with below in s8cfjon
SinceVL(’OF'g , \7L(f,2 are constant unitary matrices we could use them to redebne the quark and lepton triplets
in the total action

9 s < 9 < 9 L < 9 <

. UL’R — - UL,R — 0 dLYR — - dL’R —

P g > = \?L(,?Rz i CLR >, oSl > 7 VL(,?RZ ;SR > (9.44)
th s tLRr b = b_r

in such a way that the new pelds are mass eigenstates, i.e., their free kinetic terms in the action have the
standard diagonal form. A problem however arises when implementing this Peld redebnition in the in-
teraction terms between the quarks andwh& gauge bosons, mixing the lower with upper components

of theSU(2) doublets. The issue is that, unlike in the kinetic terms, the matrices implementing the peld
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redepbnition do not cancel
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(9.45)

b b

where, to simplify the expression, the overall coupling is omitted and the corresponding coupling of the
quarks to thaV' boson is obtained by taking the Hermitian conjugate of this term. The combination

+
(VI

=+

99V Ve (9.46)

debnes th&€abibbobKobayashibMaskawa (CKM) maffi#3 and determines the mixing among the
quarks families. It is an experimental fact that this matrix is nondiagonal, so the emission/absorption
of aW* boson does not merely transform the upper into the lower Pelds (or vice vétha) a sin-

gle SU(2) quark doublet, but can also OjumpO into another family. This gives rise to processes known as
Bavor changing charged currents. For example, there is a nonzero probabilityutioatak turns into

as quark by the emission of @™, or vice versa with &' , accounting for decays like® / p*e .

What happens inside the® baryon (ids) is that the strange quark emitsvd' and transforms into

a u-quark, thus converting the? into a proton gud). TheW' then decays into an electron and its
antineutrino.

It is an interesting feature of the electroweak sector of the SM that there are no 3avor changing
neutral currents at tree level. In the case of electromagnetic-mediated processes, this follows from the
fact that the Peld redePnitions induced by the matr\'q_% and\?L(fgz mix Pelds with the same electric
charge, so they commute with the charge mafriand cancel from the quark electromagnetic couplings.

In the case of the weak neutral currents (mediated by fjehe same happens, though maybe it is less
obvious. Indeed, looking at the form of the covariant derivat®d 1) we bnd the following couplings
between the quarks and tAé:

P 9 < 9 <
! 1.2 T # o
ss  dxR S0 Ssf (@LeL T o 3 D7 Ssifi @LsB)t s
T b
9 < 9 d <T
u
2 . 2 o — *u R = . 1 . 2 — — *u R :9
+ ésm w(lr, TR, tR)*H g > ésm w(dr, SR, R)*H sgp >V, (9.47)
tr br

where again we have dropped an overall constant which is irrelevant for the argument. What matters for
our discussion is that, after the Peld redebnition, we get the combin&t@wyfg =1= \?,_("“R) \?I_("Eg

and no mixing matrix is left behind. This shows that there are no Ravor changing neutral currents at tree
leveP?.

20nce quantum effects are included, RBavor changing neutral currents are suppressed due to the Ravor mixing brought about by
the CabibbobKobayashibMaskawa matrix, via the so-called GIM (GlashowblliopoulosBMaiani) mechéfism [

111



LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

Box 14. SSB or QCD?

We have seen how the BEH mechanism provides the rationale to understand how the particles in
the SM acquire their masses, a scenario ultimately conbPrmed by the experimental detection of the
Higgs boson. But, does the BEH mechanism really explains the mass of everything we see around
us, from the paper in our hands to the sun over our heads? The answer is no. As we will see, the
fraction of the mass of macroscopic objects that we can assign to the Higgs boson acquiring a vev is
really tiny.

We know that the masses of protons and neutrons are very similar to one another, and much
larger than the mass of the electron

mp 6 My 6 1836me. (9.48)
In turn, the mass of 64, Z) nucleus is
M(A,Z)=Zmp+ (A" Z)my+" M(A,Z), (9.49)

with * M (A, Z) the binding energy, which varies from a bit o\ for deuterium to around0%
for §Ni. Taking Eq. 0.48 into account and to a fairly good approximation, the mass of an atom
can be written in terms of its mass number alone

m(A,Z) 6 Am,. (9.50)

The point of this argument is to show that in order to explain the mass around us we essentially
need to explain the mass of the proton. But here we run into trouble if we want to tracenigack

to the BEH mechanism. The values of the masses ofithedd quarks accounted for by the BEH
mechanism (the so-called current algebra masses) are

my 6 2.2 MeV, Mg = 4.7 MeV. (9.51)

Comparing withmy[uud] 6 9383 MeV andmg[udd] = 939.6 MeV, we see that quark masses
only explain aboufl% of the nucleon mass. Thus, close2®% of the mass in atomic form in the
universe is not due to the BEH mechanism.

Where does this mass/energy come from? Actually, from QCD effects. Protons and neutrons
are not only made out of their three valence quarks, but they are blled with a plethora of virtual
qguarks and gluons RBuctuating in and out of existence whose energy make up the ra@ging
These effects can be computed numerically using lattice beld th&db/146. Here, however,
we just want to offer some general arguments pointing to the origin of the difbculties in describing
protons and neutrons in terms of their constituent quarks.

Let us begin with a very simple argument. We know that because of the strong dynamics
of QCD at low energies quarks get conbned into hadrons in a region whose linear size is of the
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order! o&p- Applying HeisenbergOs uncertainty principle, we can estimate the size of their mo-
mentum RBuctuations to be about

"p%! ocp. (9.52)

If Buctuations are isotropic the statistical average of the quark momentum vanigizes, 0.
Since(" p)?2'1 p?2" 1p2, we determine the averaged quark momentum squared to be

1p?2 %! &cp - (9.53)

Now, ! ocp is of the order of a few hundred MeV, so the masses ofuhend d quarks sat-

isfy my, mg # ! ocp . This means that the linear momenta of the valence quarks inside protons and
neutrons is much larger than their masses, so they are relativistic particles. Moreover, since their
typical energy is of orde¥ ocp, they are in the low energy regime of QCD where the dynamics is
strongly coupled.

What we said about the andd quarks does not apply however to the tap 6 1737 GeV),
bottom fny, 6 4.6 GeV), and charmnf. 6 1.3 GeV) quarks, which under the same conditions
would behave as nonrelativistic particles. Besides, since their energies are dominated by their
masses, which are well aboVeycp, their QCD interactions are weakly coupled. This is why
heavy quark bounds states (quarkonium) can be analytically studied using perturbation theory, un-
like the bound states of light quarks, @, ands) that have to be treated numerically. The difpculties
in describing quarks inside protons and neutrons boils down to them being ultrarelativistic particles.

The moral of the story is that the popular line that the BEH mechanism OexplainsO mass is
simply not correct. Most of our own mass and the mass of every object we see around us (and this
includes the Earth, the Sun, the Moon, and the stars in the sky) has nothing to do with the Higgs
Peld and is the result of the quantum behavior of the strong interaction. Even in a universe where
the up and down quarks were massless, the proton and the neutron would still have nonzero masses
and moreover very similar to the ones in our world.

9.3 The Higgs boson

In order to analyze mass generation in the electroweak sector of the SM, it was enough to replace the
scalar doubleH by its vev. However, as we learned in Sectid for the Abelian case, the system
has excitations around the minimum of the potential corresponding to a propagating scalar degree of
freedom. To analyze the dynamics of this beld,kiggs bosonwe write the Higgs doubleH as
(
H(x) = & ¢a'00th 0 , (9.54)
2 v+ h(x)

wherea' (x) andh(x) are the four real degrees of freedom encoding the two complex components
in (9.30. In fact, as in the Abelian case of Sectibrl, we can use the gauge invarianceSpiggs +
Svukawa 10 eliminate the global SU(2) global factor, after which we are left with a single real degree of
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freedom representing the Higgs bos86][ Substituting into 9.31) and expanding, we get

! 4
1 #v?2

2 2
Seiggs = dx  Sluht " Miy

Hv #
20 TV 3, g
4h 4h 16h +

W, W*Hh (9.55)

5
2 2 2 2

Mw ! +HUR2 mz u mz HR2 2 + 'u mz V)
* o Wu WHERS+ =27, Z0h + S57,Z 50+ m Wi W R+ 22,78

where in the last two terms we recognize the masses faMheandZ °© gauge bosons. The brst thing to

be noticed is that the mass of the Higgs boson is determined by theamd the strengtk of the Higgs

guartic self-couplings,

K_
#

my =V
H 2

= (125.25+ 0.17) GeV, (9.56)
where the current average experimental value is qudi#&d.[ The action 9.55 also contains the cou-
pling between the Higgs boson and et andZ 9 intermediate bosons, giving rise to the interaction
vertices

Wi,ZO Wiizo h
2 ,” 2
______ h o —WVZ % \%‘Z (9.57)
\\
w*,z0 we,Zz0 h

In both cases, the strength of the coupling is proportional to the mass squared of the corresponding
intermediate bosons.

As to the coupling of the Higgs boson to fermions, this is obtained by replaéibd) (into the
Yukawa action .39,

P 4 9 <
' n
n . 4 g*, — + 1 (1) . eR =
Svukawa = dx Re., |1, # VM i MR >h (9.58)
R
., 9 < . 9 < T
x 4+ #_ dR: * o+ #. UR:
+ d.,5.,h ;M(q) ‘ sg > h+ U,T,t Vﬁ(q) ‘ cg > h+ H.C.V.
b= tr
This, upon switching to mass eigenstates, takes the general form
|
% m ' o
Svukawa = " Tf d*x fth, (9.59)

f

wheref = (&, pu* +* u” d” ¢ s* t* ) runs over all the fermion mass eigenstates, apart from the three
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neutrinos that we will treat separately. The corresponding interaction vertices are

—————— h% —. (9.60)

That the coupling of the Higgs boson to the fermions is proportional to their masses has important exper-
imental consequences. Given the value of the Higgs vev energy scale fouh@#, énly the heaviest
fermions have sizeable Higgs couplings, in particular the top quark with mass173.3 GeV [117].

This fact is at the heart of the experimental strategy that culminated with the observation of the Higgs
boson at CERN. In a hadron collider such as the LHC, there are plenty of gluons produced during the
collision that can fuse through a top quark loop to produce a Higgs boson

g

t --= h (9.61)

g

The Higgs boson produced in the gluon fusion process can decay in various distinctive ways. One of
them is by a second top loop with emission of two photons

*
M\

h --- At (9.62)

NN

Alternatively, the Higgs boson may produce a pairZd¥ bosons that in turn decay into two leptonb
antilepton pairs

Co]]

z0 9
h-———- 70 (9.63)

115



LUIS ¢ LVAREZ-GAUMf AND MIGUEL ¢. V ¢ZQUEZ-MO0ZO

These were precisely the decay channels that led to the discovery of the Higgs boson by the ATLAS and
CMS collaborations at the LHQP, 20.

9.4 Neutrino masses

We have been postponing the issue of neutrinos masses. It is however an experimental fact that neutrinos
have nonzero masses and this is something we have to incorporate in the SM action. One way to do it
is to extend the SM to include right-handsigrile neutrinos: ,5 transforming ag1, 1)o under SU(3)
SU(2)! U(1)y (see the notation introduced on pdd¥), adding then the following terms to the Yukawa
action

B : . /

" Syuana =" dx GOLRL+ @VELAL (9.64)
i=1

Once the Higgs Peld gets a vev, this term generates a mass term of the form

P 9 < T
! . IR
" Svukawa = " d*x Q(Z*eL,Z*pL )Mo S H-C-V, (9.65)
‘3R
with
Mu(!) = 8\%@5!)- (9.66)

Being singlets under all SM gauge groups, the sterile neutrinos only interact gravitationally with other
particles.

Box 15. Dirac vs. Majorana fermions

In previous sections, we have shown how antiparticles in QFT are somehow related to complex
Pelds, for example in the complex scalar Peld discussed in Box 6 (se8Pagrethis case, particles

are interchanged with antiparticles by replacing the B¢id with its complex conjugaté (x)& To

make things more elegant, we may call this operatioarge conjugatiorand the result theharge
conjugated Pbeld

C:1(xX)7 %1(x)%' 1%x), (9.67)

where% is some phase that we are always free to add while keeping the a@i@ghivariant. At
the quantum level, C does indeed interchange particles and antiparticles

Clp; 02= %0;p2 Cl0;p2= %|p; 02 (9.68)

From this perspective, geal scalar Peld is one identical to its charge conjugafe;) = 1°(x).
After quantization, its elementary excitations are their own antiparticles.
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Let us try to make something similar with the Dirac Peld. In the scalar Peld case, replac-
ing 1(x) by 1(x)% does not change the PeldOs Lorentz transformation properties, after all, complex
conjugate or not, both Pelds aealars Not so for a Dirac fermion. The spinbi(x) and its complex
conjugate (x)%do not transform the same way under the Lorentz group and neither satisfy the same
Dirac equation. This means that we cannot debne a OrealO Dirac spinor just reg)ring (x)%.

We have to work a little bit more and consider

C:/1(X)"T %("i*?/ ()% 1°x), (9.69)

where agairfe is a complex phase. This charge conjugate spinor transforms in the same way as
the original Peld and also satisbes the same free Dirac equation. Moreover, its action on the multi-
particle states generated by the creation operBtrs) and®k,s) in Eq. 4.56 is given by

Clk,s;02= 9%0;k, 2 Cl0;k,s2= %k, s; 02 (9.70)

and interchanges particles and antiparticles.

The spinor analog of the real scalar beld lajorana spinor which equals its charge con-
jugate

I (x) = 1 ¢(x). (9.71)

Upon quantization, this identiPes particles and antiparticles, as follows fromBE®).( It is in-
teresting to implement the Majorana condition expressing the Dirac fermion in terms of its chiral
components and using the representatibd?) of the Dirac matrices

' ( ' ( ' (
"4 i62' |& 1 "y
= 0/@ _ . =- /| = &— : . (972)
' | " |6 21 + 2 n |0/Q:62I f

In the second identity we wrote a solution 071), and a similar expression can be written in terms
of the negative chirality componeht . Here we see how the Majorana condition halves the four
complex components of a Dirac bPeld down to two. In fact, the Majorana spinor can be written as
the sum of a Weyl fermion and its charge conjugate as
S ' ( .
=&t o+ & _ 0 '&li/++/$+. (9.73)
2 0 2 "i%6% ., 2

Using this expression, we write the Dirac action for a Majorana fermion
! , 6 Cmt_ A
S = da*x i/ +/I/ + E $/++/+/+ o (974)

Unlike Weyl fermions, Majorana spinors admit a mass term without doubling the number of degrees
of freedom.

An important point concerning Majorana fermions is that they cannot be coupled to the elec-
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tromagnetic Peld. This is to be expected, since the Majorana condition identibPes particles with
antiparticles that, as we saw in Box 7, have opposite electric charge. In more precise terms what
happens is that the associated Noether current vanishes

/
e =l e, s T 20, 9.75)

NI

This can be also seen as a consequence of the incompatibility of the Majorana cofditipmvith
a global U(1) phase rotation of the spirdod  €" / . In particular, the Majorana mass term th74)
does not conserve the U(1) charge

TSly+T,1¢1 TS/, +e27,1¢, (9.76)

a very important feature for the accidental symmetries of the SM such as lepton number.

The addition of sterile neutrinos to generate neutrino masses is only partly satisfactory. One ob-
vious problem is its lack of economy, since it requires the addition of extra species to the SM that
nevertheless do not partake in its interactions. But the solution is also unnatural. Due to the smallness of
the neutrino masses, the new Yukawa couplings have to be many orders of magnitude smaller than the
ones for charged leptons.

Generating a Dirac mass term is not the only possibility of accounting for neutrino masses. Having
zero electric charge, they are the only fermions in the SM that can be of Majorana type. If this were the
case, their mass terms in the action would be build from the left components alone, as we saw in Box 15

g ! " #
n —_n d4 1 .. 7| . J
S= x ML+ He (9.77)
ij =1
where because of Fermi statistic§ :! = :19.:! and the mass matriM ”(!) can be taken to be sym-

metric. The problem now lies in how to generate a Majorana mass from a coupling of the neutrinos to
the Higgs beld, since both' and its charge conjugate are SU(2) doublets and there is no way to con-
struct a gauge invariamtimension fouoperator involvingL!, L, andH (or ). A group-theoretical

way to see this is by noticing that the product represent&i8n28 2 = 4: 2: 2 does not con-

tain any SU(2) singlet. This changes if we admit a dimension-pPve operator with two Higgs doublets,
a left-handed fermion and its charge conjugate. Now it is possible to construct a gauge invariant term
since28 28 28 2=5: 3: 3: 3: 1: 1. Forexample,

! 6 . _ 1 N 7
"S=" d*x cf) LEA® AL +Hc (9.78)

is invariant under SU(2) U(1)y . This operator in the action has to be understood, in the spirit of EFT,
as the result of some new physics appearing at the energyMcalev, with v the Higgs vev.

When the Higgs Peld acquires its vev, the coupl®g® generates a Majorana mass term for the
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neutrinos,

1% " C /
"S=" d*x M+ He. (9.79)
ij =1

where the neutrino mass matrix is given by
M ) = —V C(!) 9.80
l M [ ( . )

The entries of this matrix are suppressed by the factdr # 1, naturally producing neutrinos with
masses well below the ones of the charged leptons. Thus, Majorana neutrinos not only are the most
economical solution, making unnecessary adding new fermion species, but also avoids the unnaturalness
of the neutrino Yukawa couplings. Incidentally, the Majorana mass terig(violates lepton number,

since: JL and: 9 transform with the same phase [9.76)].

Neutrinos are regarded as one of the most promising windows to physics beyond the SM, being
the main reason why neutrino physics has remained for decades one of the most exciting Pelds in (as-
tro)particle physics and cosmologi4m149. As to the question of whether the neutrino is a Dirac or a
Majorana particle, however, the jury is still out. Some processes can only take place if the neutrino is its
own antiparticle, most notably neutrinoless doupléecay 50 151]. A nucleus with mass and atomic
numberg(A, Z) can undergo double-decay and transmute into the nucléésZ + 2) with emission
of two electrons and two antineutrinos:

" | -
(A,Z) 1 (A,Z+1)+ e + ¢ | ©.81)
ly (A,Z +2) + € + o
If the neutrino is a Majorana particle there is an alternative. The neutrino produced in the brst decay may
interact with a neutron in the nucleus, turning it into a proton with the emission of an electron,

(' i)t nT pT+e, (9.82)

S0 no neutrino is emitted in the procdgs Z) / (A,Z +2)+2 € . This is described by the diagram
(A, Z +2)

(A,Z +1) (9.83)

(AZ) e

where the double-arrowed line represents the Majorana neutrino. The detection of neutrinoless double
) -decay would decide the question of the Dirac or Majorana character of the neutrino. A lot of exper-
imental effort is being dedicated to this problem, so far without debnite results (seelB&ffdr an
updated overview of past, present, and future experiments).
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Box 16. CP violation and the CKM and PMNS matrices

When studying the strong CP problem in Sect®B we hinted at the fact that CP violation is as-
sociated with the existence of complex couplings in the action. This is shown easily, taking into
account that the CP transformation acting on an operattvansforms it into its Hermitian conju-
gate, CR/(CP)' 1 = ¢ . Hence, a term in the Hamiltonian of the fogw + g&¢ , although being
Hermitian, leads to CP violation unless the coupling is rgal, g% This is why when exploiting the
axial anomaly to move the dependence in the QCD action from théerm into a complex phase
in the fermion mass matrix we said that we waelgfting the source of CP-violation to a complex
coupling.

Besides the -term in the QCD action, it is a fact that CP symmetry is broken in the elec-
troweak sector of the SM, for example in neutral kaon decays. Its origin is found in the unitary
CKM matrix

9 <
Vud Vus Vub

Vekm = 1§ Ved  Ves Vcb§ (9.84)
Vias Vis Vi

introduced in 9.46) since, as we will see now, it contains a complex phase that cannot be removed
by redebnition of the quark Pelds. Let us be general and analyze the case of a SManitliies.

Ann! n unitary matrix depends an? real parameters (tf2n? real parameter of a general complex
matrix reduced by th@? conditions imposed by unitarity). In addition to this, we can play with

the phases of then quarks, keeping in mind the invariance of the action under a common phase
redePnition of all quark Pelds leading to (perturbative) baryon number conservation. This means
that2n " 1 of then? real parameters can be absorbed in the phases of the quark Pelds, and we are
leftwith n?" 2n+1=(n" 1)? independent ones. The question is how many of them correspond
to complex phases. To decide this, let us recall that were the CKM matrix real it would be Bir) SO(
matrix depending or%n(n " 1) real angles. Subtracting this number from the total number of
independent real parameters computed above, we get the bPnal number of complex phases in the
CKM matrix to be

n2" 2n+1" %n(n " 1) = %(n “1)(n" 2). (9.85)

For three familiegn = 3) the matrix depends on a single complex phelseand three real
angles. 1, . 13, and. 3. In terms of them, the CKM matrix is usually parametrized as

9 i S
_ C12C13 S12C13 S13€ ° _
Vekm = § " S12C23" C12523S13€"  C12C23 " S12523S13€"  Sp3Ci3 > (9.86)
S12S23 " C12C23S13€" " C12Sp3" S12C23S13€"  C23Ci3
wheresj ' sin.j andgj; ' cos.j. The modulus of the entries can be measured through the

observation of various weak interaction mediated decays and scattering processes (see for example
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Ref. [153), with the result L17]

9 <
0.97435+ 0.00016 022500+ 0.00067 000369+ 0.00011
IVekm | = © 0.22486+ 0.00067 097349+ 0.00016  004182% 508> >, (9.87)
0.00020 0.00083 0.00003
0'00857!'- 0.00018 0.0411 1 0.00072 0'99911. 0.0000S%

while the value of the CP-violating phase,is= 1.144+ 0.027. The experimental measurement
of [Vckm | exhibits a clear hierarchy among its entries, derived fegg¥ sSy3# sio# 1. Thisis
manifest in the so-called Wolfenstein parametrizatiosy]

N

1" S#? #  A#30" 199
Vekm = i " # 1" 1#? A#2 S + O#Y), (9.88)
A#3(1" 0" 199 " A#? 1

where# ' s35. The diagonal elements are all of order one, whereas the size of the other entries
decreases as we move away from it.

A look at (9.85 shows that with just two families the corresponding 3avor mixing matrix
would contain no complex phases and depend on a single real parameter, the Cabibbg angle
.12 [155. Thus, CP violation in the electroweak sector, like the one showing up in for example kaon
decays, requires the existence of at least three SM families.

CP-violation in the SM is of major importance, since it is a basic ingredient to explain why
there is such a tiny amount of antimatter in our universe. However, the amount of CP violation
produced by the single complex phase of the CKM matrix is far too small to account for the observed
matterDantimatter asymmetidsf. Finding additional sources in or beyond the SM is one of the
big open problems in contemporary high energy physics.

Maybe the lepton sector is a good place to look for more CP violation. As with quarks, lepton
masses appear when switching from interaction to mass eigenstates by diagonalizing the lepton mass
matrix. Redebning the massive lepton belds

9 < 9 <
e{iR €LRrR
Cofe > = U e > (9.89)
+I1f,R +L,R
with Ulfyl,)q debned in Eq.9.43, the interaction terms with th&/* bosons take the form
P 9 < T
! * o el
ss axRet.p, = u® i o Swr+ncY. (9.90)
&L

Here, the Hermitian conjugate term contains the interaction withAfie and we have dropped
the global normalization. In the original version of the SM there are no right-handed neutrinos
and therefore we can reabsorb the maUﬁ) in a redePnition of the left-handed neutrino Pelds,
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without it appearing elsewhere in the SM action. As a result, if the neutrino were massless there
would be no Ravor mixing in the lepton sector.

Things are drastically different once we add the neutrino mass terms. Let us consider prst
the case of Dirac masses. As with quarks and charged leptons, the mass matrixdibgaan be
diagonalized by a bi-unitary transformation

U MOUL) = diagmy, my, ma), (9.91)

and the interaction tern®(90 is recast in terms of neutrino mass eigenstates as

P 9 < T
: * + .o _
S$ d% Q@L#,uf,ﬁ u® u®eni L3 W, + H.cV, (9.92)
- 3L
where
9 <
. Uel Ue2 Ue3 _
U uP U= U Up Us >, (9.93)

Uga Uso Ugs

is the PontecorvobMakibNakagawabSakata (PMNS) unitary niEgixtpg. Similarly to what

the CKM matrix does for quarks, the PMNS matrix introduces Bavor mixing in the leptonic sector.
Moreover, following the same reasoning as with the CKM matrix, we see that for three families
the PMNS matrix also depends on three real angles and a single complex phase, representing an
additional source of CP violation. It also admits a parametrization similar to the one shown in
Eqg. 9.86 for the CKM matrix, where the phase is denoted, by.

For Majorana neutrinos, however, the mass ma®ig8(@ is symmetric and can be diagonal-
ized by aunitary transformation

DTMUY) = diagim, my, ma), (9.94)

U
S0 switching to neutrino mass eigenstates we Pnd again an interaction term of th8 . 8@mThe
big difference with respect to the Dirac case is that, since the Majorana massSt@@nig not
invariant under phase rotations of the neutrino Pelds, we cannot get rid of two of three phases in the
PMNS matrix. As a consequence, besides the three angles:s, . »3 and the phase” cP of the
Dirac case, the matrix depends now on two additional complex plef&esnde”2, known as Ma-
jorana phases. The three angles agtlcan be measured from the neutrino oscillations, whereas the
measurement of the two Majorana phases would be possible through the observation of neutrinoless
double) decay [L57. Fits of neutrino data (including the Super-Kamiokande atmospheric neutrino
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data) give the following6 ranges for the absolute values of the entries of the PMNS matsi§] [

9 <
0.801/ 0.845 0513/ 0.579 Q143/ 0.155
[Ul=: 0234/ 0500 Q471/ 0.689 0637/ 0.776 > . (9.95)
0.271/ 0.525 @477/ 0.694 0613/ 0.756

It is interesting to compare the textures of the matri€e88) and ©.95. As already mentioned, for
quarks the matrix is of order 1 at the diagorafor the second diagonal, asd in the upper right

and lower left corners. There seems to be a hierarchical pattern (this is a bit of wishful thinking,
clearly). In the case of neutrinos, however, it seems that there is democracy in all its entries, and
a crude approximation t®(95 would be to set all its entries to 1. This is a matrix with a single
nonzero eigenvalue and two degenerate zeros, reminiscent of the normal or inverted hierarchies in
the bt of the neutrino masses. Both textures are so different that it is difbcult to imagine that they
have a common origin. A major mystery, whose clariPcation is beyond the SM.

10 Scale invariance and renormalization

Renormalization appeared in physics as a way to make sense of the divergent results in QFT. In quantum
mechanics, inPnities are usually handled by invoking a hormal ordering prescription, and even in QFT,
they are absent when computing semiclassical contributions to processes in perturbatici.tidery
trouble comes when calculating quantum corrections, associated in the perturbative expansion to Feyn-
man diagrams with closed loops. These contain integrals over all independent momenta running in the
loops that are frequently divergent.

We will not enter into the many details and subtleties involved in the study of divergences in
QFT and the philosophy and practicalities of renormalization. They are explained in all major textbooks
on the subject and a concise and not too technical overview can be found in Chapter 8 df4Ref. [
The brst step is to make the divergent integrals Pnite in order to handle them mathematically. This is
done by introducing a proper regulator, that can either be a scale where loop momenta are cut off or a
more abstract procedure to render the integrals Pnite, such as playing with the dimension of spacetime
or introducing PV fermions. In any case, regularization implies the introduction of an energy scale
called the cutoff for short. The basic point is that this cutoff is an artefact of the calculation and cannot
appear in anyphysicalquantity that we compute.

Roughly speaking, renormalization consists on getting rid of the cutoff. The key point to do this
is the realization that the masses, couplings, and the belds themselves appearing in the classical action
are not physical quantities. Therefore, there is nothing wrong with them depending What must
be cutoff independent are the physical quantities that we compute and can (and will) be compared with
experiments. These quantities angerationally debPnedn the sense that their debnition within the
theoryOs framework is given in terms of the process to be used to measure them. An example is the

Here we are going to be concerned with UV divergences associated with the high energy regime of the theory. IR divergences,
which appear in the limit of low momenta, cancel once the physical question is properly posed and all contributions to the
given process are taken into account.
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self-interacting scalar theory
! ) 1 m? # #
S=  d% iyt —120 214 10.1
X w 27 & (10.1)
where we would like to dePne the physical coupligys. We could identify it as the value of the
scattering amplitude for four scalar particles wherpdliare equal

P1 P4
Hphys ' ) (10.2)

p2 p3  pi=u?

where the blob stands for all diagrams contributing at a given order in perturbation thequyisitite

energy scale of the process. The dependence of the action parameteistben chosen so this renor-
malization condition remains cutoff independent. Once this is done not just for the coupling constant but
also forall physical quantities (e.g., masses), the theory is renormalized and everything can be computed
in terms of experimentally debned physical couplings and masses.

In the case of the scalar theory dePned by the acfiori), as well as in other physically relevant
theories like QED, QCD or the SM as a whole, it is possible to get rid of the cutoff dependence in
any physical process by OhidingO it irritenumber of parameters. Those theories for which this can
be accomplished are called renormalizable. Nonrenormalizable theories, on the other hand, require the
introduction of an inPnite number of parameters to absorb the cutoff dependence, that in turn means
that we need to specify an inbnite number of operationally-dePned physical quantities. In this picture,
nonrenormalizability seems quite a disaster, since it seems that to compute physical observables we need
to specify an inbnite number of physical renormalization conditions. This is the reason why, historically,
nonrenormalizable theories were considered to be no good for physics.

Regularization and renormalization may have important consequences for classical symmetries,
and we have seen examples of this in Seciio®ne of the immediate consequences of regularization
is the necessity of introducing a cutoff in the theory and therefore an energy scale. This has the result
that, after renormalization, the physical couplings acquire a dependence on the energy scale where they
are measured. This scale dependence is codiPed i thection, containing information on how the
coupling constang depends on the scale where it is measured,

dg

)(9)° “de' (10.3)

This function can be computed order by order in perturbation theory. In QEP < 0, which means

that the coupling constant decreases as the energy grows, a property known as asymptotic freedom. Be-
sides, the theory dynamically generates an energy sealg below which it becomes strongly coupled,

with quarks and gluons conbned into mesons and baryons. Asymptotic freedom is the reason behind

QCDOs success as a description of strong interactions. It allows us to understand, for example, why in
deep inelastic scattering experiments electrons seem to interact with quasifree partons inside the proton.
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To summarize, we can say that generically classical scale invariance is anomalous, in the sense
that it disappears as the result of renormalizafioriThe ) -function is just one example of a set of
functions describing how couplings and masses change with the energy scale. Together, they build the
coefbcients of a set of brst-order differential equations satisbed by the theoryOs correlation functions and
other quantities and known as trenormalization group equations

The cartoon description of renormalization presented above might lead to thinking that it is just a
smart trick, somehow justifying FeynmanOs dictum that renormalization is sweeping the inbnities under
the rug [L60. We have come, however, a long way from there. The current understanding of renormal-
ization, dating back to the groundbreaking work of Kenneth Wilsigip163, goes much deeper and
beyond the mere mathematics of shifting the cutoff dependence from one place to another. It is also
closely related to the idea of EFTs, so now we can revisit our discussion on pa&gesmnore precise
terms.

Everything boils down to making a physical interpretation of the cutoff. Instead of seeing it as an
artibcial scale introduced to render integrals Pnite, we can regard it as the upper energy scale at which
our theory is debPned. At energies abbvenew physics may pop up, but we do not really care too much,
since all we need to know are the values of the masg€g and dimensionless couplingg!) .

Now we ask ourselves how the theory looks at some lower energy |scalé . To answer, we

need to Ointegrate outO all physical processes taking place inthgrarige ! , which results in a new
Peld theory now debPned at scal@nd expressed in terms of some OrenormalizedO belds. Generically,
the masses and couplings of this theory will differ from the original ones, so werhgye = m;(!)
andgi (1) = g () . But, in addition to this, the new theory might also contain additional couplings not
present at the scale, in principle an inbnite number of them. Using the language of path integrals, we
symbolically summarize all this by writing

I

' Do eSoll ol = &SI (10.4)

u El %

where# o collectively denotes the belds of the original theory #&ntheir renormalized counterparts,
while S[#] is the action of the new theory dePned at the energy gca@n general grounds, it can be
written as

% g

S[#] = So[#] + T dmo, 4

d*x On[#]. (10.5)
n
In this expressio®g[#] is the action of the original theory with all belds, masses, and couplings replaced
by the corresponding renormalized quantities, @] are new operators with dimensions greater than
or equal to four induced by the physics integrated out between the $cakedyt. Their couplingsy (1)
are dimensionless and we see that higher-dimensional operators are suppressed by inverse powers of the
high energy scale.

In this Wilsonian picture of renormalization the dependence of the coupling constants with the

%0This happens, for example, in QCD with massless quarks. There are however a few examples of theories for which this does
not happen, most notably = 4 supersymmetric Yang Mills theory in four dimensions. Due to its large symmetry, classical
conformal invariance is preserved by quantization.
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scale has a clear physical meaning: as we go to lower energies, their changing values incorporate the
physics that we are integrating out at intermediate scales. But not only this, also the difference between
renormalizable and nonrenormalizable theories gets blurred. All theories are debPned at a given energy
scale! . In order to describe the physics above this scale, the theory would have to be OcompletedO with
additional degrees of freedom and/or interactions. What is special in renormalizable theories is that they
are their own UV completion, in the sense that they can be extended to arbitrarily high energies without
running into trouble, although technically this only makes sense for asymptotically free theories.

Nonrenormalizable theories need to be completed in the UV to make sense of then ahete
us look at the example of FermiOs theory of weak interaction. It has a natural cutoff given by
my, and if we try to go beyond this energy we run into trouble. For example, the theory violates
unitarity at high energies. The theory, however, can be completed in the UV by the electroweak model
studied in Sectio®, which being renormalizable can in principle be extended to higher energies without
inconsistencies.

Another case of nonrenormalizable theories encountered in sé&asdhe chiral Lagrangian (see
page67). Again, the theory is endowed with a physical cutoff, in this chgep, above which the
description in terms of pions is no longer valid. In fact, we can see the chiral Lagrangian as resulting
from Wilsonian renormalization applied to QCD: by integrating out the physics of strongly coupled
guarks and gluons we get a low energy action for the new belds (the pions) and their interactions. Since
the resulting theory does not make sense abheyg> there is no problem with the divergences appearing
in loops. After all, before the momenta running in them can reach inPnity the pion as such ceases to exist.

The Pnal instance of a nonrenormalizable theory we discuss is gravity, which, as explained in
sectionl, has to be completed above the Planck scalg.(But here we have to remember that everything
couples to gravity, including the SM. Thus, we are led to conclude that despite being renormalizable,
the SM itself has to be regarded as an effective description to be supplemented at the Planck scale, if
not earlier. In fact, phenomena like the nonzero neutrino masses strongly indicate new physics lurking
somewhere between the electroweak scale and the Planck scale.

The bottomline of our discussion is that nonrenormalizability is just a sign that we are dealing
with an EFT and that the ubiquitous presence of gravity in nature forces us to edh&@iTs as EFTs
(have a look again at Fid.in page7). Nonrenormalizable theories are not anymore those sinister objects
they were when renormalization was seen as nothing but inbnites removal. They are perfectly reasonable
theories, provided we are aware of what they are and of what they are good for (and they areéngeed
good for quite many things!).

Box 17. The Planck chimney

Let us go back to the Higgs actiof.81) and particularly to the potential

n #2

2
V(H,H ) = Z HH" -

5 (10.6)

We have seen that after symmetry breaking the parartatigectly relates to the Higgs mass $6)
and determines its self couplings in the actiérbf). Since after quantization masses and couplings
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get a dependence on the energy scale, we would like to know#(pyvor the Higgs masey (L)

depend on the scale At this point we should recall that the strength of the coupling of the Higgs
boson to fermions is proportional to the latterOs masses [se@.&d], (o its interactions with the
matter Pelds are dominated by the top quark. Thus the renormalization group equations determining
the evolution of#(1) anduy (1) with the energy scale should also involve the top quark ma$g).

An important question is whether the evolution of these parameters with the scale changes
in a signibcant way the shape of the Mexican hat potential and, most importantly, whether this
jeopardizes the existence of a stable Higgs vacuum (& nd references therein). It might be
that the sombreroOs brim get Rattened at higher energies, or even inverted like in the case shown
here:

V(H H)

If this happens, the Higgs vacuum becomes metastable or outright unstable.

Since the renormalization group equations are brst order, we need to specify some Oinitial
conditionsO. In this case they are the values of the Higgs and top masses measured at the LHC.
Assuming that the SM correctly describes the physics all the waytpthe bounds to be satisped
by the masses in order to preserve the stability of the Higgs vacuuri &gl 7]

my > (129.1+ 1.5) GeV,

m; < (17153+ 0.42) GeV. (20.7)

Comparing with the experimental valuesy = (125.25+ 0.17) GeV andm; = (172.69 *

0.30) GeV [117)], we see that the SM lies slightly outside the stability zone. In fact, the SM seems
to be metastable, with the Higgs boson trapped in a false vacuum. The energy scale where the in-
stability appears turns out to be of the order of the geometric mean &f'theass and the Planck
scale! ihst % mwy! p. Thisis quite a discovery made at the LHC!

The instability of the Higgs vacuum is indeed no good news. Of course, living in a metastable
universe is no major problem if its tunneling probability is so low that its decay time turns out to
be much larger than the age of the universe, ardl®@ Gyr. But we have to remember that the
bounds 10.7) are obtained with the proviso that there are no new degrees of freedom between the
electroweak and the Planck scales. This is yet another reason to expect some physics beyond the
SM making the universe stable.
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The apparent metastability of the Higgs vacuum highlights a very important feature of the
renormalization group. We can run it from high to low energies with total conbPdence. Knowing the
degrees of freedom and interactions at a certain $cadeerything is determined at energjes ! .

The worst thing that may happen is that the degrees of freedom get OrearrangedO, as it happens in
QCD where mesons and baryons replace quarks and gluons at low energies. But if the aim is getting
information about what is going on gt> ! , additional assumptions are required: either that no

new degrees of freedom emerge abbveor that there is some UV completion whose details are
necessarily an educated guess. After all, this is why particle physics is hard. Whatever happens
above the energies we explore is blurred in the parameters of the theory we test. The best we can
do is to play the model building game to reproduce this blurriness, and hopefully predict distinct
signals that could be detected in some future facility.

11 Closing remarks

The SM is a vast and complex subject, providing the best description of particle physics and its ap-
plications at energies below a few TeV. It explains a large amount of phenomena in microphysics and
in cosmology. However, its precise formulation delineates some of its limitation, as illustrated by the

following list:

The SM does not predict the values for the masses and mixing angles of quarks and leptons (in-
cluding neutrino masses).

The SM does not provide adequate candidates to explain dark matter.

The only real progress in the study of dark energy has been to change its name from the previous
one: the cosmological constant.

We know that CP needs to be violated in the universe in order to generate a matterbantimatter
asymmetry. Thus, three families are the minimum needed to generate a CP violating angle, apart
from the QCD vacuum angle. Unfortunately, CP violation from the CKM matrix is not enough

to generate the observed asymmetry. The equivalent angle in the neutrino sector has not yet been
measured. It would be ironical if the ultimate origin of OhumansO was related to properties of
the ghostly neutrinos. Theories beyond the Standard Model provide many scenarios with larger
amounts of CP violation.

- The currently preferred paradigm in cosmology is in3ation. We still do not have a convincing
candidate for what the in3aton is, or how the big bang was triggered, if that question makes any
sense at all. There are still many open questions in cosmology, including what is the correct
paradigm.

This is just a sample of the most pressing issues for which the SM cannot provide a satisfactory answetr.
For decades now the scientibc community has been trying to address these problems through exten-
sions of the SM, from minimal ones inspired by supersymmetry to radical proposals rethinking the very
structure of the elementary constituents, like string theory.

So far the experiments have not given any positive indication as to where the answers to the open
questions might lie. Despite transient anomalies or data bumps, the more we probe the Higgs particle
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the more it looks like its Ovanilla versionO. It is truly fascinating that, in order to give masses to the SM
particles, nature has chosen the simplest solution we came up with, the Higgs Peld. The SMOs dePnite
triumph, the discovery of the Higgs particle in 2012, was also a disappointment, because it apparently
closed the door to more exciting possibilities with a clear bearing on new physics.

One of the reasons for the impasse might be that we are at the end of a cycle and the current con-
ceptual framework based on symmetry and locality has been exhausted, or maybe the idea of naturalness,
a basic guiding principle in our understanding of particle physics, is after all a red herring. We still need
to bring gravity into the SM and this opens a plethora of problems and questions, some of them touching
notions like landscapes or multiverses loaded with philosophical or just metascientibc ideas.

Cosmology and astroparticle physics might offer some hope. In recent years, we have witnessed
important discoveries, from the brst direct detection of gravitational waves in 268ptp the OphotoO
of the black hole at the center of the M87 galagg§ in 2019. The rapidly developing Peld of gravita-
tional wave astronomy opens up new windows to phenomena up to now out of observational reach, and
it may allow unprecedented glimpses into the physics of compact astrophysical objects or the very early
universe.

We should not give up hope. Maybe we are on the verge of a golden era of discoveries that will

leave us gasping with awe and laughing with joy in amazement of a new vision of the universe. One
never knows, and dreaming is for free.
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