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These lectures offer a concise yet self-contained introduction to the Standard Model. We begin
with relativistic quantum field theories for scalars, vectors, and fermions, showing how to compute
amplitudes and cross sections. The principle of gauge invariance then guides us through the con-
struction of the Standard Model as a spontaneously broken non-abelian gauge theory, highlighting
key phenomenological implications along the way.
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1 Introduction

O o0

The Standard Model of particle physics, which describes the strong and electroweak interactions, is

formulated as a relativistic quantum field theory.
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JONAS LINDERT

These lecture notes of the “Field theory & the EW Standard Model” course introduce the founda-
tional elements of relativistic quantum field theory using the Lagrangian formulation. In Section 3 we
explore scalar, vector, and fermion quantum fields, demonstrating how to calculate scattering amplitudes
and cross sections using perturbation theory and Feynman diagrams.

The principle of local gauge invariance is first illustrated through quantum electrodynamics (QED)
with its Abelian gauge symmetry, before in Section 4 generalising to non-Abelian gauge theories. We
discuss the structure of quantum chromodynamics (QCD) and the electroweak theory, which combines

gauge invariance with spontaneous symmetry breaking through the Higgs mechanism.

Sections 3—4 of these notes are in part based on similar notes of the 2009 incarnation of the CERN
school given by W. Hollik [1].

2 Notation and conventions

In these lecture notes we use natural units ¢ = i = 1 throughout. A contravariant (upper index) 4-vector
o

" 1s written as
0
t x
1
x x t
= = 9 | = (_,) ) (D
Y T T
3
z T

where Greek indices (i, v, o, p,...) run over 0, 1,2, 3, while Latin indices (¢, j, k,[,...) run over the

spatial components 1, 2, 3.

The Lorentz-invariant spacetime interval can be written as

3

2 =2 n_v _ v
t°— 7 :Zxa;nw/::r“nm,x, (2)
p,v=0

where we employ Einstein’s summation convention throughout these notes (repeated upper and lower
indices are implicitly summed over). The metric tensor 1),,,, is defined as 7),, = diag(1, -1, -1, -1). A
covariant four-vector (with lower index) z,, can be obtained from a contravariant four-vector 2" through

contraction with the metric tensor:

Ly = nuuxy = (tv *f) . (3)
The spacetime interval can thus be expressed in several equivalent forms:

2

t —fQZx“nuuxV:x“m = z? 4)

o
For any two four-vectors a' and b, we define their Lorentz-invariant scalar product as
J— v
a'b:ab:a“buza“nwb. 5)

. /
Under a Lorentz transformation ' = Az, the components transform as

o = A2, (6)



FIELD THEORY AND THE ELECTROWEAK STANDARD MODEL

where A/ represents the components of the 4 x 4 Lorentz transformation matrix A.

Important 4-vectors

— 4-momentum: p* = (E, p), i.e.p° = P'p, = E*—i* =m>

Note: p - x = p"z,, = Et — pZ is invariant (regularly used in QFT).
— partial derivative: 0, = (8, 9;) is a covariant 4-vector, i.e. 9" = (9;, —0;),
w_9* 92 9 9 2 =2 I 0 i
a,0 :*2—*2—*—*2:815 -V :D,andaup (.’E):aop +8Zp

We use the Dirac ket notation |p o) to describe the quantum mechanical states of spin-s particles with

momentum p = (po, p) and helicity 0 = —s, —s + 1, - - - , +s. Such states are normalised according to
(polp'a’) = 20" 6 (5= 5") 6,0, (7)
which is Lorentz invariant. The vacuum state is denoted by |0) and normalised as
(0/0) = 1. (8)

A concise summary of required basics in quantum mechanics are presented in Appendix 5.2

3 Quantum field theory

3.1 Motivation

Quantum Field Theory (QFT) emerges from the necessity to reconcile quantum mechanics and special
relativity. A naive attempt to combine these theories through relativistic quantum mechanics immediately
encounters significant challenges, as illustrated in the following. First, we recall the non-relativistic

Schrodinger equation,

1 .
10yp(t, @) = <—2mV2 + V(m)) o(t,x) = Ho(t,x). )
This equation allows for plane wave solutions of the form:
¢(t, w) x efi(Etfp-z) _ e—ip.:r (10)

which satisfy the classical energy-momentum relation:

2

E=L iv@). (11)

- 2m

In an attempt to make quantum mechanics relativistic, we might want to consider the Klein—-Gordon

(KG) equation as “square” of the Schrodinger equation:

(67 = V2 +m*) olt,@) = (8,0" +m”) 6(z) = (O +m*)o(x) = 0, (12)
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The KG equation also allows for plane wave solutions as in Eq. (10). These solutions now satisfy the

relativistic energy-momentum relation
E* =m?+ p? (13)
However, a fundamental problem emerges: The relativistic energy-momentum relation yields both posi-

E=+\/p*+m?. (14)

This presents a serious physical issue: with no lower bound on the energy spectrum, there’s nothing to

tive and negative energy solutions

prevent a particle from cascading down to infinitely negative energy states, making the theory unstable.
Moreover, the negative energy solutions cannot simply be discarded as they are mathematically necessary
for the completeness of the theory. The resolution to this fundamental problem comes through a radical
reconceptualisation. Instead of trying to make quantum mechanics relativistic, we quantise classical field
theory itself. This approach—treating fields rather than particles as the fundamental objects—Ieads to
quantum field theory, where particles emerge as excitations of these quantum fields. This framework
naturally accommodates particle creation and annihilation, and resolves the negative energy problem by

reinterpreting negative energy solutions as antiparticles.

3.2 Free scalar field
3.2.1 Lagrange formalism for classical fields

In order to formulate a field quantisation we first have to introduce a Lagrange formalism for fields. In
classical field theory a field value is associated to every point in space. For a scalar field ¢(Z,t) this is
a scalar value, while a vector field A*(Z,t) associates a 4-vector to every point in space. In order to
formulate an action-principle for a field theory it is crucial to see the field itself as dynamical variable,

while & plays the role of a label.

For a scalar field ¢(Z, t) we can associate ¢ (&, t) = ¢z(t) — ¢;(t) as generalised coordinate in the
formulation of Lagrange mechanics (see Appendix 5.1), and 9y¢(Z, t) = ¢z(t) — ¢;(t) as generalised
velocity. The dynamics of the classical field is determined by the Lagrange density £ = L(¢,0,,¢, x)

and the least-action principle reads

35(6) = [ ' £(6.0,0,2) =0, (1)
from which via variation ¢ — ¢ + d¢ the Euler—Lagrange equation for the field ¢ can be obtained as
oL oL
0y=———==0, (16)
Ho(0,¢) 09

yielding for an explicit £ the field equation, i.e. the equation of motion, for the field ¢.

In this field theory for a single scalar field ¢(Z,t) we can define a conjugate momentum field

10
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L. oL
0= 500

(17)
and the Hamilton density is obtained via a Legendre transformation as in Eq. (192) in Appendix 5.1.3,

H(¢7 T, .’E) - W80¢ - £(¢7 8M¢7 .%') . (18)

3.2.2 Field quantisation

In the transition from classical to quantum mechanics, classical observables are promoted to operators,

A~

As part of this transition, the Poisson brackets of classical mechanics are replaced by quantum-

mechanical commutators:

{Qi’pj} = 5z'j N [qiaz?j]
{Qi7qj} = {piapj} =0 [Qi7Qj]

7 5.
R Y (20)

=1
= [szﬁj] =0

In the same way, the identification of classical fields (and conjugate fields) with field operators allows

for a field quantisation,

o, flo,m) —  da),7(z), f(dlx),7(2)), 1)

where the equal-time Poisson brackets for the classical fields are replaced with equal-time commutator

relations for the field operators,

{6t 2),7(t,9)} = 6% (7~ §) ., be@.ang) =i @E-g) 2
{(ﬁ(t,f), ¢(t7 ?7)} = {W(t7f)7ﬂ-(ta f‘j)} =0 [(b(t?f)a ¢(t737)] = [ﬁ'(t, f)? ﬁ(tvg)] =0

Here, § ®) (Z — 7) is the three-dimensional Dirac delta function, ensuring that field operators at different
spatial points commute. This local commutativity is crucial for maintaining causality in the relativistic
theory. These quantisation rules form the foundation for constructing quantum field theories, where the
field operators will create and annihilate particles when acting on appropriate quantum states including

the vacuum.

3.2.3 Quantisation of the scalar field

We now want to apply the quantisation procedure of Section 3.2.2 to a free scalar field. The Lagrangian

for a free real scalar field, describing neutral spinless particles with mass m,

1 s m’

11
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yields the Klein—Gordon equation as equation of motion according to Eq. (16),
(0,0" +m*) ¢ = (O +m*) ¢ =0. (24)

The general solution to the KG equation can be expressed as a Fourier decomposition in terms of plane

+ikx
waves e ,

1 &’k ike | wqp ik
¢<m>=W/%O[a<k>e () e, 25)

where k" = V/k? + m? ensures that the relativistic energy-momentum relation is satisfied. The presence
of both a(k) and its complex conjugate a* (k) guarantees that ¢(x) remains real-valued. In order to
quantise this field, we promote the Fourier coefficients to operators: a(k) — a(k) and a* (k) — dT(k)

with the fundamental commutation relations

) (26)
) = [a'(k),a" (K] =0 27)

This algebra is identical to that of the simple harmonic oscillator (SHO) in quantum mechanics. The
operators d(E) and dT(E) act as ladder operators that annihilate and create single-particle states, see
Appendix 5.2.2:

a' (k) [0) = |k) (28)
a(k) ') = 2B, 6@ (E — K |0) (29)

The vacuum state |0) plays a fundamental role. It is defined as the state annihilated by all annihilation
operators:
a(k)|0) =0 forall k, (30)

with normalisation (0|0) = 1. This state represents more than classical “empty space”—it is the state of
lowest energy of the quantum field and contains zero-point fluctuations due to the uncertainty principle.
The vacuum is Lorentz and translation invariant, meaning all inertial observers agree on this state and it

looks the same at all points in space.

In terms of the ladder operators the Hamiltonian of the free scalar field takes the form

H= /d31<:7-[ - / (;l:;g; (&T(k)d(k)—i—; [a(k),eﬁ(k)D . G1)

States created by acting with al (E) on the vacuum state |0) are eigenstates of the Hamiltonian (as for the

SHO in non-relativistic Quantum Mechanics),

Ha'(k)|0) = Eyal () [0) . (32)

12
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A general n-particle state can be constructed via subsequent action of creation operators as
By k) = (2B )% 2B, )P al(Ry) ...l (E,) |0). (33)

Here we have |k ks) ~ a'(ky)a'(ky)|0) = |kqk,), i.e. multi-particle states are symmetric. Thus, the

scalar field is a Boson following Bose-Einstein statistics.

The quantum field itself is a superposition of all possible momentum states. When we excite this
field, we create what we observe as particles—each particle being a localised excitation with specific
momentum. In other words, the field contains within it the complete mathematical freedom to describe
any configuration of one or more particles, each with their own momentum state. This is why we say
particles are excitations of their corresponding quantum fields. You can think of it like a violin string—
the string itself (analogous to the field) can vibrate in many different ways simultaneously (superposition
of modes), and each distinct vibration pattern (excitation) represents a “particle” with specific proper-
ties. The key difference is that quantum fields exist throughout all of space and can support multiple

excitations at once.

The quantum field operator of Eq. (25) acting on the vacuum creates a state localised in position

space,
7) =6(0,% L Ik ikE o —ikE
%)= 00,210 = - [ S5 e 4w ) i
&k iz o b
- o [EEEW e a0, 9

i.e. ]E> represents a single-particle state with definite momentum. This state |Z) represents a superposition
of single-particle states with different momenta—when we “create a particle” at position &, it doesn’t
have a unique momentum. The probability amplitude to find it with momentum k is given by the wave

functions

(0]$(0, Z)|E) ~ e T for incoming scalar state —  (0|¢(t, ©)[k) ~ 1-e *7  (36)

(K|$(0,Z)[0>~ e "% for outgoing scalar state —  (k|d(t, F)|0>~ 17 37)

where we defined

) = (1, 7))0) . (38)

These one-particle state wave functions distinguish between states of incoming and outgoing particles
and the factor 1 in Eqgs. (36) and (37) will be identified as momentum-space Feynman rule for external

scalar particles.

The propagation amplitude between two spacetime points y and x is given

(zly) = (0l¢(2)(y)|0) = D(z,y) (39)
_ _ _ k1 —ik - (z—y)
_D(m_y)_”'_/szﬁe (40)

13
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Here D(x,y) only depends on the distance x — y. In order to ensure causality we need to further refine

this picture defining the Feynman propagator

. 0 0
DF(x—y)z{g(x_y; LY = Dl )e6 )+ Dy - 00 - )
d(y) 10) (1)

where we make use of the time-ordering operator :

ﬁ@Wwifﬁ>f

To(z)dly) =4 - 7 (42)

S(y)d(z) it y’ >a"

The Feynman propagator is a fundamental building block of quantum field theory calculations, and a

core ingredient in the Feynman rules used to compute scattering amplitudes via Feynman diagrams.

The Feynman propagator D (z — y) is the Green’s function of the Klein—-Gordon equation,
(0,0" +m®) Dp(x —y) = 0" (z —y). (43)

We can solve this equation via Fourier transformation,

d'k :
Dpla—y)= [ S5 Dy, @)
T
In momentum-space the inhomogeneous Klein—-Gordon equation becomes algebraic
(k* =m*) D(k) =1 (45)

leading to the momentum-space Feynman propagator

i

- (46)
k2 —m? + de

i D(k)

Here the 7¢ prescription ensures causality by properly defining the contour integration in Eq. (44). Indeed,

performing the energy integral we find

Ak ey
1Dp(x — = 47
r(T—y) / @) B —m +ie @7
1 A3k —ik(z—y) 0 0 ik(x—y) 0 0
- (2@3/2/{;0 [6 O —y) +e OW — ooy @9
— (0] 7d(x) () [0) . )

Here, the k° integration is performed by closing the contour in the lower half-plane, yielding Eq. (41).

14
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3.3 Interacting fields
3.3.1 The S-matrix and scattering processes

Ultimately our goal is to compute cross sections for scattering processes—probabilities for transitions

between initial and final states separated by infinite time

interactions

P pi
free in-states - )< . free out-states
Dn Pn

In this picture a free initial state at ¢ = —oo evolves subject to an interaction region into a final state at
1 = +oo,

[in) = [p1,...,poiin) = [6(t = —00))  —  fout) = |p},...,phiout) =[p(t = +00))  (50)

In the interaction picture, see Appendix 5.2.3, the free initial state evolves through the interaction region
via |¢(t)) = Uj(t, —o0)|in). The S-matrix element is defined as the overlap between this evolved state
and the final state

Si = (118}i) = Tim (£16(t)) = (out|Uy(+00, —oo)fin) (51)

The S-operator has the form

R R =i Ofolfl,(t’)dt’
S=U(+o0,—0) =Te - (52)

where 7" is the time-ordering operator. When there are no interactions (H ; =0),wehave S = 1. In

general, the S-operator can be expanded perturbatively
Szf(l—i/}ﬁﬁﬁﬁ+nu>:T(l—i/}ﬁ@ﬁﬁﬂn“>. (53)

Considering as a concrete example a (;54 theory with the Lagrangian

1
L= 50,000 " g2 (54)

gives an interaction Hamiltonian H; = %gbzl, For a 2 — 2 scattering process, the scattering amplitude is
given by

Ay = Si = (£IS[i) = (0]a_,a_, Sal al |0). (55)

f)lp

At leading-order (LO) in the perturbative expansion in A we have for the S-matrix:
1%/H[d%—‘1—/¢f/ (56)

15
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Thus, the 2 — 2 scattering amplitude is given by
Ay iy = (Olay ay al. al 10) — —Z(0[T(a ay doddal. ol )[0) . (57)

The first term vanishes for scattering processes where (f|i) = 0.

The second term can be evaluated using Wick’s theorem, which decomposes the expectation

value into products of two-point functions (propagators),

(0lp(2)(y)]0) = Dp(z —y) = = Yy (58)
oidddiy = — THHX X (59)

where, for the four-field correlator, the first three terms yield disconnected diagrams, which do not con-

tribute to scattering. The external states contribute wave functions,

(01T (¢a)0) = (0[g]7) = 1- ¢ #* (60)
(0T (a;0)[0> = (P1D0>=1-€P7. 61)

The final result for the 2 — 2 amplitude in the ¢4 theory at leading order, dropping disconnected dia-

grams, is

Agyy == —iA21) 6D (py +py — 1) —ph) (62)

where 6 (p, + py — p) — ph) = i dipe” P17 T P2T T (P2

the —i\ factor can be identified as the momentum-space Feynman rule for the q§4 vertex.

originates from the external lines, and

3.3.2 Feynman rules for (,'b4 theory

In summary, a scattering amplitude within the <z54 theory can be obtained considering all disconnected
diagrams at a given multiplicity and perturbative order. Each diagram is evaluated using Feynman rules:

external particles contribute plane waves, internal lines give propagators, vertices contribute as factors,

_____ S 1
p l
o--->----0 -
p?>—m?+ ie
(\ ,}
—il
o v

The final amplitude includes appropriate symmetry factors for identical particles and conserves energy-

16
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momentum at each vertex. Additionally for higher-order contributions closed loops yield integrals over

the undetermined internal loop momenta

q 4
T J 74
(4m)*

As an example consider the one-loop diagram in 2 — 2 scattering:

Applying the ¢4 Feynman rules give the amplitude

dt¢ i i
M=] —MQ/ : 63
A e e Y PR ©

Here a factor % comes from identical particles in the final state, (—i)\)2 from two vertices, two prop-
agators in the loop with momenta ¢ and (¢ + p; — p/l) and we integrate over the undetermined loop

momentum q.

3.3.3 Cross section

For a general scattering process

with momenta P; = p, + p, = Py = p; + -+ + p,. The S-matrix element connecting initial state
‘Z> = |a(pa)7 b(pb)> to final state ‘f> = ’bl (pl)a T bn(pn)> is

S = (fIS[i) = (20)* 6P, — Pp) My (2m) 2022, (65)

Here M; is the matrix element obtained from the Feynman rules, and the delta function ensures mo-
mentum conservation: F; = p, +p, = Py = p; + -+ + p,,. The cross section represents the interaction

probability per incident flux

1
o= N probability of interactions (66)
1
==-11 /dfbf (2m)" 6 (P — Pp) [ Ml (67)
f

where d® is the phase space measure for final state particles, and F is the flux factor (' = 2s in the

massless limit, with s = (p, + pb)z). For 2 — 2 scattering, this simplifies to:

1| / 2
Go v = — Mg |7dQ (68)
2—2 647‘(’28 ’pa| | fl’

with only an angular integral in the solid angle element d{2 = sinf df d¢p remaining.

17
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3.4 Standard Model fields

In the SM only the Higgs particle is a fundamental scalar. All other particles are either Spln-* fermions

or spin-1 vector-bosons. In the following we develop their representations in terms of quantum fields.

3.4.1 Vector fields

A vector field A, (r) describes particles with spin 1. Their quantum states |k)) are characterised by

two quantum numbers: momentum k that specifies the particle’s four-momentum and helicity A that

describes the spin projection, with values A = %1, 0 for massive particles (like W=, Z bosons), A = +1

for massless particles (like photons).

3.4.1.1 Massive vector field

The dynamics of a free massive vector field Z* = (¢, ) is governed by the Lagrangian:
Lo e v ™ g i B, —0,7, 0,7
= Tyt T g Y wi p = Opsy = Oy -

The Euler-Lagrange equations for Z” yield the Proca equations,
[(O+m®) g™ —0"0"] Z,=0.
These equations admit plane wave solutions
N 6;(3) Fike

(A)

with polarisation vectors €, satisfying

These polarisation vectors fulfil the polarisation sum ("completeness"),

3
N k,k,
Z efj‘) 69) =G+ 5 -
A=1 m

The general solutions of the Proca equations can be written as a Fourier expansion,

Z0) = o 2 [ 5 o) 2y + a0 hy ).

where a (k) and a;(k) are annihilation and creation operators,

al(k)[0) = [kA)
ax(k) [K'N) = 2k°8%(k — k)8, 10).

18
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The one-particle state wave functions are

1 »
(0]AL (@) kA) = T e,(f‘)(k) ¢~ ™ incoming massive vector state , (76)
27
1 ,
(kXA (2)|0) = 72 eff‘) (k)* €™ outgoing massive vector state . (77)
27

Thus, in momentum space the wave functions are given by the polarisation vectors.

We can obtain the Feynman propagator D, (z — y) of the massive vector field as Green’s function

of the inhomogenous Proca equations with point-like source,
(O +m?) g"" = 9"0"| D, (v —y) = ¢, 8" (x —y) . (78)
In momentum space this yields an algebraic equation for D, (k),
(=k* +m*) g"* + K"K"] D, (k) = ¢, . (79)

The solution is the momentum-space Feynman propagator,

) 1 k,k

Dy (k) = 35— <—g,,p +— ;’) : (80)
—m~ + e m

As for the scalar propagator in Eq. (46) the +ie term in the denominator ensures causality, and the factor

1 18 convention.

3.4.1.2 Massless vector field

The dynamics of the 4-potential A, of a free massless vector field ("photon") is described by the Maxwell

Lagrangian,

1
L=—-F,F" with F,,=09,A

4 o l/_al/A

. 81)

Applying the Euler-Lagrange equations with respect to the 4-potential A, gives the Maxwell equations
(Og" —0"9") A, =0. (82)

(1,2)
n

third solution of Eq. (82) with a longitudinal polarization vector €, ~ k,, is unphysical; it can be removed

There are two physical polarization vectors e for the transverse polarization, with € (12) '} = 0. The

by a gauge transformation
Al(2) = Ay(2) + 9,x(2) =0 with  x(z) = £ie™ (83)

The algebraic equation for the propagator of the massless vector field follows from Eq. (79) setting

m = 0:

(- & ¢"" + K'k") D, (k) = K" D, (k) = ¢",. (84)

v

19
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However, this equation has no solution because the operator K** is singular: it has a zero eigenvalue
corresponding to eigenvector k, (K ne k, = 0). This mathematical difficulty originates from the gauge
invariance of the theory. To resolve this, we must break the gauge symmetry by adding a gauge-fixing

term to the Lagrangian. The standard choice is the Lorentz gauge-fixing term

1
2%

Here £ is an arbitrary gauge-fixing parameter, with ¢ = 1 corresponding to Feynman gauge. The Maxwell

Liy = —5- (9,4"), (85)

“w

Lagrangian becomes

1 1 2
L= ~1 FIWF‘W — E (aﬂA“) . (86)
This modifies the operator K"* to
1
K1 K9 = SRR (87)

and the propagator equation Eq. (84) becomes,
1
[~k g+ (1~ E)k“kp] D,,(k) =gd",. (88)

This equation has a solution—the gauge-dependent photon propagator

k,k,

iDpV(k) = ~Gup + (1 - 5) kQ . (39)

k‘2+ie

This propagator simplifies considerably in Feynman gauge (£ = 1) where the second term vanishes.

3.4.2 Fermion fields

Spin—% particles like electrons and their antiparticles (positrons) are described by 4-component spinor
fields,

Yy (2)
oz
v = | 2 (90)
¥3(z)
Yy(z)
The dynamics of the free spinor field are governed by the Dirac Lagrangian
L=19 ("0, —m)y, oD
where 1) is the adjoint spinor:
& =91 = (41,95, —u5, —40) - (92)

20
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The Dirac matrices " are 4 x 4 matrices that satisfy
(VA =AM+ =20 (93)

and can be written in terms of Pauli matrices as

()
The Lagrangian Eq. (91) yields the Dirac equation as the equation of motion,
(iv"9, —m) 1 =0. 95)
The Dirac equation has two types of solutions, corresponding to particle and anti-particle wave functions,
u(p)e ™ and wv(p)e™” (96)
where the spinors v and v satisfy the algebraic equations
(F—m)u(p) =0,  (F+m)v(p) =0. 97

Here ¢ = +"a ., 18 the Feynman slash notation. These solutions in Eq. (97) can be classified by helicity

— 1
U—:l:2

1 .o . 1,2 .
5 (E M) ue(p) =ous(p), =5 (5-7) vy(p) = o vs(p) 98)
with p = p/|p] and ¥ being the spin matrices
- 7 0 D
S=(7 ") and i=2L. (99)
0 ¢ 12

The spinors satisfy important normalisation and completeness relations

Uy Uy = 2m (500/ , Vg Vyr = —2m 500/ . (100)

N up,=g+m, > v, T, =p—m. (101)

As in the case of the scalar and vector fields the general solution of the Dirac equation can be Fourier

expanded in terms of creation and annihilation operators,

3 . .
U(e) = (2;)/ S [ 56 g (k) €™ + dl(hy vy (k) ), (102)
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where ¢, (k) annihilates particles and d, (k) annihilates antiparticles. The Dirac field has four distinct
types of wave functions corresponding to incoming and outgoing particles (here: electrons) and antipar-

ticles (here: positrons),

1

ORI K) = - o) (ol @l0) = S )
<0|¢<x>|e+,ko>=(2;)3/2va<k> emike, <e,ka|w<x>|o>=(2ﬁl)3/2ug<k>e“”. (103)

In momentum space (omitting the (27r)73/ ? factors and helicity indices), these wave functions are repre-

sented diagrammatically as:

incoming particle u(k) —>—e
incoming antiparticle v(k) —<—e
outgoing antiparticle v(k) e—<—
outgoing particle u(k) e—>—

where the arrows indicate particle charge flow and & represents the physical momentum flowing toward

(for incoming) or away from (for outgoing) the interaction point.

The propagator of the Dirac field, S(z — y), is defined as the solution to the inhomogeneous Dirac

equation with a point source,
(I8, —m) S(z —y) =16 (z —y). (104)
Working in momentum space via Fourier transformation gives an algebraic equation,
(f—m)S(k)=1. (105)
The solution is the Dirac propagator, a 4 x 4 matrix,
i i(f+m)

— = 106
F—m+ie k2 m?4ie’ (106)

i S(k)

where the ie prescription ensures causality, as for the scalar and vector propagators. Diagrammatically,

we represent the Dirac propagator as

iS(k) o—> o

where the arrow indicates particle charge flow direction, and the momentum k flows in the same direction

as the arrow. This propagator appears as internal fermion lines in Feynman diagrams.
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3.5 QED interactions

The form of QED interaction can be motivated from the inhomogeneous Maxwell equation sourced by

the 4-current J"
o, F"" =J", (107)
where current conservation requires 9,,.J” = 0. The corresponding Lagrange density is given by
L 1
Lyvw = Lem + Ling :_ZF F,—-JA

- (108)

A suitable 4-current in terms of a fermion (electron) field can be constructed as: J* ~ 1)y, which

indeed transforms as a Lorentz vector. This current is conserved when ¢ satisfies the Dirac equation,
L = _ _ _
0" = b Fb + () = (—map)ip + p(mep) = 0. (109)
Fixing the proportionality factor in J* to —e (charge of electron) yields the QED Lagrangian
1 1% T 7y A
£QED = LM + Lpirac T Ling = _ZF F;w + (Zﬁ_ mW +ehy wAu (110)
bar potential gauge-fixing terms. Introducing the covariant derivative
0, - D, =09, —1ieA, (111)
allows to write the QED Lagrangian in the compact form
1 oy

3.5.1 QED Feynman rules

The Feynman rules of QED can be summarised as
Incoming
P a

rey

Outgoing

P i(p+m) — = a(p)
p —

I v
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Here the line-type in the diagrams represent different particles: wavy lines represent photons, and
straight lines represent charged fermions (like electrons or positrons). The arrows on fermion lines indi-
cate the direction of particle charge flow. When this arrow aligns with the momentum flow, it represents a
particle (e.g., electron). When it opposes the momentum flow, it represents an antiparticle (e.g., positron).
These rules, combined with diagram symmetry factors and momentum conservation at vertices, allow

calculations of any QED process.

3.5.2 Example: Coulomb scattering

As an example, we consider Coulomb scattering:

e(p) u(k) — e(p) p(k'). (113)

There is only one (¢-channel) Feynman diagram contributing to this process and using QED Feynman

rules, the amplitude is
. . g g vV — 1%
iM = ie? [u(p') 7" u(p)] ? (k') 5" u(k)] . (114)

where ¢ = p' — p = k — k' is the momentum transfer via the photon propagator. In order to describe
an unpolarised physical scattering process, we average over initial-state spins and sum over final-state

spins,

M= S MmP (115)

/ /
r,r,s,s =1

Evaluating the fermion traces and introducing Mandelstam invariants s = (p + k:)2, t=¢° and u =
(p — k)%, we get

— 9 4
MP = 25 (s = = MY - (= = M) 4 20”4 M) (116

with m, M the mass of the electron and muon respectively. In the high-energy limit (s > m2, M?), the
differential cross section simplifies to

do  o®1+cos'(6/2)

— , 117
d 2s  sin*(6/2) (an

where o = ¢ /(47) is the fine structure constant, 6 is the scattering angle in the center-of-mass frame,
and there is no dependence on the azimuthal angle ¢. This result shows the characteristic 1/sin*(6/2)

behaviour of Coulomb scattering.
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3.5.3 Gauge symmetry

Finally, we arrive at a crucial observation: the QED Lagrangian Lqgp in eq. (110) is invariant under
spacetime-dependent (= x dependent) transformations of both the matter field ¢(z) and the gauge field
A(z),

D(a) = (x) = e px),  A(e) = Al(x) = A, (2) + 9a(x) . (118)

Here, a(z) is an arbitrary function of spacetime, making this a local symmetry. This locality has deep
physical implications. The electromagnetic field strength tensor F),,, remains invariant under these trans-
formations by construction. When we transform the fields as in Eq. (118), the change in the interaction
term precisely cancels the additional terms arising from the transformation of the Dirac kinetic term.
We can actually see this U(1) gauge symmetry as a guiding principle to construct the QED interaction
term. The requirement of gauge invariance naturally leads us to introduce the covariant derivative via the
replacement Eq. (111). This “minimal coupling” prescription automatically ensures gauge invariance of
the theory. The resulting structure forbids certain terms in the Lagrangian. For instance, a mass term for
the photon of the form A" A,, (which appears in the Proca Lagrangian for massive vector fields) would
violate gauge invariance. This mathematical constraint explains the physical observation that photons
must be massless. The gauge principle thus serves as both a powerful constraint on structure of the

theory structure, and a guide to constructing physically meaningful interactions.

4 The Standard Model

The Standard Model of particle physics is built on several fundamental principles that constrain and
guide its construction: causality, unitarity, symmetry, renormalisability, minimality / Occam’s razor. In
the following we construct the Lagrangian of the Standard Model based on the requirement for invari-
ance under Lorentz transformations (space-time symmetry) and under gauge transformations (internal

symmetry).

4.1 Symmetries in quantum field theory

Symmetries in quantum field theory can be classified into discrete and continuous transformations. The
discrete transformations include for example parity P, time-reversal T, and charge conjugation C. Parity

transformation is defined as
¢ (t,7) = Po(t, ) = ¢(t, ),
representing spatial reflection. Time-reversal acts as

d)/(tv ‘f) = T‘b(t’ f) = (z)(_t’ f) )

reversing the direction of time evolution through an anti-unitary operator. Charge conjugation transforms

as

¢/(t7 f) = C¢(tvf) = ¢T(tvf) )
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interchanging particles with their antiparticles while preserving mass and spin but reversing charge. Con-
tinuous transformations encompass space-time symmetry and internal symmetry that lead to conservation

laws via Noether’s theorem. Space-time translations transform scalar fields as

¢'(x) = oz — a).

Internal symmetry manifests through gauge transformations
¢'(x) = " o(a),

representing local phase transformations.

For a general quantum state, symmetry transformations act as

|¢') = Ulg).

The requirement of probability conservation demands

(@'l = (e|UTUp) = (9]0) (119)

implying the unitarity condition U ' = 1. The mathematical framework for understanding such symme-
try transformations is provided by group theory (see Appendix 5.3), which offers the precise language
and tools needed to classify and analyse the various symmetries present in the Standard Model. The
combination of C, P, and T transformations (CPT) represents a fundamental symmetry of any local,
Lorentz-invariant quantum field theory, even though individual symmetries or pairs may be violated in

certain interactions.

4.2 Symmetries and field content of the Standard Model

The Standard Model is a highly predictive quantum field theory describing all known elementary particles
and their strong, weak and electromagnetic (EM) interactions. It is based on the principles of global

Poincaré space-time symmetry
R x SL(2,C), (120)
and local gauge invariance under the direct product
SUB)e x SU((2)r, x U(1)y (121)

of compact Lie groups.

Matter fields

In the SM, matter particles—leptons and quarks—appear in three families. They are chiral spin-
1/2 fermions with different charges under the gauge groups. Here, these fermions are described by

left- and right-handed Weyl spinors (in the SM literature often instead an equivalent Dirac spinor nota-
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Table 1: Field content of the Standard Model together with corresponding spin, representation under
SU(3)c, SU(2)r, and hypercharge Y. Matter fields are shown in their SU(2) representations.

field spin  SU(3)c SU(2);, Y
v ¢ ' 12 3 2 1/3
d S b
L L L
quarks UpR CR tr 172 3 1 4/3
dR SR bR 1/2 3 1 -2/3
. (”) (”N) (”T) 112 1 2 1
eptons e ), b, ),
€Rr KR TR 172 1 1 -2
&t
Higgs-doublet 0 0 1 2 1
)L
ce 1 1 0
gauge bosons w, 1 1 3 0
B, I 1 0

tion is used). If charged, they transform in the fundamental representation of the corresponding group.
All left(right)-handed fermions are doublets (singlets) under SU (2);; the charge Y (called hypercharge)

of U(1)y for all fermions is determined from validity of the Gell-Mann—Nishijima relation,

Q:]?’Jrg (122)

Here, () is the electric charge and I3 the third component of the isospin I, the generator of SU(2) 1. In this
way SU(2);, x U(1)y unifies quantum electrodynamics (QED) with a weak theory into the electroweak
Standard Model. All quarks are triplets under SU (3)., the gauge group of quantum chromodynamics
(QCD).

All matter fields are summarised together with their spin and group representations in Table 1.
Here, the subscript L/R denotes left-/right-handed spinors, where fr, = ff in terms of left-handed Weyl
spinors. The left-handed lepton doublets are built out of left-handed electrons ey, muons pj, taus 7r,
and corresponding neutrinos v;; . There are no right-handed neutrinos in the SM. As already mentioned,
also the quarks appear in three families: the up- « and down-type d quarks of the first generation, charm

c and strange s quarks of the second generation, and in the third generation top ¢ and bottom b quarks.

Gauge fields

As all the gauge symmetries are local symmetries, corresponding spin-1 bosonic vector fields have to be
introduced. They transform in the adjoint representation of the respective gauge group. Thus, there is
the octet G, of QCD, the isotriplet W; belonging to SU(2), and the isosinglet B,, of U(1)y-. For these
fields no gauge invariant mass terms can be formulated. Thus, only the GZ can directly be identified
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with the physical gluons. The EW subgroup SU(2); x U(1)y has to be spontaneously broken to allow
mass terms, as observed for the W= and Z° particles, in a gauge invariant way which thus does not spoil

renormalizability.

Higgs fields

In the SM the spontaneous symmetry breaking (SSB) is achieved in a minimal way via the Higgs mech-
anism. Here, an additional spin-0 complex scalar SU(2)-doublet field & with hypercharge Y = 1 is

introduced with a potential that spontaneously breaks
SU@2)L xU(L)y = U(l)gm (123)

and in this way leaves the electromagnetic U (1)gy with the photon A, as a gauge field as a symmetry

of nature. In the following section we construct the dynamics of the Standard Model explicitly.

4.3 Construction of the Standard Model
4.3.1 Non-abelian gauge interactions

For the discussion of non-abelian gauge interactions extending the U (1) symmetry of QED with the SM

gauge groups the Dirac Lagrangian provides our starting point:
Lirac = ¥ (id —m) . (124)

We demand 1 to transform in the fundamental representation IN and ¢ in the anti-fundamental represen-

tation N. With explicit indices in SU(N) space the Lagrangian reads

[’Dirac 1/}2 ( 5523 zy) % (125)

This Lagrangian is invariant under global SU(N) transformations ¢» — U v, but it breaks local gauge
invariance when U = U(z). To restore local gauge invariance, we introduce the covariant derivative

through minimal coupling,

o' — D% = 0"0; ngu’ (126)
where
Z T Vi (127)
The gauge field ij () decomposes into generators and vector fields
Z TV (128)
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This introduces a coupling between the fermion and the vector field:
EDirac — L= EDirac + Eint with [’int - g@'-)/uv;ﬂﬂ = QE’Y!LTal/JV; . (129)
The complete Lagrangian transforms covariantly under local gauge transformations:

Yoy =Uy (130)
vV, V,=UV,U' - ;(O“U)UT, (131)

and we only need to add a kinetic term for the gauge field to allow it to propagate. For this we can

generalises the electromagnetic field strength tensor to the non-abelian case:

i ?
F,,=0,A,-0,A,= g[Dva] — F = ;[DM,DV] (132)
- F,=0,V,-0,V,—ig[V,,V,|=TF,,. (133)
With Eq. (127) we can identify
Fl =0,V =9,V + gf*™vVivy . (134)
Under the gauge transformation Eq. (131) we have
F, —F,, =UF,U". (135)
Thus, a Lagrangian term
Te(F',, F") = Te(UF, U UF™U') = Te(UTUF,, Ut UF™) = Te(F,, F™) (136)

is gauge-invariant and yields a kinetic term for the non-abelian vector-field
1 77 1 amby ma b,uv 1 a a, v
Ly = —3 Tr(F,, F"Y) = —3 Te(T1°)F,,, F =7 Fu, F (137)

Expanding this Lagrangian in terms of Eq. (134) yields the Yang—Mills Lagrangian with kinetic terms
and self-interactions

1
Lyn=—7 0,V = 0,V,) (O"V" — 9"V )
g a a , c,v
= 5 Jae OV =0V VY
2
— T fubefade VL VS VRV (138)

Thus, we can construct SU (V) gauge-invariant fermionic theories via

1
L= Lym + LDirac = -5 Te(F,,F") + ¥ (iBD —md,;) ¥ (139)
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and corresponding gauge-invariant complex scalar theories via
1
L= Lyni + Loxg = =5 T, ) + (D,®)"(D"®) —m° &'o. (140)

Here we already want to note that the gauge field self-interactions arise naturally from the non-abelian
structure, the relation between trilinear and quartic interactions is determined by the gauge structure,
and this theory framework unifies matter-gauge couplings with gauge self-interactions through a single

coupling constant g.

4.3.2 The unbroken Standard Model

Demanding local SU(3)c x SU(2), x U(1)y invariance introduces the gauge fields

Lyy = —Lc*™as, - w'w,, - 1B"B,, (141)
where
a a a abc ~b ~c
G%, = 0,G5 — 0,G% + g, [ GGy, (142)
W, = 8,W, — 0, W + goe " WIW,) (143)
B,, =9,B;, —0,B.. (144)

The SU(3) fields G, entail 8 vector-bosons, the gluons, the SU(2), fields W; entail 3 vector-bosons,
WO W' W?, and the U(1)y field entails the B,, vector-boson.

oCD

Demanding invariance under local SU (3). yields QCD. The quark matter field transform in the fun-
damental representation of SU(3), i.e. as triplets: they carry an additional colour-charge index. The

corresponding gauge field (=gluons) transforms in the adjoint rep. of SU(3), i.e. as 8.

The QCD Lagrangian for one quark-type of mass m follows from Eq. (139) and is given by:
Laop = =G Gy +1; (i3 — mdy) v, (145)
with gluon-colour index, a = 1. .. 8, quark-colour indices ¢, j = 1,2, 3, and
Gy, = 0,Go — 0,Go + g, f"GLGy, DY =00, + gty ,G™ (146)

with f* the structure constants of SU(3). The generators of SU(3) in the fundamental representation
are given by 3 x 3 matrices with [t*, tb] =3 fabctc‘

We can introduce 6 identical copies of the QCD Lagrangian Eq. (145) for the different quark
flavours f = {u,d, ¢, s,t,b}

Locp = —aan, + S 9! @5y —m! 5,5 v! . (147)
7
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EW sector

In 1957, Wu’s experiment demonstrated that weak interactions violate parity conservation, revealing a
fundamental asymmetry in nature. This violation stems from the fact that weak charged currents couple
exclusively to left-handed particles (and right-handed antiparticles), distinguishing the weak force from

other fundamental interactions.

Within the SU(2); gauge symmetry of the electroweak sector of the Standard Model, this chi-
ral nature is encoded in the fermion representations: left-handed fermions transform as doublets under
SU(2),, while right-handed fermions are singlets that do not participate in weak isospin transformations.
This fundamental difference in how the gauge group acts on fermions of different chiralities necessitates
treating left- and right-handed fields as distinct entities in the theory, with only left-handed fields carrying

weak isospin charge.
Starting from a Dirac fermion ) we define

1—
2

1+’Y5

V5 _
w7 wR - 2

Y =

v, (148)

with 75 = i’yofyl'vag.

Left-handed components of the fermion fields are grouped into doublets
4 J
=1 5" (149)
I—

. (150)

while the right-handed fields are singlets

Each left- and right-handed multiplet is an eigenstate of the weak hypercharge Y such that the relation
Eq. (122) is fulfilled.

We can now define the SU(2); x U(1)y-invariant covariant derivatives:

L i Y
Dy =0, +ig T W, +ig 5 1B, (151)
Y
R .
D, :8M+291§13M (152)
with the SU(2), generators given by the Pauli matrices I' = %ai, and a trivial U(1)y- generator.
Fermion-gauge field interactions follow via minimal coupling as
‘CDiraC = Z[qZL a-uDuqlL + uﬁ% O’MDM’U,% + dZR O-MDdeR (153)
i=1

+ 1315 D,1L + ey 0" D el ]

The resulting fermion-femion-vector (F-F-V) couplings are directly related to the trilinear vector-

vector-vector (V-V-V), and quartic vector-vector-vector-vector (V-V-V-V) couplings which follow from
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the kinetic terms of the EW gauge fields. This relationship is not coincidental but rather a consequence
of demanding local gauge invariance. The precise form and strength of these self-interaction vertices
are thus fixed by the same structure constants of the gauge group that determine how the gauge bosons
couple to fermions. Still, at the level of this theory vector-boson mass terms are not allowed by gauge
invariance. Also: no fermion mass terms are allowed as my) = m (Y ¢p + ¥ z1r) would mix left-
and right-handed fields. The solution for the generation of both gauge boson and fermion mass terms is

given by spontaneous symmetry breaking (SSB), as explained in the following.

4.3.3 The broken Standard Model

The Standard Model acquires mass through spontaneous symmetry breaking, where the Lagrangian re-
spects the full SU(2);, x U(1)y gauge symmetry but the vacuum state does not. Indeed, the vacuum
configuration spontaneously breaks the EW SU (2);, x U(1)y symmetry. According to Goldstone’s the-
orem, each broken generator of a continuous symmetry produces a massless scalar mode (Goldstone
boson) in the spectrum. However, when spontaneous symmetry breaking occurs in a gauge theory,
the Higgs mechanism intervenes: the would-be massless Goldstone bosons are “eaten” by the gauge
fields and reappear as the longitudinal polarisation states of the gauge bosons associated with the broken
generators. This process converts massless gauge bosons into massive ones while preserving the renor-
malisability of the theory, simultaneously explaining how the W and Z bosons acquire mass while the

photon—corresponding to the unbroken electromagnetic symmetry—remains massless.

To construct the SSB in the Standard Model the unbroken Lagrangian is extended by the Higgs

and Yukawa terms,

classical
Lg

= [’YM + ‘CDiraC + 'CHiggs + [’Yukawa ) (154)
where
Litiggs = (D) (D"2) ~ V(®), (155)

with a complex scalar SU (2)-doublet
+
O(z) = <¢ (m)> . (156)

The Standard Model Higgs potential is given by (,uz, A>0)
A
V(®) = ole + b (®'®)? (157)

2
and has a minimum at &' ® = 2% ‘We can choose the minimum to be at

1 {0 .
(®) = 7z (v) with v =

32

(158)

Sl¥



FIELD THEORY AND THE ELECTROWEAK STANDARD MODEL

with the vacuum expectation value (vev) v. For this minimum

o= (rry)w=(; ) (1) - 1)

Therefore this choice ensures the vacuum to be electrically neutral, i.e. it remains invariant under

U(1)gy. However, this vacuum is not invariant under SU (2), x U(1)y transformations.

In order to investigate the implications of this symmetry breaking we can expand the ®-field

around the minimum:

B ¢" (z)
() = ( 1w+ H(z) +ix(a)) > ! (160)

with the would-be Goldstone bosons ¢, x. For the fields h, ¢, y we have (h0> = <XO> = <¢i> =0.
Exploiting SU (2);, invariance we can eliminate qbi, X via a suitable Gauge transformation. This gauge

is called unitary gauge, with

() = % (U N Zo(w)> . (161)

4.3.3.1 Higgs potential
Expanding the Higgs potential Eq. (157) in unitary gauge yields

2 2
m
V=20 + %(ho)3 + %(ho)4 = TR+ (162)
v

The first (quadratic) term in this potential can be identified with the squared mass of the R? state—the

infamous Higgs boson,
myo = V2u =4 (163)

The remaining terms yield trilinear and quartic Higgs self-interactions.

4.3.3.2 Kinetic term

We can also expand the kinetic term (D" @)T(D“QD) for the ® field around the vev,

o)=L (20wt ewd e L (D) (wem) (2 92} (M)
1 o 2 2 v 1 2 2 \9 wrPp 9109 g% BH .

1 0 0 A
2 1t
= My W, W™ + 5 (A, Z,) (0 M%> (Z“) + - (164)

Thus, quadratic terms in the SU(2); x U(1)y vector bosons are generated. In the second step

of Eq. (164) these quadratic forms are diagonalised in order to interpret them as canonical mass terms
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via
7 0 ing w3
Wf=1UW¢M%,<“>=<“V” Smw><“>, (165)
V2 A, — sin cos Oy B,

which allows us to identify

1 1
My = 5920, Mg=g\/gi+g3v, My=0. (166)

Thus, the Wi, Z-boson masses are determined by the gauge couplings and the vev, and are not indepen-
dent parameters, while the photon A remains massless. In Eq. (165) we have introduced the electroweak
mixing angle y;,, which is determined by the gauge couplings or alternatively by the ratio of the weak

boson masses,
92 My,

pr— M .
Vi + g5 4

Considering the remaining terms in the expansion of (D" <I>)T (D,®) we find

cos By = (167)

(D"®)\(D,®) = Mp, W, W™+ + 1(A 7)) 0 02 A
I 12 2 H 12 0 MZ Z,u

921) Ovq/r+y17— g%_'_g% 0
+anwrtw o BB’ zz
2 2 2 2
+ 2SOt %& Wr'zz, (168)

i.e. trilinear "W W™ and h°ZZ, and quartic RPR°W W™ and h°h°Z Z interactions, whose strength

are all fixed by the gauge couplings and the vev.

4.3.3.3 Yukawa terms

In order to generate masses for the fermions, we introduce Yukawa interactions of the form 1 ®1)
between the Higgs field ¢ and the charged fermion fields ¢,

3
L . . o .
Lyukawa = — Z [yz'j(qi)@dﬁ + y;Lj(qu)Tq)cu% + yij(qlL)T‘I’eﬁ + h.c. (169)
ij=1

where ®° = ioc2®*, and the indices 1,7 run over the three fermion generations introducing a mixing
between the different generations via the Yukawa matrices yfj, yf‘j, yéj. Expanding the Higgs field ®
in Eq. (169) around the vev yields terms of the form

~ =Y my by =) %Jﬂ/)f h (170)
7 7
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which corresponds to fermion mass terms and fermion-fermion-Higgs couplings. In fact, we obtain mass

matrices

f vt
m;; = \/ﬁyw’ (171)

which can be diagonalised via a bi-unitary transformation to yield

my = ZU Lok (EF) = 5. (172)

where )\lf are the Yukawa coupling of a fermion f.

A crucial consequence of this diagonalisation procedure is that the unitary transformation matri-
ces cancel out in neutral current (NC) interactions due to their unitarity properties, eliminating flavor-
changing neutral currents (FCNCs) at tree level in the Standard Model—a feature consistent with exper-
imental observations. However, in charged current (CC) interactions, the mismatch between the diago-
nalisation matrices for up-type and down-type quarks leaves a non-trivial unitary matrix: the Cabibbo—
Kobayashi—-Maskawa (CKM) matrix V i, which parameterises quark mixing and CP violation in the

weak sector (for further details, see Timothy Gershon’s flavour physics coursel).

4.3.3.4 Gauge interactions

Starting from the Fermion kinetic term Eq. (153) we can identify the interactions of the physical gauge
boson fields (after the redefinitions in Eq. (165)) with fermions as

[’Dirac =+ ng A,u + ‘]ll\ﬁl Z + JéC W/j_ + ‘]éCT WM_
- .. 9192 é e A" + . (173)
\/91+92 T
with
Ty =—€ Y Qri'yy, (174)
f—l,q
K = geosge 2 Do’ —ap )y (175)
f=lyq
JCC _ % Z i'}/ ’}/5 z + Z 71 ,u 75‘/ d] 7 (176)
1=1,2,3 4,7=1,2,3
where
vy = I —2Q; sin® Oy, (177)
a; =1 (178)

Ihttps ://indico.cern.ch/event/1378334/timetable/?view=standard
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and in the second line of Eq. (173) we identify the gauge coupling of the remaining unbroken U (1)

photon field as
9192

I
g1 + 92

with the gauge couplings g;, g, of the SU(2);, x U(1)y theory.

179)

e =

Finally, as in Eq. (138) the Yang-Mills term for the vector bosons Ly in Eq. (141) introduces

trilinear and quartic gauge-boson self-interactions which for the physical fields read

Ly = +e [(auwj — QWY WTHAY + WIW, PP 4 h.c.}
+ecot By [(auwj —QWHWTHZY ¢ WIW, 2" + h.c.}
— € /(4sinby) (W, W,F — W, WHWIW, + h.c]
— /A (WA, — WA )W A — WY AR
— /4 cot’ Oy (WS Z, —W,[Z,)(W 2" — W™ Z")
+e%/2 cot Oy (WA, — WA W Z" —W " Z") + he. (180)

which are all determined by the gauge couplings and the weak mixing angle.

4.4 SM input parameters

The Standard Model can be parameterised in terms of different sets of input parameters depending on

whether we work in the unbroken or broken phase of the electroweak symmetry.

In the unbroken theory, the fundamental parameters are the gauge couplings g1, g5, g5 for the
U(1l)y, SU(2)1, and SU(3) groups respectively, the parameters of the Higgs potential 1 and A, and

the Yukawa coupling matrices yifj that determine fermion masses and mixing.

After electroweak symmetry breaking, it becomes more convenient to trade the original parameters
for physical observables. The gauge couplings can be replaced by oy, sin 6y, and aig, while the Higgs

sector parameters are traded for the physical masses of the electroweak bosons m,o, my,, my and

h
fermions m ¢, along with the CKM matrix elements V ¢k that encode quark mixing.

Importantly, these parameters are not all independent due to tree-level relations imposed by the

gauge structure, such as cos fy, = = The electroweak couplings and boson masses are constrained
Z

by the gauge symmetry, and similarly the Yukawa couplings are related to the physical fermion masses.

These tree-level relations receive higher-order quantum corrections that depend on all input parameters.

4.4.0.1 EW input schemes

Different electroweak input schemes are commonly employed in precision calculations, where the gauge
couplings are expressed through e = v4rwa, g, = e/ cosby,, and g5 = e/ sinfy,. The three most

common schemes are:
— The {«(0), my,, mz}-scheme, where a(0) ~ 1/137 = 0.0073... corresponds to the Thomson
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limit () — 0).
— The {G,, my,, my }-scheme, which uses the precisely measured Fermi constant G, = 1.166371 x
107" GeV ™2 and yields

alg, = V/2/m G miy sin® fyy & 1/132 = 0.0076 ... (181)

— The {a(mz), my,, my}-scheme, with a(my) ~ 1/128 = 0.0078.. ..

These EW schemes are supplemented by additional inputs such as m, o and my.
2 2 (2
The G ,-scheme is defined through the relation ‘LG ‘ = ‘ 2| = |M\2, which connects
K V2T H 2muyy

the squared matrix elements for muon decay in the Fermi theory to the corresponding W -exchange
matrix elements in the low-energy limit. At next-to-leading order, this scheme incorporates the radiative

correction Ar (which depends on all Standard Model parameters) through
alg, /(siymiv) = V2G, /7 = a(0)(1 + Ar)/(shymiy) (182)

The quantity Ar is given by Ref. [2]

Ar = () - S (z%Z<M§> 57 <M3V>) L 51 (0) - Tr (Miy)

s\ Mz My My
AZ 2
42 (0 7—4
Lo B 0) o (g TSy e ) (183)
sSw Mz AT sy 281y

where HAA(O) is the photon vacuum polarisation, Z¥V denote the transverse gauge-boson self-energies,
and E?Z is the photon—Z mixing self-energy. By incorporating these universal corrections into the
leading-order couplings, the GG ,-scheme provides improved perturbative convergence for processes dom-

inated by SU (2) interactions at or above the electroweak scale.

5 Appendix
5.1 Classical mechanics
5.1.1 Least-action principle

Classical mechanics can be formulated as a least-action principle. Consider a particle moving in one
dimension between time ¢ = ¢4 and time ¢ = ¢, with its position as a function of time denoted as z(t).

The classical path is such that
0S[z(t)] = S[z(t) + 0x(t)] — S[z(t)] =0, (184)

where 0.5[z(t)] is the variation of the classical action S with respect to any variations in the path z(t) —
x(t) + dx(t) with dz(t ) = dz(tg) = 0. The action is given by

S[a(t)] = /;B L(x(t), #(1), ) dt, (185)
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with the Lagrange function L = L(z(t),2(t),t), which in turn is given by L = T — V with T' =
T(z,,t) the kinetic energy, and V' = V' (x, t) the potential energy of the particle. For a free particle in
one-dimension 1" = %m23'52 and V = 0.

The least-action principle, Egs. (184) and (185), can be generalised to three dimensions and NV
particles, i.e. the Lagrange function L becomes a function of 3/V coordinates and 3V velocities. More
generally, the action principle holds for a system depending on M generalised coordinates ¢;(t) and M

generalised velocities ¢;(¢) withi = 1... M, where L = L(q;(t), ¢;(t), ).

5.1.2 Lagrange equations of motion

The least-action principle Eq. (184) is equivalent to the Euler—Lagrange (EL) equation

d oL OL
o= 22 1
dt 0z Oz 0, (186)
which schematically can be shown via (IBP = Integration-by-parts)
tB tB
5S[e)] = [ SL(@(t),i(t), £)dt / <8L5x(t) + E”?ai(t)) dt (187)
ta ta 8.’13 ax
‘s (OL  d 0L OL tp |
IBP !
Bl e _tors it =0. 1
/t < 2 a:e) Sa(t)dt + 7 da(t)]” L0 (188)

The least-action principle needs to hold for any variation dz(t) from which it follows that the integrand
in Eq. (188) needs to be zero, which yields Eq. (186).

2

For a single particle in one-dimension subject to a potential V'(z), i.e. L = mTab2 — V(x), the
Euler-Lagrange equation yields
doL oL d . 0V(x) . O0V(x)
= =z = — =0. 18
ior or a T Tar T e Y (159
o ; ci — V(@)
This is Newton’s second law: mi = —=5.— = F(x).

Generalising the least-action principle to M generalised coordinates and velocities yields M

Euler—Lagrange equations—one for each coordinate:

d oL 9L

30 dg " (190)

5.1.3 Hamilton formalism in classical mechanics

For a system of M generalised coordinates and velocities whose dynamics is determined by the least-
action principle with the Lagrange function L = L(g;(t), ¢;(t), t) we can define generalised momenta p,
via
oL
= 191
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A Legendre transformation of the Lagrange function L defines the Hamilton function H = H(q;, p;, 1),
H =Y pig — L(g,d; 1), (192)
i

where the velocities ¢; = ¢;(g;,p;) are found using Eq. (191). The Hamilton function is a function
of the M generalised coordinates and M generalised momenta (instead of the generalised velocities).
For a single particle in one dimension subject to a potential V' (z) we obtain H = % + V(z). In
general, for systems where the kinetic energy 7' is a bilinear function of the generalised velocities we
have H =T+ V.

The Euler-Lagrange equations Eq. (190) are equivalent to the Hamilton equations of motion

a - og (193)
W e (194)

5.2 Quantum mechanics
5.2.1 Quantum mechanics basics

Quantum mechanics describes the state of a physical system using vectors in a Hilbert space H.

States and Operators

— Quantum state: The state of a system is represented by a normalised vector |¢)) € H, called a
ket. The corresponding dual vector is a bra (¢|. The normalisation condition ensures probability

conservation: (1[¢)) = 1.

— Inner product: The probability amplitude of a state |1)) being found in state |¢) is given by the
inner product (¢|t). The probability of measuring state |¢) is then |(4])[%.

— Observables: Physical observables (like position, momentum, energy) are represented by Hermi-
tian operators A, which satisfy A= A'". This Hermiticity guarantees that their eigenvalues (the

possible measurement results) are real numbers.

Measurement and eigenvalues

A measurement of an observable A yields one of its real eigenvalues a,,.

— Eigenvalue equation: The possible measured values are determined by the equation:
A‘an> = an‘an> ’

where |a,,) are the eigenstates of A. After a measurement, the state of the system collapses to the

corresponding eigenstate |a,, ).

— Expectation value: The average value of repeated measurements of Aona system in state |¢) is

the expectation value:

(4) = (vl Aly) .
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Commutation relations and uncertainty

The order in which two operators are applied matters. Their relationship is quantified by the commutator:

(A B = AB - BA.

— Canonical Commutation Relation: For position (£) and momentum (p), the fundamental relation
is:
[#,p] = ikl .
Since this commutator is non-zero, these observables are incompatible, meaning they cannot be

simultaneously measured with arbitrary precision.

5.2.2 Simple harmonic oscillator in quantum mechanics

The one-dimensional simple harmonic oscillator (SHO) is a crucial system in quantum mechanics, serv-

ing as a basis for understanding quantum field theory.

Hamiltonian

The Hamiltonian operator H for the one-dimensional SHO is defined as:

p 1
H:%+§mw2§:2,

where £ is the position operator, p is the momentum operator, m is the mass, and w is the classical

angular frequency of the oscillator.

Ladder operators

The algebraic solution is conveniently achieved by introducing ladder (or creation and annihilation)
operators, a' and a, respectively. We first introduce a dimensionless coordinate X and momentum P:
. mw

N 1
X=4/—z, P=
h mwh

The Hamiltonian can then be rewritten in terms of P and X:
H=—"(P"+X?.

The annihilation and creation operators are defined as:

1 A N
i=—(X+iP), a =

[\
Sl
[\
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Their fundamental commutation relation is derived from the canonical commutation relation [, p| = ih:

Energy eigenvalues

The Hamiltonian can be expressed in terms of the ladder operators:
. US|
H=hmh(a'a+ 5 .

T

The operator N = a'd is the number operator, which counts the number of energy quanta. The eigen-

states |n) of the Hamiltonian satisfy H|n) = E,, |n). The energy eigenvalues are found to be quantized:
1
E, =hw <n+2> , forn=20,1,2,...

The ground state energy Ey = %hw is the non-zero zero-point energy of the system.

The action of the ladder operators on the eigenstates is:

alln) = vVn+1n+1), aln) =+/nln—1).

5.2.3 Quantum pictures

The time evolution of a quantum system can be described using three main pictures: the Schrodinger
picture, the Heisenberg picture, and the Interaction picture. These pictures are physically equivalent but

assign time dependence differently between the state vectors and the operators.

Schrodinger picture

In the Schrddinger picture, the time evolution is carried by the states, while the operators are generally

time-independent.

— States |¢g(t)) are time-dependent, evolving according to the Schrodinger equation:

i 10s(0) = Hslos(t) (195)

The formal solution for the state evolution is:

|65 (1)) = e H5E10) |6 o(t0)) = U, 1) |b5(t0)) (196)

—iHg(t—tg)

where H 5 is the time-independent Hamiltonian operator and U (¢,t,) = e is the time-

evolution operator (assuming a time-independent Hamiltonian H 9).

— Operators A s are time-independent (unless they have an explicit time dependence, i.e., % # 0).
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Heisenberg picture

In the Heisenberg picture, the time evolution is transferred entirely to the operators, making the states

time-independent.

— States |¢ ) are time-independent, fixed at a reference time ¢:

Pr) = |ds(to)) - (197)

— Operators A 1 (t) are time-dependent, related to the Schrédinger operators A g by:
Ap(t) = UT(t,to) As U(t.to), (198)

where U (t, t,) is the time-evolution operator from the Schrédinger picture. Their time evolution
is governed by the Heisenberg equation of motion:
dAy(t) . . DAy

i — Ay (), Hy] +

(199)

where H g 1s the Hamiltonian in the Heisenberg picture (H H= H 9).

Interaction picture (Dirac picture)

The Interaction picture is useful when the Hamiltonian can be separated into a free (exactly solvable)
part H, o and an interacting part H Tt
H=H, + H,. (200)

In this picture, the evolution due to ﬁo is assigned to the operators, and the evolution due to H 7 is

assigned to the state vectors.

— States |¢;(t)) are time-dependent, absorbing the evolution due to H:

(61(8)) = €0 6o (8)) = T (8, t0) | b5 (1)) (201)

= Ui(t, to)| 91 (to)) » (202)

where |6 (to)) = |pg(to)) and Uy(t, ty) = e Holl=10) The states evolve according to the inter-
action Schrodinger equation:

0 .
Za’%(t» = H;(t)|¢r(1)) (203)

where H 7(t) is the interaction Hamiltonian in the Interaction picture
Hy(t) = U (¢, to) H Uy (8, o) (204)

The formal solution for the state evolution is given by the time-ordered exponential:

. . —ifthI(t/)dt'
Ui(t,tg) =Te ' . (205)
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— Operators A 7(t) are time-dependent, evolving with the free Hamiltonian f[o:

~

Ap(t) = g (¢, t0) As Uy (t. to) (206)
Their time evolution is governed by an equation similar to the Heisenberg equation, but with H, 0

dA;(t) . 4 DA
dft( L= (Ag(e), )] + i (207)

i

5.3 Group theory basics
5.3.1 General group theory

The mathematical language used to describe symmetry transformations is group theory.

5.3.1.1 Definition of a group

T3]

A Group G is a set of elements {gy, g2, 93, ...} with a binary operation (often called the group

product), such that if g;, g, € G, then g3 = gy - g5 is also an element of the group (G is closed under the
operation). The operation must satisfy the following three axioms:

— Associativity: g; - (92 - 93) = (91 - 92) - g3 forall g1, g5, 93 € G.

— Identity (Unity) Element: A unique element ¢ € G exists suchthate-g =g-e=gforallg € G.
— Inverse Element: For every element g € G, there exists a unique inverse element ch1 € G such

thatg-g_lzg_1~g:e.

Examples of groups include: integers with addition (identity e = 0), rotations in 2D about a fixed axis,

modular arithmetic, and the set of all invertible N x N matrices under matrix multiplication.

5.3.1.2  Types of groups

— Abelian group: A group where the group operation is commutative:

gi-9;=g;-9; forallg;,g; €G

Example: The U (1) gauge group of quantum electrodynamics (QED).

— Non-abelian group (non-commutative): A group where the group operation is not commutative for
all elements:

gi-9; #9;-9; foratleasttwog;, g, € G

Example: The SU (3) gauge group of quantum chromodynamics (QCD).

— Lie group: A group that is also a smooth manifold, allowing for the use of differential calculus
(e.g., continuous groups like rotations). Any element U (x) close to the identity can be obtained

via exponentiation of its generators:

Ula) =1 +iaT" + - = T (208)
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Here T are the generators of the group, and «” are continuous real parameters. The U (1) group

is a special case where there is only one generator, which can be seen as T = 1.

5.3.2 SU(N) group theory

Here we summarise several relevant concepts in SU(N) group theory. For further details see e.g.
Ref. [3].

5.3.2.1 Definition of SU(N)

The special unitary group of degree N, denoted SU(INV), is the Lie group of all N x N unitary matrices
with a determinant of 1. For every group element U € SU(N ), the defining properties are:

UU'=U'U =1y, det(U) =1, (209)

where 1, is the NV x N identity matrix.

5.3.2.2 Generators and Lie algebra

Every group element U in SU(N) can be obtained from the identity via exponentiation:

U=\ (210)

where A\ are the generators of the group (often normalized to 7 = 1\*), and a” are the real parameters.

The generators form the Lie algebra SU(N), which is defined by the commutation relation:
XA = i fapeA” 11)

where f,;. are the real and completely antisymmetric structure constants of the group.

The generators \” have the following properties, derived from the SU(N) conditions:

— Hermiticity (from U " = U"): (A*)T = A°.

— Tracelessness (from det(U) = 1, since det(eA) = eTr(A));

det(U) = 1 = det(¢ V) = @ 3T — (2% =0,
We fix the normalisation of the generators by the condition:
Tr(A*A) = T 6, (212)

where T’ is the index of the representation, which determines the overall normalisation. For the funda-

mental representation, Tz = 1/2 is often chosen for SU(N).

The special unitary group SU(N) has N%Z_-1 independent generators. Thus, for the Standard
Model gauge group SU (3).x SU(2), xU (1)y-, there are (3°—1)+(2°—1)4+(1*—1+1) = 8+3+1 = 12
generators (and thus 12 corresponding gauge bosons).
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5.3.2.3 Representations

Definition An N-dimensional matrix representation D(G) of a group G isamap D : G —
GL(N), where GL(N) is the general linear group of degree NN, i.e. the set of all N x N invertible

matrices.

This map must preserve the group structure:

1. D(e) = 1y, where e is the identify element of G.
2. D(91)D(g2) = D(g192) forall g, 9, € G.

Fundamental (N) and anti-fundamental (N) representations The map D(U) = U for all

U € SU(N) defines the most obvious representation, called the fundamental representation.

— Objects 7 that transform under this representation are N-component column vectors and are de-
noted as N (e.g., SU(3) quarks are 3, SU(2) doublets are 2). They transform as:

W — U (213)

— The anti-fundamental representation (N) corresponds to the transformation of the conjugate state

1/1T (an N-component row vector):

v = TUt. (214)

Singlet (1) representation The trivial singlet representation is defined by D(U) = 1 (the scalar

number 1, or the 1 x 1 identity matrix), which corresponds to the transformation:

=9 (215)

Objects that transform as a singlet are denoted as 1 (they are invariant under the transformation). Given

1) transforms in the N and @Z)T in the N representation, the combination 1/)“/) transforms as a 1.

Adjoint (N2 — 1) representation Another natural representation is the adjoint representation.

A complex tensor ¥;; is said to transform under the adjoint representation when:
U — USU. (216)

Since an N x N matrix ¥ can be expanded in terms of the N 21 generators, these objects are denoted
as N? — 1 (e.g., the gauge bosons of SU(3) transform as an 8). The gauge bosons of SU(N) always

transform in this representation.

In the following we list the explicit generators A, of SU(3), where a = 1...8. These can be seen
as a generalisation of the three Pauli matrices oy 3 of SU(2). The )\, matrices, known as the Gell-Mann

matrices, are given by:
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010 0 — O 0
AM=1]1 0 0], X=]72 0 0], A3= -1 0
0 00 0 0 O 0O 0 O
0 01 0 —1 0 00
AM=1]0 0 0], X=1]0 0], =10 01
1 00 1 0 010
00 O ) 1 0 0
=10 0 —i], A= 01 O
7 : 8 \/g
0 ¢+ O 00 -2
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