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Flavour physics and CP violation

Alexander Lenz
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aUniversity of Siegen, Siegen, Germany

We give a brief introduction into quark flavour physics and CP violation, starting in the first lecture
with a review of the fundamental properties of the Standard Model of Particle Physics, a detailed
discussion of the CKM matrix and a general classification of hadronic weak decays. The second
lecture is devoted to describing the theoretical framework and in particular the concept of an
effective Hamiltonian. In the third lecture we discuss mixing of neutral mesons and the effect of CP
violation in hadron decays.
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1 Lecture 1: Standard Model, CKM matrix, weak decays

1.1 Motivation for Flavour Physics

The field of Quark Flavour Physics offers interesting opportunities in deepening our fundamental un-
derstanding of the world. In particular it sheds light into:

1. Matter-Antimatter asymmetry in the Universe: as we will see below the existence of matter in the
Universe seems to be linked to the breaking of a symmetry, called CP. CP-violating effects were
observed numerous times in the decays of hadrons containing heavy quarks.

2. Indirect searches for effects beyond the standard model (SM): finding discrepancies, when com-
paring precise measurements with precise SM predictions might give us hints how to extend the
SM on a more fundamental level. This strategy benefits currently from the huge amount of data
obtained by experiments like LHCb, Belle II, BES III, ATLAS and CMS. It is interesting to note
that there are currently some anomalies, i.e. deviations from the SM expectations, observed in the
decays of b- and c-hadrons.

3. Understanding of QCD: for the program of indirect new physics searches a rigorous control over
hadronic effects is crucial. The theoretical description of these processes relies on different varia-
tions of effective theories.

4. Determination of SM parameter: the bread and butter physics goal of flavour physics is the deter-
mination of SM parameters like CKM-elements or quarks masses.

1.2 Lagrangian of the Standard Model

The Lagrangian of the Standard Model of Particle Physics (SM) [1–3] reads schematically

L = �1

4
Fµ⌫F

µ⌫

+i ̄ 6D 

+|Dµ�|2 � V (�)

+ ̄iYij� j + h.c. . (1)

The first line of Eq. (1) is the gauge kinetic term, which describes the propagation of the massless gauge
fields of the strong, weak and electro-magnetic interactions, as well as, in the case of the latter two,
their self-interaction. The second line is the fermionic kinetic term, which describes the propagation
of massless fermions and their interactions with the gauge fields. The third line is known as the Higgs
sector of the SM and contains the kinetic term for the complex Higgs doublet, including its interaction
with the gauge fields, and the Higgs potential, see [4–7]. The specific form of the Higgs potential will
give rise to mass terms for some of the gauge bosons. The last line is known as the Yukawa sector, which
describes the interaction between the fermion fields  and the complex scalar field �. When the Higgs
field acquires the vacuum expectation value (0, v/

p
2), a mass term for the fermion fields is generated,

with the mass being proportinal to vYij/
p
2.

The full Standard Model Lagrangian is invariant under Poincare transformations and local SU(3)C ⇥
SU(2)L⇥U(1)Y gauge transformations — SU(3)C describes the strong interaction, C stands for colour,

146



CERN Yellow Reports: School Proceedings, CERN-2025-009

SU(2)L ⇥ U(1)Y describes the weak and the electromagnetic interaction, L stands for left-handed, and
Y stands for hyper-charge. Looking at the SU(2)L ⇥ U(1)Y -part in more detail, one gets in the case of
one generation of fermions the following expressions:

LSU(2)L⇥U(1)Y
= �1

4
W a

µ⌫W
µ⌫ a � 1

4
Bµ⌫B

µ⌫

+ ̄L�
µ

 
i@µ � g1YLBµ � g2qL

~� · ~Wµ

2

!
 L

+ ̄R�
µ

 
i@µ � g1YRBµ � g2qR

~� · ~Wµ

2

!
 R

+

�����

 
i@µ � g1Y�Bµ � g2q�

~� · ~Wµ

2

!
�

�����

2

� V (�
†
�)

�
⇣
 ̄L�

cYuuR + ūR�
c†Y †

u L

⌘
�
⇣
 ̄L�YddR + d̄R�

†Y †
d L

⌘
. (2)

Let us first discuss the notation:

a)  L and  R denote left- and right-handed spinors describing the fermion fields

 L,R =
1⌥ �5

2
 . (3)

The splitting into left- and right-handed components is motivated by the experimental observation
of parity violation in weak decays. The violation of parity in the weak interaction was theoretically
proposed in 1956 by Lee and Yang (Nobel Prize 1957) [8] and almost immediately verified in the
experiment of Wu [9]. A way of implementing this fact into the theory is treating the right-handed
fermions  R as SU(2)L singlets and the left-handed fermions  L as SU(2)L doublets, i.e.

 L =

 
uL

dL

!
. (4)

Here, uL is the four component Dirac spinor field of the up-quark, with weak isospin +1/2 and
dL is the four component Dirac spinor field of the down quark with weak isospin �1/2.

b) g1 is the gauge coupling of the U(1)Y interaction mediated via the gauge field Bµ, with the corre-
sponding field strength tensor defined as

Bµ⌫ := @µB⌫ � @⌫Bµ . (5)

YL,R,� are the hyper-charges of the left-handed fermions, right-handed fermions and of the Higgs
field.

c) g2 is the gauge coupling of the SU(2)L interaction mediated via the three gauge fields, W a
µ (a =

1, 2, 3), with the corresponding field strength tensor, defined as

W a
µ⌫ := @µW

a
⌫ � @⌫W

a
µ + g2✏

abcW b
µW

c
⌫ , (6)
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where ✏abc are the structure constants of the SU(2) algebra, i.e.


�a

2
,
�b

2

�
= i✏abc

�c

2
(7)

and ~� = (�1,�2,�3) denote the Pauli matrices. Note the last term in Eq. (6) gives rise to self-
interaction among the W a

µ fields. The fact that only left-handed fermions take part in the weak
interaction and right-handed do not, is fulfilled by the following choice of the charges: qR = 0 and
qL = q� = 1. This describes correctly the experimentally found maximal parity-violation of the
weak interaction.

d) Also the Higgs field is a SU(2)L doublet

� =

 
�+

�0

!
, (8)

with hyper-charge Y = 1/2. The complex Higgs doublet has four degrees of freedom and the
quantum numbers,

�+ �0

Q +1 0

T3 +1/2 �1/2

Y +1/2 +1/2

.

Using the unitary gauge the Higgs field is expanded as

� =
1p
2

 
0

v +H

!
, (9)

where h�i = 1/
p
2(0, v) is the non-vanishing vacuum expectation value of the Higgs doublet �

with v ⇡ 246.22 GeV,1 and H describes the Higgs particle discovered at the LHC in 2012 [10,11].
To give both the up-type and the down-type quarks a mass we have to introduce a second Higgs
field, which is not independent from the original one (in some extensions of the standard model,
it will be independent, e.g. in the Two-Higgs Doublet Model (2HDM) or the Minimal Supersym-
metric Standard Model (MSSM)), i.e.

�
c
= i�2�

⇤
=

 
�0⇤

��+⇤

!
, (10)

which can also be expanded as

�
c

=
1p
2

 
v +H

0

!
. (11)

1Originally v is defined as the minimum of the Higgs potential, v =
p

�µ2/�. Expressing the gauge boson masses in terms
of v one gets MW = g2v/2. Comparing this with the definition of the Fermi constant GF /

p
2 = g22/(8M

2
W ) one sees that

v =
q

1/(
p
2GF ).
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The potential of the Higgs field is given by

V (�
†
�) = µ2

(�
†
�) + �(�†

�)
2 , µ2 < 0 . (12)

e) Y u and Y d are the so-called Yukawa couplings. Since a naive fermion mass term of the form
m( ̄L R+  ̄R L) is not gauge invariant under SU(2)L, the gauge-invariant Yukawa interaction
was introduced to generate fermion masses. This is discussed in detail below.

1.3 The Yukawa interaction

After spontaneous symmetry breaking, the Yukawa term, in the case of only one fermion generation,
contains fermion masses:

LY ukawa = �
⇣
 ̄L�

cYuuR + ūR�
c†Y ⇤

u L

⌘
�
⇣
 ̄L�YddR + d̄R�

†Y ⇤
d  L

⌘

! �vYup
2
(ūLuR + ūRuL)�

vYdp
2

�
d̄LdR + d̄RdL

�
+ ... . (13)

In the last line we assumed that the Yukawa couplings are real, which leads to a simple mass term for the
up- and down quarks with mu,d = vYu,d/

p
2. The possibility of having complex values of the Yukawa

coupling is studied below.
For three generations of quarks the situation gets still a little more involved. The Yukawa interaction
reads now

LY ukawa =

�
�
Q̄1,L, Q̄2,L, Q̄3,L

�
�
cŶu

0

B@
uR

cR

tR

1

CA� (ūR, c̄R, t̄R)�
c†Ŷ †

u

0

B@
Q1,L

Q2,L

Q3,L

1

CA

�
�
Q̄1,L, Q̄2,L, Q̄3,L

�
�Ŷd

0

B@
dR

sR

bR

1

CA�
�
d̄R, s̄R, b̄R

�
�
†Ŷ †

d

0

B@
Q1,L

Q2,L

Q3,L

1

CA ,

(14)

with the three SU(2)L doublets

Q1,L =

 
uL

dL

!
, Q2,L =

 
cL

sL

!
, Q3,L =

 
tL

bL

!
. (15)

Note, that now in general the Yukawa coupling matrices Ŷu,d do not have to be diagonal! After sponta-
neous symmetry breaking one gets the following structure of the fermion mass terms:

� ̄u
LM̂1 

u
R �  ̄u

RM̂
†
1
 

u
L �  ̄d

LM̂2 
d
R �  ̄d

RM̂
†
2
 

d
L , (16)
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with

 
u
=

0

B@
u

c

t

1

CA ,  
d
=

0

B@
d

s

b

1

CA , (17)

M̂1 =
vp
2
Ŷu , M̂2 =

vp
2
Ŷd . (18)

Again, in general the mass matrices M̂1 and M̂2 do not have to be diagonal, but they can be diagonalised
with unitary transformations

 
u ! U1 

u with U †
1
U1 = 1 , (19)

 
d ! U2 

d with U †
2
U2 = 1 . (20)

The transformed mass matrices read

U †
1
M̂1U1 =

vp
2
U †
1
ŶuU1 =

0

B@
mu

mc

mt

1

CA , (21)

U †
2
M̂2U2 =

vp
2
U †
2
ŶdU2 =

0

B@
md

ms

mb

1

CA . (22)

The corresponding mass eigenstates describe the physical eigenstates, whereas the original fields that
couple to the weak gauge bosons define weak eigenstates. In principle the mass matrices could also be
diagonal from the beginning. We will start, however, with the most general case and let the experimental
data show what is actually realised in nature.

1.4 The CKM matrix

The transformation between weak and mass eigenstates does not affect the electromagnetic interaction
and also not the neutral weak currents. In this cases up-like quarks couple among each other and similarly
for the down-like quarks, so that only the combinations U †

1
U1 and U †

2
U2 arise in the interaction terms.

By definition these combinations give the unit matrix. Thus all neutral interactions are diagonal, in other
words there are no flavour changing neutral currents (FCNC) in the Standard Model at tree-level.
The originally diagonal charged weak interaction can, however, become non-diagonal after performing
the unitary transformations above, namely

(ū, c̄, t̄) �µ (1� �5)

0

B@
1

1

1

1

CA

0

B@
d

s

b

1

CA

! (ū, c̄, t̄) �µ (1� �5)U
†
1
U2

0

B@
d

s

b

1

CA
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! (ū, c̄, t̄) �µ (1� �5)

0

B@
.. .. ..

.. .. ..

.. .. ..

1

CA

0

B@
d

s

b

1

CA . (23)

This defines the famous Cabibbo-Kobayashi-Maskawa-Matrix or CKM-Matrix

VCKM := U †
1
U2 . (24)

From a theory point of view it is not excluded that U †
1
U2 is diagonal (e.g. U1 and U2 are unit matrices

or U1 = U2). In the end, it is the comparison with the experimental data that must indicate, as it has
done, if the CKM-matrix is non-diagonal and thus transitions between different families are allowed.
Historically this matrix was invented in two steps:

– 1963: 2⇥ 2 quark mixing matrix by Cabibbo [12]

– 1973: 3⇥ 3 quark mixing matrix by Kobayashi and Maskawa [13], who received the Nobel Prize
in 2008.

Let us look a little closer at the properties of this matrix. By construction the CKM-Matrix is a unitary
matrix, it connects the weak eigenstates q0 with the mass eigenstates q. Note that instead of transforming
both the up-type and down-type quark fields one can also solely transform the down-type fields, as

0

B@
d

s

b

1

CA = VCKM

0

B@
d0

s0

b0

1

CA . (25)

One can show, that a generic unitary N⇥N -matrix has N(N�1)/2 real parameters and (N�1)(N�2)/2

phases, if unphysical phases are discarded. Specifically

N = 2 1 real parameter 0 phases
N = 3 3 real parameters 1 phase
N = 4 6 real parameters 3 phases

As will be discussed below, a complex coupling, e.g. a complex CKM-matrix element, leads to a phe-
nomenon called CP-violation, which is strongly connected to the existence of matter in the Universe.
Kobayashi and Maskawa found in 1973 that at least three families of quarks (i.e. six quarks) would be
needed to implement CP-violation in the Standard Model. At that time only three quarks were known,
the charm-quark was found in 1974 [14, 15].
The CKM-matrix allows for non-diagonal couplings in the charged currents, i.e. the u-quark does not
only couple to the d-quark via a charged W boson, but it also couples to the s-quark and the b-quark, see
Eq. (23). The entries of the CKM-matrix give the respective coupling strengths

VCKM =

0

B@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

CA , (26)
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so that e.g. the coupling of an u- and d-quark is given by

g2
2
p
2
�µ(1� �5)Vud . (27)

For a unitary 3 ⇥ 3 matrix with 3 real angles and 1 complex phase, different parameterisations are
possible. The so-called standard parameterisation reads

VCKM =

0

B@
c12c13 s12c13 s13e�i�13

�s12c23 � c12s23s13ei�13 c12c23 � s12s23s13ei�13 s23c13

s12s23 � c12c23s13ei�13 �c12s23 � s12c23s13ei�13 c23c13

1

CA , (28)

with
sij := sin(✓ij) and cij := cos(✓ij) . (29)

The three angles are ✓12, ✓23 and ✓13, the complex phase describing CP-violation is �13. This param-
eterisation is exact and it is typically used for numerical calculations. There is also a very ostensive
parameterisation, the so-called Wolfenstein parameterisation [16]. This parameterisation follows from
the experimentally found hierarchy Vud ⇡ 1 ⇡ Vcs and Vus ⇡ 0.22498 =: � and is based on performing
a Taylor expansion in �. It is expressed in terms of 4 parameters �, A, ⇢ and ⌘, where the latter leads to
complex contributions, i.e.

VCKM =

0

BBBBBB@

1� �2

2
� A�3(⇢� i⌘)

�� 1� �2

2
A�2

A�3(1� ⇢� i⌘) �A�2 1

1

CCCCCCA
+O(�4) . (30)

In this form the hierarchies can be read off very nicely. Transitions within a family are strongly favoured,
transitions between the first and second family are suppressed by one power of �, transitions between
the second and third family are suppressed by two powers of � and transitions between the first and the
third family by at least three powers. The most recent numerical values for the Wolfenstein parameter
read (status August 2024 from the CKMfitter page [17])

� = 0.22498+0.00023
�0.00021 , A = 0.8215+0.0047

�0.0082 , (31)

⇢̄ = ⇢

✓
1� �2

2

◆
= 0.1562+0.0112

�0.0040 , ⌘̄ = ⌘

✓
1� �2

2

◆
= 0.3551+0.0051

�0.0057 . (32)

Remarks:

– The non-vanishing value of ⌘ describes CP-violation within the Standard Model, which is by now
unambiguously established.

– Numerically one gets |Vub| = 0.003730 = �3.7482, so Vub is closer to �4 than to �3, as it was
historically assumed by Wolfenstein.
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Numerically the moduli of the CKM matrix elements reads (status August 2024 from CKMfitter [17])

VCKM =

0

B@
0.974358+0.000049

�0.000054 0.22498+0.00023
�0.00022 0.003730+0.000044

�0.000048

0.22484+0.00023
�0.00021 0.973509+0.000054

�0.000059 0.04160+0.00020
�0.00058

0.008573+0.000046
�0.000158 0.04088+0.00020

�0.00066 0.9991248+0.0000268
�0.0000074

1

CA .

(33)

Remarks:

– From these experimental numbers we can see clearly, that the CKM-matrix is non-diagonal. So
the initial ansatz of non-diagonal Yukawa interactions was necessary!

– We can also clearly see the hierarchy of the CKM-matrix. Transitions within a family are strongly
favoured, whereas transitions between different families are disfavoured. Note, however, that in
the lepton sector there is a very different hierarchy.

– The above numbers have very small uncertainties. This relies crucially on the assumption of
having a unitary 3⇥ 3 CKM matrix. Giving up this assumption, e.g. in models with four fermion
generations, would lead to considerably larger uncertainties [18, 19], albeit the simplest versions
of such models have already been experimentally excluded [20, 21].

1.5 Baryogenesis

In this section we discuss the important phenomenon of CP violation, namely the violation of the dis-
crete symmetries of parity and charge conjugation, and how this is related to the origin of matter in the
Universe, hence triggering a huge interest in both the theoretical and experimental communities. For
more details, see the cosmology lecture of Prof. Shaposhnikov.
The observed asymmetry between matter and antimatter in the Universe can be parameterised by the
baryon to photon ratio ⌘B , which was measured by the PLANCK satellite [22] to be

⌘B =
nB � nB̄

n�
⇡ (6.05± 0.07) · 10�10 , (34)

nB is the number of baryons in the Universe, nB̄ the number of anti-baryons and n� denotes the number
of photons. The tiny2 matter excess is responsible for the whole visible Universe! In the very early
Universe the relative excess of matter over antimatter was much smaller, compared to now, namely

⌘B(t ⇡ 0) =
10000000001� 10000000000

n�
, (35)

⌘B(today) =
1� 0

n�
. (36)

Sakharov has shown in 1967 [23] that one can create a baryon asymmetry dynamically (Baryogenesis),
if the laws of nature have certain properties. These basics properties are:
2The numerical value is obtained by investigating primordial nucleosynthesis and the cosmic microwave background, see e.g.
the PLANCK homepage.
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a) C and CP-violation: C is the charge conjugation, it changes the sign of the charges of the elemen-
tary particles; P is the usual parity, a reflection of the three-dimensional space axes. The violation
of parity in the weak interaction was established in 1956 [9] and in 1964 a tiny CP violation effect
was found in the neutral K-system — in an observable denoted by ✏ — by Christenson, Cronin,
Fitch, Turlay [24] (NP 1980). As will be discussed below, by now CP violation has by been ob-
served in many processes involving b-hadrons, yielding also large effects of the order of 50% and
recently also in the decays of D0 mesons, where, however the effect appears to be tiny.
CP violation can be implemented in the SM via complex Yukawa-couplings, as with the CKM
matrix, but also via complex parameters in the Higgs potential, as for example in the case with 2
Higgs doublet models, see e.g. [25].

b) Baryon number violation: The necessity to violate the baryon number is obvious and in the Stan-
dard Model such effects are implemented via so-called sphaleron processes — non-perturbative
tunneling effects that arise at finite temperatures [26, 27].

c) Phase out of thermal equilibrium: This could be e.g. a first order phase transitions during
electro-weak baryogenesis.

A remark for students:

– Sakharov’s paper was sent to the journal on 23.9.1966 and published on 1.1.1967; it was cited for
the first time in 1976 by Okun and Zeldovich; in summer 2024 it had almost 5000 citations ) be
patient with your papers!

All the three ingredients introduced above have to be part of the fundamental theory, not only in principal,
but also to a sufficient extent.

a) In the Standard Model C and CP violation are implemented. A measure of the amount of CP
violation is provided by the Jarlskog invariant J [28], which reads, in the Standard Model

J = (m2

t �m2

c)(m
2

t �m2

u)(m
2

c �m2

u)(m
2

b �m2

s)(m
2

b �m2

d)(m
2

s �m2

d) ·A . (37)

Here, mq denotes the mass of the quark q and A the area of the unitarity triangle, which will be
discussed below. A is large if the CKM-matrix elements have large imaginary parts, i.e. in the
presence of large CP violating contributions. Normalising J to the scale of the electroweak phase
transition leads to the very small number, see e.g. [29]:

J

(100GeV)12
⇡ 10

�20 ⌧ 6⇥ 10
�10 ⇡ ⌘B . (38)

Hence, it seems that the amount of CP violation in the Standard Model is by far not sufficient to
explain the observed baryon asymmetry. Note, however, that if one could let baryogenesis take
place at a lower energy scale, e.g. 10 GeV, then the above ratio would be enhanced by a factor 1012

and the amount of CP violation in the Standard Model could be sufficient. Such a possibility is
investigated e.g. in [30].

b) In the Standard Model the baryon number (B) and the lepton number (L) are conserved to leading
order in perturbation theory. Considering also non-perturbative effects (there are no corresponding
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Feynman diagrams!), in particular thermal effects, it is possible to create the needed amount of
violation of B. These effects are called sphalerons (greek: weak, dangerous) [26, 27]. At tem-
peratures T< 100 GeV, this phenomenon is exponentially suppressed, while it grows very rapidly
above 100 GeV. Sphalerons have not yet been detected experimentally.

c) Finally one needs to be out of thermal equilibrium at 100 GeV. During a second order phase transi-
tion the parameters change in a continuous way and there is no departure from thermal equilibrium:

In order to leave thermal equilibrium a first order transition is needed:

To answer the question about the nature of the electroweak phase transition one has to calculate
the effective Higgs potential (classical potential plus quantum effects) as a function of the Higgs
mass at finite temperature. In particular, one finds, that for masses mH < 72 GeV a first order
transition is possible, while the transition is continuous for higher masses, see e.g. [31–34]. Thus,
the experimental value of the Higgs mass of 125 GeV clearly points towards a continuous phase
transition within the Standard Model. We note again, that 2HDM models could also fulfill this
Sakharov criteria and lead to a first order phase transition, see e.g. [35, 36].

For lecture notes on baryogenesis see e.g. [37].
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1.6 Unitarity Triangle

Next we discuss in more detail the determination of the CKM-matrix and in particular the so-called
unitarity triangle. By construction we have a unitary CKM matrix, i.e.

1 = V †
CKMVCKM =

X

U=u,c,t

V ⇤
Ud1VUd2 =

0

B@
1 0K0 0Bd

0 1 0Bs

0 0 1

1

CA , (39)

1 = VCKMV †
CKM =

X

D=d,s,b

Vu1DV
⇤
u2D =

0

B@
1 0D0 0T 0

0 1 0T 0
c

0 0 1

1

CA . (40)

We will explain below, what the subscripts on the zero entries of the unit matrix mean.
Each of the unitarity conditions in Eq. (39) and Eq. (40) leads to nine equations, specifically three com-
binations of CKM matrix elements with sum equal to one and six combinations with sum equal to zero.
In particular, the condition

VudV
⇤
ub + VcdV

⇤
cb + VtdV

⇤
tb = 0Bd , (41)

arises in the penguin diagrams triggering the b ! dµ+µ� decay or in Bd mixing (i.e. the transition of a
Bd meson into its anti-particle, the B̄d meson, via a so-called box diagrams), see the figure below, when
it is assumed that the masses of the internal quarks (up, charm and top) are equal.
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Since the masses of the up-, charm- and top-quark are in reality different from each other, the above
observation means that finite contributions to the b ! dµ+µ� penguin decay and Bd mixing are only
arising due to the mass difference of the internal quarks. This is the essence of the so-called GIM-
mechanism (Glashow-Iliopoulos-Maiani) [38].
The remaining zero-sums in Eq. (39) and Eq. (40) correspond to s ! d penguins (or K0 mixing), b ! s

penguins (or Bs mixing), c ! u penguins (or D0 mixing), t ! u penguins and t ! c penguins.
Using the Wolfenstein parameterisation we get for the Bd zero sum

A�3 [(⇢+ i⌘)� 1 + (1� (⇢+ i⌘))] = 0 +O(�4) . (42)

As the values for A and � are already quite precisely known, Eq. (42) can be used to determine ⇢ and
⌘. The above sum of three complex numbers can be represented graphically as a triangle in the complex
(⇢, ⌘) plane, the so-called unitarity triangle

3, see the figure below

3In principle different unitarity triangles, apart from the Bd one, defined in Eq. 42, can be constructed, but they turn out to be
very "flat", i.e. they have one very small angle, while in the Bd unitarity triangle all three lengths are of similar size.
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The precise determination of the unitarity triangle given by Eq. 42 is of particular interest since a non-
vanishing value of ⌘ is a measure of the size of CP-violation in the Standard Model.
In order to constrain the form of the unitarity triangle, the following strategy is used (for an early review
see e.g. [39]): to compare the experimental value of some flavour observables with the corresponding
theoretical expressions, where ⇢ and ⌘ are left as free parameters, plot the constraints on these two
parameters in the complex (⇢, ⌘) plane (in this case the values of � and A are assumed to be known and
fixed) e.g.:

– The amplitude describing the b ! u decay is proportional to Vub. Therefore the branching fraction
for the semileptonic decay of a B̄-meson (containing a b-quark) into a meson containing a u-quark,
i.e. Xu, is proportional to |Vub|2:

Bexp.
(B ! Xue⌫) = ãth. · |Vub|2 = ath. ·

�
⇢2 + ⌘2

�
,

) ⇢2 + ⌘2 =
Bexp.

(B ! Xue⌫)

ath. , (43)

where ath. contains the result of the theoretical calculation. Comparing experiment and theory for
this observable and leaving ⇢ and ⌘ as free parameters, leads to a constraint in the (⇢, ⌘)-plane in
the form of a circle around (0, 0) with the radius Bexp.

(B ! Xue⌫)/ath..

– Investigating the dynamics of neutral Bd-mesons, one finds that the physical eigenstates (i.e. the
states that are propagating with a definite mass) are a mixture of the flavour eigenstates (defined by
the quark content of the neutral mesons), as it will be discussed in more detail below. As a result
of this mixing, the two physical eigenstates have different masses and their difference is denoted
by �MBd . Theoretically one has to determine the above shown box-diagrams and one finds to
a very good approximation that only the CKM structure stemming from the internal top-quark is
contributing. Therefore the following relation holds:

�M
exp.
Bd

/ |Vtd|2 / (⇢� 1)
2
+ ⌘2 , (44)
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which leads to a circle in the (⇢, ⌘)-plane around (1, 0), when comparing experiment and theory.

– Comparing theory and experiment for CP-violation in the neutral K-meosn system, denoted by ✏,
gives an hyperbola in the (⇢, ⌘)-plane.

The overlap of these three regions constrains the values of ⇢ and ⌘, as schematically shown in the figure
below, with the bound from the semileptonic B decay denoted in green, the constraint from B-mixing in
blue and the hyperbolic constraint from ✏ in pink.

This figure is just meant to visualise the method in principle, below we show a plot with the latest
experimental numbers.

Remarks:

– The angles of the unitarity triangle can be expressed as

↵ = arg

✓
�

VtdV ⇤
tb

VudV ⇤
ub

◆
, � = arg

✓
�
VcdV ⇤

cb

VtdV ⇤
tb

◆
, � = arg

✓
�
VudV ⇤

ub

VcdV ⇤
cb

◆
. (45)

The length of the sides of the unitarity triangle can be related to the angles ↵, �, �, as

AC = Rb =
sin�

sin(� + �)
, AB = Rt =

sin �

sin(� + �)
. (46)

To a good approximation we can also write

Vub = |Vub|e�i� , Vtd = |Vtd|e�i� . (47)

Bigi and Sanda have shown that the angle � can be extracted directly, with almost no theoretical
uncertainty — thus it is called gold-plated mode — from the following CP-asymmetry in exclusive
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B-meson decays [40].

aCP :=
�(B ! J/ +KS)� �(B̄ ! J/ +KS)

�(B ! J/ +KS) + �(B̄ ! J/ +KS)
/ sin 2� (48)

The fact that the size of sin 2� was expected to be of order one was a strong reason for building the
B-factories in SLAC (with the detector BaBar) and at KEK (with the detector Belle(II)) to mea-
sure for the first time CP violation outside the Kaon sector, which was achieved in 1999 [41, 42].
Currently a huge experimental effort is put into the direct determination of the CKM angle �. As-
suming no BSM effects in hadronic tree-level decays, this extraction can be done with essentially
no (of the order of 10�6) uncertainties [43].4 The determination of the CKM angle ↵ suffers from
more pronounced theory uncertainties.

– The above programme was performed in the last years with great success and it confirmed the
CKM picture, see below the most recent contraints for the unitarity triangle from the CKMfitter
group [17]. Similar results have been obtained by the UTfit collaboration [46]. As a result of these
efforts Kobayashi and Maskawa were awarded the Nobel Prize in 2008.

4Giving up the assumption of having no BSM effects in tree-level non-leptonic decays can lead to very large shifts in the
determination of the CKM angle � [44, 45].
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1.7 Classification of hadronic decays

1.7.1 Leptonic decays

Leptonic decays have only leptons in the final state, e.g. the tree-level decay B� ! ⌧� ⌫̄⌧ .

Such decays have the simplest hadronic structure. Gluons bind the quarks of the initial state into a
hadron. All non-perturbative effects are described by one parameter: the decay constant, fB� , which is
defined for generic B mesons as

h0|q̄�µ�5b|Bq(p)i = ifBqp
µ , (49)

where b and u are the spinors of the bottom and up quark and pµ is the Bq-meson four-momentum.
Decay constants can nowadays be precisely determined by lattice QCD simulations. Note that leptonic
decays can also proceed via loop-level contributions in the SM, an example is the decay Bs ! µ+µ�.

1.7.2 Semi-leptonic decays

Semi-leptonic decays have leptons and hadrons in the final state, e.g. the tree-level decay B� !
D0 e� ⌫̄e.
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Now the hadronic structure is more complicated, as the non-perturbative QCD-effects are not only re-
sponsible for the binding of the hadrons in the initial and final states, but also for the strong interaction
between the initial and the final state. The non-perturbative dynamics, in this case, is described in terms
of two functions, the form factors fB�!D0

+ (q2) and fB�!D0

0
(q2), that depend on the momentum trans-

fer q2. They are defined as

hD0
(pD)|c̄�µb|B�

(pB)i = fB�!D0

+ (q2)

✓
pµB + pµD � m2

B �m2

D

q2
qµ
◆

+fB�!D0

0 (q2)
m2

B �m2

D

q2
qµ . (50)

Form factors can be determined by sum rules or Lattice QCD calculations. There are again semi-leptonic
decays that can only proceed via loop-contributions in the SM, e.g. Bd ! K0⇤µ+µ�, which belong to
the class of decays, where currently deviations between experiment and theory are observed.

1.7.3 Non-leptonic decays

Non-leptonic decays have only hadrons in the final state, e.g. the tree-level decay B� ! D0 ⇡�.

These are the most complicated decays and they can only be described theoretically by making additional
assumptions that then allow for a factorisation, e.g.

hD0⇡�|c̄�µ(1� �5)b · d̄�µ(1� �5)u|B�i

⇡ hD0|c̄�µ(1� �5)b|B�i · h⇡�|d̄�µ(1� �5)u|0i

/ fB�!D0
(q2 = m2

⇡) · f⇡ . (51)

Theoretical investigations, of when the factorisation assumption is justified and when not, are a hot topic
of current research, see e.g. [47].
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2 Lecture 2: Theoretical framework

In comparison to the first and third lecture, this lecture will be considerably more technical, in particular
the main part, which is devoted to the effective Hamiltonian.

2.1 The Muon Decay

The muon decay µ� ! ⌫µ e� ⌫̄e represents the most simple type of weak decay, because there are no
QCD effects involved.5 This process is given by the following Feynman diagram.

The total decay rate of the muon reads (see e.g. [48] for an early reference)

�µ!⌫µ+e+⌫̄e =
G2

Fm
5
µ

192⇡3
f

✓
me

mµ

◆
=

G2

Fm
5
µ

192⇡3
c3,µ . (52)

GF = g2
2
/(4

p
2M2

W ) denotes the Fermi constant and f the phase space factor for one massive particle
in the final state. It is given by

f(x) = 1� 8x2 + 8x6 � x8 � 24x4 ln(x) = c3,µ . (53)

The coefficient c3,µ is introduced here to be consistent with the later notation. The result in Eq. (52) is
already very instructive, since from that we obtain that the measurable lifetime of the muon which reads

⌧ =
1

�
=

192⇡3

G2

Fm
5
µf
⇣

me
mµ

⌘ . (54)

Thus the lifetime of a weakly decaying particle is proportional to the inverse of the fifth power of its mass.
Using the measured values [49] for GF = 1.1663788(6) ·10�5 GeV�2, me = 0.51099895000(15) MeV
and mµ = 0.1056583755(23) GeV, we can predict6 the lifetime of the muon to be

⌧ th.
µ = 2.18776 · 10�6 s , (55)

5This statements holds to a high accuracy. QCD effects arise for the first time at the two loop order.
6This is of course not really correct, because the measured muon lifetime was used to determine the Fermi constant, but for
pedagogical reasons we assume that the Fermi constant is already known.
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which is in excellent agreement with the measured value [49] of

⌧
exp.
µ = 2.1969811(22) · 10�6 s . (56)

The remaining tiny difference (the prediction is about 0.4% smaller than the experimental value) is due to
higher order electro-weak corrections. These are crucial for a highly precise determination of the Fermi
constant. The dominant contribution is given by the 1-loop QED corrections, calculated already in the
1950s [50, 51]:

c3,µ = f

✓
me

mµ

◆
1 +

↵

4⇡
2

✓
25

4
� ⇡2

◆�
. (57)

Taking this effect into account (↵ = 1/137.035999074(44) [49]) we then obtain

⌧ th.
µ = 2.19699 · 10�6 s , (58)

which almost exactly reproduces the measured value given in Eq. (56). The complete 2-loop QED
contributions have been determined in [52], while a review of loop-corrections to the muon decay is
given in [53].
Note that the phase space factor gives an almost negligible suppression in the specific case of the muon
decay - namely f(me/mµ) = 0.999813 = 1� 0.000187051. However, phase space effects will turn out
to be quite sizable, e.g. for the decay of a b-quark into a c-quark.

2.2 The tau decay

Moving to the tau lepton, both decays into leptons as well as into quarks and leptons are possible,
specifically

⌧ ! ⌫⌧ +

8
>>>><

>>>>:

e� + ⌫̄e

µ�
+ ⌫̄µ

d+ ū

s+ ū

.

Note that heavier quarks, like the charm- or bottom-quark cannot be created, since in this case the
lightest meson possible, i.e. D0

= cū with MD0 ⇡ 1.86GeV is heavier than the tau lepton
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(m⌧ = 1.77682(16) GeV). Thus the total decay rate of the tau lepton reads

�⌧ =
G2

Fm
5
⌧

192⇡3


f

✓
me

m⌧

◆
+ f

✓
mµ

m⌧

◆
+Nc |Vud|2 g

✓
mu

m⌧
,
md

m⌧

◆
+Nc |Vus|2 g

✓
mu

m⌧
,
ms

m⌧

◆�

=:
G2

Fm
5
⌧

192⇡3
c3,⌧ . (59)

Here, Nc = 3 is a colour factor and we have introduced the new phase space function g, which accounts
for two massive particles in the final state. If we neglect the phase-space effects due to the lepton and
quark masses (f(me/m⌧ ) = 1 � 7 · 10�7

; f(mµ/m⌧ ) = 1 � 0.027; ...) and if we use V 2

ud + V 2
us ⇡ 1,

we obtain c3,⌧ = 5 and thus the simple approximate relation

⌧⌧
⌧µ

=

✓
mµ

m⌧

◆5
1

5
. (60)

Using the experimental values for ⌧µ, mµ and m⌧ we can predict

⌧ th.
⌧ = 3.26707 · 10�13 s , (61)

which is quite close to the experimental value of

⌧
exp.
⌧ = 2.906(1) · 10�13 s . (62)

Note that the theory prediction is about 12% larger than the measured value. This is mostly due to the
effect of sizable QCD corrections, which must be taken into account since now there are quarks in the
final state - contrary to the case of the muon decay. QCD contributions currently have been calculated
up to five loop accuracy [54], a review of higher order corrections can be found in [55].
Because of the pronounced and clean dependence on the strong coupling, tau decays can also be used for
precision determinations of ↵s, see, e.g., the review [56].
This example already shows, that a proper treatment of QCD effects is mandatory for precise lifetime
studies. In the case of meson decays this will be even more important.

2.3 Charm-quark decay

Before trying to investigate the complicated structure of meson decays, let us have a look at the decay of
free c- and b-quarks. Within the framework of the Heavy Quark Expansion (HQE) one can show that
the free quark decay is the leading term in a systematic expansion in the inverse of the heavy (decaying)
quark mass. For a both pedagogical and technical introduction into the HQE, see [57], for a review with
many historic details, see [58] and for a review covering the state of the art of HQE predictions and
comparisons to experiment, see [59].
A charm quark can decay weakly into a strange- or a down-quark and a W+-boson, which can then
further decay either into leptons (semi-leptonic decay) or into quarks (non-leptonic decay).
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Calculating the inclusive total decay rate of a charm-quark we obtain

�c =
G2

Fm
5
c

192⇡3
|Vcs|2c3,c , (63)

with

c3,c = g

✓
ms

mc
,
me

mc

◆
+ g

✓
ms

mc
,
mµ

mc

◆
+Nc|Vud|2h

✓
ms

mc
,
mu

mc
,
md

mc

◆

+Nc|Vus|2h
✓
ms

mc
,
mu

mc
,
ms

mc

◆

+

����
Vcd

Vcs

����
2⇢

g

✓
md

mc
,
me

mc

◆
+ g

✓
md

mc
,
mµ

mc

◆
+Nc|Vud|2h

✓
md

mc
,
mu

mc
,
md

mc

◆

+Nc|Vus|2h
✓
md

mc
,
mu

mc
,
ms

mc

◆�
. (64)

Here h denotes a new phase space function, for the case of three massive particles in the final state. If we
set all phase space factors to one (f(ms/mc) = f(0.0935/1.471) = 1� 0.03, . . . with ms = 93.5(2.5)

MeV [49]) and use |Vud|2 + |Vus|2 ⇡ 1 ⇡ |Vcd|2 + |Vcs|2, then we get c3,c = 5, similar to the ⌧ decay.
In that case we can predict a charm lifetime of

⌧c =

(
0.84 ps
1.70 ps

for mc =

(
1.471 GeV (Pole-scheme)
1.277(26) GeV (MS � scheme)

. (65)

These predictions lie roughly in the ball-bark of the experimental numbers for D-meson lifetimes, but at
this stage some comments are mandatory:

– Predictions of the lifetimes of free quarks have a huge parametric dependence on the definition of
the quark mass (/ m5

q). This is the reason, why for a long time only lifetime ratios (the dominant
m5

q dependence as well as CKM factors and some sub-leading non-perturbative corrections cancel)
were determined theoretically. In our case the value obtained in the MS � scheme for the charm
quark mass is about a factor of 2 larger than the one obtained in the pole-scheme. At LO-QCD the
definition of the quark mass is completely arbitrary, which leads to huge uncertainties. Performing
the computation at NLO-QCD a consistent treatment of the quark masses has to be defined within
the calculation, leading to a considerably weaker dependence of the final result on the quark mass
definition.
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– Taking only the decay of the free c-quark into account, one obtains the same lifetimes for all
charm-mesons, which is clearly a very bad approximation, taking the large spread of lifetimes of
different D-mesons into account.

⌧(D+
)

⌧(D0)
= 2.54(2) ,

⌧(D+
s )

⌧(D0)
= 1.20(1) . (66)

Within the framework of the HQE one will find that in the case of charmed mesons a very sizable
contribution to the total decay rate stems from spectator effects where also the valence quark of
the D-meson is involved in the decay.

– Perturbative QCD corrections to the free charm quark decay turn out to be very important, because
↵s(mc) ⇡ 0.35 is quite large.

In the framework of the HQE the spectator effects will turn out to be suppressed by 1/m3
c and since mc

is not very large, the suppression is also not expected to be very pronounced. This will change in the
case of B-mesons. Because of the larger value of the b-quark mass, one expects a better description of
the meson decay in terms of the simple b-quark decay, which is confirmed by experiment

⌧(B+
)

⌧(B0

d)
= 1.076(4) ,

⌧(B0
s )

⌧(B0

d)
= 1.002(4) . (67)

In the next lecture we will have a closer look into how one can determine perturbative QCD contributions
to the quark and meson decay in a consistent and effective way - this will lead to the concept of the
effective Hamiltonian. A nice pedagogical introduction to this topic is given in [60].

2.4 The effective Hamiltonian

Most weak decays proceed via the exchange of heavy W -bosons, e.g. the decay b ! c+W� ! c+ū+d

is described by the following Feynman diagram,

Neglecting the masses of the final state quarks, two very different scales arise in this decay: the mass
of the W -boson (⇡ 80 GeV) and the mass of the b-quark (⇡ 4.5 GeV). Since the strong coupling is
sizeable at the b quark scale, ↵s(mb) ⇡ 0.2, perturbative QCD corrections are expected to be important.
Specifically, 1-loop diagrams will give ↵s corrections, 2-loop diagrams ↵2

s ⇡ 0.04 corrections, and so
on. Calculating the 1-loop QCD corrections one finds, however, that besides terms of order ↵s, also
large logarithmic terms of the form ↵s ln

�
m2

b/M
2

W

�
appear.
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As a result we do not obtain a Taylor expansion in ↵s but an expansion in ↵s ln
�
m2

b/M
2

W

�
⇡ 6↵s which

clearly spoils the perturbative approach.
The solution to this problem lies in the introduction of the effective Hamiltonian, described in some
detail below. The basic idea is to derive an effective theory valid at scales of the order of mb, in which
the heavy W -boson (mW � mb), that triggers the weak decay, is integrated out by performing an
operator product expansion (OPE), see, e.g., [60] for a nice introduction, as well as [61]. Schematically
in the resulting effective theory, the propagator of the W -boson is contracted to a point and new effective
four-fermion operators are generated, see figure below.

The Feynman rules for the diagram on the l.h.s. give the following expression, which can be Taylor-
expanded in k2/M2

W .

c̄
ig2V ⇤

cb

2
p
2
�µ(1� �5)b

1

k2 �M2

W

d̄
ig2Vud

2
p
2
�µ(1� �5)u . (68)

Note, that the momentum transfer in the virtual W -boson is of the order of the b-quark mass, k ⇡ mb.
The leading term of the Taylor-expansion of this expression in k2/M2

W ⇡ 3.6 · 10�3, gives the effective
Hamiltonian in zeroth order in the strong coupling.7

) Heff (x) =

✓
g2
2
p
2

◆2
1

M2

W

V ⇤
cbVudc̄�

µ
(1� �5)b · d̄�µ(1� �5)u

=:
GFp
2
VCKMC2Q2 . (69)

7Expanding the W -propagator in coordinate space, leads to a delta function with the difference of the coordinates of the two
arising quark currents as an argument. Thus this approximation yields an effective local operator.
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We have introduced the following notation: the four quark operator is denoted by Q2

Q2 = (c̄↵�µ(1� �5)b↵) ·
�
d̄��

µ
(1� �5)u�

�
,

=: (c̄↵b↵)V�A ·
�
d̄�u�

�
V�A

, (70)

where ↵ and � denote colour indices, this operator is a colour-singlet. as well as the Fermi constant GF

with

GF =
g2
2

4
p
2M2

W

= 1.1663787(6) · 10�5
1

GeV2
, (71)

thus leading to the Fermi-theory of the weak interaction. We stress that so far the Wilson coefficient
C2 = 1, however, including also QCD corrections the above description is generalised as follows:

– The value of C2 = 1 + O(↵s) deviates from one and it depends on the renormalisation scale µ.
For b and c-decays its value is slightly larger than one.

– A second colour-rearranged operator Q1 arises.

Q1(x) =: (c̄↵b�)V�A ·
�
d̄�u↵

�
V�A

. (72)

The value of C1 = O(↵s) is negative for b and c-decays and of the order of �20% for b-decays.

– The generic effective Hamiltonian for tree-level decays reads thus

Heff (x) =
GFp
2
VCKM [C1(µ)Q1(x) + C2(µ)Q2(x)] . (73)

– As mentioned above in the Standard Model large logarithms arise in the perturbative expansion and
in the end one will not have an expansion in the strong coupling, ↵s(mb) ⇡ 0.2, but an expansion
in ln(mb/MW )

2↵s ⇡ 1.2. So the convergence of the expansion is not ensured. In particular, the
general structure of the perturbative expansion reads

LL NLL NNLL NNNLL

Tree 1 � � �
1-loop ↵s ln ↵s � �
2-Loop ↵2

s ln
2 ↵2

s ln ↵2
s �

3-loop ↵3
s ln

3 ↵3
s ln

2 ↵3
s ln ↵3

s

... ... ... ...

(74)

Computations within the full Standard Model correspond to calculating row by row, whereas using
the effective Hamiltonian corresponds to calculating column by column. Importantly, the latter
framework also allows to sum up the large logarithms to all orders.8 An example for such a
summation is given by the solution of the renormalisation group equations for the strong coupling,
which is discussed e.g. in the lecture notes in [62].

– In meson decays besides perturbatively calculable short-distance (SD) QCD effects (e.g. those
at the scale MW ), also long-distance (LD) effects arise (at the scale ⇤QCD), the latter being of

8LL = leading logarithmic approximation, NLL = next-to-leading logarithmic approximation,...
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non-perturbative origin. The construction of an OPE leads to a well-defined separation of scales.
Namely the high energy physics is described by the Wilson coefficients, which can be calculated
in perturbation theory, whereas the hadronic effects are parametrised by the matrix element of the
operators Q1, Q2. In this case non-perturbative methods like lattice QCD or QCD sum rules must
be employed. The renormalisation scale µ acts as the factorisation scale.

– Calculations within the framework of the effective Hamiltonian are technically simpler, because
fewer propagators appear in the expressions.

Historic remark: The effective Hamiltonian in Eq. (73) was already obtained in 1974 in LL-QCD [63],
a nice review of the NLL-results is given in [61]. Currently, also NNLL results are available [64]. To
obtain the expression of the Wilson coefficients at LO-QCD 1-loop diagrams have to be calculated, at
NLO-QCD 2-loop corrections and for NNLO-QCD 3-loop corrections, i.e.

2.5 Penguins and friends

So far we have only considered tree-level decays, however there are also loop-induced decays, like those
described by the penguins diagram9.

9For the origin of the name penguin diagram have a look at page 5 of [65].
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Here again, the particles heavier than the bottom quark — now in addition to the W , also the Z and the
top-quark can appear — are integrated out, yielding new, effective operators, such as the QCD-penguin
operators Q3,...,6, explicitly given in the figure below.

The QCD-penguin operators contribute e.g. to the decays b ! cc̄s, where they give sizable corrections
and to b ! uūs, where they can even dominate. Electro-weak penguin operators (in which the gluon
is replaced by a photon or a Z-boson) are denoted by Q7,...,10, see below.

Note that the latter operators typically give tiny corrections, however, they give the dominant contribution
to the direct CP violation in the Kaon system, namely to ✏0/✏. Magnetic penguin operators, see below,

correspond to penguin diagrams in which the photon (Q7�) or the gluon is on-shell (Q8g), i.e. its four
momentum squared is zero. Q7� gives the leading contribution to the radiative decay b ! s�. Finally
we have semi-leptonic penguin operators, that are generated either by penguin or by box diagrams, see
below.
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Q10A gives the main contribution to the decay Bs ! µµ, while in semi-leptonic decays like B !
K⇤µ+µ� also Q9V contributes. Note that often the same notation is used for these operators as for the
electro-weak penguins.
In the end we arrive at the complete expression of the effective weak Hamiltonian:

Heff =
GFp
2

2

4
X

q=u,c

V q
c {C1(µ)Q

q
1
+ C2(µ)Q

q
2
}� Vp

X

j�3

Cj(µ)Qj

3

5+ h.c. . (75)

The V s denote different combinations of CKM elements, the operators Q3, .. denote all the different
penguin operators discussed above. The values of the numerically leading tree-level Wilson coefficients
C1 and C2 have been determined above, the QCD penguin Wilson coefficients are below 5%, with the
exception of C8g, the coefficient of the chromomagnetic operator and electro-weak penguins are even
smaller.
Having the effective Hamiltonian at hand, we can now calculate different processes — forgetting about
the underlying weak structure of the SM — using the Wilson coefficients as basic couplings of our theory
and the four quark operators as basic vertices.
For a calculation of the rate �(b ! cc̄s), we have to consider the following contributions:
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The leading contribution is of course the tree-level insertion of the operator Q2, the tree-level insertion
of Q1 and Q3�6 leads to smaller corrections. QCD effects are also sizable. The dominant one originates
from QCD-corrections to the tree-level insertion of color-singlet operator Q2. Note that at this order,
also the penguin insertion of Q2 is expected to be sizable.
Finally, to compute the decay rate �(b ! sµ+µ�

), where currently some anomalies are observed, we
have to consider the following contributions:

Here the dominant one comes from the tree-level insertion of the operators Q9,10. Due to the very
large Wilson coefficient, we also expect, however, sizable corrections from the penguin insertion of the
operator Q2. These are the so-called charm-loop effects, often discussed in the context of the flavour
anomalies, see e.g. [66].

3 Lecture 3: Mixing and CP violation

After having introduced the concept of the effective Hamiltonian, which is the starting point for calculat-
ing decay rates of exclusive or inclusive decays, we will switch now the topic and give a brief introduction
into the concepts of mixing and CP violation. More detailed discussions of mixing and CP violation can
be found e.g. in the reviews [67–69].

3.1 General introduction

In these lecture, we mostly discuss the case of Bd mesons; changes in formulae in order to describe
Bs mesons or D0 mesons follow straightforwardly. However, when important differences arise, we will
discuss each system separately.
Neutral mesons like the B0

d and its anti particle B̄0

d form a two-states system, which can be described by
a Schrödinger-like equation10, as

ih�
@

@t

 
B0

d

B̄0

d

!
= Ĥ

 
B0

d

B̄0

d

!
=

 
Md

11
� i

2
�
d
11

0

0 Md
22

� i
2
�
d
22

! 
B0

d

B̄0

d

!
.

(76)

10Since in this case the Hamiltonian is not hermitian, we do not call it Schrödinger-equation, even if the mathematical structure
of the differential equation is identical to the usual Schrödinger-equation.
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This leads to the following time evolution of B mesons:

) Bi(t) = e
1
ih� (M

d
ii�

i
2�

d
ii)t = e

1
i h�Md

iite�
1

2 h� �
d
iit . (77)

– Md
11
(Md

22
) is the mass of the B0

d(B̄
0

d)-meson.

– �d
11
(�

d
22
) is the total decay rate of the B0

d(B̄
0

d)-meson.

– CPT invariance implies Md
11

= Md
22

and �d
11

= �
d
22

.

Due to the weak interaction, however, transitions of a B0

d-meson into a B̄0

d (and vice versa) are possible
via the so-called box diagrams, as shown below.

The box diagrams generate off-diagonal entries in the Hamiltonian, e.g.

Ĥ =

 
Md

11
� i

2
�
d
11

Md
12

� i
2
�
d
12

Md
21

� i
2
�
d
21

Md
22

� i
2
�
d
22

!
. (78)

�
d
12

corresponds to intermediate on-shell states, like (cc̄), in the box-diagrams, while Md
12

corresponds
to virtual, i.e. off-shell, intermediate states. Therefore the top quark as well as other potential heavy new
physics particles contribute only to Md

12
. Thus both the mass and decay rate matrices are non-diagonal,

simply meaning that the flavour eigenstates (defined by the quark content) of the two-meson system are
not mass eigenstates (defined by the mass of the physical meson).
CPT invariance implies again that Md

11
= Md

22
and �d

11
= �

d
22

, while hermiticity gives Md
21

=
�
Md

12

�⇤

and �d
21

=
�
�
d
12

�⇤.
By diagonalising the 2⇥ 2 Hamiltonian matrix of Eq. (78), we obtain mass eigenstates, labelled respec-
tively as "heavy" (H) and "light" (L), that is

Bd,H = pB0

d � qB̄0

d , (79)

Bd,L = pB0

d + qB̄0

d ,

with p = p(Md
12
,�d

12
) and q = q(Md

12
,�d

12
). The new eigenstates Bd,H and Bd,L have now definite

masses Md
H ,Md

L and definite decay rates �dH and �dL, leading to a decay rate difference��d and a mass
difference�Md.

��d = �
d
L � �dH = ��d(M

d
12,�

d
12) ,

�Md = Md
H �Md

L = �Md(M
d
12,�

d
12) , (80)
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which are observable in experiment. The following relations hold exactly

(�Md)
2 � 1

4
(��d)

2
= 4

���Md
12

���
2

�
����d12

���
2

, (81)

�Md ·��d = �4Re
⇣
Md

12�
d⇤
12

⌘
, (82)

q

p
= �

�Md +
i
2
��d

2Md
12

� i�d
12

. (83)

Solving for the mass and decay rate difference gives

2�M2

d =

r⇣
4
��Md

12

��2 �
���d

12

��2
⌘2

+ 16
��Md

12

��2 ���d
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��2 cos2 �d
12
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���Md
12

���
2
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����d12

���
2
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1
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2
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4
��Md
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��2 �
���d

12

��2
⌘2

+ 16
��Md

12

��2 ���d
12

��2 cos2 �d
12

� 4

���Md
12

���
2

+

����d12
���
2

,

(84)

with the mixing phase �d
12

= arg(�Md
12
/�d

12
).11 Hence, in general, both Md

12
and �d

12
need to be known

in order to determine either the decay rate difference or the mass difference.
One finds, however, that one can make the approximations |�d

12
/Md

12
| ⌧ 1 in the Bd-system (as well as

in the Bs-system ) and |�D
12
| ⌧ 1 in the D-system, leading to the simplified relations:

�Md = 2|Md
12| , ��d = 2|�d12| cos(�d12) for Bd mixing , (85)

�Ms = 2|M s
12| , ��s = 2|�s12| cos(�s12) for Bs mixing , (86)

�MD = 2|MD
12| , ��D = 2|�D12| for D mixing . (87)

3.2 Time evolution

Now we can derive in a similar way, as in the well-known example of neutrino oscillations (see also the
lectures of Prof. Barenboim), the time evolution of the Bd mesons. For the mass eigenstates, the time
evolution is trivial, i.e.

|Bd,H/L(t)i = e
�
⇣
iMd

H/L+�
d
H/L/2

⌘
t|Bd,H/L(0)i . (88)

For the flavour eigenstates it reads

|B0

d(t)i = g+(t)|B0

di+
q

p
g�(t)|B̄0

di , (89)

|B̄0

d(t)i =
p

q
g�(t)|B0

di+ g+(t)|B̄0

di , (90)

with the coefficients

g+(t) = e�i·MBd
te��Bd

/2t


cosh

��dt

4
cos

�Mdt

2
� i sinh

��dt

4
sin
�Mdt

2

�
, (91)

g�(t) = e�iMBd
·te��Bd

/2t


� sinh

��dt

4
cos

�Mdt

2
+ i cosh

��dt

4
sin
�Mdt

2

�
. (92)

11With Md
12 = |Md

12|ei�Md and �d
12 = |�d

12|ei��d we get �d
12 = ⇡ + �Md � ��d .
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Here we introduced the averaged masses MB0
d

and decay rates �:

MBd =
Md

H +Md
L

2
, �Bd =

�
d
H + �

d
L

2
. (93)

The coefficient functions g+(t) and g�(t) give the probability for mixing to occur, namely

��hB0

d |B0

d(t)i
��2 = |g+(t)|2 =

��hB̄0

d |B̄0

d(t)i
��2 , (94)

��hB̄0

d |B0

d(t)i
��2 =

����
q

p

����
2

|g�(t)|2 . (95)

The arguments of the trigonometric and hyperbolic functions in Eq. (91) and Eq. (92) can be rewritten as

�Md · t
2

=
1

2
x(B0

d)
t

⌧(B0

d)
with x(B0

d) :=
�Md

�d
, (96)

��d · t
4

=
1

2
y(B0

d)
t

⌧(B0

d)
with y(B0

d) :=
��d

2�d
, (97)

where the lifetime ⌧(Bd) is related to the total decay rate �d via ⌧(Bd) = 1/�Bd . The oscillation length
of the trigonometric functions can be determined via

�Md · t
2

= ⇡ ) t =
2⇡

�Md
(98)

) x = vt0 = ��ct = ��
2⇡c

�Md
. (99)

Next we can also write down the time dependent decay rate of a Bd meson, that was initially (at time
t = 0) tagged as a Bd flavour eigenstate into an arbitrary final state f :

� [Bd(t) ! f ] = Nf |Af |2
�
1 + |�f |2

�
e��t

8
<

:
cosh

⇣
��d
2

t
⌘

2
+

1� |�f |2

1 + |�f |2
cos (�Mdt)

2

�
2<(�f )
1 + |�f |2

sinh

⇣
��d
2

t
⌘

2
�

2=(�f )
1 + |�f |2

sin (�Mdt)

2

�
. (100)

Here Nf denotes a time-independent normalisation factor, which includes e.g. phase space effects. The
decay amplitude describing the transition of the flavour eigenstate Bd in the final state f is denoted by
Af ; for the decay of a B̄d state into f we use the notation Āf :

Af = hf |Heff |Bdi , Āf = hf |Heff |B̄di . (101)

The flavour changing weak quark transitions are described by the effective Hamiltonian described in the
previous lecture. The amplitudes Af and Āf are typically governed by hadronic effects and they are
very difficult to be calculated reliably in theory. Below we will see that CP-symmetries are governed by
a single quantity �f , which is given by

�f =
q

p

Āf

Af
. (102)
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Following the derivation of Eq. (100), the time dependent decay rates of �
⇥
B̄d(t) ! f

⇤
, �
⇥
Bd(t) ! f̄

⇤

and �
⇥
B̄d(t) ! f̄

⇤
can be derived in a similar way, see e.g. [68, 69] for the analytic expressions.

Remarks:

– The formulae for the time dependent decay rates can be used to extract the observables �Md

and ��d from experiment, which can then be compared with the theory predictions, see the Bs

oscillation plot obtained by LHCb [70].

According to Eq. (84) these observables are related to the matrix elements �d
12

and Md
12

, thus a
Standard Model calculation of the mixing observables requires a calculation of the box-diagrams
shown above.
In the Bs-system one finds [59] e.g.

�M exp.
s = 17.765(6)ps�1 , ��

exp.
s = 0.083(5)ps�1 , (103)

�M th.
s = 18.23(63)ps�1 , ��

th.
s = 0.091(15)ps�1 . (104)

– The common pre-factors in the time-dependent decay rates, i.e. Nf and |Af |2
�
1 + |�f |2

�
, typi-

cally cancel in CP asymmetries and we do not need to know their value. This is very advantageous
because the hadronic quantity Af is notoriously difficult to calculate. For the remaining unknown
parameter �f in some cases additional assumptions can be made, e.g.

1. In the case of flavour-specific decays, we have Āf = 0 and thus �f = 0.

2. For gold-plated modes we have f = f̄ and in addition we consider only one contributing
CKM structure in the decay amplitude (in many case this is equivalent to neglect penguin
contributions). In that case we arrive at |�f | = 1 .
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3.3 Theory determination of mixing observables

Mixing arises due to the box diagrams and in leading order there are actually 18 box diagrams contribu-
tion to M12 and four diagrams contributing to �12, see below the Bs-mixing case.

For Md
12

we get the following general structure

Md
12 = �2uF (u, u) + �u�cF (u, c) + �u�tF (u, t) +

�c�uF (c, u) + �2cF (c, c) + �c�tF (c, t) +

�t�uF (t, u) + �t�cF (t, c) + �2tF (t, t) , (105)

with the CKM structures �q = V ⇤
qdVqb for (q = u, c, t) and the loop function F (q1, q2) describing

internal q1 and q2 quarks. For M12 we take the off-shell part of the loop diagrams and for �12 we take
the on-shell parts. For Bs mixing we have to use instead the CKM structure �q = V ⇤

qsVqb. In the case of
D mixing the internal quarks (u, c, t) are replaced by (d, s, b) and the CKM factor read �q = V ⇤

cqVuq for
(q = d, s, b). In these three systems we get the following CKM hierarchies.

D0 Bd Bs

�d = VcdV ⇤
ud / � �u = VubV ⇤

ud / �3.75 �u = VubV ⇤
ud / �4.75

�s = VcsV ⇤
us / � �c = VcbV ⇤

cd / �3 �c = VcbV ⇤
cd / �2

�b = VcbV ⇤
ub / �5.75 �t = VtbV ⇤

td / �3 �c = VtbV ⇤
td / �2

(106)

We see a pronounced hierarchy of the CKM elements for D and Bs mixing and a slight one for Bd
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mixing. Within the SM we can further use the unitarity of the CKM matrix (�u + �c + �t = 0 =

�d + �s + �b) to eliminate one of the CKM structure and to make use of numerical hierarchies. For the
Bd-system we find

Md
12 = �2u [F (c, c)� 2F (u, c) + F (u, u)]

+2�u�t [F (c, c)� F (u, c) + F (u, t)� F (c, t)]

+�2t [F (c, c)� 2F (c, t) + F (t, t)] . (107)

Remarks:

1. In the case of D-mixing Eq. (107) reads

Md
12 = �2s [F (s, s)� 2F (d, s) + F (d, d)]

+2�s�b [F (s, s)� F (d, s) + F (d, b)� F (d, b)]

+�2b [F (s, s)� 2F (s, b) + F (b, b)] . (108)

2. GIM cancellations [38]: the general result of a loop calculation looks like

F (p, q) = f0 + f(xq, xp) , (109)

with a constant value f0 and a mass dependent term f(xq, xp) with xy = m2
y/M

2

W . Thus one
finds that f0 cancels in Eq. (107) due to GIM cancellation - therefore also no renormalisation is
necessary if the individual loop diagrams were divergent. If all internal masses would be equal (or
zero), M q

12
would vanish. Looking at the values of quark masses we find

xu = 7.2 · 10�10 , xd = 3.4 · 10�9 , (110)

xc = 2.5 · 10�4 , xs = 1.3 · 10�6 , (111)

xt = 4 , xb = 2.7 · 10�3 . (112)

Thus only the top quark has a sizable value of the mass - all other masses are close to be negligible.
Thus in the case of B mixing only the last line of Eq. (107) is important, which is also the CKM
leading term. In D mixing the same approximation would infer a vanishing result - taking only the
effects of the b-quark into account will probably also be a bad approximation, as the last line of
Eq. (108) is heavily CKM suppressed. Hence in D-mixing all contributions have to be considered
and the result is affected by severe GIM cancellations.

3. �12 can also be read of Eq. (107) by deleting all terms with a heavy top quark (or b quark in case
of D mixing) and by replacing the off-shell function F (p, q) with the on-shell function FOS

(p, q)

4. In B mixing we find to a very good approximation

Md
12 = �2t [f(t, t)� 2f(c, t) + f(c, c)] / �2tS(m

2

t /M
2

W ) , (113)
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with the Inami-Lim function S(x) [71]:

S(x) =
4x� 11x2 + x3

4(1� x)2
� 3x lnx

2(1� x)2
. (114)

Hence we expect
�Md

�Ms
=

|Vtd|2
|Vts|2

= 0.044 , (115)

which fits already quite well with the experimental value of 0.03.

Performing the complete calculating of the box diagrams contributing to the last line of Eq. (107) (with
internal top and charm quarks) one obtains

Md
12 =

G2

F

12⇡2
(V ⇤

tdVtb)
2M2

WS0(xt)BBdf
2

Bd
MBd ⌘̂B . (116)

The Inami-Lim function S0(xt = m̄2
t /M

2

W ) was discussed above. It results from the box diagram
without any gluon corrections. The NLO QCD correction is parameterised by ⌘̂B ⇡ 0.84 [72]. The
non-perturbative matrix element of the�B = 2 operator

O1 = (d̄b)V�A(d̄b)V�A . (117)

is parameterised by the bag parameter BBd and the decay constant fBd

hB̄d|O1|Bdi =
8

3
f2

Bd
BBdM

2

Bd
. (118)

These non-perturbative parameters can be determined with lattice QCD [73] or with the help of QCD
sum rules, see e.g. [74]. Current state-of-the-art SM predictions for mixing observables are shown in
Eq. (104) and reviewed in [59].

3.4 CP asymmetries

As our last topic we discuss CP violation in hadron decays, where we can distinguish three different
origins of CP violation:

1. CP violation in mixing: here we consider flavour-specific decays B ! f , which means that the
decays B̄ ! f and B ! f̄ are not allowed. Examples for such decays are semi-leptonic B-decays
or e.g. Bs ! D�

s ⇡
+, which was used for the precision determination of �Ms, shown above. We

further assume that in these decays no direct CP violation arises, i.e. Af = Āf̄ . Below we will
see that this is equivalent to only one contributing CKM structure in the decay amplitude. For
such decays we immediately obtain �f = 0, which considerably simplifies the expressions for the
time-dependent decay rates in Eq. (100).
We define the asymmetry for CP violation in mixing as

amix

CP =
�(B̄d(t) ! f)� �(Bd(t) ! f̄)

�(B̄d(t) ! f) + �(Bd(t) ! f̄)
. (119)
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Inserting the expressions for the time-dependent rates (a la Eq. (100)) one finds

amix

CP = adfs = =
✓
�
d
12

Md
12

◆
. (120)

The flavour-specific CP asymmetry, adfs has not been measured yet, the current experimental bound
reads ad,exp.fs = �21(14) · 10�4, while the SM expectation is ad,th.fs = �5.1(0.5) · 10�4, see
[59]. In case of Bs mesons one gets as,exp.fs = �60(280) · 10�5, while the SM expectation is
as,th.fs = 2.2(0.2) · 10�5. Due to their smallness, the flavour-specific CP asymmetries present
excellent opportunities for so-called Null-tests of the SM.

2. Indirect CP violation or CP violatoin in the interference of mixing and decay: CP violation
was first observed in the decays of Kaons in 1964 as a small effect of the order of several per
mille [24], denoted by the quantity ✏, mentioned in the first lecture. Based on the CKM-mechanism
for CP violation, Bigi and Sanda [40] expected in 1981 large (of the order of 50%) CP violating
effects in certain B-decays - this was the main motivation for building the B-factories at KEK and
SLAC in the 1990s.
Here one investigates the following CP violating asymmetry

aindCP =
�(Bd(t) ! f)� �(Bd(t) ! f̄)

�(Bd(t) ! f) + �(Bd(t) ! f̄)
. (121)

Considering further decays, like Bd ! J/ KS , for which f = f̄ and which are dominated by a
single decay amplitude with the general form

Af = a · ei� · ei✓ , (122)

with the modulus of the amplitude a, the strong phase � and the weak phase ✓ one finds that the
parameter �f can be simplified as

�f =
q

p

Āf

Af
=

q

p

Āf̄

Af
=

q

p

a · ei� · e�i✓

a · ei� · ei✓ =
q

p
e�2i✓ . (123)

Here all hadronic parameters have canceled! In this case the CP asymmetry aindCP turns out to be
proportional to the sine of twice the angle � of the unitarity triangle. The measurement of a large
value of aindCP (Bd ! J/ KS) [41,42] confirmed the CKM mechanism and lead to the Nobel Prize
for Kobayashi and Maskawa in 2008.
By now the experimental precision in this asymmetry has dramatically improved and currently
an uncertainty of � of around ±0.6� is quoted [75]. Hence we have to revisit the simplifications
made in the theoretical derivation of the asymmetry. In particular, it is well-known that the decay
Bd ! J/ KS can also proceed besides the tree-level b ! cc̄s-decay via a penguin contribution,
leading to two contributing amplitudes

Af = a · ei� · ei✓ + b · ei�̃ · ei✓̃
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= a · ei� · ei✓

1 +

b

a
· ei(�̃��) · ei(✓̃�✓)

�
, (124)

with the modulus of the penguin amplitude b and the strong penguin phase �̃ and the weak penguin
phase ✓̃. Now the parameter �f and the asymmetry get corrections due to the ratio of the penguin
and tree amplitude.

�f =
q

p
e�2i✓

[1 + r....] , (125)

aindCP / sin 2� [1 + r....] , with r =
b

a
. (126)

This so-called penguin pollution is a purely hadronic quantity and therefore very hard to be esti-
mated reliably, but it is expected to be of the order of ±1

�. Hence progress in theory is urgently
needed to cope with the increasing experimental precision.

3. Direct CP violation : Finally we define the direct CP asymmetry as

adirCP =
�(B ! f)� �(B̄ ! f̄)

�(B ! f) + �(B̄ ! f̄)
. (127)

Now B can be a neutral or charged B meson. Writing a general decomposition of the decay
amplitude for the decay B ! f again as

Af = a · ei� · ei✓ + b · ei�̃ · ei✓̃

= a · ei� · ei✓
h
1 + r · ei(�̃��) · ei(✓̃�✓)

i
, (128)

with strong phases �, �̃ and weak phases ✓, ✓̃, we derive the following expression for the direct CP
asymmetry

adirCP / r sin(�̃� �) sin(✓̃ � ✓) . (129)

We find that direct CP violation requires at least two different contributions to the decay amplitude,
with different strong and weak phases. Note, that Bs ! D�

s ⇡
+ has only one contributing CKM

structure, hence no direct CP violation arises, which was used above. Moreover we see, that now
the asymmetry is directly proportional to the hadronic ratio r (in the case of indirect CP violation,
r was a correction), which is very hard to be determined theoretically. Therefore reliable theory
predictions for direct CP asymmetries are very hard to be made, while the theory status of CP
violation in mixing and for indirect CP violation is much better under control.
It is interesting to note that recently a large direct CP violation in the decays D0 ! ⇡+⇡� and
D0 ! K+K� has been measured by the LHCb collaboration [76,77], which required values of r
being an order of magnitude larger than naively expected. Recent theory progress based on the use
of light cone sum rules [47,78] seems to give some evidence for the smallness of r in the Standard
Model.
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