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Abstract

This paper starts with an introduction to some elements of physical kinetics rel-
evant to microscopic interactions in gas or plasma systems. The aim is to pro-
vide the necessary background for understanding charged particle beams. Em-
phasis is placed on the important role played by collisions in plasmas. We then
give a detailed, albeit non-exhaustive, review of intrabeam scattering (IBS),
which consists of the study of diffusion effects caused by multiple Coulomb
scattering on charged particle beams, in both the transverse and the longitudi-
nal beam dimensions. Finally, applications to the large hadron collider 7 TeV
stored proton beam and the *Extra Low Energy Antiproton’ (ELENA) 100 keV
decelerated antiproton beam are used to illustrate the behaviour of the IBS
growth rates, for a high-energy storage ring well above the transition energy
and an ultra-low-energy decelerator ring below the transition energy.

Keywords
Plasma kinetic; IBS paradigms; Piwinski framework; Bjorken-Mtingwa ap-
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1 Introduction

Consider a system of IV particles described by a ‘density distribution’ in a 6 N-dimensional phase space.
In this space, the whole collection of N particles is represented by a single point. Under a stability
condition, the particles occupy a finite volume in phase space. The density function behaves like an
incompressible fluid when observed along the phase space trajectories, provided that all forces driving the
system are conservative (i.e. derived from a potential): this is the crux of the matter. In practice, instead of
using the full 6/V-dimensional space, it is more convenient to view the phase trajectories of all particles
in the same six-dimensional phase space, which allows for better visualization of the particle density
distribution. In the process of this reduction, however, difficulties could arise with interactions between
the particles. In the presence of inter-particle collisions driven by non-conservative forces, the phase
space volume containing the N particles does not remain incompressible; some particles may escape
from it and others may enter it. Liouville’s formula, modified by adding a ‘collision term’, becomes the
collision Boltzmann’s equation, which is still an active area of research. The reader may find it helpful to
review the topic of particle collisions in plasmas and ionized gases, which are basically quasi-stationary,
when we consider the case of a charged particle beam in a storage ring.

In what way is intrabeam scattering (IBS) in charged particle beams different from Coulomb
scattering of plasma or gas particles in a ‘closed box’? In storage rings, due to the curvature of the
orbit, IBS can increase the beam density in phase space as a whole (i.e. transverse beam emittances and
momentum spread can grow simultaneously) to above the ring transition energy, because of the coupling
between the radial and longitudinal motions. While revisiting the methods used in IBS, our interest was
drawn to the logical structure at the core of the subject, so we have decided to base our study on the
theoretical framework of A. Piwinsky [1]. His original paper gives a clear presentation of the kinematics
of the classical interaction process involved in multiple Coulomb scattering in charged particle beams,
assuming weak-focusing accelerator or storage rings. His methodical approach makes all his papers
fairly easy to grasp. Equipped with this framework, the essential features of IBS can be understood
quite well. The alternative approach of J. Bjorken and S. Mtingwa [2] is based on the scattering matrix
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formalism from quantum electrodynamics, and the theory is applicable to strong-focusing machines.
Both of these approaches are presented here, to provide a thorough grounding for the study of many
aspects of IBS. However, Monte Carlo simulations of IBS based on a binary collision model [3-5] are
not covered in this paper; nor are IBS models that implement the linear coupling between transverse
betatron oscillations [6, 7].

2 Overview of the kinetics of gases and plasmas

The classical mechanics branch of dynamics is sometimes divided into kinematics and kinetics. Kinemat-
ics is the study of the properties of motion—i.e. the masses or forces which may be involved—without
considering the causes, whereas kinetics aims to explain the change in motion as a result of the forces
and torques applied. Kinetics refers also to the study of gases and plasmas, relating their macroscopic
properties (such as pressure and temperature) to a microscopic model of which the constituents are many
small particles. A plasma is a fully or partially ionized gas, i.e. an ensemble of particles made up of
electrons, ions and neutrals moving under the influence of electromagnetic or gravity forces and particle
interactions such as ionization or Coulomb scattering. Gases and plasmas are mostly non-relativistic.
Unlike plasmas, a plasma beam is a directed stream of charged particles, generally relativistic, in which
the motion depends on applied external fields; in a plasma beam the individual particles make small
angles with the beam axis, and the particle energy spread is small relative to the total energy (typical of
beams in accelerators and storage rings).

2.1 The Liouville (collisionless Boltzmann) equation
2.1.1 The many-particle phase space joint probability density

The dynamic state of a plasma is completely determined once given the instantaneous positions r;(¢) and
momenta p;(t) at time ¢ for all particles in the 6 N-dimensional phase space {r = r;(t), p = pi(t) : i =
1,..., N}, called I'-space, where N is the number of plasma particles. The state of a plasma is a single
point moving along a 6 N-dimensional trajectory {r(¢), p(¢)} as time evolves; I"-space is a many-particle
phase space for the whole system of particles, often used in statistical mechanics and kinetic theory [8].
To simplify the notation, we assume that all particles in a plasma are of the same species (e.g. protons,
electrons or ions). In a Cartesian frame we have {r;(t) = z;X+vy;y + 22, Pi(t) = Dz i X +Dyiy + D22}
where X, y and Zz are unit vectors along the x-, y- and z-axes. The representative single point M (t) =
1Y, {ri(t), pi(t)} of the N particles in T-space is called the microstate. Such a detailed model requires
knowledge of 6N functions of time with initial conditions that are known only to a certain degree of
precision and whose complete description cannot be achieved. When N is very large, say N = 6 x 10?3
for one atom-gram of hydrogen, it makes sense to describe the plasma statistically instead.

To this end, we conceptualize a large number A of independent replicas of the same microstate
of an N-particle system, each virtual replica being described by a different representative point M ()
in T-space (N does not have to equal N). The abstract set of identical systems is called a statistical
ensemble. Let d® N (r,p,t) denote the number of representative points inside a infinitesimal phase
space volume element dI' = d*¥rd®Np = [[Y, d®r; d®p; about a point (r, p) at time ¢, i.e. in the
range {(r,r + dr), (p, p + dp)} about (r, p). Therefore, a normalized phase space probability density
function p(r, p, t) can be formally specified by

. dSNAN(r,p,t
p(raput) :/\/l'glloo/\/'(cll}))7 /drp(rapvt) == 1 ) (1)

where dI" is a 6 N-dimensional hypercube of ‘hypersides” d*"r and d* p.

Comment: As p_l(r, p, t) has the dimension of a reciprocal ‘action’, [(J )11, and because p—!

is proportional to dT" = (dr dp)3" it is evocative to attach a Planck constant h = 27/ to each pair dr dp
so that dI' = (drdp/2mh)3Y, where h3N ~ ArAp is the smallest possible phase space cell size by
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virtue of the Heisenberg uncertainty relation. However, this is ill-suited to the framework of classical
physics!

This means that p(r, p,t) dI" is the probability of finding a non-specific microstate in the volume
dl' = d3Nr d3*Np about (r, p) at time ¢; that is, p(r, p, ) d*Vr d*Vp is the probability that particle 1 is
in the volume d3r; d®p; about the point (r1, p;), particle 2 is in the volume d®ry d3ps about (rs, p2),
and so on, up to particle N located in the volume d3ry d3p about (ry,py) at time t. Then p is the
N-particle joint probability density function for the plasma system. It is assumed that the density of
microstates in I'-space does not change too fast from one volume element to the next, so that p(r, p, t)
can be regarded as a continuous function. For a finite number N, a so-called coarse-grained density
is obtained which disregards the variations of p below some small resolution in I'-space: p(r,p,t) =
dSNN(r,p,t)/NdT.

Properly normalized, p(r, p,t) can be used to compute macroscopic values for various functions
O(r,p):

(0) = / dT p(r, p. )O(r, p) . @

A key property of an ensemble is that the microstate trajectories never intersect in I'-space, because
each trajectory is uniquely specified by 6NV initial conditions {r(0), p(0)}. (In case trajectories might
be crossed, a phase space configuration situated at the intersection would have multiple trajectories; but
this is forbidden in classical physics!). Figure 1 shows two snapshots of the state of an ensemble of
dSNN (r,p,t) microstate points in I'-space at times ¢ and ¢ + d¢. It illustrates the evolution over the
time interval d¢ of these microstates which occupy a tiny volume element dI'(¢) = Hfi | &3r; d®p; with
border C'(¢) around (r, p) at time ¢. Meanwhile, the volume element dI'(¢) can become distorted in shape
as a consequence of the particle motion and will occupy a new volume element dI'(¢ 4 d¢) with border
C(t + dt) at time ¢ + dt. Likewise, each microstate represented by a point M (t) = [T~ {r:(t), pi(t)}
transforms gradually, to first order in time, into another point M’ (¢ + dt):

N
M(t+dt) = [ [{ri(t + dt) = ri(t) + #i(t) dt, it + dt) = py(t) + pi(t) dt} . 3)
=1

r
i) = (Pry Py Pz,)

hﬂ
1 BGEGCE dr(t +dt)
microstates

C(t +dt)

Clt) | = ~ (r\‘a
_———¥
— }"a)ﬂ";[t]

—>
—
\%

6N-dim I'-space

.

Fig. 1: Depiction of the motion during the time interval d¢ of a volume element dI'(¢) = d3r(¢) d3v(t) about
(r(t),v(t)) in I'-space.

2.1.2 The single-particle phase space probability density

A simpler way to describe a plasma of N identical particles is to use the phase space for a single particle,
called p-space, in contrast to the I'-space for the overall particle ensemble; this is the method typically
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used in plasma physics, with Cartesian coordinates r and velocities v in place of the momenta p, since
plasma motion is often non-relativistic. When a particle moves, its representative point y(t) traces out
a trajectory in six-dimensional phase space such that at each instant the dynamic state of the /N plasma
particles is represented by N points in the phase space [9]. Likewise, a one-particle probability density
function p1(r,v,t) can be defined such that d®N(r,v,t) is the number of plasma particles contained
in an infinitesimal phase volume element dy = d®r d3v (a hypercube of sides d®r and d3v)) about one
unspecified representative ‘point particle’ u(t) = (r,v) = {(, vy, 2), (vz, vy, v,)} among N in p-space:

6N
in d°N(r,v,t)

pi(r,v,1) = ]\/1—>oo Nduy

/dupl(ravvt) =1. (4)
Comment: Here, with p;(r,v,t), every ‘phase’ volume element (dr dv)? could be replaced by du =
(drdv/27h)3.

Like Eq. (2), the distribution function p;(r, v,t) enables one to compute macroscopic values of
functions O(r, v):

<@=/wmmmmm~» 5)

For instance, let us formulate the horizontal beam emittance in terms of the single-particle emittance
given by the Courant—Snyder invariant

2 1 2
T
x X
A A
vg=a—D, =2, o, —=a'-D,=L (6)
Po Po
where 2a,; = —f3,, ¥z = (1 + a?2)/Bz D is the momentum dispersion function and 2’ = p,./|p|. To

write down the overall horizontal beam emittance, we switch back to the momentum variable (since a
charge particle beam is mostly relativistic), p = myv with v = (1—v?2/¢?)~1/2. Hence, upon averaging
Eq. (6) over N particles we obtain, using the notation (- --) = Zf\;l( --+)/N,

2 / 2
75

12
:<&>Q+;)—@@wm+mm@. ™

The equation that governs the evolution of the phase space probability density function under
specified initial conditions is generally known as the Boltzmann equation. Suppose that each particle of
the plasma is subjected to an external force F(¢). In the absence of particle interactions, a particle with
coordinates around {r, v} at time ¢ will be found after a time interval d¢ around the new coordinates
{r’, v’} so that, to first order in ¢, we obtain

v'(t+dt) =r(t) +v(t)dt, V/(t+dt) = v(t) +a(t)dt, 8)

where v = 1 and a = v = F/m (with a being the acceleration of the particle and m its mass).

All the particles inside the phase space volume element du(t) = d3r d3v with border C(t) about
(r,v) at time ¢ will occupy a new volume element d3r’d3v’ with border C’(¢ + dt) about (r', v') after
the time interval dt. Figure 2 displays the state of d®/N'(r, v, t) particles of plasma in y-space at times ¢
and ¢ + dt. Since we are considering the same particles at ¢ and at ¢ 4 dt, the following equality holds,
provided there are no inter-particle collisions or dissipative forces leading to non-conservation of phase
space volume:
pr(r', vt +dt) &P’ A3V

9
=pi(r,v,t)dPPrdv. ®
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v(t) = (v, vy,v,)

aut v
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-

Fig. 2: Depiction of the motion during the time interval d¢ of a volume element du(t) = d3r(¢) d3v(t) about
(r(t), v(t)) in pu-space.

The shape of the volume dy(t) = d3r d3v may change into du(t + dt) = d3r’ d3v’ during the particle
motion over the time interval d¢. The new phase volume dyu(t 4 dt) and the initial one dyu(t) are related
by the determinant of the 6 x 6 Jacobian matrix J of the transformation (8):

d3r'd?v' = |det J| d®r d3v, (10)
where
ox'/0x Oy Jox -+ OV, /Ox
v ox' /oy oy Joy - Ov./O
S o) _ /y y/y /y an
a(r,v) : : :
oz’ /Ov, Oy Jov, --- OV, /Ov,

We split the external force F into (i) a velocity-independent force F (e. g. an external force constraining
the particles inside a box or an external electric field force eE accelerating charged particles) and (ii) a
velocity-dependent force, customarily the Lorentz force due to an external magnetic field B confining
the particles inside a torus. Thus, leaving F not fully specified at this stage, we get F = F + e(v x B).
Using Eq. (8) the partial derivatives in the Jacobian matrix can be written in the form

ozl ovl,_ g OF;/0x OFy/0r OF./0x
w=x,Yy,2 W=T,Y,z w 8F$/82 8Fy/8z an/az
(12)
Oy, _ S dt Muzy,e _ 5 edt O(v x Ba—xy.
Mpezye 0 Oy O m Ovy ’

where 0, ,, is the Kronecker delta with the subscripts v and w alternately representing the coordinates
z, y and z. For clarity, the Lorentz force term in the fourth part of (12) is explicitly written below as a
submatrix of the Jacobian:

X y Z
OV xBla=gys _ 0 Y
OVy—g,y, Ovy,

B. B, B.
9

T - {(vsz —v:By)X + (v By — v B.)y

+ (vay — vyBx)i]

a=%.3.2

295



M. MARTINI

0 -B. B,
=B, 0o -B
-B, B, 0

The full Jacobian matrix with its determinant |detJ| (up to second order in dt) are shown in Eqgs. (13)
and (14) below:

1 00 (dt/m)dF,/dx (dt/m)dFE,/0z (dt/m)dF,/dx
010 (dt/m)dF,/dy (dt/m)dF,/dy (dt/m)dF,/dy
J— 0 01 (dt/m) OF,/0z (dt/m)dE,/0z (dt/m)dF,/dz (13)
d 0 0 1 —B.edt/m Byedt/m ’
0 dt 0 B, edt/m 1 —Bgedt/m
0 0 dt —Byedt/m Bpedt/m 1

|det J| = 1+ dt*(e?/m?)(B2 + B2 + BZ) — (0Fx/0x + (0Fy /0y)(0F,/0z)) /m + O(dt?) . (14)
It follows that |det J| = 1 to first order in d¢, and so (10) and (9) become
(A3 A3V (t + dt) = (d®r dv)(2), (o1 (', V' e+ dt) — pi(r,v,1)] dPrd®v=0; (15)

that is, volume elements in u-space are invariants. This is Liouville’s theorem, which states that the phase
space probability density p;(r, v, t) behaves like an incompressible fluid. Using (8), Liouville’s theorem
(the second equation in (15)) can be rewritten as

p1(r+vdt, v+adt, t +dt) = pi(r,v,t). (16)

With these results, the incompressibility condition of Liouville’s theorem can be cast in differential form
by expanding the left-hand side of (16) in a Taylor series for p; with respect to the variables (r, v, t),
yielding to first order in dt,

pi(r+vdt, v+adt, t +dt)

B [0p1(r,v,t) dr 9Opi(r,v,t) dr Jpi(r,v,t)
=Vt et T e ta o
_ -8p1(r,V,t) apl(r7v7t) 8p1(r7vvt)
= pi(r,v,t) + _ 5 +v e +a v dt
[0p1(r,v,t)
= pi(r,v,t) + a0 +v-Vepi(r,v,t)+a-Vypi(r,v,t)| dt, (17)

where notation similar to a% = V, (for u =r,v) has been used for the del operators V,, = &a% +

Y& + 24 and V, = %52~ + §52- + 252 . Substituting the right-hand side of (16) into the left-hand
side of (17) gives the so-called Liouville’s formula

8p1 (I’, v, t)

5 +v-Vepi(r,v,t)+a-Vypi(r,v,t) =0. (18)

Liouville’s formula can also be written in terms of the total derivative dp;/dt for the evolution of a
volume element as it moves in p-space (different from 9p; /9t, which refers to the change in a volume
element at a specific u-space location):

dpi(r,v,t) _ 9pi(r,v,t)

i = 5 +v-Vepi(r,v,t) +a-Vypr(r,v,t) =0. (19)

This means that pi(r, v, t) is constant along a system phase space trajectory; Eq. (19) is also called the
collisionless Boltzmann equation.
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2.2 The Boltzmann collision integral

The collisionless Boltzmann equation is an equation of motion for a one-particle probability density
function p; (r, v, t), which is especially suitable for describing dilute gas. In the absence of interactions,
the particles are mutually independent and p; obeys the one-particle Liouville’s equation. So far we
have introduced the normalized probability density p(r, v, t) in I'-space, Eq. (1), and the reduced one-
particle probability density p1(r,v,?) in p-space, Eq. (4). Another useful interpretation of the one-
particle probability density is obtained when one multiplies p; by the number of particles NV inside a
phase space domain in p-space; this is the one-particle density distribution in phase space, denoted by
f1 (see [9]):
dSN(r,v,t)
d?rdd3v '’

fi(r,v,t) = /dsr d®v fi(r,v,t) = N . (20)

Here d° N (r, v, t) is the number of particles contained within the phase volume dyu(t) = d®r d3v around
(r,v) at time ¢t. Liouville’s equation says that if during the time interval d¢, we move along with a
representative particle in the phase volume element d3r d3v (enclosing IV particles) and observe the net
number §% N of particles that enter this volume element, we will find that 6N = 0 (note the difference
in meaning of ‘d’ and ‘9”). Thus, we get

8f1(1‘, v, t)

SN =
ot

+v- -V, filr,v,t) +a-V,fi(r,v,t)| Prd3vdt =0 (21)

or, in analogy to (19),

(where, as before, a = F/m is the particle acceleration, with m being the mass of the particle and F an
externally supported force).

The collisionless Boltzmann equation has to be adapted to handle the effects arising from inter-
actions between particles. The Boltzmann collision term discussed below considers only binary elastic
collisions. For short-range interactions, two-particle collisions are defined in terms of the pair correlation
function fo(r,v,r1,vy,t). The two colliding particles become dependent, and their density functions
fi(r,v,t) and f;(r1,v1,t) before collision must be replaced by the two-particle density distribution fo,
which is no longer constant along the phase space trajectories; Eq. (19) needs to be modified by

de(I'7V,I'17V1,t) o (5f2(r,v,r1,v1,t)

dt a 5t (22)

coll

The right-hand side of (22), [0 fa(r, v, r1,Vv1,t)/dt]con, is called the ‘collision integral’, and designates
symbolically the rate of change of the distribution due to the two-particle collisions, which is still to be
worked out. A heuristic validation of the Boltzmann equation including collisions in gases and plasmas
will be carried out. In the end, this heuristic approach will give the same result as more fundamental
derivations. The binary collisions occur in charged and neutral plasmas and involve atoms or molecules
in a dilute gas. Multiple coulomb interactions in a plasma, although they may be as important as binary
collisions, are ignored here. For binary collisions in the time interval d¢, the interaction result is charac-
terized by the net rate at which collisions either decrease or increase the number of particles in a p-space
volume element d®r d®v (cf. [9, 10]).

Figure 3 shows the numbers of particles d® N, and d® NV, that, at two instants ¢ and ¢t +dt, are within
a phase space volume element dy = d3r d®v, possibly distorted by the particle motion. It illustrates
particles entering and leaving the phase volume by virtue of collisions during the interval d¢. Some of
the particles that were at first in d®>r d3v may be removed from it, and particles originally outside this
volume element may end up inside it.
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v(t) = (ve, vy, 1)

| leaving |
f particle |

du(t +dt)

. e..rltering particle

| dpe) | . |
—_—— (y)=r(r)
6-dim p-space ‘ J

.

Fig. 3: Evolution of the number of particles in a volume element d*r(¢) d3v(¢) over a time interval dt in y-space

The net loss or gain of particles resulting from collisions in the time interval d¢ is, by (19) and (22),

dfa(r,v,r1,Vv1,t)
ot

N = dBrdivde, SN =Nt — 5N . (23)

coll

Here, 6 N~ is the loss part, due to collisions for which a particle within d®r of r has a velocity before
collision that is within d®>v of v; similarly,  N* is the gain part, caused by collisions for which a
particle within dr of r has a velocity affer collision that is within d*v of v.

For 6N, the velocities of the particles may be split into two groups: one contains velocities
in the slice d®v about v, and the other includes all other velocities, referred to as vi. The number of
particles removed from the phase volume element d3r d®v in time dt is the total number of collisions
that the particles v have with all the other particles v; during the time interval d¢. To compute 65N~
each collision between a pair of particles must satisfy the following: one particle of the first group (called
the v-particle) in the phase volume dr d®v about (r,v) is scattered out of the velocity slice d®v in the
time dt as a result of a collision with a particle of the second group (a v;-particle), which has a velocity
in d3v; about v; and a location in d3r; about ry (a priori not necessarily the same as d3v). Then

SN~ = (/ fo(r,v,ry,vi,t)d®r; d3v1> d3rdv . (24)
(r1,v1)

Recall that d®r; must be such that during dt, the vi-particles in d?ry experience a collision with
the v-particles inside d®r. We set up d®r; by considering a scattering event in the frame of the single v-
particle, as shown in Fig. 4. The particles inside d®>ry d3v; about (r1, vi) may be viewed as a v;-particle
flux incident on this v-particle. Figure 4 illustrates the scattering where the v1-particle flux approaches
the v-particle from the right at a velocity of |vq — v| with an impact parameter between b and b + db,
in a collision plane lying between the angles ¢ and ¢ + d¢. Accordingly, all v;-particles in the volume
of the cylinder of length |v; — v| dt¢ and base area b db d¢ experience a collision with the v-particles in
time d¢. So
d®r; = bdbde vy — v|dt. (25)

Substituting (25) into (24) transforms the equation into
N = < / fo(r,v,ry,vi,t)d3vy |vy — v]bdb d¢> d3rddvdt. (26)
(v1,b,9)

For 68Nt consider all particle-pair collisions that send one particle into the velocity slice d3v
about v in the time interval d¢, which is the inverse of the original collision (v,v;) = (v/,v}). The
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vy, —v|dt

—_— . e

bdbdd (sector area)

cylinder volume element
bdbd¢|v, — v|dt

v, -particle has velocity
|v; — v| in v-particle frame

Fig. 4: Sketch of scattering for §° N~ in the v-particle frame, where a v;-particle moves from the right towards
the v particle sitting in the vertical collision plane.

primed variables represent the inverse collision of the unprimed ones in (26). In analogy to (24), SN+t
can be written as

SONT = < / fo(x! v, r], v t) dPr) d3v/1) 3’ d3v' . 27)
(r1vh)
Equivalently, from the conservation of momentum and energy for elastic collisions between identical
particles, i.e.
2
vidvi=v 4V, vVIEvi=viiv)t = |v-vi=|v -V,
we obtain

SONT = (/( - fo(r! v 2, Vi, t) &3V v — v/| b dbd¢> d3r’ d3v' dt . (28)
Vi, 0,

In order to combine Egs. (26)—(28) and express 6°/N as a single integral with variables of inte-
gration vy, b and ¢, the integrands of 6 Nt and 6N~ have to be compatible. To verify this, one can
use the phase volume-invariant techniques based on change of variables involving unit Jacobian determi-
nants (see [10] and the above proof of Liouville’s theorem, for example). In particular, the phase volume
d3r d3v d3ry d3vy is a collisional invariant:

d3r d3v d3ry dPvy = &3 A3V d3r) A3V .
It follows that
55N = </ [fo(r', v/, x], v, t) — fa(r,v,r1, vy, 1)] d3vy [vi — V]| bdbqu) dBrddvde, (29)
(v1,b,0)

where there is no extra integration over v} thanks to the above collisional invariant. Substituting (29)
into (21) and cancelling the products d®r d3v dt, the total time-derivative d f; /dt turns into

dfi(r,v,t) _ 0fi(r,v,t)
dt a ot

— /( ) [fo(x', v/, P, V], 1) — fa(r,v,r1, v, t)] d3vy |vy — v|bdbdo,
Vlybu¢

+v- -V, fi(r,v,t)+a-V,fi(r,v,t)
(30)
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where the unprimed and primed distributions refer to the states before and after collision, respectively.

Finally, to deduce the Boltzmann equation from Eq. (30) we need a physical approximation en-
abling us to write f2 and f} in terms of f1 and f, so that (30) will reduce to an expression involving
a single integro-differential equation for fi(r,v,t). A conventional derivation of the Boltzmann equa-
tion might be considered too heuristic and does not provide a suitable basis for accurate investigation.
A better formal derivation of (30) could start out from knowledge of the N-particle joint probability
density py = p in the 6/V-dimensional I'-space (see Eq. (1)), in which the particle velocity v replaces
the momentum p. As the description of a system determined by a full phase density distribution is not
feasible, one could instead consider a subset of particles defining a reduced s-particle density function
fs- A particularly ingenious method for dealing with such a reduced density function fs (though not
pursued here) is the BBGKY hierarchy. In this formalism, f;, fo and fs are shown without proof as they
will not be used hereafter (notice our way of numbering the N particles {r,v,r;, v;}i=1 . n—1, rather
than using the usual order {r;, v;}i=1 . n):

N-—1
fl(rvvat) :N/ H dgridsvip(ravvrlavlw"7rN—1>VN—17t)7
i=1

N-1

fQ(I',V,I'l,Vl,t) = N(N— 1)/ H dgridgvip(ravvrlvvlv‘"aerlvaflat%
=2
fs(rav)rlvvlv'"arsfl)vsflvt)
N N—-1
:(N—S-i-l)!/Hdgri d*vi p(r,v,T1,v1,...,TN_1,VN_1,1) . (31)
i=s

Even so, this way of proceeding is not fully effective in practice. The one-particle density distribution
fi(r,v,t) in this sequence is important as it governs the evolution of the collision Boltzmann equa-
tion, provided that manageable approximate forms are available for the two-particle density distributions
fo(r,v,r,vy,t) and fo(r', v/, r/, v}, t). Many attempts have been made to derive the Boltzmann equa-
tion from first principles without resorting to approximations. However, a number of assumptions come
into play in all these derivations, which renders even the more formal analyses (e.g. the BBGKY hierar-
chy) somewhat ad hoc (see [8, 10-14]).

To find approximate closed-form solutions to Eq. (30) in terms of expressions relating fi(r, v, t)
and fa(r,v,r,vy,t), again consider a collision between v- and v;-particles, which emerge with veloc-
ities v/ and v/ from the collision. Suppose that the v-particle is located at (r,v) in the phase volume
d3r d®v and the vi-particle at (r,vy) in the phase volume d®r; d3v;. This means that collisions are
local in space and that the two particles are located at the same point; since r and r’ can be any points in
the respective phase volume elements, we must have d®>r; = d3r. Hence

f?(rvvarlvvlat) = fQ(I',V,I',Vl,t) .

The joint two-particle density distribution f is therefore homogeneous over the interaction domain
and may be characterized by a circle of radius rjy, considered to be infinitesimal relative to the mean free
path of the particles. Evaluating f5 at the same point r in space, regardless of the velocity, supposes that
the density distribution is below some small resolution in p-space and does not vary on scales of order
rine. When the particles are sufficiently far away from each other (Jr| > |riy|), the interaction vanishes.
When the particles enter the interaction domain (|r| < |riy|), they experience a collision. Figures 5 and
6 illustrate the geometry of a particle-pair scattering event involving two particles of velocities v and v,
viewed from a coordinate system in which the v-particle is at rest.

As the simplest and most drastic approximation that bypasses all the transformations related to
the BBGKY hierarchy, we adopt the ‘molecular chaos assumption’, which postulates the statistical inde-
pendence of colliding particles in the derivation of the Boltzmann collision integral. This means that the
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v -particle speed = v} —v

-

v, -particle
speed=v; —v

\Pis fT azimuth
/ P 'Ecattering angle
79\ angle @/
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( interactior;rang“e v, v’'-particles speed v,0'=0

(radius circle 7y,,)

Fig. 5: Particle-pair elastic scattering: the path r(p) of the v;-particle of mass m relative to the path of the v-
particle of the same mass in a frame where the origin of the v-particle is fixed (equivalent to the centre-of-mass
frame, in which the relative velocity of the v;-particle is v; — v and that of the v-particle is zero). The position
vectors ry and ro mark the entry and exit points of the v;-particle into and out of the interaction region; riy is the
interaction circle radius; 6 is the scattering angle, which depends on the impact parameter b; and ry, is the position
of the v-particle when it is at the distance of ‘closest approach’ from the scatterer (the v-particle). The scattering
angle 6 is related to ¢,,, via the rule 8 + 2¢,, = .

particles are assumed to be uncorrelated outside the effective range of their interaction. Therefore, their
trajectories before and after a collision are rectilinear. These constraints justify the above homogeneous
property, r = r1, of fs over the interaction range. Moreover, taking into account short-range interac-
tions as well, the pair density distribution fa(r,v,r,vy,t) can be approximated by the product of two
single-particle density distribution functions:

fQ(I‘,V,I‘,Vl,t) = fl(I‘,V,t)fl(I‘,Vl,t) ’ (32)

and similarly for fo(r,v’,r,v},t), where fo is evaluated at the same point assuming that r’ ~ r don’t
vary on scales of order rijp.

For example, in an inter-atomic potential the collision duration 7. is the time over which two
particles are within the effective range rjy of their interaction. For particles of a sufficiently dilute
gas (speed v = 102 ms~1) with short-range interactions rin ~ 107 10m (typically an atomic size under
standard conditions), the collision time is 7. = rin/v ~ 107'2s. From Figs. 5 and 6 we can see that
the initial (relative) velocity vi — v is transformed to the final velocity v — v’ through the relationship
between the impact parameter b and the scattering and azimuth angles (6, ¢). The expression for v} (b) =
v’ (0, ¢) is obtained by integration of the equations of motion. In elastic collisions, the relative velocity
|v1 —v| (or |v1]) just rotates without changing its magnitude to a final direction v{ — v’ (or v}) indicated
by the angles (6, ¢) = Q(b) (a unit vector). Equivalently, |v/| = |v;| and v} = |v1]| (D),

Substituting (32) into (30) results in the closed-form Boltzmann equation for fi, involving inte-
grals and partial derivatives of the distribution function:

dfi(r,v,t)
dt

:/( » [fi(e, v/ ) fir(x, v, t) — fi(r, v, ) fi(r, vi, t)] dvi v — v]bdbde .
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/
|| db(bdep)

dQ=sin 8dfd¢

Fig. 6: Particle-pair elastic scattering (different view): particles that hit the small ring (left part of diagram) between
impact parameter values b and b + db are scattered by an angle between 6 and 6 + d6 into a larger ring on a sphere
(right part of diagram), with a scatterer (the v-particle) at rest in the centre of the sphere (i.e. v = v’ = 0). Note
that the impact parameter r is equal to zero for a head-on collision. The incident v;-particle moves from the left
in the direction of the scatterer. As in Fig. 5, the angle 6 represents the scattering angle between the v/ -particle
velocity v} and the v;-particle velocity vi; ¢ is the azimuth (rotational) angle of v| — v’ about the vertical axis;
and df2 is the differential solid angle element of the small area in the large ring of the sphere.

Alternatively, upon expanding the total time-derivative d f; /dt,

Of1(r,v,t)
ot

:/( o) [f1(e, v/ ) fr(x, v, t) = fi(r, v, 0) fi(r, vi, )] vy [vi — v]bdbdé .

+v- vrfl(rv"?t) +a- V’Ufl(rav7t)
(33)

Consider a particle beam of flux (intensity) I (in units of [particle/(s m?)]) incident on a scatterer
located at the origin. The differential scattering cross-section o(6,¢) [m?] is defined as the number
of particles scattered per second per unit incident flux, at a solid angle oriented in the direction of the
outgoing flux after the collision, labelled by the solid angle vector Q. Geometrically, o(6, ¢) can be
understood as saying that the number of particles scattered into the solid angle element df2 per unit time
is equal to the number of particles crossing an area equal to o (6, ¢) d2 in the incident beam, as illustrated
in Fig. 6, where the differential solid angle element of the small area in the large ring of the sphere is
expressed as

Io(6, ¢)dS2 = number of particles scattered per second into the solid angle element df2
oriented at  with differential solid angle
dQ = rsinfde(rdf)/r? = sinfdfde [rad?] .
This number of particles is the number traversing the annulus element b db d¢, so

b (b
sin 6 | df

I0(0,¢)dQ = Ibdbdg = o(0,¢) = : (34)

where the modulus sign is needed because b and 6 may change in opposite directions but the cross-section
o (0, ¢) is always positive. The detailed form of o (6, ¢) depends on the inter-particle potential.

Comment: o(6,¢) can depend on the azimuth angle ¢, but nearly all potentials are spherically
symmetric so that o = o(6) depends only on 6 (or on the impact parameter b). Note that the alternative
notation |do/d(?] is often used instead of o for the differential cross-section.
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To illustrate the meaning of the differential cross-section with a simple example, consider an elastic
collision involving a light point-like particle hitting a heavy hard sphere of radius 7. From Fig. 7 it can be
seen that the scattering angle € is linked to the impact parameter through b = r sin ¢,,, = rsin[(7—6)/2],
with b < r. The differential cross-section is then calculated from (34) as

r . |m 6]|d om0
0(9’¢):sin98m [2—2] de<rsm [2—2]>'

re |:7T 0} |:7T 9]
= sin|— —=|cos |=—— =

2sinf 2 2 2 2
r? 1 ™ 0 r?
prg — g1 2 —_— = = 1
2 sin 0 (2‘%[ (2 Q)D Zsing Y
r? . (b
= 0(0,¢) = R 0 =m—2arcsin | — | . (35)
r

In this example, the cross-section o =72 /4 does not depend on the scattering angle 6 (nor on the azimuth
angle ¢). In particular, § = 7 for b = 0 (head-on collision) and § = 0 for b > r.

v} -particle
speed = v} —v'

v, -particle
speed = v, —v

O—b—

b

v, v'-sphere
speed v,v'=0

Fig. 7: Tiny elastic particle scattering from a rigid sphere. Irrespective of the impact parameter value b < r, the

sphere radius 7 is equal to the distance of ‘closest approach’ of the scattering sphere, and 0 + 2¢,,, = 7.

As another example, illustrated by Figs. 5 and 6, the differential scattering cross-section o (6, ¢)
for the Coulomb potential U (r) can be cast into the form (see e.g. [9])

U(r) 1 e? b3 b e? (36)
r)= —, 00) = ——F——, = .
dmeg T 4sin*(6/2) 0 2megm [vy — v|?
The equation for the scattering angle in a Coulomb potential can be written as
bo 6 bO
0 = 2arctan (=) tan (5) =22 37
arctan b <= tan 5 b (37)

Notice that by is the value of the impact parameter b for a 7/2 scattering angle (not true for relativistic
elastic particle collisions). Also, for b = 0 we have § = 7.

Replacing bdbd¢ by o (6, ¢) dS2 in Eq. (33), we obtain the following expression for the Boltzmann
collision integral:

afl(ra \Z t)
ot

- /( 0,6) [fl(r,vl,t)fl(rvvllat) - fl(ravat)fl(r,VLt)] d3V1 ’Vl - V| 0'(9, ¢) dQ.

+v- -V, fi(r,v,t)+a-V,fi(r,v,t)
(38)
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The external force F = ma may also include the Lorentz force F = e(E + v x B) due to externally
applied fields. If the force is derived from a potential, i.e. F = —V, U (r), then (38) can be written in the
following form, using 9/0u =V, (u=r,v):

[8 o 10U 0

&‘Fv'a—ag'a Ji(r,v,t)
(39)

:/( 0.0 [fl(r,v/,t)fl(r,vll,t) — fl(I‘,V,t)f1(r,v17t)] a3y, i — v] o (6, $) Q.

The Boltzmann equation is a nonlinear integro-differential equation, which is not easy to solve. The
terms on the left-hand side of (39) describe the motion of a single particle in an external potential, while
the right-hand side consists of the collision terms. The equation can be physically interpreted as meaning
that ‘the probability of finding a particle of velocity v at position r suddenly changes if that particle
experiences a collision with another particle of velocity v;’. The probability of a collision depends on the
differential cross-section o of the incident particle flux, which is proportional to |[v; — v|, and on the joint
probability of finding the two particles at r given their velocities, approximated by f1(r,v) fi(r, vy).

To summarize, the ‘heuristic derivation’ of the one-particle Boltzmann equation has required sev-
eral strong assumptions, namely:
— the two-particle density distribution is homogeneous over the range of interaction;
— molecular chaos, i.e. the velocities of two colliding particles are uncorrelated;
— the range of particle interaction over the mean free path is much smaller than unity;
— the particle trajectories are rectilinear before and after collision.

2.2.1 The Maxwell-Boltzmann distribution

For gas molecules in a closed box, the modelling approach consists of establishing the equation(s) de-
termining the evolution of the particle density function at equilibrium [8,9, 13]. An equilibrium density
distribution function is defined as a solution f;(r, v) of the Boltzmann equation that has no explicit time
dependence and so satisfies df1(r,v)/0t = 0. Moreover, one assumes the absence of external forces,
i.e.a = F/m = 0, and a uniform particle distribution in space, i.e. fi(r,v) is homogeneous so that the
density distribution is independent of r and thus V, f1(v) = 0. By Eq. (39), this equilibrium distribution
function, denoted by f14(v), satisfies

0 :/( . DAV = IO v)] dvi v = v] o () d, (40)

where v is an arbitrary velocity. It follows that f;*(v), known as the Maxwell-Boltzmann distribution
function, satisfies the condition

RV = R W) () = 0. @1
Taking the logarithm of (41) yields
I fA(v) +In f8(vD) = In (V) + In fy¥ (va) - 42)

This equation is a summation invariant because the doublets {v, vy} and {v’,v/|} are the potential
‘initial’ and ‘final’ velocities of a particle-pair collision process {v,v1} — {v/,v}}. Thus, In f{*(v)
can be formulated by linearly mixing the invariants ‘mass’ m, ‘momentum’ mv, and ‘kinetic energy’
m|v|?/2 = mv?/2 with the constants ag, as and a; = a1 X + a1,y + a1,z in the form

2

In fleq(v) = m<ao +a-v— a22v > , (43)

304



INTRABEAM SCATTERING: ANATOMY OF THE THEORY

where the minus sign is introduced for later convenience. This equation can be expressed in a compact
form by completing the square on its right-hand side using the formula

b\? b2
ar’+br+c=alz+—) +(c——]|. (44)
2a 4a

Letting z — v, 2 5 v a— —ag/2, b — aj, ¢ — ay, the quadratic equation (43) can be written as

2
In f{i(v) =m <_a22v +ap-v+ a())
mao ai 2 a% masg 2
=——|v——) +mla+—)=—"F-(v—vo) +InC, (45)
2 as 2a9 2

where the extra constants In C' = m(ag + a?/(2az)) and v = aj /as have been introduced to simplify
the expression. Taking the exponential of In f] gives

fq(v) = Cexp [—;mag(v - vo)ﬂ , (46)

which is the Maxwell-Boltzmann equilibrium distribution function. Equation (46) contains five constant
coefficients to be determined, namely C, a2 and the three components of vo = vg X + vg ¥y + v0,.2.
These constants can be deduced from observable physical properties of the system, such as the particle
density n, the average velocity (v), the temperature 7" and the average kinetic energy (mv?/2).

For a uniformly distributed system of N particles enclosed in a box of volume V' (i.e. fi" is inde-
pendent of r), the particle density n is constant and is expressed according to the following normalization
conditions:

N:/ffq(v) d3r dv, n= N :/ H(v)dv. (47)

Performing the change of variables w = v — vg with w = w,X + w,y + w.z, we find that

1
n= C’/ exp [—2ma2w2] d3w

T 1 27\ /2
= C/// exp [—zmag(wﬁ + wf/ + wz)} dw, dw, dw, = C (W) , (48)
—0oQ
so that C is determined as a function of the constant as,
3/2
2T

Using (49) and v = w + vy, the average velocity (v) is similarly evaluated as

fv erq(v) d3V mas 3/2 1
e Iy ff}](") Bv ( 27r2) /vveXp {_Qmaz(v — v0)2] d3v

3/2 1 1
(@) / W exp [—mang] dBw + Cvo/ exp [—maQWQ] dw
27 w 2 n w 2

+00
3/2 1
(ma2> ///(wxﬁc + wyy + w.2z) exp [—Qmaz (w2 + w2 + wg)} dw, dw, dw,

2
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2T

(ma2>3/2 < 2 )3/2
=\l5=) Vvol|— =Vo,
2w mas

where we have used the fact that the integrand w exp[—(masz/2)w?] in (50) is an odd function of w so
that this integral is equal to zero. Therefore

+oo
3/2 1
+(50) v // / exp {_2%2 (w3 + wjy +w?) | dw, dw, dw, (50)

vo = (V).

This shows that the constant v represents the mean particle velocity (v). Indeed, for a stationary box
containing N gas particles moving at random, there is evidently no particle translational motion as a
whole, so vg = 0.

Finally, let us calculate the average kinetic energy (mv?/2) where the ‘overall particle drift’ v is
set to zero for convenience (i.e. there is no global particle translational motion). Symmetry considerations
suggest that

(v7) = (vy) = (v3) = (V%) = (vF + vy +v2) = 3(v3),
so it suffices to compute (v2) to obtain (v?2). Using (49),

L o _fv%vszq(v)dg)v_ mag\3/2 [ mv? 1 5] 3
<§mv>_ L7 (v) ddy _<27r> e | mgmav) dy

:% mag 3/2m///v 02+ o?) exp [~

1 /mag\3/2 ma

2 () m/// 3o exp [ =752 (02 + vj + oF) | duw doy do
“+o0o

3 3/2
=3 (@) m [ v2exp {—m@vﬂ dv,

(vg + vf/ + vg)} dv, dv, dv,

27 2 °
—0o0
+o0o “+o0o
X /exp [— mZaQ U?ﬂ dvy/exp [— m2ag U?} dv,
—o0 —o0
p T
3 /mag\1/2 masg 3
:2<27r> m/viexp[— > vi] dvx:@. (51)
—0o0

To quantify the constant a2, we need to introduce some ‘physics’. We use the thermodynamic definition
of temperature 7', ‘experimentally’ related to the particle kinetic energy via

3 1 3 1 m \3/2
KT = (omv?) = 2 — — = C=n(—2)", 52

2 2"V ) T 20y kT 27 kT (52)
where k is the Boltzmann constant. Substituting the constants C' and a9 into Eq. (46) and reinserting
the overall particle drift constant vq for completeness, the equilibrium distribution function f;(v) in the
absence of external forcing becomes

€q

1(v)= anexp [ 2kT(V —vp)?| . (53)
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3 Intrabeam scattering
3.1 Particle-pair collisions

Intrabeam scattering (IBS), the scattering of particles within a beam, belongs to the category of processes
not governed by Liouville’s theorem. Other such processes include scattering on residual gas in particle
accelerators and storage rings, which leads to a continuous rise in normalized emittance. A related
phenomenon is the cooling of one beam by another mixed with it and travelling at the same velocity
(e.g. the electron cooling of antiproton beams [15]). A characteristic feature of IBS is the rise time or
damping time of the beam dimensions. In some situations IBS leads to the redistribution of partial beam
emittances, which can cause undesirable beam dilution in phase space or could heat the beam as a whole
(i.e. it may increase the partial beam emittances simultaneously).

Here, we follow the ingenious approach of Ya. S. Derbenev [16] and A. H. Sgrensen [17] to
studying the self-blowing and damping of a relativistic stored bunch caused by particle-pair collisions.
In this process, the scattering between particles induces an energy exchange between transverse and
longitudinal motions. Small transverse momenta are transformed into amplified longitudinal fluctuations
due to the relativistic Lorentz factor in the transformation.

Comment: If the longitudinal momenta acquired during a single particle-pair collision exceed the
momentum acceptance of the RF bucket that keeps the beam bunched, or if the particles hit the aperture
when displaced by dispersion, the particles will get lost. This process, referred to as the Touschek effect,
results in a finite lifetime for a bunched beam.

In greater detail, let us consider a ‘simple’ Coulomb collision model involving two particles (la-
belled 1 and 2) with initially equal and opposite momenta, p;, , = &[pz|X. As a result of the 7/2
scattering angle, the two momenta completely transfer into longitudinal momenta (along the s-axis) par-
allel to the circulating beam. Equilibrium beam conditions at energies below and above the ring transition
energy are assessed. In the ‘laboratory frame’, the transverse components of the two momenta remain
unchanged from their ‘beam frame’ values.

The two opposite post-collision longitudinal momentum components, written as Ap" o= :l:Apil,

represent the departures from the beam average momentum py = |po|$ = ymvy (in the beam frame
Po = |Po|$ = 0). Viewed in the laboratory frame, Ap’H1 and Ath are both larger by a Lorentz factor

y=(1 —v3/c?)~"/2 than their transverse momentum components before the collision. The factor  is
related to the average beam relativistic energy E =ymc? and momentum po = ymvy, as shown in Fig. 8
(see also [16] and [18]). The following equation expresses the preservation of the sum of the squared
momenta in the beam frame after the collision:

2 2 _ =l 12 4 |af |2
| 2 = [p], 12 +p],|

P |" +PL,

Observe that the momentum deviations in (8) are defined in the two frames (with |p,| = |pz| =pz) as
_ _ 1~ def _ _ — A
Beam frame (po = |po|§ = 0): Pli, =Dui, = FIp2|%,
P|,, = Ps,, = £[Pals;
def . (54)
Laboratory frame (po = ymvo): Apl,, = Pl,, = Ps;» = F|Pz[X,

def

Apj,, = P, , = Pl = TV[paf$.

/

ll,2
The horizontal single-particle emittance relates to the Courant—Snyder invariant (see Eq. (6)),

where o, B, and v, are the Twiss parameters of the lattice, D, is the momentum dispersion function

and 2’ = |pz|/|po| = p=/po:

14 a?
€g = fyxa:% + 2axm5x/ﬁ + 5$x’52 — 7 :vx% _
X

A
ﬂ;x/g:cb + Bxx'g , rg =1 — Dxp—f . (55
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Fig. 8: Particle-pair elastic Coulomb scattering between two particles with momenta p, 1 2 =p, 1,2 before col-
lision when viewed in the laboratory frame (LAB), or p 1,2 if viewed in the beam frame (BF). After collision
the particles’ initial momenta become longitudinal, ipTMl)Q. A bar on top of a momentum indicates the beam
frame, and a prime denotes momentum after collision. The post-collision momenta Apflli2 are just the momentum
deviations from the average velocity pg of the particle stream. '

Now, neglecting the derivatives of the lattice parameters 3, and D, yields 3, = D, =0, and the emittance
reduces to

er = (a3 + f2a) (56)
B
Assume that the particle interaction point © = x1 2 stays constant during the collision time and
that the scattering angles x’LQ = Pz, /|Po| vary instantaneously with the momentum change. Then,
the kinematic picture of the particle collision can be cast in terms of the betatron amplitude x5 and its
derivative x,’B as follows:

Before collision: zg,, = x, T, , = Do _ 4 Pe,
A
After collision: g, , =12 — Dm—p =T Dwfy&, Tig=xzp5 ,=0.
' Po Po ’ '
In the above we have used the relations
Ap;, , = Ap|,, = £YIP 1, o]%X = £[Pa X = £7[Pal%, (58)
Ap
D$| 31,2| _ inw’px’ ‘ (59)
Ipol pol

Using Egs. (55)—(59), we can evaluate the change in the sum of emittances of the two colliding
particles:

BxA(Eml + 5952) — AEM + A€x2 — (e,_:?cfltcoll . Ebefcoll) + (gif;coll _ €lgace2fcoll)

2 2
:{[<x1—D;¢;’Ypm> +0 2+ B2 (le> ]}
Po Po
2
75+ B (p) ”
Po
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2
e
bo
2
Po
2
= {—2wap”” + (p> (D? - ﬁ%)}
Po DPo
2
+ {2xD$'ypx + (]%) (D?ng — g)}
Po DPo
2
=2 (=) o0, w
Po

where 1 = z2 = x and A(ey, + £4,) symbolically represents the sum of the two particles’ emittance
variations before and after the collision. Hence

2 [y 2/p2 1
A(ex1+ex2)=ﬁx<§o) (D2* — B2) = 28,7 <po) <6§_72)' (61)

The following approximations for the betatron and momentum dispersion functions, referred to as the
smooth focusing approximation, can be written in the form

Ry ) D (D 1
9 x/ =~ ~ ~ .

Qz Qz BE o (B)? Q2

Here, R is the mean ring radius and @), is the horizontal tune. Introducing the momentum compaction

factor oy, with associated transition energy v¢mc? and slip factor 1, plus ring curvature radius p, we get
(seee.g. [18,19])

(Be) ~ (62)

def 1 1 1
Y= - =
N 7 v
A

e f (B 5~ ()t e

Note that the contribution to the integral in (63) vanishes in the straight section of the lattice where
p(s) — oo. The transition energy is therefore the energy for which the slip factor vanishes. Combining
Eq. (61) with the smooth approximations (62) and (63), the change in the sum of the particle emittances

o
-

€

; m =

)

[\

VA

becomes
2 2 2
Pz (Dg) 1 o Pz 1 1
Alee, + o :2@02() < —):296 =) 5-5
(Ear - €a2) 7\ o (Bz)? A2 Part Po AP
2
— 28,7 <p ) M - (64)
bo
In summary:

— Above the transition (y >, 7+ > 0): the collisions lead to increased oscillation amplitudes, giving
rise to horizontal emittance growth, so that the beam cannot reach an equilibrium.

— Below the transition (v <, 7+ < 0): the collisions lead to decreased oscillation amplitudes, giving
rise to horizontal emittance reduction, and so a beam equilibrium can exist.
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3.2 The original Piwinski IBS model
3.2.1 Introduction

Intrabeam scattering in weak-focusing or smooth ring lattices can be related to scattering of gas molecules
in a closed box, where the walls behave like quadrupole focusing forces and the RF voltage keeps the
particles together. The scattering of the molecules leads to the Maxwell-Boltzmann distribution (53)
of the three velocity components (v, v, vs), Where m is the molecule mass, 7' the temperature, k the
Boltzmann’s constant, n the volume density of the gas and f; the density distribution

1

iy P mlve + 2+ v [RT)] (65)

fl(vx’ UZ7 US) =
The original coordinates v = v,X + v,y + v,Z of Eq. (53) have been transformed to the curvilinear
coordinate system v, X + v,z + vsS, often used to describe particle motion in synchrotrons, where s is
the arc length along the reference orbit. The difference between IBS and scattering of gas molecules
enclosed in a box is due to the curvature of the ring orbit.

Orbit curvature

— The curvature of the reference orbit produces a dispersion, so that a sudden change of energy will
change the betatron amplitudes and initiate a synchro-betatron oscillation coupling.

— The curvature also gives rise to the negative mass instability; that is, when a particle accelerates
above transition it becomes slower and behaves like a particle with negative mass, and so an equi-
librium of particles above the transition energy cannot exist. Additional comment: In a particle
accelerator the transition energy y?mc? is attained once v2 =~7 = o, ' =(dp/p)/(dR/R), where
the last term of this formula is the ratio of the relative momentum change to the relative orbit radius
change.

Above transition

— The IBS effect is to increase the three bunch dimensions; that is, there is a continuous emittance
increase in both the transverse and the longitudinal directions.

— For instance, in the LHC at 7 TeV, although v = 7461 >> ~, ~53.8 (1; ~ 3.4x10~%), the undesirable
growth of the bunch emittances caused by IBS is counterbalanced by the synchrotron radiation
damping effect.

Below transition

— An equilibrium particle distribution between the partial transverse and longitudinal emittances can
exist, provided the conditions for the smooth focusing approximation hold, i.e. for weak-focusing
accelerators and storage rings or for sufficiently smooth lattices. If these conditions do not hold,
an equilibrium particle distribution may not exist.

— For example, in the strong-focusing compact ring ELENA, to decelerate at 100keV and cool the
antiprotons sent by the Antiproton Decelerator to give dense beams, a redistribution of partial
emittances due to IBS is anticipated, even though v ~ 1.0 < v, ~ 1.9 (n; = —0.72).

3.2.2 Core intrabeam scattering model

The mathematics of IBS is rather complicated. Calculation of the growth rates in each degree of freedom
involves integration and averaging procedures that cannot be undertaken entirely analytically and may
need to be finished by computer. At present, various IBS computer codes are available which implement
the different models developed so far. The inputs are the lattice parameters of the accelerator or storage
ring (Twiss parameters, momentum dispersion function and its derivative, etc.) and the beam characteris-
tics (e.g. bunched or coasting beam, number of circulating particles, momentum spread and emittances).
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The main outputs are the rise/damping times (or growth/damping rates) for the horizontal, vertical and
longitudinal emittances and the momentum spread.

Here we follow the approach of A. Piwinski [1,20] to work out in some detail the growth or decay
rates of the beam dimensions due to the IBS effect. The strategy can be outlined in six steps as follows.

Step 1: Transform the momenta of the two colliding particles from the laboratory frame to the beam
frame.

Step 2: Calculate the changes in momenta due to an elastic collision.

Step 3: Transform the momenta back to the laboratory frame.

Step 4: Relate the changes in momenta to changes in transverse and longitudinal emittances.

Step 5: Average over the scattering angle distribution using the classical Rutherford cross-section.
Step 6: Average over the distributions of the particle momenta and positions within a bunch.

Steps 1-3: Momentum kinematics
In line with Piwinski’s approach, the relative momentum changes dp; »/|p| from the average particle
momentum p after a collision between two particles (labelled 1 and 2) can be obtained from the first
three steps listed above (which is a fairly lengthy task). For brevity, we will omit some details of the
calculations.

First of all, the partial longitudinal, horizontal and vertical particle momenta (ps, ,, Pz; o, Pz, 5)
before the collision can be represented in the (s, z, z) coordinate system of the laboratory (or rest) frame
(LAB) attached to the reference orbit of the storage ring (supposing that ps, , ~p1 2):

A A . A VA A o A VRS /oA
P1,2 = Psy 28 + Pz X + Pz122 = Psy 2 (S + Ty 90X + ZI,QZ) ~ P12 (S + L1,.2X + Zl,QZ) ) (66)

where 2 5 = pz, ,/Ps,, and 2] 9 = Pz, ,/ps, , are the betatron angles and 8, % and 2 are unit vectors
parallel to the s, x and z coordinate axes. Then, an extra coordinate system with axes (u, v, w) oriented
along the unit vectors (11, v, z) is defined in the LAB frame for an ensuing Lorentz transformation parallel
to p1 + p2 longitudinally, to p; X ps horizontally and to (p; + p2) X (p1 X p2) vertically:

p1 + P2 o
VvV =

P1tP2 WX,
Ip1 + P2 |P1 X P2

&= P1 X P2 R 67)

The particle momenta can then be represented in this coordinate system as
P1,2 = Ps1» (cos 1204 0V £5sin aLQ\?v) N P12 (cos o120+ 0V £sin ozLQ\fV) , (68)

where o o are the angles between the vectors p1 + p2 and p1 2 (see Fig. 9).

Comment: Momentum-Energy Lorentz Transformation. Let a particle moving at velocity
v, a9 Bucti along the u-axis in the LAB frame (u,v) and at V,u def Bycii in the CM frame (@, ?)
(overbars refer to the CM system). The relative velocity parallel to the u-axis between the two inertial
frames is denoted V, o Brca. The subscript on the §°s and ’s mean 3(V,,),v(Vy,) or B(V;),v(V;)
(the relative frame ‘velocity’ V,.11). The total energy and momentum in the LAB frame are F = m’yu02

and p, =My, Buc= ]_E?Bu /e, with ,, = (1 — BZ) -V 2. The factor 7,, stated in term of +,, and ~, is needful
to compute energy E = myac® and momentum p,, = mygPuc. Using the formula for the additions of
velocities 8, = (By—Br)/(1—Bufr), we compute vz =4,V (1—BufBr). So, the Lorentz transformations

from the LAB to the CM frame (and vice versa) on the u- and v-directions V,,v def Byc v are (cf. [21]):

{ﬁu = 'Yr(pu - ﬁrE/c)a E/C = 'Yr(E/C - Brpu)}7 {pu = (’Yrﬁu + BrE_‘/C)v E/C = 'Yr(E_‘/C - Brﬁu)}
{ﬁuzpv,E_'/C:E/C}, {pv:ﬁvyE/C:E/C}
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<4

P1XP2
[p1Xp.|

G4
E Y

P1g=pySinaw

W=1UX7D LAB

Fig. 9: Relationship between the rest coordinate system (S,X,z) (i.e. LAB frame) and the overlaid (i, Vv, W)
coordinate system aligned on the centre-of-mass motion. Geometrically we have pi, 2, = £pi2sinag 2w,
P14,2, = P1,2€08 a1 20 and py, 2, = 0, since V is perpendicular to the plane containing p1,2. Also, p; - p2 =
p1p2 cos[ar +as] and py sin oy =ps sin ag (cf. Piwinski [1]).

We now perform the Lorentz transformations along the u-axis parallel to the sum of the two

momenta in Fig. 9, py, def P1+Pp2, and the sum of the two energies, F,, def F1+ Es. The velocity of the
CM frame (1, v, W) relative to the LAB frame (8, X, Z) is 3, with Lorentz factor 7, and 31 2c and 71 2
are the velocities and Lorentz factors of pq 2 in the LAB frame. Hence, the momentum-energy Lorentz
transformation parallel to the u-axis gives the momentum in the CM frame, with the help of Eq. (68):

_ Ei2)\ -~ P12\ »
P12, = ’Yr<!p1,2ﬁ! — fr— )u =% <|p1,2ﬁ| - /Br| 2| u
c B1,2

P12| )~ B =
= %(!pm\ cosayo — /Br’ ! 2‘>u =P12n (COS 19— = ) u, (69)
B2 Bi,2
where the subscript u on the left-hand side refers to the component p; 2 along the -axis. The relative
velocity S, of the CM frame is fixed by the necessity that p; +p2 =0 (cf. Piwinski [22] Appendix Al).
Using Eq. (69) and with |py 2| =my1 231 2¢ for the two LAB frame particles one get:

IP1. + P2, | = myre(=Br (71 + 72) + Biy1 cosar + fayzcosag) =0,  solving for f; gives:

g = Prycosan + P cosan p1+pofc (1— 822 (1 L et p2|262>_1/2
' 7+ S B+E T ' (B1 + E)? ’
y2=(1-82)" ! (n+92)" ~ 7 __r (70)
2 1+7172—Fimfaye coslar+ao]  1+92—=F242(1-202) 145329202
which in turn yields the approximate relative velocity of the CM frame 3, = /72 —1/v; =~ f(1—a?/2).
Also By 5 = mC2’)/1’2, p1,2C = mc261727172, cos|ai+as] =cos 2a, p1-p2 = p1p2 cos 2a, ﬂ272:72—1,
assuming ps, , &p1,2, T o X Pry , /P, 21 97D, ,/P<K 1, and a1 &y = a, see Eq. (75), and since:

pPi1t+p2= (p1 cos a1 +po Cos 042) u-+ (p1 sin ap —po sin ag)\?v = (p1 COS a1 +p2 Ccos 042) u (Fig. 9),
Ip1|sinag =|ps|sinas, |[p1+pa2|=mec(Biy1cosar+Bayacosas), Ei+Ey=mc*(v1+72).
Completing Eq. (69) with the Lorentz transformation on the w-axis using Eq. (68), the component

on the v-axis being null, and adding the Lorentz transformation for the energy, we get the three momenta
and the energy expressed in the CM frame (1, v, w) (Eq. (71) will be set in a more operable form below):

E1+Ey
27,

_ 6 ~ ~ . A —
P12=D12 [% (COS 12— ;)u +0v £sin 041,2W] , Bip=2%(1-BB12cosarz)= . (71)

B1,2
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By symmetry, the changes in momenta of the two colliding particles have the same absolute values but
opposite signs in the CM frame, their directions are described by the two angles ¢ and ¢ (see Fig. 10).

[_)'1’2 = :I:[(ﬁw sin 1) cos ¢ + Py COS’(,Z_J)ﬁ + psinesinv + (ﬁw cos 1) — Py sind—)cosé)viv} . (T2

Let us summarize this ‘gymnastic’ back and forth between the rest and centre-of-mass frames:

Fig. 10: Changes of momenta in a particle-pair collision in the centre-of-mass coordinate system (Ref. [1])

Before collision (Fig. 9)

(a) LAB frame coordinate system (8, X, z): the three momenta of the two particles are given in (66),
P12 = pslygé + pm,gf( + pzlyzi ~ P12 (é + .%'/172)2 + 21’22) :

(b) LAB frame (11, v, W): the three momenta of the two particles reduce to two momenta, which can
be written using the angles a1 2 between the u-axis and the particle momenta as (68),

P12 =DP1,2 (COS Oél,gfl + 0V +£sin aLQW) .

(c) CM frame (1, Vv, w): the two particle momenta in the CM frame calculated by way of a Lorentz
transformation parallel to the u-axis can be cast into the form (71) ,

P12 =P12 |}Yr <cos a1, — ?) u+0v +£sin avav] .
1,2

After collision (Fig. 10)
(a) CM frame Sﬁ, v, w): the two particle momenta are rotated by the axial and azimuthal scattering
angles (v, ¢); they are stated in (72),
[‘)’172: + [(ﬁw sinvfj cosqg + Pa Cosd_})ﬁ —l—ﬁsind_}singf_nif + (pw cosqz — Da simﬂcos g?))\fv} .

(b) LAB frame (11, v, W): the two momenta are transformed back to the laboratory coordinate system
after the collision; they can be expressed as

Plo = pl,z{% [i sin 1) cos ¢ sin ag 2 + cos Py, <cos a1z — ;r >] a
12

+ [:l: sin 1) sin J,L — sint) cos ¢ <cos a1 — ”Brﬂ v+ [cosggsin 041,2} \?v} . (73)
P12 B2
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Therefore, for the two particles colliding with each other, the change in the particle momenta Jp; 5 in
the laboratory frame (11, v, W) is obtained immediately by subtracting (68) from (73). The result is

0P12 = Pl2 — P12

- p1,2{’yr [i sin cos g sin vy o + (cos i — 1) (COS Qi — /Bﬁr)} a
1,2

+ [Sinw sin ¢p} v - [Sinw cos ¢ (cos a1 — Br) + (cos ¢ — 1) sin 04172:| W} . (74
P12 B1,2

More approximations are needed to progress further. Let us introduce the three angles £, 6 and (,
used as integration variables for the averaging process over the particle distribution inside the bunch. It is
assumed that, in the LAB frame, the angle between the two colliding particle momenta is small, and that
the derivatives :1:’172, 2112 of x1 2, 21,2 with respect to the longitudinal axis are equal to the small angles
the particles make with this s-axis, that is Dsy.2 D125 37/1,2 <1 and 2172 < 1, which implies o) 2oz~ «
as seen above (cf. also Fig. 9).

,yé-:pl_pQ ezpzl_pm:x/ C:pZ1_pZQEZ/ /

/
) 1~ Lo, 17 %2,
p p b (75)

2a:a1+a2:\/(:r’l—xg)?—l—(zi—zé)Q:\/024—(2.

Comment: The first expression in (75) can also be written as v =[(p1—p)—(p2—p)]/p= Ap1 /p—LAp2 / p.

Using Eqgs. (70) and (75) with the above approximations and expanding the cosine and sine func-
tions in power series to second-order, Eq. (71) simplifies (see [6,22] for more details) supposing that
v2a? < 1, where p=|p| is the average momentum value of all particles in the bunch. One obtain

Bio= i%’ [5\/1 + B220%0 + 0% + 204VAV]

zig[gﬁwmzav@] zig[m‘pﬁ

f4 0%+ an?v] . (76)
P

Finally, it remains to formulate the change of momenta dp1 2 for the two colliding particles (74) in
the laboratory frame (S, X, z) of the storage ring coordinate system. After some manipulations the result
can be written in the form (see Piwinski [1])

5p1,2 B p/1,2 — P12 61781,2 3 +5pz1’2f( +6p21,22

= %[2704 cos ¢psintp +v€(cosp — 1)]8

pl [Pl p p P
1 /1 N A W 0 RN
—1—5 ¢ —I—Fﬂsm(b—%cosgb siny) + O(cosp — 1) | x

1
2

(9\/1 + 4;25111@5— ;COSQ‘s) sinv 4 ((cos ) — 1)] z. (1)

Equation (77) captures the essence of the intrabeam collision process.

Step 4: Emittance change induced by momentum change

The change in the particle momenta after collision leads to a parallel change in the particle invariants,
namely the longitudinal and transverse emittances. These changes can be calculated by supposing that
the transverse particle positions are not altered during the interaction time (assumed to be short enough).
From now on we focus the analysis of bunched beams. The radial particle movement from the reference
closed orbit is the sum of the betatron motion xg and the momentum deviation contribution from the
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product of the momentum dispersion function D, . and the relative momentum deviation Ap/p. To
simplify the notation, we assume that the reference orbit lies in the plane containing the s- and z-axes;
that is, no orbit curvature takes place in the vertical direction z, so that D.(s) = 0. Then

_ D=

A
x:a:/g—l—Dz?p, z=2z3 and x’:?:m%—D;?, z

A
Pzl (78)
P

The invariants of the motion are the single-particle fransverse emittances ¢, . (identified with the
Courant—Snyder invariant) and the longitudinal invariant H for a bunched beam:

Ap 2 1 [d Ap 2
eo = aTh + 20,2575 + fprf and H = (p) + o [dt (p : (79)
where oy, B, and ~, are the Twiss parameters, with 5,7y, — a% = 1 and 2a, = —/3,, and  is the
synchrotron frequency.

The change de,, in the invariant €, after collision is given by
dep = Y2 (225025 + 6:1:%) + 20, (250w + 250w + dxa0ay) + Lo (2202 + (536’52) ) (80)

Replace x with z to get de.,.

It has already been assumed that the ring lattice is vertically free of dispersion, i.e. D, = D’, = 0.
Suppose also that x1 2 and z1 2 stay constant during the short collision time, so that only x’m and 31,2
vary with the change in momentum. Now 6(Ap/p) = 0p/p, as the average (or reference) momentum
Ps = |ps| remains constant if the beam is not accelerated.

Comment: Indeed, §(Ap/p) =6[(p—ps)/ps| =0p/ps—0ps/ps =09p/ps = 0p/p as ps is constant.
Defining n = Ap/p gives dn = op/p.
So the variations 6z, 6y and 0z} can be formulated in terms of the betatron amplitudes as

Ope _ py 0P, 52ty = op: 1)

p p p

0
(5%’5 = —Dxﬁ, (5.@’6 =
p

where, for instance, we have used the ‘trick’

A A
5x:5$5+Dxp:5x5+Dx5[p] :5x5+Dx5—pEO — 5:E5:—Dx5—p.
p p p p

the changes ¢, , and 0 H of €, , and H can be written in the form

0ey 2 - 10p
Rl [:cﬁ(fnyx +a, D) + x’BDI] "
D2 4+ D? <5p)2 ( , Qg ) 0Pz <5px>2 2D, 6p Op
e T e (0P g (gl Sogy) Py (PP2) ZZeOPOPe (g
32 p 8T8 o p Be p P
2 2
oo g8 et

where D, = ay Dy + Bz D/, and we have neglected possible time variation of the synchrotron frequency
during the collision.

Comment: Likewise, assuming that dn/dt = 0 at the collision time, we have H = n? and
0H = (n+dn)* —n? = 2ndn + (0n)* = 2ndp/p + (5p/p)* as &n = 6(Ap/p) ~ dp/p.
In the presence of radial dispersion, the momentum change dp of the particle during the collision

leads to a change in the horizontal emittance given by Eq. (82). In what follows, the shorthand 7 2 def
Api2/p1,2 orn = Ap/p will be used.
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Step 5: Averaging over the scattering angles

The variation of the beam phase space volume can be calculated by averaging the change of the particle
invariants over all the collisions in accordance with the particle distribution function. Piwinski defined
the time-derivative d(e,)/dt of the average radial emittance (g,) in the CM frame for all particles by
means of a stepwise integration process.

Stated in detail (see [1, 3]): “To calculate the mean value of the emittance and momentum devia-
tion change for one particle we have to average with respect to the second particle betatron angles and
momentum deviations. Thus, to derive the overall mean value of the emittance and momentum devia-
tion change for all particles we have to average further with respect to all betatron angles, momentum
deviations and positions of the first particle. This means that we have to integrate over all phase space
betatron coordinates, momentum spread values and azimuthal locations of two interacting particles, by
means of a probability density function P (in the rest frame) for the betatron amplitudes and angles, the
momentum deviations and the azimuthal positions of the interacting particles. This is done by integrating
P (in the CM frame) over the particle bunch phase space volume V with respect to the differential phase
space volume element dV:

™ 2

where the outer brackets (- ) denote the average value over the lattice parameters of the ring. Here 7 (v))
is the differential Coulomb scattering cross-section for the scattering into a solid angle element dQ2(¢), ¢)
in the CM frame, dt and dt are the proper time intervals in the CM and rest LAB frames, such that
dt = vdt, cis the speed of light, and 2¢{3 is the relative velocity of two interacting particles (labelled 1
and 2) with velocities v + Vo = 0 in the CM frame. The probability density function P is defined by a
product of 12 variables and can be formulated in the LAB frame as

P12var = 778(7717 Sl)PnS(n2u SZ)Pme% (xﬁl P l‘/ﬁl)Pxﬁmlg (xﬂ27 x/ﬁQ)PZZ’ (Zla Zi)Pzz’(/ZQ? Zé) )
and the two-particle infinitesimal phase space volume element is
dVioyar = dn1 dsy dna dsa dxg, dxégl dxzg, dx?b d=z dzi dzy dzé . (85)

Of these 12 partial joint probability density functions, three are dependent, since during the time of
the interaction the positions of the particles are supposed to remain unchanged on account of the short
collision duration (equivalently, this follows from the assumption that the two colliding particles have
the same position). So, the variables s o, xB , and 21 o satisfy the following conditions if D, = 0:

s$1 = S9, xg, + Dym = xg, + Dyna, 21 =28, = 22 = 28, - (86)
Then Pjovar and dViayar can be reduced to 9 variables

P = Py(11) Py(n2) Ps(1) Pag (2, ) Py, (2, ) Por, (205, ) Pz (21) Por (21) P (23) &7)
dV = dny dno dsy dag, dajg, dafs, dzy dzy dzs . (88)

We now investigate the distribution of the scattering angle v resulting from the Coulomb inter-
action of two non-relativistic ions (with 8 < 1) of charge Z and atomic mass A in the CM frame, for
which we can use the ‘classical’ Rutherford differential cross-section formula:

() = AmZ2?e? 2 1 B Z2romc? 2 1 B Z2 ry 2 1 (89)
oy <47reof)2—f)1|2) sin4[1/_1/2]< 2T ) sin4[1/_)/2]<A4B2> sint[y/2] '
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where T' = |py—D;|?/24m =2AmB?c? is the kinetic energy of the ion, 2Amf3c s the relative momentum
of the two colliding ions, with p; +p, =0 in the CM frame as the collision is elastic, and

€2 T0Z2

= d r= 90
) and r 1 (90)

dmegme?

are the classical proton radius and classical ion radius, respectively.
With the assumptions ps, , =12, (p1—p2)/P<1, Py, /=7 o<1 and p, , /p=2] , K1 (see

Eq. (75) in which 2a= /02 +(?2), Eq. (76) can be rewritten in the following way to show the connection
between the particle velocities in the CM and LAB systems.

pm:mmg&gczi§[§ﬁ+oé+2a€v] iﬂ[guwvwa} iﬂ[§u+0v+ 02+C2Vﬂ
_ 252
— |f>1,2!2%(m%,zBLQC)Z%T(a2+92+C2)- (01)

Moreover, assuming non-relativistic particle velocities in the CM frame, i.e. 3< 1, =1, then with (91)

2
g Erar = e - ﬁN (p‘p) tei-as)’ + (H-2)" . @)

P

The integrations required to calculate Eq. (84) can be done as follows, where the next integral I,
needed to evaluate part of the mean time-derivative of (¢;,)/f3, is computed by replacing dp/p and
8p./p with their expressions in terms of the parameters a, £, 6, ¢ and ) (77). Integrating 0, /3, over
the azimuthal and scattering angle v and ¢ using the Mathematica program gives, upon expanding the
scattering integrals into first order series development in /iy, using the Egs. (94)—(95) below to approx-
imate Ymin/2 =~ 7i/(23%bmax ), we find that

'min

D2 + D2 6D,
_ {5 L2202 4 x T+ T 2(¢2 402 — 2€%) + 705}

8ﬁ4 B2 Be

2 4 1 / / DCE
22'4{ ;f (Ve Dav€ + ag(Dpy€ — 0)) + daf, ( B:{ - 9) +& 4

D2 4 D? 2D, 2

Notice that the smallest scattering angle 1y, is defined by the maximum impact parameter bpay, as
shown in Egs. (36) and (37) for a classical Coulomb scattering process,

'&min Ti
t SO 94
an[ 2 |~ 2P o9

Also, the maximum impact parameter by, gives a cut-off angle for the scattering angle 1), it is often
defined as the half the beam diameter or beam height 20, since D, = 0.

Comment: From Eq. (36) we write, for A= Z =1 and with Eq. (90), by=e?/2meqgm |¢1—¥|? =
e? /2meqm|2v|? = 62/4776027715202 = 1o /232, supposing that v; = —v. Hence, by means of Eq. (37),
we get tan[Ymin/2] = 70/25%bmax.
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To obtain manageable results, we assume that Ymin < 1 (ie. tan[i/;min /2] < 1), so that
26%bmax /i > 1. (95)

The two brackets in (93) have comparable small values as the angles &, 0 and ( < 1; however the first
bracket is negligible compared to the second one because it is multiplied by the Coulomb logarithm (97)
(with usual values between 10 and 20).

T _r2r _ 5 B
L, :/_. d¢/0 46 () ;‘”1 sin 3

7rri2 4z, . / 1~7x’y£

S im0y (5 0) e
D:% + b‘% 2D$ 2B2Bmax

T% fy? (CZ + 92) + ﬁx’yw} In [7“1] ) (96)

The logarithm factor in (96) is the so-called Coulomb logarithm C’log defined in the CM system
(see e.g. [2,23]) as

Ti Ymin

Comment: Observe that Coe # Clog because [ in the rest frame is not equal to B in the CM frame as
shown in Eq. (92).

Alternative definitions of the Coulomb logarithm are proposed, for example in [18]. However, its
logarithmic dependence means that it changes slowly over a large range of the elements involved in its
definition. In summary:

o
Clog = In {%b‘m‘} :ln[_2 ] : (97)

The other integrals I, and I, for the vertical and longitudinal momenta can be worked out in
a similar way, assuming no vertical dispersion (D, = D, = 0, with o, # 0). Combined, they yield
the transverse and longitudinal scattering integrals (in which § H in Eq. 83 is now rewritten as 0 H =
210ps/p + (0ps/p)? since 6p ~ dps, where n = Ap/p)

Is1 s 2 5H1/72 2 R27,
n In n n i 2 max
L, | = / 49 / Ao sin ) 5(v) { 0eq, /Be § = 1”54 In [ b b ] (98)
IZl Vmin 0 (5521 /62 B Ti
4
e 02 4 2
4 g 2D
€T > 2 N2 T
X ﬁﬂl (1 Dat€ + aa( Dy — 0)) +4aly, (225 — 0) +€2+ P+ ERPEA2 (2 + 0%) + 5

4o,z

B

¢ —4A4¢+ €2+ 62

In the centre of mass system, the derivatives d/ds are reduced by the factor « due to the Lorentz
contraction along the longitudinal direction s, the transverse beam sizes and the relative momentum
spread remain unchanged, the impact parameter bmax = bmax Since it is perpendicular to the s-axis, the
bunch length becomes 65 =0

P =P/y, dt=dt/y and Ou, = 0w, /7Y oL =o./v,

_ _ _/ /
Ozg = Ozg, Oz = Oz and Oaly :Um’ﬁ/7 Jz:UZ/’Y’ ©9)
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op =0p, Os = Y0s.

In accordance with Piwinski [6] - [20] the relative velocity between two colliding particles in the centre
of mass system is 23c. Thus, using the Rutherford differential cross-section & () the likelihood of a
collision per unit time and solid angle element dQ(z/_J, <13), denoted Py, is determined by the particle
density distribution in phase space P. We can write

T 2
432 sin?[1) /2]

The phase space density distribution P is given by P/v, P being defined in LAB frame; also, the
transformation of the time step dt = dt/+ in LAB frame produces another factor +. It follows that
Eq. (84) for the change per unit time of the mean values (H)/v? and (¢;..)/Bx ., averaged over all

particles, integrating P over the phase space volume element dV introduced in Egs. (87)—(88) can be
cast into the form, with Eq. (98):

Pew = 2B¢ Po(d)  with a(w)ds‘z:< sin s (100)

(H1)/~? ap [Is
<§t (€x1)/ B >=/ wzp Iy | dv. (101)
<521>/5Z v 7 Izl

Equation (101) is stated in the LAB frame except for . It will be fully converted back to the laboratory
system, with 3 replaced by its approximation 3v+/&2 + 62 + (2/2 (Eq. (92)) after a suitable change of
variables in P.

Step 6: Averaging over the particle momenta and positions

Computation of the mean change of the invariants ¢, , and H of all particles due to the multiple particle
collisions requires averaging the above three integrals for the colliding particles over the joint density
distribution P, where the 12 variables are reduced to nine (7, s, §, z, $23, 0,2, 2, (), as three of them are
dependent; see Eq. (86). The mapping to the following new variables transformation P into P is

P(?h,7]2,81,%51,:13231,{17232721,2/1,25) — P(n7€737$67x,/(3797272/7C)7 (102)

where the three angles £, 6 and ¢ have been introduced. Let us make the variable substitution (in confor-
mity with Eq. (75)), taking into account that D/, # 0 :

Dy~ 8ts
Tp, =XgF x2 s 771,2:77i77
0 Ding ¢ (103)
- Y
:L"Bm:xlﬁj:72’” , zi,2—z’i§,
Ti2 =1, 212 =%, 81,2= 8.

Hence, the phase space volume element dV (88) can be expressed in terms of these new variables via
the 9 x 9 Jacobian matrix J of the transformation (103).

Om/On Ona/On -~ wy [On @y, [On - 25 [On 2, [0n
| om/joc omjoc - aly joc 06 - 2 JOE 2, /0€ (104)
8771/8< 8772/84 x'gl/aC x/52/8< zlﬁl/ﬁg Z//32/8C
1 1 0 0 0 0
/2 —v/2 - =Dyy/2 Dyy/2 - 0 0 1,
0 0 0 0 e 1/20 —1/2
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The absolute value of the determinant of J is easily found to be |det J| =+, the density distribution and the
phase space volume element in the new variables being labelled P (102) and dV. The relation between
the new and the initial phase volume elements is related to the transformation of multiple integrals by

/ PdV = / |detJ [P dV (105)
\% v
with  dV = dnd{dsdxg dmlﬁ d0dzdz'd¢ and dV = dn;dnyds; dwg, dmlﬁl dmlﬁ2 dzy dz) d2) .

Hence, the change per unit time of the three averaged invariants (101) can be rewritten using (105),
taking -y for |det J|

<H>/72 2 IS1
<§ (ex)/ B >= / 20¢P (1 ) av. (106)
t <5z>//82 v 7 Izl

Let us consider I, in Eq. (98) and replace the variables x5, and x’ﬁl in the bracket by the relevant new
variables (103) into Eq. (106). We obtain

d (ez) 7TC7“i2/ dy / / 2%,
— _ d 2%
<dt Bz > 2 vﬁ?’yp(n’s’g’xﬁwﬁﬁj%z»C) n -

D24+ D? 27y, D? 2D, . 4D,
x {§2+c2—292+ﬂ272 (¢ +92)—7T72§2— 5 (ame—FDx)’nyz—i-ﬁ—’y(:c'B—i-Q)&
4 2D, AD!,
—~ B—Z(%xﬁﬁw%)% 5 (@ratand)E+ /Bmfyamxﬂ@rwgwg} . (107)

By construction the probability density law P is clearly symmetrical with respect to the angles &, 6 and
(, so the integrals vanish for the linear terms in £, 6 and ¢ of the integrands. Consequently, keeping only
the factors &2, 02 and (2, Eq. (107) reduces to the expression to

2 227
< d <€x>> _ Ty / dy P(n,s,é,xg,xlg,G,Z,zl,C) In [2/6 bmax:|
v .

dt By 2 (3 Ti
D24 D? 2y, D2 2D -
% {€2+C22‘92+$;_2ZE,)/2(C2 +92)7 ’Yﬁ I72§27 B x(axDx+Dx),y2§2} . (108)

Comment: Using Eq. (102), the symmetry of P means that P (1, —§,s,m5,x’ﬁ,—9,z,z’, —() —>
P(n2,m,81,%p,, T, T, , 21, 25, 21 ) Where the order of the variables {n1,n2}, {x}s , 2, } and {27, 25}
in P permutes without changing the probability law.

Proceeding similarly with I, and I, in (98) and by inserting the upgrade terms into Eq. (107)
yields:

(H) /v -
<d <€55>/ﬁz > - Trcriz / o P(n>5;£axﬁa$/ﬁaeyza»z/?<) In |:2ﬁ26max:|
1%

de 2 B3~ 75
(e2)/ 8- 4
92 4 CQ o 2{-2
D24+ D? 27, D? 2D/ -
X £2+<2_292_|_ a:;; x72(<2+92)_ 7. x,ngQ_ B x(OézDg;‘FDx)’YQfZ . (109)
x 52 + 92 o 2(2

This formula for the mean change of the invariants ¢, . and H makes no a priori assumption
about the density distribution P (P) of the particles within the bunch. So in principle the integral can
be calculated for arbitrary distribution functions. However, since ‘Gaussian integration’ is quite easily
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performed, many analytical IBS models are based on the assumption that all the betatron amplitudes and
angles, as well as the momentum deviations and the coordinates of the synchrotron motion (for bunched
beams), follow Gaussian distributions.

Consequently, at this stage we assume that all the variables follow Gaussian probability
laws. We then introduce bi-Gaussian formulations of the betatron amplitude and angle distributions,
P, sl (Tgy ), ‘%1,2) and P,/ (21 2, z172), along with the momentum and bunch-length deviation distribu-
tions Pns(nm, s1,2). The density distributions, in which u =z, 2 stands for both horizontal and vertical
betatron motions, can be expressed as (see [24])

V14 a2

/ _ /
Pu/gu% (uﬁa uﬁ) - QUuBO'qILﬁ exp [*Q(uﬁv uﬁ)] ) (110)
, 1+ a% u% 2u5u23au u’g
Q(ug, uj) = —- st |
2 Oug auﬂau/ﬁm U%
1 n? (s — 50)2
P”]S(n7 8) - P”](Tl)PS(S) - 2770'770'5 exp _20_727 - 20_2 (111)

In standard Gaussian notation, o, and Ty, are the r.m.s. beam size /(x?) and angular spread +/(z'?),
respectively, and similarly for the vertical betatron motion z, for which z =z and 2’ = z% by Eq. (78).
Likewise o, is the momentum spread +/(n?), and o is the r.m.s. bunch length \/(s?), with As = s — s¢
being the synchrotron coordinates, i.e. the position relative to the synchronous particle. The quadratic
form () =constant is a tilted ellipse with correlation coefficient p, = av; /1/1+a2. The above probability
distributions P must be well-matched to the Courant—Snyder invariant e, = ’yxx% + 20, 53:23 + ,3;,;3:’52.
Using the related betatron amplitude and angle r.m.s. values o,,, and Ouly =Oup\/ Va / Bz, the probability
P /, can be rewritten as

IBI
B B
P, (25, 75) = ﬁexp —ﬁ(fﬁx;+2aajxﬁx’ﬁ+ﬁxmg) . (112)
g rg

or using the emittance € in place of the variables position and angle xg, x’ﬁ

_ Bata

2
203,

B
P. (e)= 552 exp

) } = P, (&)=

1 €
exp[— v ] . (113)
(€z) (€x)
Here, the emittance describes the phase space area used by the beam; that is, for a phase space area
covering a fraction F;_ of a Gaussian beam with r.m.s. value o, 89 the emittance at F., % of particles is

Brer

2
g

2
203,

Ex=— In(1—-F,,) or F. (e;)=1—exp [— ] with 0 < F, <1. (114)
F. (g) is the cumulative probability function and its derivative is the probability P._(¢,) = dF/dt

(113). The second moment of P,(7) and the mean value of P;, (e, ) are:

oo o0 2
2\ _ 2 _ 2 _ 203
= n"Pyndn=o, and (ez)= | ezP., (ez)des= 5 =
—0o0 0 x
ov_ o _ Balew) o o ValEx) Ial, Yo 1.
Tg)=0,, = and (rg)=o0, = = =,/—=— if «a, =0. (115)
75) =00, =5 B =0 = 0oy V Be B

The last two formulae in (115) are obtained looking at Fig. 11, which shows beam boundaries at +v/60, s
and j:\/éal,;g. In analogy, the boundaries for (g,) would be at +o,, = ++/B:(cz)/2 and an;’ﬁ =

+/7z(ex) /2, yielding 032% =7 (ez)/2.
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Figure 11 depicts the area occupied by the distribution in phase space, which parameterizes an
elliptical contour surrounding a given fraction of the beam. Thus, a larger ellipse containing, say, 95% of
the particles in the bunch has envelope boundaries at +v/60, s =TV Be, and i\/éaz% ==, /Yz€s. For

instance, the emittances at F., = (39, 87, 95)% of particles in phase space are ¢, = (1, 4, 6) O'gﬁ /B
The emittance at 39% is the r.m.s. emittance, labelled €.

x' A y
e ' 2ay
- A/ Ex[Vx tan2p= 2
ey . =
\.-'}’_a-é__l-”—\' 00y S R R YxPx
v Ex/Bx W
-7 " e ]
0 =mmt Oy Ex /Py
/ ; f
P Lw X
’ o
<
=T . — X
/ F=95% .-~ 4T
,_.' . : !
7 "
\ .- area=me,| ~ V Ex/Va i
J‘I‘.'\. =
4 i aais V BxEx=V 6'7,\';?

Fig. 11: Extrema, intercepts and slope of the phase space ellipse enclosing F, aal, % of particles characterized by
the Twiss parameters. The area bounded by the ellipse is equal to 7e ;.

Comment: Besides €,, which bounds a fraction F;, of particles in phase space, an alternative
well known emittance concept is defined as e5'™ (‘projected emittance’), whose beam width contains a
fraction Fgoj of particles projected onto a betatron amplitude axis. Unlike F for €;, the beam frac-
tion FZ;”, for instance €5 = (1, 4, 6) 07, /B, is equal to FE,” = (68, 95, 99)%. Actually, emittance
measurements using beam profile monitors, like wire-scanners and gas ionization monitors, measure pro-
jected transverse beam distributions through ‘integration’ over the angles z’, from whence o, and €5
are derived. On the other end, beam destructive type devices, such as scrapers, ongoing decrease of beam
intensity by moving blades into the beam. This process delivers the transverse beam size versus the frac-
tion of remaining intensity and, by differentiation, the betatron beam amplitude distribution. Therefore,

emittance €, are by nature of the process expressed in term of the enclosed fraction of particles.

Summing up for the r.m.s. emittances derived from phase space and projected beam densities one
gets (see also (115))

2 1 : 20"55 O-%ﬂ
Fezrms :Fezrms (Emrms :0-$ﬁ//8$) :1—eXp [_5] :()39 Wlth <€zrms> = #gwrms =5
B Ba
PO — pproj (apr"j = 0923[3) = /%6 pproi (zg)dzg=0.68 where Ppmj(xg) = o exp [—x%}
Exrms Exrms Trms /81: —O'IB rg T8 vV 2T O'xﬁ 20%5 ’
oo . . 1'2 O'2 .
<w%> —/ x%Pxpg’J(xg)de:aiﬁ = (eE3)= —< 5> S €0 F (€ ams) - (116)

Figure 12 shows the reference orbit of a synchrotron accelerator or storage ring system, referred to
as the rest frame. The coordinate system attached to the rotating vector ry(s) is referred to as the centre-
of-mass frame, even though it is not an inertial system moving at constant velocity along a straight line.

To simplify and clarify the formalism, from now on we neglect the derivatives of the dispersion
and transverse betatron functions (the vertical dispersion was earlier assumed to be null) that is:
DQ,Z =0, /8/ = _2ax,z =0 = Dx,z = az,sz,z + /BZ',ZD:/E,Z =0, Yo,z = 1//8ar,z . (117

2z
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~ A particle trajectory

%

ideal beam path
___‘_—h—_\_

Fig. 12: Curvilinear Frenet—Serret coordinate system for particle motion in accelerator and storage rings: r(s) =
ro(s) + z(s)x + z(s)z, with § = %/|%| andz=§ x x.

Using the change of variables (103), in which x - reduces to xﬁ + 6/2 since D), = 0,
the Gaussian densﬁy distributions (110) and (111) can be rewritten in terms of the nine variables
7,8,§, 23, .%5, 0,z, 72, ( as (swapping from P to P)

x'}’g 0 q 073 2
Px[m‘ (1135 F— 9 ,,3:& 2) y o P <Zv 2+ 2> s Pn (77 + 2> s 7Ds (S) . (118)

Consequently the transformation mapping P into P (Eq. 102) of the density distributions P, s, (23, :c’ﬂ),

P../(z,2") and Pys(n, s), Eqs. (110) and (111), which are now separable since «, . = 0, can thus be
rephrased (remembering that two particles are involved and that (78) apply) as

Py(nn;m2) = Py(m) By(n2) = Py (77 + f) Py (n - 7;) , (119)
Py(s1,52) = Py(s1)Ps(s2) > Ps(s)Ps(s) = PI(s), (120)
Poy(@50,05,) = Pop(@) Pay (w3,) = P, <x5 - Df) P., (xﬁ + sz) a2
Py (23, 73,) = Py (2,) Py, (3,) > Py, <x;3 + g) Pa, (zg - g) , (122)

P (21, 22) = Px(21) P:(22) = PZ(2), (123)

Pl 4) = PoPoe) o P (45 ) (5= §) (120

The Gaussian integrals over the six variables 7, s, 73, 1::3, 2,2’ can be made by means of Mathematica.
Some calculation details of the density distribution integrals are shown for (119) and (120), which are
representative of the other four integrals. Substituting the n-exp part of (111) into (119) and integrating
over the momentum deviation range {—o0, oo} gives,

- 213 8§13
/ dﬁpn<n+*)73n<77—*)
. 2 2

et ) g 0= )]
= X _—— —_— _—— _——
2102 J_oo | 203 2 203 2
1 00 r 1 'Y2€2
= d -2+ =
2mo2 /Oo nexp_ 20%( T

1 A2€2] [ 0
=502 P| 5 dn exp|——
oy o |- oy
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4262 1 282
[ }fon N exp{— 40727] ) (125)

= 2
271'0,7

Likewise, substituting the s-exp part of (111) into (120) and integrating gives
1 o0 (s—s0)? (s — s0)? 1
dsP2(s) = / dsexp [— exp|— = i (126)
/_OO (s 202 202 2\/Tos

2
2mos J_o

Hence, the particle density distribution P is the product of the six terms obtained after integrating the
six density distributions (right part of Egs. (119) to (124)) with respect to the variables 7, s, 75, 77, 2, 2/,

times NVp, the number of particles per bunch is

/[37 7
Ay A
PE6,0)=N ] /_ duP uiL)Pu(u:F 72“)
u="17,8,28
2 D2 2 2
eXp[_Vf (é + a%;) - 43325, - 423,]
=N, - i . (127)
64w O304/, 0204/ 00

where A, stands for either &, 0, D,.&, 0, or (. At present P is reduced to the variables &, 0, ¢

u
To complete the transformation back to the laboratory system, § must be replaced by its LAB

frame approximation 3v+/&2 4 62 + (2/2). Let us define the Piwinski IBS constant Ap as

2 2
cri Ny cri Ny
4 — 1 _ 1 :
P 64r2B3lo, 0 00 om0y AT B3 te e, wherein (128)
20202020005 VExE2Es
Ex,z

2_ 2 2 2_ 2 2 2 _
o 0 —i—Dx no 02=0%, UxB,ZB—ﬂx725x,Za ) 3. Oup2p00ly 2l =E€x,z » Tn0s=Es
/

. and o, have to be

Now, using (92) and (127) the full set of Eq. (109), in which the factors Dz,
! . =0, can be easily rearranged as

removed because or the additional assumption D!, , = 3/
) K

d (H)
(jit <;-f> > d¢dod¢ v (1 D? 62 ¢?
< dt B, >:4AP///_OO GENZ RN (ag%gﬁ)‘z;ag, 40
£<52> B B
dt 3.
92 + CZ _ 252
2
X {E24(2— 202+D—7 (¢ + 6% —2¢%) 1n[q4(§2+92+g2)] . (129)
£+ 02— 2¢?

in which the parameter ¢ is introduced for convenience

%
g =By 2% 98y, [ T2 with b % 20,  (half beam or bunch height) .
Ti Ti

Comment: The Coulomb logarithm Clog in the rest frame is ‘hidden’ inside Eq. (129) since
Clog +In[ 2 (€2+6%+¢2)]. with Clog = In[ 2] see (97).

(130)

I [% (€077 -
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Discussion on an invariant

In the simplest circumstances, intrabeam scattering of particles in a bunched beam may cause dilution of
the beam in phase space, leading to continuous growth of the momentum spread and/or growth of one or
both transverse emittances. The importance of the transition energy is briefly revisited here in the light
of the invariants.

The behaviour of the beam can be described via a global invariant which can be arranged in a form
close to the sum of the mean value of the change in emittance (¢, ,) and the change in momentum devi-
ation (H) over the collisions of all particles, as discussed above. Then, multiplying the top momentum
deviation change term & [(H)/+?] in the left part of Eq. (129) by the factor (1—~2D2/32) and adding
it to the emittance change middle and bottom terms % [<€x,z> ﬁm] gives a result equal to zero:

(3554

Unfortunately, the quantity acted on by the derivative operator d/d¢ is not an invariant, because
the ratio D, /3, varies along the ring lattice (i.e. it depends on the longitudinal or azimuthal coordinate s
along the lattice). However, the smooth focusing approximation holds for a weak-focusing or smooth lat-
tice. So, from the betatron and dispersion functions, the momentum compaction factor and the transition
energy factor, we have

_ _ B De(9) 1 Dee) s <Dw»z>:1
Bosd=g o Pad=gr w=— 7 =n =" ~%: = (30)%7

(where (- ) denotes an average over the lattice). After straightforward integration with respect to ¢ (with
the integrand now being a constant), we get the invariant

(H) (/:2 — %) + <;Z> + <;i> = constant , (132)

2

where 7, = 7y, 2_~~2 s the slip factor.

Above transition energy (n; > 0)

— The coefficient of (H) in (132) is negative and the total oscillation energy can increase as
long as it does not exceed other limitations. Therefore no equilibrium distribution can exist.

Below transition energy (n; < 0)

— The sum of the three positive invariants, and hence of the three oscillation energies, is
bounded (i.e. the IBS emittance growth is constrained). So the emittances are redistributed
in all three phase planes, holding the whole phase space invariant; the particle density distri-
bution P is stable, and an equilibrium exists (like the situation of gas molecules in a closed
box where the focusing forces are produced by the wall of the box).

Growth rates calculation (neglecting o, . and D, ,)

In his original model of 1974 [1], Piwinski derived expressions for the variations in the transverse os-
cillation amplitudes (similarly the square root of the transverse emittances) and momentum spread per
unit time caused by a scattering event, using the smooth focusing approximation in which only the mean
values of the lattice functions are considered; see Eq. (62). In addition, as seen earlier, the variations of
the betatron and dispersion functions are neglected and a zero vertical dispersion function along the ring
lattice is assumed, namely

R R ,

<Bx>:aa <Da:>:@a /ng7z:_2afl‘,25:0 D;7z:Oa bx:axDx+BzD/$:0a DZZO, (133)
z x
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where R is the mean radius of the ring and (), . are the transverse betatron tunes.

The longitudinal, horizontal and vertical growth times 7, % .

are given by
1_ldoy  Vdoy 1 d?) 1 d{H) s g [ﬁ} (134)
™ op dt 202 dt  2(n?) dt  2(H) dt —\H0SEEP Tyl

1 1doy, 1 dog, 1 d(@d) 1 dles) sl

T ou, dt 202, b 2(a%) At 2(es) db <Ex>:<€x°>eXp[Tn

where o, is the r.m.s. relative momentum spread, Hy and ¢, are the natural relative momentum spread
squared and equilibrium transverse emittance in the absence of IBS.

At this place, the projected r.m.s. emittance onto the x-axis (b)) = o2 ,/ Bz (equal to 5pr°j) is

Lrms
chosen rather than the emittance defined by (116), that is (g,,,.) = 202 5/ Ba (not equal to e, ), idem
for (2, ), and using 0,2] = (n?) for the relative momentum deviation squared. From now on we drop the
flags ‘proj’ and ‘rms’ from the emittance notation.

Comment: The IBS growth times depend of the instantaneous beam emittance and momentum
deviation values. So, it is necessary to use an iterative procedure to compute the growth times and derive
the evolution of the emittances and momentum deviation. The IBS growth rates are defined by (134),
where 7, and 7, . are the longitudinal and transverse IBS growth times of the relative momentum spread
squared H and transverse emittances €, »,. Adding ‘synchrotron radiation damping’(SRD) effect with
damping times 7, Tz, and 7., to IBS effect, the quantities H =7? and ¢, , will evolve in accordance
with [30] as:

dH 2 2 deg » 2 2
df _ P AT 2 _ L 135
dt Tnsrd ( O) " 7_7] dt TZgrd, Zsed (E‘%Z ng’ZO) " Tx,z 61‘72 ( )

Equilibrium emittances ., .., and [, are reached once de, ./dt = 0 and dH /dt = 0. One find

T T,
_ n _ Z,z
Hﬁeq - o HO gxeq,zeq - - EZ’O,ZO . (136)
T77 Tnsrd Te,z ™ Tga, 2

As said above, iterative computations are required simultaneously in longitudinal and transverse planes
to get the equilibrium.

Warning! The form and the units of the first column of Eq. (129), (e.g. 85 'd(e,)/dt in [rad?]) do
not fit those of Eq. (134) where 1/ Th,a,z 18 1N [s~1], as shown below. Therefore, the following quantities,

introduced for suitability, (the last two are in [rad—2]) will be added to the last column of (138) below for
compatibility

1— 2\ 2 2 2 2 1 2.2 1
( cg)q:’% T Lg:Q, (137)
c o c o2, c oZ
n Tg Zg
For example, considering 7, ! and ¢,, we compute (2(c;)) 'd(e,)/dt = (2036)_1d<5$)/dt =
(203% Be) 1d(ep)/dt = (a*q?/2 ¢*) " d(ex/ Ba) /dt (With oy = 0) using (115)~(137); similarly for 77},
we find
1 1 doj
— 57 dr _1 diH) (1-q2) L {H) A4 {H)
T In 2(H) dt dt 42 dt 2
1] 1 d%ﬁ _ 1 dies) | i 9 2(5@ 4 £(£w> (138)
| 207, dt | 2(en)y at | 22 “a Bz dt (33;
1 1 do?, 1 de:) b2 d {e2) d (e2)
- 202 dt 2(ez) dt dt B dt B
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where for D, = 0 (see also Eq. (130)),

2b O 2
Thop=h . c—goy = (ﬁm/ maX)Uha q= veXp[flog} ?=1-78 (139
’)/O'mlﬁ ")/UZIB i 2 UTI

a =

or equivalently

, (140)

i

_ Bz0om b Bz0oy o In%s eXp|:ClOg:| de Dyoy,
YOz ’ YOz Oz

The remaining three integrals over &, 0, ¢ in Eq. (129) still need to be computed to get the mean
change of the invariants (¢, .) and (H) =7? due to the multiple collisions of the bunch particles circu-
lating along the lattice. To this end, a first change of variables (£, 6, () — (u, v, w) is made as a first step
toward the integration over the ‘angles’ £, 6 and (; that is,

2
(2u =q&, 2v=gqb, 2w = qC) — 4P+’ = %({2 + 6%+, (141)

The aim of these approximations and changes of variables is to derive an ‘almost closed-form’ and
manageable IBS formula for estimation of the rise times of the mean oscillation amplitudes, which
determine the bunch dimensions caused by the effects of IBS. Hence, in the framework of the Piwinski
model, the growth rates are calculated in accordance with Eq. (129) reformulated using the new set of
variables (u, v, w).

This gives, converting in Eq. (129) the expressions 7y (1/0 +D? /U%) into ¢2/c? and 2 D? /32
into d? /a? using (139) and (140)

il d (H)
2
0 (1-d )&?
1 2 . 8
B T oy 1Ry R
l b2 i<5z>
- dt B
1—d?)(—2u+v?+w?)

w2 402 + w2 (

nlu”+o —|—w3/]2 a?((u? =202 +w?) + (g)Q(—2u2+v2+w2)) dudvdw, (142)

(u2+v2+w2) b? (u? +v* —2w?)

Eq. (142) is then further transformed to a triple integral in spherical-like coordinates (u,v,w) —

(v, p, v) with
(u: Vrsinpcosv, v =+/rsinpusiny, w = \/;cosp) = W+l +uw=r, (143)

which readily gives, using Mathematica

-1

7',,7 AP 00 ™ 2w
751 — 2/ dr/ du dv sin[p] exp[—rD(u, v)] In[r]
1 ¢ Jo 0 0

(1—d?) [cos [u] — %(1 + 3 cos[2v/] sin2[u})]

* 3 (a® + d?) (1 + 3cos[2u]) + 6(a? — d?) cos[2v] sin?[u] ( (144)
—2b%(1 + 3cos[24])
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where
D(p,v) = c% (b2 cos? (] 4 sin’[y] (0082[1/] + a? sin2[1/])> . (145)
Therefore, introducing the following three functions:
g1lp, v] = 1-3sin?[u] cos®[v]  golp, v] = 1—3sin?[u]sin?[v] g, v] = 1—3cos?[u],  (146)

Eq. (144) can be cast in the compact form, in which the outer bracket (-) averages over the lattice
parameters,

-1

1_d2 H 2 [ee) s ™
) ([ [N [ e
1;1 202 dt v . 62 0 0 0

Tz b (e2)/B-
(1 - d2) g1 [M? V]
x sin[u] exp[—rD(p, V)] Infr] < a®ge[u, v] + d?g1[p, V] p . (147)
b2g3 [M? V])

Now, let us define the ’scattering function’ by means of the triple integrals

i 2T 00
fla,b,c) =2 / dp/ dv sin[u] (1 — 3 cos? [,u])/ dp log[c?p] exp[—p Dy(p, u)} (148)
0 0 0
where a new variable p=r/c? is introduced, a, b, ¢ being defined in (139) and
Do(p,v) = <sin2 (1] (a® cos?[v] + b* sin®[v]) + cos® [,u}) . (149)

Notice that Do (p, v) # D(u, v). The function f(a, b, ¢) cannot be evaluated in closed form over the three
variables, but the single integral over p can be solved analytically (e.g. by Mathematica):

o 2log ¢ — Cguler — log [D0<N’ V)]
dplog[c®p] exp[—p Do(p, v)] = : (150)
|, drtodealexplp Dot Do(juv)
where Cgyler =0.5772 is Euler’s constant. Thus, (148) reduces to the double integral
Q 2w 21 — Cruler — log | Do (1,
Fla,b, ¢) :2/ dﬂ/ dv sin[u] (1 — 3 cos?[p]) —o o —Fu gD )] 5
0 0 Do(p,v)

From (139) we obtain 2 log ¢ = Clog+2log[yo] = Clog assuming that Cioe > log[yoy,]. This approxima-
tion sounds fine as usually 10 < Clog <20 (e.g. 7 Tev LHC: v=7000, o,, =~ 1074, Clog =20, and taking
on~ o, we get log[c?] a2 Clog > log [72072,] =—0.7).

Following Evans and Zotter approach [25], the scattering function (151) is first transformed by a
change of variables (z = cos i, y = 2v), using the periodicity of 7 and symmetry about 7 /2 of cos?[V/]
and sin?[v] (as also p) which allows to replace the limit 7 of ;1 by 7/2 and 27 of v by 7/2 and then to
multiply the integral by an additional factor 8. Therefore, since dy dv = —(2 sin[u]) ~!dx dy, and with
the new limits of integration (0 <pu<7/2 — 1<z <0)and (0<v < 7/2 — 0<y <), the scattering
function (151) becomes :

2log ¢ — Cguler — log [DD(IU” V)]
DO(le/) .

fla,b,c) =8 /01 dgv/o7T dy (1 — 3cos?[u)) (152)
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Finally, Eq. (152) can be reduced to the single integral representation, see [25] and [28], [3], [24]:

fla,b,c) =8 /01<2 m[(;{\/;(x) + \/C;(x)}] CEuler>;(_;Z;2(gc)dx, (153)

with P(z) =a® + (1 —a®)2?, Q(z) =b* + (1 —b*)2?, C =log[c?] — Chuer -

The function f(a, b, c) is the ‘new scattering function’ (see [25] for a full, clear and detailed derivation).
Except for a few cases, its calculation requires numerical integration.

After some more work the IBS growth rates for bunched beams can be cast into the compact form
that suits Eq. (147)

1 2

_ 0-$[3

Tn T%f(aabvc)

1 1 b D2o?

— :AP f<77c> + 20-77 (CL?bJC) : (154)
Ty a a a 24

1 1 ac

= (3i03)

where 07 /0? = 1—Djo; /o7 = 1—d* = 0 /oy according to (139) and (140). Either Eq. (148) or
Eq. (153) can be used for f(a, b, c) but it is faster to evaluate the growth rates with the single integral.
See the appendix A for a proof of the equivalence between the two formulations (147) and (154).

3.3 The Bjorken—-Mtingwa IBS model
3.3.1 Beam phase space density and emittance

A Gaussian probability distribution is taken to characterize the density of the beam in the six-dimensional
phase space {r,p}, withr = (z,z2,s) and p = (ps, p2, ps), Where x, z and s stand for the horizontal,
vertical and longitudinal directions. The model is formulated as follows (see [2]), in connection with the
work of Piwinski [1] (see also [26] for a more recent and enlightening discussion of the topic):

P(r,p) = %exp[—S(r, p)], = /d3rd3pexp[—S(r, p)],

(155)
3

1
Sp) =5 > (Aijapiapj + 2By;0pior; + cijari(srj) = §@ 4 g6 4 g
ij=1

where P(r,p) is the phase space density of the beam containing NNV, particles, I' is the phase space
‘volume’ of the beam and S(r, p) represents the nature of the Gaussian particle beam probability distri-
bution, with dr and dp denoting the position and momentum from the reference values r and p. Upon
working out the coefficients A;;, B;; and Cj;, the expression for S(r, p) can be written as

S(r,p) = S@ 4 §¢) 4 §(),

S@) — %(%x% + 20,8775 + Bm;vg), S = 25; (722?3 + 20,2575 + Bzzg), (156)
g _ 1 (s=50)"
202 202

where o ., 3, and 7, . are the Twiss parameters, €, . are the r.m.s. transverse beam emittances, ¢, is
the r.m.s. longitudinal beam emittance, oy, is the r.m.s beam momentum spread, o is the r.m.s. beam
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length, and o . are the r.m.s. beam width and height. Moreover,

agﬁ afﬁ
Ex:%, 2:62, €s =0y05, xg=21x— Dyn, (157)
2g=z—D.n, x'B:x’—D;n, z/ﬁzz’—D’Zn
where
x/:Apm Z/:Apz 77:%
p’ p’ p

From now on the Heaviside—Lorentz (HL) units ¢¢ = h = ¢ = 1 will be used instead of the SI units kg,
m, s etc. (with a few exceptions). To convert back to SI units, we must restore the missing factors €g, i
and c.

Comment: Since /i % h/2m = 1.054 x 107347 s, in HL units the value of the Planck constant
is h = 2m. Referring to the footnote associated with Eq. (1), the number of ‘single-particle states’ in the
momentum volume d®p is d®p/h3, which in HL units is d®>p/(27)3.

3.3.2 Two-body scattering

The Bjorken and Mtingwa approach to IBS modelling is based on the S-matrix, which is a time-evolution
operator relating the transition from an inifial (quantum) state |i) to a final state | f) of a physical system
undergoing a scattering process; the matrix elements of S are inner products denoted by (f|.S|7).

Comment: The S-matrix is proportional to the amplitude M, which represents the physics of the
process [31]: S o< (27)*54(p ¢ — pi)M (which we take for granted at this stage), where py and p; are the
4-momenta of the outgoing and incoming states. The d-function enforces the momentum conservation
of the process.

The squared modulus |{f|S|i)|? is interpreted as a transition probability P for a transition from
an initial state to a final one. See the appendix B for more details about this topic. Bjorken’s formalism
provides new insight into the other theories; in particular, the IBS calculations allow for the case of
strong-focusing lattices.

. . . L def
In a two-body scattering process, particles 1 and 2 with 4-momenta p/’, (written in brief as p1 o =
pl o), i.e. with energy-momentum 4-vectors p/ ,, interact with each other to give the following two 4-

momenta after collision: p} , o p'{‘ o; cf. BEq. (160). The vectors p1 2 are the usual 3-momenta (e.g.
p1 + p2 — p} + p, for 3-momenta and py + p2 — p| + pf for 4-momenta). The fransition rate for the
two-particle scattering process, or equivalently the number of scattering events per unit time, is given by
Eq. (2.3) in [2]; see also Eq. (7.42bis) in [32]:

d 1 d3 dd d3/d3/54’ /o _
(5—2/$%‘”mPumanmmMF R R NNt

2 S (2m)2 ’

where 1 2 = E72/m, with m being the mass of the two particles (assumed to be the same) and E 2
their energies (in HL units), and M is the Lorentz-invariant Coulomb scattering amplitude.

The transition rate dP/dt¢ caused by a two-particle scattering process, (158), can be reformulated
by introducing the exponent S(r, p) of the Gaussian beam phase space distribution P(r, p) in (155), to
calculate the rate of change of the emittances ¢, (with u = x, 2, s); this yields (cf. [2,33])

de, N, d3p; d3
© ’ /dgr 7?%6@[—5(&1)1)] exp[—S(r, p2)]

dt 212

(159)
) d3p! d3ply 4 (p|+ph — p1—p2)
X [M|* (eu(Ph) —u(Pr) +2u(Ph) —cu(p2) — 2+ —2 —— 2~
71 V2 (2)
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The goal is now to compute the scattering amplitude M for a Coulomb interaction between two particles.
This will be done by means of the Feynman rules, using the Feynman diagram representation of a simple
scattering process.

Comment: Feynman diagrams are graphical representations of interactions according to a set of
rules that allow us to calculate the matrix elements and amplitude M of a given interaction. With this
approach, the scattering cross-sections, decay rates, transition probabilities etc. can be calculated via a
function, called the propagator, which represents the transfer of momentum from one particle to another.
Propagators are obtained by following the prescriptions of the Feynman rules.

Computation of M for a simplified process is sketched in the following. Let r* denote a con-

travariant vector, which, together with the corresponding covariant vector 7, def gur”, makes the
product g, 7,7, invariant with respect to the Lorentz transform (with g11 = 1, g22 = ¢33 = gaa =
—1, and g,+, = 0).

Comment: The metric is 4-momentum? = energy? — 3-momentum? (in HL units), where 4-
momenta are written as p and 3-momenta as p (boldface).

Then we can write (briefly reintroducing ¢ = 3 x 10® ms~! in place of its HL value ¢ = 1)

o,
-

£ d 2 £
r =t = (ct,r) = (ct,z,2,5), pEp= (Cv p) = <Ca Dz, Pz ps> )

9 (160)
def 4 _E1E2 o def " . FE
pl‘p2:p1p2M:T—p1-p2, P zppu:c—Q— = m-c”,

T-pdéfT“pHEtE:I‘-p.

The fourth formula in (160) is the well-known squared 3-momentum |p|?c? = E? — m2c*. With the
help of these definitions, the integral of the Dirac delta-functions in (158) expresses the conservation of
the 4-momentum:

/ -+ 0% (p1 + py — P — p2) dp1 dp2 dpy dp) dph .

Here the intention is to sketch the techniques involved in analysing the interactions of charged par-
ticles. The approach is a kind of makeshift job based on several approximations, such as non-relativistic
elastic scattering in the centre-of-mass frame and the assumption of ‘structureless’ particles. This allows
us to regard proton—proton and electron—electron collisions as being on the same footing. (evidently
protons, with spin 1/2, subject to IBS electromagnetic forces within a circulating beam have nothing to
do with high-energy head-on collisions between protons circulating in opposite directions and experi-
encing chromodynamic quark—quark interactions, with spin 1/2, mediated by the exchange of gluons,
with spin 1.)

Let us consider a Coulomb scattering between two electrons of mass m via the exchange of a
virtual photon driving the electromagnetic force, as described by quantum electrodynamics (QED). To
quantify this scattering process with the minimal amount of formalism, we drastically simplify the com-
putations of the tricky QED mathematics for the ‘real-life’ four-body process e™ +e~ — e~ 4+ e~ with
electrons of spin 1/2 and a massless photon of spin 1 (carrying the electromagnetic force). Instead, we
use a ‘toy model’ which does not handle particles with spin (cf. [34]). Thus, spinless and point-like
charged particles with spinless and massless bosons are used to mimic protons and photons.

Figure 13 illustrates the elastic scattering process p; + p2 — P} + ph in the centre-of-mass
frame of two particles, say electrons. Unlike a classical Rutherford Coulomb scattering process, for a
QED scattering process, referred to as Mgller scattering, the force between two electrons results from
the exchange of virtual photons (i.e. photons that cannot be directly observed) located at two vertices.
Figure 14 depicts a two-electron scattering process described using a Feynman diagram. The two elec-
trons enter from the left of the diagram, exchange a photon and then move away to the right of the
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diagram. The nature of the interaction is described by relativistic quantum electrodynamic theory (see
e.g. [31,32,34,35]).

Fig. 13: Kinematics of two-particle scattering in the ~ Fig. 14: Feynman diagram for electron—electron
centre-of-mass system, with scattering angle 1) and  scattering in QED; ‘time’ flows from left to right, the
4-momentum p; 2 = (E1 2, £p1,2); similarly for p} ,  left-hand side of the diagram is the initial state, the
after the collision. ~ right-hand side is the final state, and the wavy line in

the middle belongs to neither the initial nor the final
state—it shows ‘how the interaction happened’. The
intermediate photon -y is ‘virtual’.

In the framework of the toy model, the electrons are reduced to spin-0 ‘particles’ with mass m, the

four external lines in the Feynman diagram are associated with the particle 4-momenta p1, p2 and pf, pf
before and after the collision. The photon becomes a spin-0 and zero-mass ‘particle’, with one internal
wavy line associated with the internal 4-momentum labelled q.

The amplitude M for the scattering process is worked out using the Feynman diagram in Fig. 14

together with the Feynman rules. The steps of the Feynman prescriptions for toy models are sketched
without proof.

1.

Notation: Label the incoming and outgoing external 4-momenta py, pa, p}, p) and the internal

. f f
4-momentum ¢ (with p; 2 de Py and g def g" as above).

. Vertex factor: The two vertices contribute two factors of —ig, where i=+/—1. Multiplying these

two factors together yields —g?. Note that the coupling constant g in QED specifies the interaction
strength between electrons and photons and is related to the fine structure constant o« through
g=+/4ma. In ST units a = €2 /(4mweghe) = 1/137, and in HL units o = €2 /(47).

. Propagator: The single internal wavy line contributes a factor of f(q) = i/(|q|*> — m?) = i/|q/?

because of the spinlessness and zero mass (m; =0) of the internal ‘boson’ (the mimicked photon).
Note that a propagator f(q) is associated with the internal wavy line in the Feynman diagram and
represents the transfer, or propagation, of momentum from one electron e™ to the other during the
interaction time, via a virtual photon ~.

. Energy-momentum conservation: For the two vertices, introduce two Dirac delta-functions

(2m)264(pa — ph — q) and (27)*5*(p1 + q — p}) and multiply them together. The scattering am-
plitude is expressed as the product of the coupling constant g and the propagator f(q), namely
M = gf(q). Note that this prescription enforces the conservation of energy and momentum at
each vertex, because the delta-functions are zero when the sum of the incoming 4-momenta and
that of the outgoing 4-momenta are the same.

. Integration over internal 4-momenta: Then integrate the delta-functions for the unique internal

4-momentum q over the variables d*q/(2m)*.
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Steps 1-5 give the amplitude approximation for non-relativistic scattering of spinless and point-like
charged ‘particles’ (with mass m) and spinless and massless ‘bosons’ mimicking electrons and photons:

, 1
M = —i(2m)'g? / e 5% (p2 — ph — q)6* (p1 +q — p}) d*q. (161)

Integration of the delta-function is done by inspection. Choosing the second delta-function to integrate,
we substitute ¢ — p} — pj into (161) and obtain

) 1
M =i (277)492 W & (pl +p2 — P — p/2)54 (q — [ - Pl]) d'q
_ e (2m)*6* (p1 + p2 — P — ph) (162)
(P —p1)? b
since [0%(q — [p) —p1])dq = 1.

Discarding the left-out delta-function (27)*§*(py +p2 — p —ph), which just re-enforces the overall
conservation of energy and momentum at the four external lines (i.e. external ‘particles’, the mimicked
electrons), we get the scattering amplitude in terms of the 4-momenta (cf. Eq. (2.3a) in [2]):

;2
ig dra
M=— = , (163)
Py —p1)?  (Py —p1)?

To see the link between M and the collisional process, the internal 4-momentum squared, |g|? = (p} —
p1)?, can be expanded further. Consider the 4-momentum (and energy) conservation |p} 5|? = |p1 2|? for
elastic collision in the centre-of-mass frame (Fig. 13). We have E7, = Ef, and |p|}, = |p|??; since
p12 = (E12,p1,2) and piQ = (E%2 — p%ﬁ) = my o = m for particles of the same mass m. Hence

pi—-p=(E—E)+ P —-p1)=pP1—-P1 = (164)
(P) —p1)?=pF +pi —2p} - p1 =P + P — 2/p}| 1| cos e
= 2|p|*(1 — cos®p) = |p|*siny/2] ,

in which p def p1 is the incident momentum of particle 1 and v is the scattering angle between the two
momenta p; and p before and after collision. Therefore, in HL units, the amplitude M takes the form

Ao

M=— "=
|p|? sin®[y)/2]

2 2
? —e =0 .

|p|? sin?

The scattering amplitude ’M |2 is thus identified with the differential cross-section o (|p|, 1) of the two-
electron collisional process.

Comment: Compare (165) with the cross-section o(1)) of a Coulomb classical (non-quantal)
Rutherford scattering process, Eq. (36).

At this point the calculations are still far from finished, and also they are not easy to perform.
After some difficult manipulations the rate of change of the emittances, de, /dt of Eq. (159), can be
recast in the form given by Eq. (166) below. See [2] for details of the lengthy calculations used to derive
the Bjorken—Mtingwa Eq. (3.4) and then Egs. (4.5)—(4.7), which yield growth rate expressions that are
convenient to use.
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3.3.3 Intrabeam scattering growth rates

In deriving Eq. (166), Bjorken and Mtingwa considered a zero vertical dispersion function D,, so that
¢,=0and H, =0, reducing L, (168) to a matrix with all components inﬁj =0 except for L., ;= B./e.:

00 0 0 0 o0
=20 0 o] (Bq. 2370 0 2)) comparedto L. = 2= [0 22 _yo. | inEq. (168).
€ € o
=\0 01 o —ve. 1

Moreover, in solving (166) Bjorken and Mtingwa did an approximation by neglecting the ratios 5, . /¢4 -
relative to v D2 /(e4€2), (B/€2)7¢2 and 42 /o

To conclude, for bunched beams, the IBS growth rates 7,, ! in the horizontal, vertical and longitu-
dinal directions (u ==, z, s) are written in the form similar to that obtained by Bjorken and Mtingwa [2],

1 ldoy 1 dyffew) 1 dlew)

r owdt  JEg At 2w df
:ABMclog< OOOM{H[L”] Tr[HlM] —3Tr[Lu<Lu_1MI>} }>
2

in which we have introduced the growth rates (134), the rough momentum spread squared (H )~ (n)* =
0727, and the Bjorken-Mtingwa scattering constant Agy in analogy with (128):

(166)

2 2 2
cr{NyCiog T Npcori Ciog
ABM ClOg = 47TAP CIOg - 1677[;374515,255 - 271—‘1 ’
1 1 do
F:(27T)3(ﬁ’7)35x5z587 ?:;Tg’ (167)
s n

where I' is the six-dimensional phase volume for bunched beams and ¢, def oy 0s. Moreover, the lon-
gitudinal growth rate 75, has been remodelled in the handy form above, better suited for practical usage
(cf. [30] chapter 13.2 and [37] footnote3). Unlike Eq. (134) and (166) the growth rates in Ref. [37] are
expressed as the time-derivative of the emittances, yielding a factor 2 difference between both versions.
Also, the longitudinal emittance can be written instead as e, =040 /3% using the relative energy spread
AFE/E since the relationship between the momentum and energy spreads is Ap/p = (AE/E)/3?, the
two relative spreads being equal at high energy.

The present formulation (cf. [37]) includes the vertical dispersion D, and its derivative D’,. The
matrix L = L, + L, + L, is composed of the 3 x 3 matrices defined below in (168), I is the identity
matrix, and the brackets (- ) represent averaging over the lattice period.

5 e 5 0 0 0 5 (0 0 0
Lo=""| ¢, THe of, L.=Zf0 2B o |, Li=T(0 1 0] aes)
Ex © €, z o
0 0 0 0 —v¢. 1 7\0 0 0
with
Dy 0y, +D! D3 .+ .93
¢x’z: x,z20x,z x,zﬁaz,z H :M:’Yx,zDg,z+2ax,sz,zD;;,z+5$,ZD;:2,Z'

) T,z
/BJ:,Z /Bx,z

In Egs. (166)-(168), N, is the number of particles per bunch, cg is the speed of light reintroduced
here in SI units, r; is the classical ion radius [m] given in (90); it reduces to the classical proton radius
ro for unit ion mass and charge A, Z (for leptons of charge Z, A is the lepton-to-electron mass ratio),

= (Eg + p2) 1/2 /Ep and = (1 —7_2) 1/2 are the Lorentz factors, Ly is the particle rest energy [eV],
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and p is the particle momentum [eV/c]. The matrices inside the brackets depend on the optics parameters
0z 2y Be,zs Dy » and D;jz, on the r.m.s. unnormalized transverse emittances €, . [m], and on the r.m.s.
relative momentum spread o, and bunch length o, [m] (or the r.m.s. longitudinal emittances [m] &
defined above). For matched beams, the longitudinal emittance is defined as €5, = mpo, 0 (B c)_1 [eVs].

Ciog in Eq. (166) is the Coulomb logarithm, with typical values in the range [10, 20].

After expansion of the integrand in the brackets in (166) and some lengthy computations, the
growth rates are recomputed to include the vertical dispersion function and cast in the form (cf. [36,37])

1 7 Nycor? Ciog A < /00 MW (@) + by) >
u 0 (

Tu 27T A3 4 aX2 4 b\ + ¢)3/2

(169)

with u=z, z, s and

[\

Ax: > Az:&7

€z €z

Ag =

Q‘Q

N

The nine coefficients a, b, ¢, a,, bz, a., b,, as and by depend on the optics parameters and on the
approximation used. They are not reproduced here; see [37] for a complete list, including three variants.

Comment: A high energy approximation to Bjorken-Mtingwa theory [2] has been developed by
Bane [27] to give formulae for the IBS growth rates that can be rapid and easy to apply. For instance,
IBS effects in high energy storage rings, operating above transition, can induce emittance growth during
beam coasts. So, numerical simulations of the emittance evolution caused by IBS involves performing
the integrals appearing in the growth rates formulae over numerous storage ring turns, averaging the
growth rates for each turn around the storage ring and then deriving the emittance variation for this turn.
This task may be quite cumbersome and computationally intensive if one has to use plain growth rates
formulae without approximation (see also [28, 30, 33]). Although the Piwinski and Bjorken-Mtingwa
formulae for the growth rates look dissimilar, the Piwinski model (assuming weak-focussing lattices) and
the Bjorken-Mtingwa one (intrinsically ready-made for strong-focussing lattices) are in good agreement
has also shown by Bane, with sure assumptions.

For illustration, Fig. 15 plots the evolution of the Coulomb logarithm for the ELENA 100 keV
low-energy antiproton decelerator ring, computed with Eqgs. (170) and (171) below.

IBS Coulomb logarithm

125

120 |

11016 variant 1 ]
10.5 //

0.0 0.2 0.4 06 0.8 1.0
sec

Fig. 15: Evolution of the calculated Coulomb logarithm during 1s on a 100keV plateau for the nominal ELENA
beam and the first two variants in Table 4.

In [2] the Coulomb logarithm is taken to be the fixed value Cjog = 20. Here the Coulomb logarithm
is defined by the expression (see [23])

Ciog = In [Tmax / rmin} with  Tpax = minf[oz, Ap],  7min = max {rgin, rr%?ﬂ, (170)
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where rm.x 1S the smaller of the mean r.m.s. beam size Oz and the Debye length Ap, and ry;, is the
larger of the distance of closest approach r<.
QM

min *

and the quantum diffraction limit from the nuclear radius

r <. . These quantities are given by

7.434 |2E, Nyx 106
= —_— e p =
A p V6473 (By)e, (B.)e.02
c o 1.4410x 107222 QM _ 1.97310x 1071322
min ~ 2-l§_L ) min ~—_ \/3§1§T1j2;?;

in which p is the particle volume density [m™3] and E| is the transverse beam kinetic energy in the
centre-of-mass frame [eV].
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4 Examples
4.1 First example: LHC and SLHC at 7 TeV
4.1.1 Nominal LHC, first interaction region upgrade and SLHC

The effects of intrabeam scattering and synchrotron radiation on the expected evolution of the LHC
and SLHC beam emittances during coasts at 7 TeV are examined for the nominal beam and beams with
reduced emittances. The study was carried out in 2010 for the first ‘interaction region’ (IR) upgrade and
for the SLHC. The nominal beam and LHC parameters and those with reduced emittances have been
selected to study the effect of IBS on emittance evolution in a coast [5].

Figure 16 shows the betatron functions along the LHC ring circumference for the LHC ‘IR phase 1
triplet” beam and for the lattice parameters of Case 2 in Table 1 with 5* =0.3 m, used for all subsequent
IBS calculations (small disparities among the other three S* values were negligible). Except at the
interaction points, LHC is a fairly smooth storage ring and so more or less fulfils the smooth focusing
approximation criteria. The vertical dispersion (see Fig. 17) is generated by the vertical crossing angles
at interaction points 1 and 2 and by the detector fields of ALICE and LHCB [37].

1000

100¢

Dy [m]

0 5000 10000 15000 20000 25000 2 s000 72000 2000 20000 25000 20000

Location [m] s [m]
Fig. 16: SLHC betatron functions [m] for §* = Fig. 17: Vertical dispersion [m] as a function of po-
0.30 m (at interaction points IP1 and IPS). sition [m], for the LHC at 7 TeV.

Table 1 displays a list of beam and lattice parameters related to the luminosity characteristics of
the LHC and SLHC. Cases 1 and 2 in the table show the LHC luminosity with a nominal beam intensity
of 1.15 x 10! protons, and Cases 3 and 4 show the SLHC luminosity for the ‘highest’ ultimate beam
intensity of 2.36 x 10! protons.
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Table 1: LHC nominal beam intensity luminosity and SLHC luminosity with improved variants

LHC and SLHC beam parameters Case 19 Case2’ Case3¢ Case4?

Ny (x101h) 1.15 1.15 1.70 2.36
€ty =7€ [pm| (normalized) 3.75 2.54 2.65 2.60
£* [m] 0.55 0.30 0.25 0.15
ofy [wm] 16.58 10.11 9.40 7.21
oz [mm] 75.5 75.5 75.5 75.5
Oapp (X107%) 1.13 1.13 1.13 1.13
err.m.s. [eV s] 0.62 0.62 0.62 0.62
Crossing angle § [urad] 285 337 355 452
AQp, head-on® 1 1.09 1.43 1.37
Luminosity £ (x10734) [em=2 s~ 1] 2 1.09 4.65 10.29

“Initial IR triplet: nominal beam with LHC at top energy gives the nominal luminosity.

’IR phase 1 triplet: new optics foreseen for interaction region to give lower §*, reduced emittance and improved luminosity.
“Ultimate Np: with the ultimate beam intensity and the reduced emittance raise AQpp to still improve the luminosity.
4‘Highest’ ultimate Nj: top luminosity can be obtained by reducing 3* and raising N}, within an emittance again reduced.
“The head-on beam—beam tune shift AQyp is normalized to the value of the nominal beam.

4.1.2 Intrabeam scattering effects in the LHC and SLHC

Figure 18 shows the initial IBS growth times in the LHC and SLHC computed with the beam parame-
ters in Table 1. The simulations were performed with a dedicated Mathematica notebook based on the
Bjorken—Mtingwa model [2], which handles the vertical dispersion function and its derivative [36].

The Mathematica code accounts for the variation of the optical parameters S, 5y 1/, D v and
D'y, over the lattice. Table 2 displays the increase in beam emittance due to IBS for a 7 TeV proton

IBS Growth Times: r, [h] = [h]

0 20 0 60 80 100

Fig. 18: Initial IBS growth times in hours for the four cases in Table 1. For the nominal LHC parameters (Case 1):
7, = 58h, 7y = 103h and 7y = —359years. The vertical growth times are not shown as they are negative,
approximately —100 years, i.e. 7y, )

beam at the end of 10 hours’ storage in the LHC/SLHC.

Figures 19 and 20 plot the emittance evolution over the 10-hour period of coast, assuming a con-
stant beam intensity for the duration of the storage. The synchrotron radiation damping effect is not
accounted for in the simulations. IBS growth times are calculated iteratively in time steps of 5 minutes.

At each iteration 7, the emittances are updated as follows:

At ] y 1 1 [sLHv(iH)

. = i=i+1l, —=—1n -
TLhv (2) - mav(i+1) At ernv ()

erav (i + 1) =ernv(i) eXP[ ] . (72)
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Table 2: IBS emittance growth after a 10-hour beam coast, considering only the IBS effect

Aerp /e, Aeg/eq Aey [ey
Case 1 Initial IR triplet: 5*=0.55m 16% 9% —0.0001%
Case 2 IR phase 1 triplet: *=0.30m 24% 21% —0.001%
Case 3 Ultimate N;: f*=0.25m 32% 27% —0.001%
Case 4 ‘Highest’ ultimate Ny: 5*=0.15m  44% 37% —0.001%
. . At . 1 o In EL’Hy(Z'—l-l)—ln EL,Hy(i)
eLnv(i+1)=eLpv(i)exp |:7'L,H,V(7;):| = i=i+1 — e A7

Longitudinal emittance £;(10) [eVs] evolution (IBS only)
0.20

Case3 Case2 Casel

0.85 ==

0.80
075
0.70

065

0 2

4 8
time [h]

Fig. 19: Evolution of the r.m.s. longitudinal emit-
tance due to IBS effect for the 4 cases of Table 1.

(173)

Horizontal emittance £y (10) [prm] evolution (IBS only)

4.0+

Cased Case3 Case2 Casel

3.5¢;

30

4 6
time [h]

Fig. 20: Evolution of the r.m.s. horizontal emittance
due to IBS effect for the 4 cases of Table 1.

4.1.3 Cumulative intrabeam scattering and radiation damping effects in the LHC and SLHC

The synchrotron radiation turns into a visible effect for the LHC/SLHC proton beams at 7 TeV collision
energy. Emittances shrink with damping times 744, =12.9 h and 74, =26.0 h in the transverse planes.

Synchrotron radiation damping (SRD) is modelled by replacing 7 nv(z) with (7 3y (2) — Ts;dlLHV)

Eq. (173).

-1 -1

in

Figures 21-22 show the evolution of the longitudinal and transverse emittances over a 10-hour

beam coast. Synchrotron radiation dominates IBS growth in the longitudinal and vertical planes for all
of Cases 1-4; in the horizontal plane the emittance damps continuously during the coast only in Case 1,
whereas for Cases 2—4 it expands at some point during the coast. Table 3 displays the increase in beam
emittance due to IBS and SRD for a 7 TeV proton beam at the end of 10 hours’ storage in the LHC/SLHC.
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Longitudinal emittance £; (1) [eVs] evolution (IBS & SRD) Horizontal emittance £(10) [;xm] evolution (IBS & SRD)
. Case 4 Case3 Case 2 Casel
0.60 36
\ . | I o= — e
N _ 34| !
0.55 !
. 1 32| |
050 T, | 3.0
045" Cased Case3 Case2 Casel o '
se se se se _ — i
— — e [ e |
0.40-, i A P s - | TP L ——————
0 2 4 [ 8 10 0 2 a 6 10
time [h] time [h]

Fig. 21: Evolution of the r.m.s. longitudinal emittance =~ Fig. 22: Evolution of the r.m.s. horizontal emittance
due to IBS and SRD effects for the 4 cases of Table 1.  due to IBS and SRD effects for the 4 cases of Table 1.

Vertical emittance £, ( 1) [jum] evolution (IBS & SRD)

35 Cased Case3d Case? Casel
o —

30

4 &
time [h]

Fig. 23: Evolution of the r.m.s. vertical emittance due to IBS and SRD effects for the 4 cases of Table 1.

Table 3: IBS emittance growth after a 10-hour beam coast, considering both IBS and SRD effects

A&“L/&“L AEH/EH Aé‘v/e’fv

Case 1 Initial IR triplet: 5*=0.55m —36% —20% —32%
Case 2 IR phase 1 triplet: *=0.30m —27% —5% —32%
Case 3 Ultimate N: 8*=0.25m —-19% 3% —32%
Case 4 ‘Highest’ ultimate N;: 8*=0.15m —8% 14% —32%

In summary, the longitudinal and vertical emittances of all the luminosity scenarios are kept within
target specifications for Cases 1-4. Horizontal emittances stay within requirements for Cases 1 and 2;
a small blow-up of approximately 3% is anticipated for Case 3, and a larger blow-up of approximately
14% for Case 4. Globally, for most scenarios, the evolution of emittances during the 10-hour coast is
kept within the range of design values. Observe that, without the counterbalancing damping effect of
the synchrotron radiation, the longitudinal and horizontal emittances would grow continuously during a
coast, while the vertical emittance would stay roughly the same. This is because at 7 TeV the LHC is far
above the transition energy, as v = 7461 > ~; ~ 53.8.

339



M. MARTINI

4.2 Second example: ELENA at 100 keV
4.2.1 Study of nominal beam parameters and variants

ELENA is a compact hexagonal synchrotron of about 30 m circumference, equipped with an electron
cooler. It was designed to allow greater deceleration of the antiprotons (p) with 5.31 MeV kinetic energy
sent by the Antiproton Decelerator (AD), to yield dense beams at 100 keV kinetic energy with a beam
population of approximately 2.5 x 107 cooled p. Electron cooling is used to counteract the increase
in emittance and momentum due to the deceleration process. The plan is to increase the intensity of
the antiprotons delivered to the anti-hydrogen-based experiments at the AD by one to two orders of
magnitude [38,39]. In [38], the joint effects of electron cooling and IBS on the beam equilibrium phase
space dimensions are computed using the code BETACOOL [3].

~m . momentum TR
/I)je (MeV/c) A J]lj/c(‘llon
. Cty,
: On ‘ 100 4 )
\ :
\‘ electron
cooling
l electron
A OC' cooling ejection
-8 35 1
A Electron e i ; | | &
2 24 i
cooler '/ > 13.7 z ! A
L 3 - 1,
o N N 0 ~20 s time

Fig. 24: The ELENA (Extra Low Energy Antiproton) Fig. 25: ELENA cycle, with first injection plateau at
ring (8.6 mx10.0 m, ~30 m circumference) is abelow- 100 MeV/c, second cooling plateau at 35 MeV/c and
transition-energy ring with y=1.00001 <~;~1.9. third cooling plateau at 13.7 MeV/c (100 keV).

The cycle has one injection plateau at 100 MeV/c momentum for the coasting p beam injection
from the AD. Hence, the beam is decelerated down to a first plateau at 35 MeV/c for a cooling period of
about 8 s, followed by deceleration down to a second plateau at 13.7 MeV/c for about 3 s extra cooling
of the p beam. Before the end of the plateau, the beam is bunched and further cooled for approximately
0.3 s to the emittances needed for ELENA experiments, up to the extraction of four bunches consisting of
approximately 6.25 x 100 antiprotons to the transfer lines between ELENA and the experimental areas.

Figures 24 and 25 show schematically the ELENA ring and its deceleration cycle.

Figure 26 displays the optics of the ELENA ring lattice with working points Qg =2.3 and Qy =
1.3 (P. Belochitskii, 2012). We see that, unlike the LHC lattice (Fig. 16), ELENA is not a smooth lattice.

Table 4 shows the initial length, momentum spread, and longitudinal and transverse emittance
values of the nominal bunch and five variants (prior to IBS), used to evaluate how the bunch parameters
behave under IBS effects. This is an important issue, as the bunch length and momentum spread must be
kept close to their nominal values. This study was undertaken in 2012.

Table 4: Initial nominal beam emittances on the 100 keV plateau and five variants. The longitudinal emittance is
defined as ¢, =TPOBLOA, (ﬁc)*l, where c is the speed of light and oy, is the r.m.s. bunch length.

rms rms

9BL 9Aplp cL EHV
Nominal 0.325m  7.5x107° 24x107%eVs 1.0 um
Variant 1  0.325m  2.5x107° 0.8x107%eVs  0.5um
Variant2 0.325m 1.25x10~* 4.0x107%eVs 2.5um
Variant 3 0.325m  2.5x107% 8.0x107%eVs  1.0um
Variant4 0.325m  3.75x107*  12.0x107%eVs  1.0pum
Variant 5 0.325m  5.0x10™%  16.0x107%eVs 1.0 um
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Fig. 26: ELENA ring betatron functions and dispersion function in [m]

4.2.2 Intrabeam scattering simulations for bunched beams on the 100 keV plateau

The IBS simulations for ELENA were performed with two different Mathematica notebooks for cross-
checking. The first consists of the code used for LHC/SLHC simulations. The code in the second
notebook is based on an algorithm derived by A. Piwinski [6] and implemented by Ch. Carli [7], which
takes the linear coupling into account exactly. The lattice is described in terms of magnets and their
strengths, and the program analyses linear properties such as the betatron-oscillation coupling (solenoid
and skew quadrupole magnets). The process is applied to the generalized emittances specified via the
betatron-oscillation eigenvectors (e.g. as calculated by MADX). Then this information is used to com-
pute IBS growth rates. Simulations using the second code show that the coupling effect has negligible
influence on the IBS growth rates and hence on the vertical dispersion function.

Figures 27-29 plot, for bunched beams, the longitudinal 7 ! horizontal H ! and vertical TV !
growth rates ‘without cooling’, as functions of the transverse emittance }y; and the relative momentum
spread o ap/p. Each bunch contains 6.25 x 105 antiprotons. The plotted growth rates are computed using
an initial r.m.s. bunch length of op;, = 0.325m. Alternative plots of TIjHlV versus ey and ey, with

nominal o ap;p=7.5X 107° and o, =0.325 m, look similar and so are not shown.

008"
GI[1/s] 300

2
Ehy[mm.mrad] : Ehy[mm.mrad]

Fig. 27: Longitudinal growth rate 7, ! (GL) as epv  Fig. 28: Horizontal growth rate 7, ! (Gp) as epgv and
and o apyp are varied, with ey =ev and ogL. =0.325m. oAy are varied, with ey =evy and o =0.325 m.

Figures 30 and 31 plot the transverse and longitudinal growth times 7 gy ‘without cooling’ for
bunched beams (where each bunch contains 6.25 x 10° antiprotons). The simulation was performed for
the nominal beam and the first two variants given in Table 4.
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Gv[1/s]

Dp[1/1000]

Fig. 29: Vertical growth rate 7, ! (Gv) as en,v and oapy are varied, with ey =ey and og. =0.325m
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Fig. 30: Evolution of the transverse IBS growth times  Fig. 31: Evolution of the longitudinal and vertical IBS
Tuv (on the linear scale) over 1s (e, :wpaBL(Bc)_l). growth times 7y (on the logarithmic scale) over 1 s.

4.2.3 Performance of nominal beam and variants for bunched beams on the 100keV plateau

Figures 32 and 33 plot the transverse emittance egy ‘without cooling’ for the nominal beam and the five
variants given in Table 4.

IBS rrrs physical transverse ermittance growth IBS rms physical transverse emittance growth

.

1 g
i 18} &y variant 4 g L Sﬂjagg,n%’f_
/

=
s0l ¢, variant 2 ¢, 1 \
. Ly varian i

[ £ nominal &,

2.5 | e T

&y variant 1 gy

mm.mrad

W 1

10 je——"" v i

0.5 .g-"""__ il

X

00 02 0.4 06 08 1.0 00 02 04 06 08 10
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Fig. 32: Evolution of the emittances egy over 1s for Fig. 33: Evolution of the transverse emittances ey
the nominal beam and the first two variants in Table 4.  over 1 s for variants 3-5 in Table 4.

Figure 34 plots the relative momentum spread o ap, With IBS effects and without cooling for the
nominal beam and the first two variants. Figure 35 plots the bunch length o, and the momentum spread
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o apsp for variants 3-5. The bunch length is given in [m] and the momentum spread in [permille], with
both units shown on the same vertical scale (e.g. opr(1) =0.42 m, o Ap/p (1) =0.65 permille for variant 5).

Finally, Fig. 36 displays the bunch length opy, [m] for the nominal beam and the first two variants.

IBS rms RS momentum Spreadl growth IBS rms bunch lenght andl n'orrrelntum s‘pread grcrwlh

08 — ;
04l ——— - .. ‘ T ayp Variant 5 oy |/
0.3 e _ -
) | Oppyp Mominal | -
E ' i
@ 02
=% F 1
variant 2
01F 1 LA . LUK oo : -
| ————— 3 varian Yanm Y 1
| 03t / Caprp td Ty Variant 3
[ l Oy Variant 1 i 5 . Gpy il : o
0.0 02 04 06 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
sec sec

Fig. 34: Evolution of the momentum spread oapp
over 1 s for the nominal beam and for variants 1-2.

Fig. 35: Evolution of the bunch length o and rela-
tive momentum spread o ap, over 1 s for variants 3-5.

IBS rms bunch length growth

Op, Variant 1

E
ol Opp, Variant 2 Opy, nominal | |
i
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Fig. 36: Evolution of the bunch length og, over 1 s for the nominal beam and the first two variants

From Figs. 32-36 we can see that an equilibrium between the transverse and longitudinal emit-
tances does not strictly take place, even though ELENA at 100keV is below the transition energy, with
v~1<~vy~1.9. Unlike the LHC collider, ELENA is a compact decelerator ring made of a non-regular
lattice (see Fig. 26) and so does not satisfy the smooth focusing approximation criteria. Table 5 shows
the bunch length, relative momentum spread and emittance increase for the nominal bunch and the five
variants under IBS effects for 1s at 100 keV without cooling. This allows us to quantify the bunch pa-
rameters with IBS, which is important because bunch length and momentum spread must be kept close
to their nominal values.
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Table 5: IBS beam growth ratios for the nominal beam and five variants; the ratios are of parameters experiencing
the IBS effect for 1 s on the 100 keV plateau without cooling to those same parameters not enduring IBS effects.

opL(t)oeL(0) e[™(ME™(0) e (ETN0) eV (ET(0)

Nominal 5.7 32.5 1.31 0.94
Variant 1 14.5¢ 205.1 1.25 1.05
Variant 2 3.3 11.0 1.07 0.93
Variant 3 2.19 4.78 1.65 1.15
Variant 4 1.59 2.54 1.81 1.27
Variant 5 1.30 1.69 1.92 1.38

“Variant 1 is the worst scenario as the bunch length grows by a factor of 14.5 under IBS effects in relation to a bunch without
IBS. Likewise, the nominal beam experiences a 5.7 growth factor due to IBS effects. The best scenario is variant 5, as the bunch
grows by only a small factor of 1.3, compatible to that of the bunch length before IBS starts.

Figure 37 displays the IBS beam parameter growth factor ratios for the nominal beam and the five
variants in Table 5. Compared to the longitudinal emittance, the transverse beam emittances are not as
significantly altered by the IBS effects.

IBS beam emittance ratio

200
1005 | (16, (0)
50 S
s ,-". Oy (1)/og (0)
20 e
10 Q*.‘_ ¥ “-,'

sp @ o co_|[«e0
of | VO ]2 o
W el T -'_:-._

variantl nominal variant2 wvariant3  variantd  variants

Fig. 37: Longitudinal and transverse emittance growth ratios, epgv (t)/eLnv (0), and the r.m.s. bunch length growth
ratio oL (t)/oL(0) (equal to that of the relative momentum spread o, ) plotted for the nominal beam and the
five variants. The growth ratios are shown for IBS simulations over 1 s (large circles represent IBS raw simulation
data, while continuous and dashed lines are interpolated).

To finish, let us summarize our observations for the nominal beam and variants 1 and 5 in Table 5.

— Nominal: The increase in bunch length and relative momentum spread after the beam circulates
for 1s on the 100keV plateau is large; the r.m.s. bunch length increases to opr(1) = 1.85m
compared with op(0) = 0.325 m before IBS begins (also oa,, (1) = 0.04%). This corresponds
to a 95% bunch length increase equal to 7.4 m (= 4o0p1.(0)), instead of the nominal 95% bunch
length of 1.3 m at ¢ = 0 without IBS effects. The longitudinal emittance varies as the product of
the bunch length and the momentum spread since e, = TPOBLO A, ( Bc)*l.

— Variant 1: The bunch length and momentum spread after 1s are huge. Indeed, the r.m.s. bunch
length increases to opp (1s) = 4.7 m, while the 95% bunch length peaks at 18.8 m!

— Variant 5: This is the best scenario, because the bunch length and momentum spread will suffer
only 30% blow-up due to IBS after circulating for 1 s on the 100keV plateau; their r.m.s. values
are opr (1) = 0.42m, compared with 0.325 m before IBS starts (aAp,p(l) = 0.065%). Similarly,
the 95% bunch length is 1.7 m.
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Appendix A: Complementary proof of growth rate formula

The Piwinski’s model [1] derives the formulae for the variations of the mean transverse emittances and
momentum spread per time unit due to a scattering event. The derivative of the betatron and dispersion
functions and the vertical dispersion function with respect to the longitudinal beam axis are neglected.
The growth rates are calculated in accordance with the expression (154) for Gaussian probability law,
derived from (147). Here, the aim to show clearly as possible the link between these formulations.

Let us define the functions
™ 2m ]
fi= Qki/ d,u/ dv / dr sin[u] gi[p, v]log[r] exp[—r D(p, V)} for i=1,2,3. (Al
0 0 0

1 a? b2
where k1 = - ko = = ks = =, and
c c c

D(u,v) = c%(b2 cos?[u] + sin®[u] (cos®[v] + a® sin2[1/])> .

D(u,v) is Eq. (145) and g1 [u, v], g2[p, V], g3[u, v] are Egs. (146). Now, we pass from the spherical to
Cartesian coordinates (/7 j1, ) — (u, v, w) using (143)

(u =/rsinpcosv, v =/rsinpusiny, w = \/?cosu) — W+’ +uw?=r,
from which we can write the three functions f; as follows, since the functions g;(u,v) and D(u, v, w)
transform into
1

1 1
g1 = — (-2 +0*+w?), g =-(-20*+w?), g3=-(uP+v’—2w?), (A2)
T T T

1 2
D(u,v,w) = ;(u2—a2 V2 0% w?) | 7 du dv dw = sin[p] dr dp dr

2u? + v + w?

fg =4 kg/ du/ dv/ dw { u?® —20% + w?
2_2w2

u2+v

1 1
n[u + ’U + 'UJ3/]2 exp |:_2 (U2 + (127]2 + waQ) ’ (A3)
(u? 4 v? 4+ w?) ¢

Next, a trick is used: In fi let u = w,v = u,w = v, in f3 let u = u,v = w,w = v, do not change f3
(i.e. v = u,v = v,w = w remain the same). We obtain (cf. [24])
fi

jzz == /du/ dv/ dw {u? + v? - 202}

exp|—— (a2u2 + 0?0 +w )

c
Inlu2 2 2 M1 |
nfu® + v° + wg/]Q exp _;2(U2 + 202 + a2w2) dudvdw, (A4)

(u2 + 0% + w2) L

. -
exp|—— (u2 +a%v? + b2w2)
c

Switching back to spherical coordinates leads to, with

u?+v2—2w? 1 — 3cos?[y]

2
37 = 7 , reintroducing p = T L udvdw = sinfu]dpdpdr ,
r r

c? T
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% =2 /07r dp /027r dv /OOO dp sinfu] (1 — 3cos?[1]) In[pc?]
exp [—p (sin?[1] (a2 cos?[v] + B2 sin2[1]) + cos2[u]] f(a,b,c)
x ¢ a?exp [—p (sin?[p] (cos?[v] + b? sin®[v]) + a® cos®[u]] p = | f (% 2 g) . (A5
b2 exp [—p (sin?[u] (cos?[V] + a? sin?[v]) + b2 cos®[u]] f(% % g)

in which f (a, b, c) is the scattering matrix (148) and Dy (u, v) is (149). The first equation of (A5) can be
written

s 2 oo
fi= 2/0 du/o du/o dp sinfu] (1 — 3cos?[y]) In[pc?] exp [—p Do(p, v)] = f(a,b,c)

Referring to Egs. (147) the IBS growth rates can then given in terms of f1, fa, f3 as

-1

i
. AP (o) g 2m ' 5
mt| =2 [ [ [ avsinlpexp (=D )] nlpe?
7'2_1
1—d? b 1
(1- &) i) (1-a) f (=) f(abe)
105
x § @ galp, V) + P, v] p = Ap | fa+d*f1 | = Ap f(g,;,ﬁ) +d*f(a,b,¢) | . (A6)
b2gs i, lac
sl V) s i (555) ]
105 1
where f(a,b,c) = fi, f<g, e g) = fo, f(E,%,%) = f3. Eq. (A6) is thus equal to Eq. (154).

Appendix B: Scattering matrix

Decay rates and cross-sections are experimentally measurable quantities, predicted in quantum physics
through probabilities given by squared inner products of particle quantum states. These inner products
can be written as matrix elements (f;t¢|;¢;) where |i;;) is the initial state before the scattering of a
physical system and |f;ty) is the final state after the scattering event (cf. [35,40-42]). The notation
(fitrlist;) refers to the so-called Schrodinger picture (SP), where the states |1/)s evolve in time while
the operators Og are independent of time. In contrast, in the Heisenberg picture (HP), the states |¢))y are
fixed and the operators Oy (t) vary in time:

dY)s
dt
HP: |Y)u = exp(iHt)|¢))s and On(t) = exp(iHt)Os exp(—iHt)

SP: 1

= H|¢)s and Os is time-independent

(where HL units, with eg = h = ¢ = 1, are used). The interaction picture (IP) is a hybrid of SP and HP.
The Hamiltonian H is split up into a part Hy that can be handled exactly and a part Hj, to be treated as
a perturbation: H = Hy + Hjy. Thus, the time dependence of operators Oy is driven by Hy and the time
dependence of states |1); by Hiy so that the corresponding IP state vector and operator are defined by

[(t))1 = exp(iHot) | (t))s and Oi(t) = exp(iHot) Os exp(—iHot)
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O—Hin . .
=" Hy = (Hin)1 = exp(iHot)(Hin)s exp(—iHot) (IP) .

From this we have the equation of motion for |¢(¢))1,

(O _ g, (B1)

whose solution is given by Dyson’s expansion:

t

’1/)(t)>1 = U(t,to)w)(to»l - U(t,to) = T{exp I:—i Hl(t/) dtl] } (B2)

to

with i = /—1, where U (¢, 1) is a time-evolution operator satisfying the properties U (¢,¢) = 1 and
U(t1,t2)U(t2, t3) =U(t1,t3). The function 7{ -} implies a time-ordering product acting on operators
such that operators evaluated at later times are placed to the left.

Comment: For two operators O 2 the function 7 is defined by 7 (O (t1)O2(t2)) = O1(t1)O2(t2)
if t1 >1t9 and T(Ol (tl)OQ(tg)) = Og(tg)(’h (tl) if to > tq.

In the case where the particle momentum eigenstates evolve from ¢ = —oo to t = 400, the time-
evolution operator is denoted by S and called the S-matrix (for ‘scattering matrix’). It is defined via its
components S as

<f‘S’Z> = <f;t = OO’ 1t = _OO>Schr'ddinger =55 . (B3)

The S-matrix can equivalently be defined in terms of the time-evolution operator describing scattering
experiments, as

(1)) = tim (AU t)li) = i (B4)

t—4o00

The idea behind this definition is that as time evolves, the particles approach each other and may
interact briefly before moving away, with each going along its own path so that the states are free of
interactions at ¢ = Foo. For that reason it is convenient to separate forward scattering by defining
S =1 +41iT, where I is the identity matrix and 7" is a transition matrix (called the T-matrix) which
contributes only when particles undergo scattering. The exponential form of Dyson’s expansion, the
formula on the right in (B2), is not very useful as the integral in the exponent cannot in general be
computed exactly. Therefore, provided Hj is small compared with Hy, it should be expanded in a
power series of the interaction ‘Hamiltonian operator’, and thus terms can be obtained to a suitable order
since (B2) is related to (B4). Since the S-matrix is the limit S = U(t — oo, tg — —00), the Dyson’s
expansion power series of (B2) can be written as

0o _ 502 oo t1
5:1—1/ dts Hy(t) + 21) / dtl/ At T{Hi(t) Hy(t)} + . (BS)

However, this approach is rather tedious. Instead, it is better to use the graphical tool of Feynman
diagrams (together with Feynman rules) discussed in the main text. Briefly, Feynman diagrams are
qualitative and symbolic figures that represent terms in the perturbation expansion of the S-matrix (see
e.g. Fig. 14). Particles in space—time are solid lines with arrows, time runs from left to right, the space
direction is perpendicular to time (antiparticles travel backwards in time), arrows show the charge flux
relative to time, and wavy lines represent ‘virtual particles’ that live for only a short time, i.e. bosons
mediating the interaction which are emitted and absorbed soon after (e.g. photons in QED). ‘Loops’ are
closed patterns of virtual particles (present in high-order diagrams corresponding to high-order terms of
the perturbative Dyson’s expansion power series).
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In the S-matrix, we are interested in the scattering part of a process and not in the part where no
scattering occurs, namely where S reduces to an identity matrix I. Therefore, we just want to calculate
(f|S — Ili), the ‘non-trivial’ part of (f|S|i). Here we follow [35,40], where it is emphasized that the
matrix elements Sy of the S-matrix should reflect 4-momentum conservation, so that S, or S — 1, should
contain a factor (2m)154(p; — py). It is then conventional to extract this factor and define the invariant
amplitude M via

IGT)) = (£18 = 110 = (2m)** (D pi = D py) iM (B6)

where Y ps and Y p; are the sums of the final and initial 4-momenta, and i = +/—1, the complex
number i is introduced to motivate the relation exp[iT] ~ I + iT" = S. The reason the J-function
is included in the S-matrix is to ensure observance of conservation of energy and momentum; so it is
useful to factor an overall ‘momentum-conserving J-function’ to begin with. Detailed proofs of (B6),
which are quite difficult, are given in [43] for non-relativistic scattering and in [44] for the relativistic
case. Equation (B6) differs from the expressions in those two proofs by its 27 factor. For a two-particle
energy—momentum scattering process, this equation reads

(fifo|iT)ivia) = (f1fo| S—1I|iviz) = (2m)*6*(p1; + pai — P1f — P2y) IM, (B7)
also written

<p1fp2f|iT|pup2z‘> = <p1fp2f|5—f|p1ip2i> = (27T)454(p11; + p2i — P1f — p2f) iM,

where we have used the notation |i) = |i1)|i2) = |p1i)|p2) and |f) = |f1)|f2) = |pis)|p2s) for the
two-particle state.

Starting from (B6), the transition probability between the initial state |¢) and the final state | f)
is given by the square of the S-matrix, |(f|S—1I|i)|2. As is usual in quantum mechanics and quantum
field theory, the probabilities of events are the squared (moduli of the) ‘quantum amplitudes’, such as
the entries of the S-matrix for calculating the probabilities of decay rates and cross-section processes.
However, to square the matrix elements we have to square the d-function in (B6). Using the Dirac
§-function property {§(z — y)}? = §(z — y)5(0), we obtain

{54(Zpi _pr)}z :54<Zpi —pr>54(0) =o0 since d(0) :li_%% =00,

which is meaningless! Nevertheless, such infinities must be eliminated from all physical quantities.

One proper way to solve this problem is to confine the whole system of particles in a closed box of
volume V and then let the box volume become infinite, while assuming that the interaction is turned on
for only a finite time ¢. For simplicity the particles are described as ‘free-particle plane waves’ that spread
over infinite volumes and time intervals. Such a finite closed box and finite time interval can be defined

. . . . . . def
using the following representation of a Dirac d-function on a 4-position r = (t,r) and a 4-momentum

D def (E,p). We find that

' (p)= @yt / exp|—irp] d*r

= 2 /Vexp[—ir - p] d3r/0 exp[—it' E] dt’ pIESO §*(0)= i

Taking the square of (B6) gives, by virtue of the last two formulae,

Piss 2 IGDINE = (1S = 110} 2 = Ver)'s (3o pi = 3 pr ) IMP. (B8)
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Although the probabilities are expressed in terms of the squared amplitudes, we shall proceed differently
and replace |(f|(iT)|i)|?> = |(f|S — I|i)|? in (B8) by the ‘normalized’ probability
iT)|i)[? S —I)|i)?
p, = IWIGDIE _ 418 ~ DI, )
{(F1A)(ile) {(F1A) ()
where the presence of inner products (f|f) and (i|¢) in the denominator of (B9) stems from the fact that
they may not be normalized to unity.

As a ‘simple’ case we envisage (in a toy model framework of structureless, i.e. point-like and
spineless, particles) the decay of a single initial particle |i) = |i1), with 4-momentum |py;), into two
distinct final particles |f) = |f1)|f2) with 4-momenta |p1;)|p2;) [42]. These inner products can be
shown (without proof) to be

(ili) = (nlin) = QELV), (1) = (fifelfifz) = 2B V) (2E2V), (B10)

where Fq o5 =, /m? 4 p% of (and E};) are the particle energies with mass m and V' is the volume of the

box containing the particles. Observe that |i;) and | f1 f2) are not normalized to unity. Therefore, upon
substituting (B10) into (B9) the transition probability can be written as

 KARIGD)*  2n)t o , 2 1
PZ%f_<f1f2|f1f2><i1‘il> _tQEu d (ph pif p2f)|M| TEQE”JCV' (Bll)

space

time
fr—1

Fig. B.1: Feynman diagram for the decay p1; — p1s + P2y of one initial structureless particle with 4-momentum
p1i = (F14, p1;) into two final structureless particles with 4-momenta Pifof= (E1f,2f, p1f72f) after decay.

The probability of transition per unit time (called the transition rate) between the initial decaying
particle state and the final two-particle state created by decay is obtained by dividing (B11) by ¢, yielding

2

_ 2 =i — [] BI12
dt 2E1i( ™)' (pl Pif pzf)|M| ne1 2E,V (B12)
- 9 i —pr—
o 4 =y, e iy ) M 5y ) (5 v

which, said differently, is the probability of transition per unit time to one particular final state |f) =
| f1)| f2) out of all possible final states, made up of two particles with momenta p; s and po in that state.
In the limit as the box volume V' — oo, the momentum values become continuous, i.e. the |p1)+|p2)
final states form a continuum, and the rotal decay rate, called T, is obtained by integration of P;_, 7 over
the continuum of final states. To determine whether the final momentum of a given particle lies within a
domain d3p in the three-dimensional momentum space, Eq. (B12) must be multiplied by the number of
states in this domain. To do this, the three-dimensional coordinate space is discretized into cells of size
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(27)3 and one state is put into each cell. Hence, in a large box of volume V, the number of single-particle
states in a momentum space domain d®p is V d?p/(27)3.

Comment: Note that (27)3 is the discretized cell size in HL units, where & = 1 and h Lok =
27. Expressed in ST units, the cell size is h3, with h = 27h = 6.626x1073* Jsand & = 1.054x 10734 Js,
h being the Planck constant.

Finally, multiplying all the final state particles in Eq. (B12) by the factor V' d3p/(27)? and inte-
grating over the two final momenta yields the decay rate I' (at times the name P;_, ; is used for I'):

1 dgplf d3p2f "
I'= 2m) 0" (pri — pry — 2, BI3
2By / (27)32E) 5 / (27)32E,; (2m)"6" (pri = p1f — p2s) IM] (B13)

Notice that all the quantities V' (and ¢) have dropped out at the end of the calculations. The amplitude
M will be calculated by means of the Feynman rules (as outlined in the main text). Similar types of
calculations are undertaken for the study of scattering cross-sections, also referred to as rate per flux.
An effective application of these powerful computational tools to intrabeam scattering is given by the
Bjorken—Mtingwa model. Eq. (B13) agrees with the decay rate formulation [32] (appendix B) and has
similarities to the Bjorken’s transition rate for the scattering process, Eq. (158).
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