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Space Charge in Circular Machines
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Abstract

Direct Coulomb forces play an important role in beam transport and storage.
In this paper, the effect of space charge in beams stored in circular machines
is reviewed. Starting from the concept of a matched beam, the most common
particle distributions are introduced. Space charge forces are first addressed
as ‘external frozen’ forces and, in this approximation, the modification of the
machine optics is discussed, as well as the matching of high-intensity beams.
Envelope equations and r.m.s. equivalence are presented as relevant tools for
matching high-intensity beams. The space charge limit, space charge tune-
shift, tune-spread and their relation with resonances are covered. The more
general beam response to Coulomb forces is discussed for mismatched beams,
and a derivation of the coherent frequencies is presented for a Kapchinsky—
Vladimirsky beam. The concept of free energy is examined in detail, as a
source of emittance increase for high-intensity beams. More complex and rel-
evant examples are presented with the fully coupled envelope equations, and
the interplay of coherent and incoherent effects is addressed in the Montague
resonance. Space charge as driving incoherent resonances is discussed. Lon-
gitudinal dynamics in the presence of space charge are briefly presented as
well.
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1 Introduction

In the following, we will discuss the effect of space charge in circular machines. We will first focus
on describing the dynamics of a single particle within a beam. For coasting beams, we use a reference
frame co-moving with the reference particle; hence, the co-ordinates x,y used to identify the positions
of a particle are meant with respect to the design orbit. Para-axial approximation is used and, as usual,
x' =dx/ds,y’ = dy/ds, where s is the longitudinal co-ordinate set on the reference orbit.

2 Matched beams at low intensity

We consider in our discussion a beam distribution for two-dimensional (2D) beams, i.e., a coasting beam.
Typically, a 2D beam is characterized by a constant charge-line density of A = dg/ds, and its most general
transverse particle density at longitudinal position s is defined as

dg

/ / / /
p(xax VY ,S) = Wydyﬂs = ln(x,x )Y ,S).

The form of the normalized function n(x,x’,y,y’,s) allows a complete characterization of the transverse
beam distribution. The normalization condition on n(x,x’,y,y’,s) is obtained by the requirement

/ n(x,x',y,y',s)dxdx'dydy’ = 1. (1)

The variable s in n() says that the beam distribution may change along the machine; this aspect will be
discussed later.
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Fig. 1: Courant—Snyder ellipse: &y, single-particle emittance; area = &y,

In a circular accelerator, the transverse dynamical properties of a low-intensity beam at an arbitrary
longitudinal position s is determined by the Poincaré section, which for a linear motion is completely
described by the Courant—Snyder theory [1]. We will consider 2D beams matched with the optics. A
matched beam means that the transverse beam distribution at the section s will be the same after the
beam has travelled for one machine turn. In this sense, the property of a particle beam to be matched is
related with the Courant—Snyder ellipses, shown in Fig. 1. In the absence of coupling, the planes x—x’
and y—y' can be treated independently. At the longitudinal position s in the plane x—x/, turn after turn,
a particle performs jumps, remaining on a distinct ellipse. Each jump corresponds to a phase jump of
27w Qoyx, With Qp, the horizontal machine tune. Similar dynamics happen in the vertical plane. If only
one particle is considered, clearly we can distinguish where it is turn after turn. Therefore, in the sense
previously defined, a single particle cannot be ‘matched’ with the machine optics. However, if an ellipse
is ‘uniformly’ populated by particles, then after one turn there is no way for an observer sitting at position
s to tell that the beam has made one turn around the machine.

A beam uniformly filling ‘one’ Courant—Snyder ellipse is then matched. More generally, we can
think of a matched beam as a collection of uniformly filled Courant—Snyder ellipses, each with an arbi-
trary particle density. This means that the most general matched beam distribution is a function of the
Courant—Snyder invariants; hence, the normalized function n() is written as

n(EOXaEOyaS) . (2)

In this formula, the s dependence simply means that the function n() may change along the machine.
This mathematical formula (Eq. (2)) says that the particle density depends on the value of the quantities
€0, &0, Which are defined by the expressions:

2
Eox = YOXXZ + 2a0xxxl + ﬁOxxl ,

2 / 2 3)
€y = Yoyy~ + 2O‘Oyyy + ﬁOyy .

The optical functions
Yox; OOy ﬁO)m y()y; aOyv BOy ) (4)
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are here computed at the longitudinal position s where the Poincaré section is studied. The function n()
in Eq. (2) yields the same value when the co-ordinates x,x’,y,y’" keep &, €, unchanged; therefore, this
means that a distribution modelled with a normalized function like Eq. (2), i.e., depending on &, &y,
will produce a particle distribution matched with the optics at section s because all the Courant—Snyder
ellipses are uniformly populated. The index O in the optical functions (Eq. (4)) is used to indicate that &y,
and &y, are computed for weak space charge, virtually absent.

The function of Eq. (2) yields the most general expression for a matched distribution. However,
some other consideration has to be used to model beam distributions more realistically: an energy conser-
vation is here invoked, which basically ‘incorporates’ the physics of the source, all optics manipulations
of linacs, and schemes of injection in the ring. As a consequence, a correlation is assumed in the single-
particle energy between both planes, and the general matched particle distribution can be written as

1 %mw+mmy)7
T &8, &y &y

(&)

n(x7x/7y7yl7s) =

where &, and &, are some ‘scaling’ factors, which define the geometrical extension of the distribution in
the 4D phase space. In this expression, we drop the dependence of s in 7i() because, by our definition, the
matched distribution must be periodic, and the periodicity is already included into the optic functions.
The absence of s in the function 7i() also means that the type of distribution does not change and remains
the same (at this point of the discussion, this is an ansatz). The normalization condition Eq. (1) applied
to Eq. (5) reads

/ i(t)edr = 1.
0
with 7i(¢) defined in 0 <7 < co.

3 Main types of beam distribution

According to the type of function 7 we use, a different type of matched beam distribution is obtained.
The mostly used beam distributions are as follows.

1. Kapchinsky—Vladimirsky:

1 €x | &
/ / — 76 “Ux “y 6
n(x’x’y’y’s) ﬂzgxtgjy (é} + éi)y ) ( )
where 6() is the Dirac delta function.
2. Waterbag:
2 & &
'y s) = @ 1 Y 7
n(x7x7y7y7s) ﬂ2£xéa} ( gx éa} ) ( )
where O() is the Heaviside function.
3. Gaussian: o
! () , 8)

/ / _
n(x,x Y 7S) - 477:2(9@x£ye

In all these distributions, it is understood that &,, &, are the functions in Eq. (3).

As the space charge forces are determined by the spatial particle distribution, it is convenient to
discuss the general form of a 2D matched beam in the x—y plane. This distribution is proportional to
the projection of n(x,x’,y,y’) on the x—y space, which, for convenience, we call n(x,y), and is readily
obtained from

n(x,y,s) = /n(x,x’,yjy/,s)dx/dy/.
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Table 1: Functions 7i(¢), and 7(t) for the beam distribution discussed.

Kapchinsky—VIadimirsky Waterbag Gaussian
ii(t) S(t—1) 20(1 —1) qe 2
A(t) 0(1—1) 21-1)0(1—1)  je'/?

A direct integration of this equation using n(x,x’,y,y’,s) given by Eq. (5) yields

)= o [ (i )] ©

where F(t) = [;7i(¢')d¢’ is the primitive of 7i(¢). We also define ag(s) = /Box(s) & and by (s) = /Boy (5) &,
These quantities are related to the ‘beam sizes’ at the longitudinal positions s; in particular, for finite beam
distribution, ag(s),bo(s) are exactly the beam sizes. It is convenient to rewrite Eq. (9) in the form

_ 1 4 x? y2
o) = e (3 ) o

with 7i(t) = F(e0) — F () defined in 0 <t < oo. From the property of n(z) it follows that 7i(z) must satisfy
the normalization condition f;”7(¢)ds = 1. Equation (10) is the most general expression of the normalized
spatial 2D beam distribution for a matched beam. The Table 1 shows the functions 7i(t), and 7i(¢) for the
main beam distributions.

To clarify the difference between the particle distributions in Egs. (6)—(8), we plot each of them
in several planes. Figure 2 shows the particle distribution in the x—y, x—x’, and x profiles for the three
types of distributions here discussed. The top row of the figures shows the properties of the Kapchinsky—
Vladimirsky distribution. The two particle distributions in the x—y and x—x" profiles show a peculiar
characteristic of the Kapchinsky—Vladimirsky distribution, namely that the projection in any plane yields
constant particle density. This is a general property of the Kapchinsky—Vladimirsky distribution. The
second row of figures refers to a waterbag distribution, and we see that the x—y projection is more dense
in the centre. This is also seen by a more pronounced peaked beam profile. The last row of figures shows
the properties of a Gaussian distribution, truncated for convenience at &, /& + €0y / &y < 16.

4 Space charge forces for a frozen distribution

For a static particle distribution in which each particle has position 7; and charge ¢, the electric field at
the position 7 is given by Coulomb’s law:
7 = 1 — 7
e

*:l

\l

where &) is the permittivity of vacuum.

Next, we analyse the electric field produced in coasting beams transported in alternating focusing
structures. In this case, the electric field is computed with the approximation of a ‘local coasting beam’:
the beam sizes ag(s), by (s) vary because of the optics, and their values change following some wavelength
As, which depends on the particular optics; see Fig. 3 for an illustration with sizes altered for convenience.
If As > ag, by, then at the longitudinal position s, the transverse electric field is in good approximation,
computed from the coasting beam with constant sizes that mimics the transverse particle distribution
at 5. In Fig. 3, this coasting beam with constant sizes is shown with black dashed lines. At the section
s, the electric field of the actual 2D beam and that of the mimic beam are practically the same. In this
approximation, the electric field on a transverse plane at the section s is computed by the coasting beam
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Fig. 2: Projections of (top) Kapchinsky—Vladimirsky (KV), (middle) waterbag (WB), and (bottom) Gaussian dis-
tributions. The right-hand column shows the change in the x beam profile.

with the charge distribution p(x,y,s) = An(x,y,s) (see Fig. 3). In the simple case of an axi-symmetric
beam of radius ag = by with a uniform beam density, the radial electric field E,(s) is given by

&r if r<ag
E.(s) =< 2% - (11)
( ) {p (SZ)ZO%(S)% if r>agp.

The characteristic shape of this function is shown in Fig. 4. The next more complex situation is with
an axi-symmetric non-uniform beam. The general expression of the electric field for an axi-symmetric
beam distribution with density p(r,s) is readily found by using Gauss’s law

E.(r,s) = ;O;/()rp(r/,s)r/dr/. (12)

Note that this expression at section s holds only if ag = by in Eq. (9). This condition is equivalent to
ﬁOxéic = BOygy .
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Fig. 4: Radial electric field in an axi-symmetrical beam

If at position s, we have B8y # Poy&8y i.e., ap # by, then Eq. (12) no longer holds. In this case,
the computation of the electric field becomes more difficult, as it has to account for the different axis
symmetry. The physical x—y charge density of the beam is given by p(x,y) = An(x,y) with n(x,y) from
Eq. (10). It is now convenient to define Eq. (10) as

A(T)
- 13
n6y) = Lo (13)
with T an iso-density parameter
2y
T=—+>.
aj - b
With the use of these definitions, the transverse electric field is found by the integral
A > A(T)
E, = X / dr, 14
Y 2mey oo (af41)32(bE+1)1/2 (14
where the variable 7 is defined as
A x? y?
T = (15)

a+t bi+t
The derivation of this expression is given in Ref. [2]. The electric field E, is obtained by exchanging

x <> yand ag <> by. It is straightforward to verify that Eq. (14) yields Eq. (12) for the case of ay = by; in
fact, in this case we obtain

(16)

X

A /wﬁ%w)dt
0

B 27r£0x (a3 +1)?
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Fig. 5: Electric field generated by a 2D Gaussian particle distribution. For comparison, in the linear region the
gradient is the same of that of Fig. 4. The green area is the region of linear electric field. It is clear that the stronger
electric field is not found at +ay.

with 72 = x? +y2, and by making the variable substitution ' = ray/ a% +t, we obtain Eq. (12).

According to the particle amplitude, we distinguish the electric field in three regions: (1) a linear
region close to the beam centre; (2) a non-linear region, characterized by a significant change in the
electric field in a non-linear way; (3) a far region characterized by a functional dependence as 1/r. This
third dependence is valid for ag,by < r < R, with R the radius of the accelerator. This characterization
of the electric field is shown in Fig. 5.

5 Dynamics in the linear region

The previous section has helped to characterize the electric field generated in the transverse section of a
2D matched beam. The way in which the discussion has been developed assumes that the beam does not
change as a result of space charge; hence, the matched beam distribution is following the optics, and does
not change for other reasons. We call this distribution ‘frozen’. The x—y projection of the frozen beam at
the longitudinal position s always creates an ellipsoidal beam distribution described by Eq. (10). We now
discuss the effect of the electric field on a particle with a trajectory that remains close to the beam centre.
This means that, at any instant during the transport, the co-ordinates x,y of this particle should satisfy
the condition |x|, [y| < ao,bo. This condition simplifies Eq. (14). In fact, 7" as defined by Eq. (15) will
always satisfy T < x2 /a3 +y? /b3 for any t > 0. As |x|, |y| < ao, by, it follows that T will always be very
small; hence, to a good approximation, we can replace 7 = 0. We therefore find that for |x|, |y| < ao, bo
the electric field is

AA0) [ 1

= X / dr,

2mey  Jo (a3 +1)32(b3+1)1/?

and the integral is readily evaluated, with the result:

E, — Ai(0) 1 N
ey aplao+bo)

an

This equation says that all the 2D matched frozen distributions create linear forces in the proximity
of the origin. The influence on the type of beam distribution appears in the term 7(0). This quantity
changes value according to whether the distribution is Kapchinsky—Vladimirsky, waterbag, or Gaussian.
We notice that the electric field in the proximity of the beam centre acts like a defocusing element
distributed along the ring.

As we are considering a ‘frozen’ beam, that is, a beam with sizes following the machine optics,
we can at this stage consider the electric force generated by the beam as ‘external’, just as if it is applied
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to the beam particles from a sort of a distributed quadrupole. It therefore makes perfect sense to consider
what the single-particle dynamics would be in the presence of such a force.

We remind ourselves here that the single-particle dynamics of a particle in a lattice and in the
presence of space charge is )

% +kou(s)x = ﬁ%Ex, (18)
where ko, (s) is the horizontal focusing or defocusing strength exerted by the magnets on one charged
particle with charge ¢ and mass m, y = 1/1/1 —v2/c?, and vy is the speed of the particle. E, is the
Coulomb electric field, and the term 7° includes the effect of the self-magnetic field, which, at high
energies, compensates the space charge. If we substitute the electric field close to the origin (Eq. (17))
in the equation of motion (Eq. (18)), then the equation of motion becomes a Hill equation that includes
the effect of the linear space charge. This happens in the centre of the beam under the assumption that
the beam is coasting, ellipsoidal, and frozen. It is convenient to incorporate all constants in one single
coefficient called the perveance, defined as

ql

K 19
2neomy3 B33’ (19

where [ is the beam current, and § = v,/c. In the following, we take K to be always positive. The
equations of motion of the single particle then become

d’x . 2K B

) -0 20 o, 0)
d? 2K

d—siJr [koy(s) _ﬁ(o)bo(ao-l-bo)} y=0. @1)

As previously stated, these are the equations of motion for a particle in the centre of a coasting beam.
The 2D beam distribution is defined by the Eq. (5), the x—y projection of which is given by Eq. (9). In this
discussion, the beam distribution is ‘frozen’, i.e., the type of distribution does not change, and the sizes
ap, b are ‘matched’ with the machine optics as ag = v/ Poxéx and by = +/ ﬁoyé}. Now we can discuss the
optics that a particle will experience in the presence of frozen space charge when its motion is close the
origin. From Eqgs. (20) and (21), we find that the effective strength of the lattice is now:

Kia(s) =koe(s) — ﬁ(O)aO(;’ibo) ,
K1y (s) =kop(s) — ﬁ(O)b()(ai’ib()) , 22)

These two strengths are well defined, and produce the modified optical function By, G1y, By, O1y. Again,
we observe that the memory of the type of distribution is in the factor /i(0), and the size of the distribution
is related to ao(s),bo(s).

6 Frozen beam matched with space charge

If we consider the modified lattice in Eq. (22), we are obliged to admit that the effective strengths ki, k1,
will create a different optics from the original lattice. Once we fix &, &, given the optics Boy, oy, Boy, Coy.
the frozen beam distribution creates, in the centre of the beam, via space charge, the modified optics
Bix, % x, B1y, 041y, and this new optics is periodic, as originated by periodic functions: the effect of the
frozen space charge is to modify the Twiss parameters.
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We could now think to create a beam distribution, which is matched with the optics created by the
space charge depressed strength k., k,. This beam will have the following frozen distribution matched

with the new optics
1 [ €x |, €1y
———Ji =+ == 23
s (5% =

where the Courant—Snyder quantities €;y, €1, are now constructed using the modified optical functions
ﬁl)ﬁ al)ﬁﬁly, a]y, namely

2 / 2
€1 = Prax T+ 20xx + Y1x”,

, (24)

€1y = Pryy 2+ 200yyy’ + ?’1yy2 .

At this point it is clear that Egs. (23) and (5) represent two distinct distributions, because the same
distribution function makes use of two distinct sets of optics.

To achieve a more realistic modelling of the matching of a 2D intense particle beam, it is neces-
sary that ‘both the beam distributions’ are the same. This, in fact, is what happens in the real machine:
the machine optics is changed by the beam distribution, which in turn ‘automatically’ guides the beam
evolution and creates the same optics. In other words, the matched 2D beam, including space charge,
requires the creation of a frozen beam distribution with an optics that already include the effect of that
space charge. The problem is that we do not know in advance the modified optics with space charge.
Mathematically this means finding By, ¢, By, 0, such that a = /&Py, b = /&P, creates a depressed
focusing strength

ki (s) =kox(s) — A(0) a(jfb) ,
Ky (s) =koy (s) — A(0) b(jfb) , 25)

which in turns creates exactly B, 0, By, @,. The solution to this problem is not obvious and must be
discussed with care, according to the circumstances.

Practically, one starts from a ‘naked” optics Boy, Cox, Boy, Gy, from which one finds the frozen beam
sizes ag, bo. Using Eq. (22), we find new optics Bi x, @1 x, B1.y, @1 y. The new modified optics includes the
space charge in an ‘inconsistent’ fashion. However, if the space charge is not too strong, the modified
optics is closer than the naked one to the solution. Therefore, we can repeat the process, now creating
another frozen beam, matched with the optics i , 01 x, [317y, oy, from which we compute the new beam
sizes a1, by and again, using an equation similar to Eq. (22), we find a new optics [ x, 02 », Bz,y, 0,y. This
procedure of steps defines an infinite sequence by recursion:

Bn,x; Oy x ﬁn7y7 Oy — ﬁn-&-l,x; Oyt 1 x, ﬁn-&-l,ya Oty

which starts from By, 0tox, Boy, 0oy If the sequence converges, the limit is our By, ¢, By, oy, which satis-
fies Eq. (25). Practically if the sequence converges, an adequate approximation is reached in a relatively
small number of iterations.

7 Stationary distributions

Till now we have treated the space charge created by a frozen beam. That is, a beam of the sizes which
are frozen to the beam optics; in the last section, we found that it is closer to the reality if the frozen
beam is matched with the optics that include the space charge (generated by the beam itself). However,
another assumption has been implicitly used: we always assumed that the type of distribution remains
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the same during the beam evolution. In the framework of the frozen beams, this is perfectly allowed. We
now discuss what happens if we allow all particles to evolve according to the actual electric field, in a
self-consistent way. We basically want to discuss the evolution of the complete beam. In general, our
‘matched’ distribution will evolve in a very complex way. If the mechanisms that lead to beam change
are slow on the time-scale under consideration, we can assume that the distribution will remain matched,
i.e., it keeps a form type

o I (& ¢
n(x,x,y,y',s) = mn <éi€-|- é(,y,s> ,
where the appearance of the variable s in the function describing the beam distribution means that the
type of distribution may change with time, for example a Kapchinsky—Vladimirsky distribution may
change and become a Gaussian. In complete generality, the evolution of a particle distribution is ruled
by the Vlasov equation. For convenience, let us call v = (x,x’,y,)’); the Liouville theorem states that:

d d
an(ﬁ,s) + : v;a—wn(\_z’,s) =0 (26)
except that now the quantities v} are obtained from the canonical equations, which read:
/ a —
Vi = Sl/TwH(V) 5 (27)
with
0 1 0 O
-1 0 0 O
§= 0O 0 0 1]’
0 0 -1 0

and H (V) the Hamiltonian of the system.
Equations (26) and (27), jointly, form the Vlasov equation, which, in its explicit form, reads:

on = >
X—F(Vn)-(SVH) =0.

Note that, with space charge, the Liouville theorem is still applicable if bulk space charge and beam
currents can be described by vector potentials ¢,A (see Ref. [3]).

This equation tells how the particle density, i.e., the function n, changes in time. This is expressed
by the dependence on s, which, where it exists, yields %n(\_f, s) # 0. If, instead,

d

5"
this means that the particle distribution does not depend on s; hence, it does not change ‘shape’ with
time. In the absence of space charge, or with very small space charge, the general particle distribution

- on(x,xl,s) EOy(yaylas>
n( é‘;c + é(; ) §

(v,s) =0,

is stationary. In fact, it is easy to check that, in the absence of space charge,

a S()x(x,xl>s) £Oy(y;y/a5)
—17 =0.
asn< ‘. + g; ,S

In the presence of space charge, the situation is much more complicated. There is only one known
distribution that is stationary with space charge and that is the Kapchinsky—Vladimirsky distribution.
In fact, for the Kapchinsky—Vladimirsky distribution,

oo\ 1 & &
I’l(V,S) = mé <£}+(g§, > y (28)
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if used in Eq. (9), we find that the function F () becomes F (t) = ®(t — 1), where the function ®(u) has
value O(u) =0 if u <0, and O(u) = 1 if u > 0. Therefore, we find

1 X2 y2 1 x? y2
S Y )| =—e(1- 2
) = o [ ®< T ﬂ nab®( 2 b2> ’

which simply means that if (x,y) is inside the beam, i.e., if

22
X y
—+ 7 <1,
the projection of the beam on the x—y plane has constant density n(x,y) = 1/(mab); if (x,y) is outside
the beam, then n(x,y) = 0, as one expects. As n(x,y) is constant, we find that the electric fields are linear
everywhere inside the beam. In fact, Eq. (14) specialized to the Kapchinsky—Vladimirsky distribution

yields

A e 1
E, = dr 29
= e @ PR1P 29
for any (x,y) inside the beam, and by direct integration we find
A 1
E, =

— X .
TE ap (Cl() + b())

Similarly, for the y plane. We therefore find that the Kapchinsky—Vladimirsky distribution creates a linear
electric field everywhere inside the beam. This electric field enters the Hill’s equation, and consequently
the optics with space charge can be obtained. But now it is straightforward to prove that, for the particle
distribution in Eq. (28), we find

d on de,  dn dg,
P s i) it
L3 G oy o as O

which implies that

il’l <8x(x’xl7s) 4 8}’()’?)/?5) ,S) — 07
ds &, &,

that is the Kapchinsky—Vladimirsky is a stationary distribution. (The partial derivative is applied only to
the last s, i.e., to the functional dependence of the type of distribution). All this means that any initial
Kapchinsky—Vladimirsky distribution will remain a Kapchinsky—Vladimirsky distribution, that is, this
distribution will not change shape during the beam evolution.

Next, we show an example of evolution of a non-stationary beam distribution. In Fig. 6, we see in
green the y profile of a Kapchinsky—VIadimirsky distribution. This distribution is injected into a lattice
with Qo = Qoy = 4.41 with emittances & = & = 5 mm-mrad. A mismatch of M = 30% is applied
in both planes. This means that the x co-ordinates are multiplied by 1.3, and the x’ co-ordinates are
divided by 1.3, leaving the emittance unchanged, and likewise for the y plane. (The space charge tune-
shift is AQy = —0.165). The distribution is left circulating in a ring for 200 turns, and afterwards the
beam profile is shown by the black curve. The particle-in-cell simulation clearly shows that the beam
distribution changes shape and readjusts to a different type.

8 Beam characterization

Unless something dramatic happens to the beam, the beam distribution does not change too quickly.
Therefore, for a short time-scale, one can ask on how a beam distribution can be characterized.

Experimentally, this task is very difficult, as it necessitates a complete 4D phase space reconstruc-
tion, and in circular machines only the measurement of beam profiles is part of normal diagnostics, or
the application of 2D tomographic techniques.
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Fig. 6: Evolution of non-stationary beam distribution as obtained from a particle-in-cell simulation

From the point of view of multiparticle simulations, at each step of a simulation, the full multi-
particle beam distribution is accessible, and a characterization of the beam is useful. The easier way to
characterize the beam is through the second-order moments. If the centre of mass of the beam is in the

N

origin, i.e., if YN, x; = YN x/ = YN, y; = YN,y =0, with N the total number of macro-particles, the

second-order moments

o 15
<x>zﬁi:21xi7
o)=Ly
XY==3 x

NET
/ lN /
<xx>:NZx,-xl

Il
-

enable the following quantities to be defined: the r.m.s. beam size ¥ is defined as

i

and the r.m.s. beam emittance €, is defined as

8= /() (x2) — ()2,

Similar moments and definitions apply for the y plane.

(30)

For matched beams, as we defined in this paper, there is a direct relation between the quantities
&, &, the beam distribution type, and second order moments. By assuming that the 2D beam distribution

has the general analytic shape

n('x7xl7y7y/)

_ 1 ~ SOX(X,X/,S) + 80}‘(y7y/7s)
- m88," & &y
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Table 2: Main properties of the three types of distribution. For KV, and WB distribution, the spatial distribution
n(x,y) is meant in the domain x?/a® +y? /b < 1.

n(x,x',y,y") n(x,y) ali  &J&,
Kapchinsky—Vladimirsky ——4—& < R 1) L 5 4
5x Oy X y
oo zo(l-8-5)  &(Fp) v
i S e & 1 _1(2 1 1
Gaussian 6, eXp =2l + 3 5225 €XP | =3 | =2 + 32

and ignoring at this point the possible s dependence of the type of distribution, we find characteristic
relations between r.m.s. sizes ,y, and sizes a,b, also between &, &, and the r.m.s. emittances &, &,.
These relations are shown in Table 2 for the three types of distribution here presented. The ratios a/¥,
and &, /&, are important; in fact, we see that the relation between the edge of a beam and the r.m.s. size
depends on the type of distribution that we are dealing with.

9 Envelope equation

As discussed in the previous section, the Kapchinsky—Vladimirsky distribution is stationary, that is,
a Kapchinsky—Vladimirsky distribution will evolve while remaining a Kapchinsky—Vladimirsky type.
From the previous section, we find that, once the type of a certain matched distribution is known, we
need to know only two parameters to completely define all its properties. These parameters can be &, &),
or a,b. Alternatively, r.m.s. quantities are also helpful to find these two parameters, for example, &, &,
or X,y.

For linear lattices, the Kapchinsky—Vladimirsky distribution is stationary; hence, we can describe
the evolution of the beam distribution by characterizing the evolution of the chosen parameters. The
r.m.s. emittances have the interesting property that they remain constant under linear forces. In fact, from
the definition £2 = (x2)(x'?) — (xx’)2, it is easy to verify that

gz d

X

ds:&

() () = (')) = 2( (") (%) = () (). €Y

If the forces acting on each particle are linear; hence, if the equation of motion is X" = & (s)x with & (s)
an arbitrary function, then using it in Eq. (31) yields d&?/ds = 0.

Therefore, for linear forces &, cannot be used to describe the evolution of the beam. We have to
consider the r.m.s. beam sizes instead. From the definition of ¥ we find

o oY)

and

X = . (32)

V=—"+3. (33)
X X
As the equations of motion are linear,
Ex L Tkt - 2K Jazo (34)
R S)— X =
ds? 0 ala+D) 7

365



G. FRANCHETTI

we then find 5
2K €

7' Lk F— " X _0
X'+ kox(s)X a(a+b)x E

As we are discussing a Kapchinsky—Vladimirsky distribution, we can rewrite a,b as functions of the
r.m.s. sizes and find

K g2
7'+ k f——— X _0.
X'+ kox(s)% Gy

A similar equation holds for the y plane inverting ¥ <+ §. The fact that & and &, are constant for a
Kapchinsky—Vladimirsky distribution allows to use the r.m.s. envelope equations,

K g2
7+ k f————— 2 =0 35
X + Ox(s)x 2()’5—|—)~)) B3 ) ( )
K &’
~ ~ Yy
Fhoy(s)— ——— — 2 =0, 36

(37

to predict the evolution of %,§. As the Kapchinsky—Vladimirsky distribution does not change type, we
can compute the evolution of the envelopes a, b, as a = 2%,b = 27.

10 R.m.s. equivalent beams

If the time-scales considered are short enough, so that the distribution does not significantly change type,
we can wonder if there exists a generalization of the r.m.s. envelope equations. We face here the prob-
lem of how to describe the evolution of a non-Kapchinsky—Vladimirsky distribution, which, therefore,
necessarily yields non-linear space charge forces. We start here with the assumption that the beam distri-
bution, i.e., the type of distribution, does not change. Again, the evolution of the beam is described by
the two quantities that characterize the beam. The evolution of the r.m.s. moments requires evaluation of
the quantity (xx”) in Eq. (32), but now the equation of motion of a single particle becomes

d’x > A(T)
_ - - K _
12 + kox ()X x/o (@R dr=0, (38)

(39)

where T is given by Eq. (15). Therefore,

, o AT
(xex”) = _k0x<x2>+K<x2/0 (az+t)3/(2(22+t)1/2dt> ’

and the last term becomes rather complicated to compute. However, Sacherer has proved [4] that for the
class of beam distributions
Aa(E 42
= —nNn _— —_—
p wab \a* b*)’
which are our matched beams, the following remarkable result holds:

> A(T) K #
K 2/ Al dt>: :
<x 0 (@412 +1)12 2%+

This is valid independently of the function 7i(t). Therefore, Eq. (33) becomes

K 1 g2
o ~
x __kox(s)x+§i+)7+i%' (40)
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This equation shows that the effect of the space charge in the term (xx”') has always the same functional
form, as for a Kapchinsky—Vladimirsky beam. This result is remarkable because it means that, independ-
ently of the type of beam distribution, if a beam is matched and the distribution type does not change,
the r.m.s. envelope will evolve in the same way: this also means that if two beams have the same r.m.s.
moments at given s, their r.m.s. envelopes will evolve in the same manner. These beams are called 7.m.s.
equivalent.

Clearly, this result is valid as long as the type of distribution does not change. If the r.m.s. emittance
does not change, then the equations can be directly integrated; however, if r.m.s. emittance changes, it is
then necessary to provide its evolution, as Eq. (40) alone will not be sufficient to predict the evolution
of X.

11 Incoherent tune-shift

The tune of a single particle for a linear machine is defined as

||
QOx = E/O ﬁox(s) dS,

and the Courant—Snyder theory shows that a localized gradient error of integrated strength Ak, produces
a change of tune as

1
AQox = — Pox(8) Ak, .
Qo 4ﬂﬁo (s)

The space charge in the centre of a beam acts exactly as a small defocusing gradient error. If a particle has
small transverse amplitude (i.e., is mainly close to the beam centre), then the effect of the space charge
on this particle when it goes from s to s + As, is given a local kick
2K
a(s)[a(s) +b(s)]
in the same way, a local gradient Ak, produces a kick Ax' = —Ak,x. The positive sign of the kick stems
from the space charge force, which is always defocusing. Therefore, the change of tune is then
1 2K
AQoy = —— (0 As.
Qox = = 1 Pox9)A(0) 2 p i

By integration of all the distributed effect of space charge along the circumference, we obtain

AX' = A(0) xAs,

800 =~ [ o)) 2K
x — ——— x Sn S .
®T Tam o P a(s)[a(s) +b(s)]
Now we rewrite this equation as
11 L Box(s) 2K
AQpy = —— — A(0 d
0= "ax 8 o B ™ )1+ G0N
Z:Be(s)

If the space charge is not too strong, then By, /B:(s) ~ 1, and

11 1
AQoy = —— —A(02K2mR{ —————— ) |
Qo Wz i(0)2K2x <1 gyﬁy(s)>
TVesm

where () is the average over the machine length, and R is the average machine radius.

We next consider the decomposition of the beta functions around their average (), and (B,)y, as

Bx(s) = (Bx)s +ABu(s),

By(s) = (By)s +ABy(s), (41)
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and we also consider the following auxiliary function

1
o (x,y) =
1+
It is clear that |
= x 5 )
e~ BOB)
ExBi(s)

and </ can be Taylor expanded around (B,)y, (By)s, as

A (B 29"9’"% ) |x= ) [ABx(s)]"[ABy (5)]"

ﬁxsy* /s n[m|

Therefore,

(A (Bx(s): By(s))s = 29”9’"% X,3) L= () s5=(By)s n,m,<[ Be(s)I"[ABy ()] )s @)

= M((ﬁﬁﬁ <ﬁ}>5) + O(<Aﬁx >s: <Aﬁy >S) ’

because by definition (ABy)s = (AB,)s = 0. This means that

i I
) = —————+ O({ABY)s. (AB))s)-
B0 > A3 x /52 (AP,
< tVzem /. 1TVaE.

This formula states that if the beta functions do not oscillate too much away from the average beta, then
we can approximate the L.H.S. with the first term of the expansion and neglect the higher order terms
in APy, and AB,. This can be seen by the second term of the expansion, which is the quadratic in the
average deviation from the average beta, and which becomes small for not too wild oscillation of the
beta. Therefore, under these conditions, we obtain

1 R R
AQoy = ——M(0)K—————= = —71(0)K{By)s
o= g MO e~ O VA VA

In a similar way, we can now expand the beta function in the depressed tune formula,

szg 0 Bx(s)

and we find
R R

B (B3

Under the same approximation of not too wild beta oscillation, we can approximate Q, = R/(fy)s, and
by substitution, we finally obtain

R? 1
AQoy = ——1(0)K . 43
o= = G O B VB Bt VEBT) @)

This formula is very intuitive, and has a deep meaning: the incoherent space charge tune-shift appears to
be insensitive to the machine optics, but to depend to an ‘equivalent’ smooth accelerator structure with
the same tunes as the original one.
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Table 3: Factor f as function of beam distribution.

Kapchinsky—Vladimirsky ~Waterbag Gaussian
f 1 4/3 2

12 Space charge tune-shift for r.m.s. equivalent beams

The last formula gives the tune-shift as a function of the quantities &, &. For practical uses, it is useful
to modify Eq. (43) using r.m.s. emittances. First, we observe that for a matched beam

2=8B); [ w,

and the r.m.s. emittance is { o
éx:é}f/ thA(t)dr .
2 Jo

Therefore, we can rewrite the tune-shift as

200 = - aorx! / " ia()de : ,
Ox 2 Jo \/éx<ﬁx>s(\/éx<ﬁx>s + \/é}<ﬁy>8)

and define a peak tune-shift as
AQox = fAQox (44)
where
R°K 1
O 4 \/§x<[3x>s(\/§x<ﬁx>s + \/§y<ﬁy>S) ’
is the tune-shift of a Kapchinsky—Vladimirsky beam r.m.s. equivalent to the beam we are considering.
The factor f incorporates the type of the distribution, and is

AQox = (45)

£ =24(0) /0 " (e

The values of f according to the type of distribution are shown in Table 3. These results show that r.m.s.
equivalent beams having the same perveance will produce different peak tune-shift according to the type
of distribution.

13 Space charge limit

The previous results allow us to discuss which is the maximum current or, equivalently, the maximum
number of particles a coasting beam may have in an accelerator. The limiting factor is the maximum
allowed incoherent space charge tune depression, which is dictated by the necessity of avoiding the
overlap of the tune-spread with machine resonances. We proceed by discussing the horizontal plane, but
similar formulae are obtained on exchanging the x and y planes. As the resonances up to the fourth order
may be dangerous for beam survival, it is then assumed that the space charge limit is set by the condition

|AQ0x| < |AQxl| ~ (.25,

see Ref. [3]. This constraint can be used in Eq. (44); inverting this equation, we obtain the maximum
longitudinal particle density, which reads

o

dN A 8meymAYV |AQu| & - (By)s
ds ez e27? f R

(8. e) | o
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where A is the mass number, m, the nucleon mass, Z is the charge state of the particle, and e is the
elementary charge.

The same argument applies to bunched beams although we did not discuss the space charge field
of a bunched beam. In fact, if a bunch is very long with respect to the transverse size, then the local
coasting beam approximation enables the ‘local’ transverse tune-shift to be computed according to the
local charge-line density A(z). In complete analogy, we can speak of the local current /(z), which is
largest where the local particle density is the largest. Therefore, one finds the peak current I,eqx in the
centre of the bunch (z = 0). To compare how different a bunched beam is from a coasting beam, it is
customary to compare the peak current of a bunched beam I, with the current of a coasting beam
composed of the same number of particles lyyerage. The ratio By = Lyyerage /Ipeak, called bunching factor,
quantifies the difference between bunched beams and coasting beams. Clearly, the bunching factor is
depending on the longitudinal beam distribution, and on how many bunches are accommodated in a
circular machine. If By = 1 then the beam is un-bunched; the more the longitudinal bunch distribution is
peaked, the smaller is B. As the largest transverse tune-spread is at the bunch centre, for that transverse
section, the space charge limit is given by Eq. (46). The maximum number of particles in the ring to
reach the space charge limit (hence the maximum average current), is found by multiplying Eq. (46) by
By and integrating along the circumference:

Niot = Bf

4(21)em APV |AQu| . (1 N <l3v>séy>, )

e222 f & <Bx>séx

From Eq. (47), it appears evident which are the critical parameters to increase the total number
of particles stored in a ring: the bunching factor By, and the type of transverse distribution, i.e., the
parameter f. By increasing By, and making a beam closer to a Kapchinsky—Vladimirsky distribution, if
possible, N will be increased. Alternatively one should compensate all natural resonances so that |AQ,|
can be taken larger, or increase the energy of the beam to reach higher 7.

14 Oscillation of mismatched beams

Consider a low-intensity 2D beam matched with the machine optics at the longitudinal position s, see
left panel of Fig. 7. Suppose now that we distort the beam, as shown in the right panel of Fig. 7. The black
ellipse in the right panel of Fig. 7b marks the initial edge of the beam before distortion. The stretched
phase space now has two ‘wings’, which we call A and B. If we follow the beam evolution, each particle
rotates with instantaneous phase advance 1/f,(s). While the beam moves ahead (increases s), the beam
ellipse rotates in the co-moving reference frame preserving its area. The two beam wings out of the initial
beam black ellipse, marked A and B, will also rotate as s increases, as indicated by the red curved arrows.

The beam envelope is found by taking the outermost particle, and with this definition for this type
of mismatched beam the envelope cannot distinguish between the two beam wings. Consequently, if the
beam ellipse rotates through 180°, the two wings will swap (A <+ B), but the beam envelope will remain
the same. Therefore, the beam envelope oscillates with a frequency that is the double the frequency of
the single particle, i.e., the beam envelope will oscillate with a phase 27(2Q,0) per turn.

This argument merely considers the single-particle dynamics, but the effect of space charge on a
mismatched beam is more subtle.

To visualize the effect of the mismatch, we consider the quantity Ax(s) = a(s) — ap(s), where with
ao(s) we indicate the matched envelope at location s, whereas with a(s) we indicate the ‘mismatched
envelope’ at location s. Figure 8 shows the evolution of Ax(s) as obtained from a multiparticle simu-
lation for two beams, one with low intensity (green), and one with high intensity (red). Both beams are
mismatched by the same amount. The picture shows clearly that the high-intensity mismatched beam
has a longer wavelength than the low-intensity one, which seems to indicate that the depressed tunes
play a role in creating this shift. Therefore, at first sight, one would use the same argument as illustrated
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Fig. 7: Dynamics of mismatched beam. Left-hand side: initial matched beam distribution. Right-hand side: mis-
matched beam. The mismatch is produced by creating the ‘wings’ A and B.
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Fig. 8: Dynamics of mismatched beam. Green: beam with low intensity. Red: beam with high intensity

in Fig. 7 to discuss the dynamics of a mismatched high-intensity beam. As the space charge will depress
the single-particle tune, one would conclude that the beam envelope will make 20, oscillations per turn,
where Q, is the depressed tune. However, this is not true.

15 Coherent frequencies

To explain the effect of space charge on a mismatched beam, we need to start from the envelope equa-
tions. For this discussion, it is easier to use a constant-focusing lattice, and for convenience we re-
scaled the r.m.s. envelope to the matched solution as ¥ = X%y, ¥ = 9. Here %o, yo are the r.m.s. matched
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envelopes for a Kapchinsky—Vladimirsky beam with r.m.s. emittances &,,&, and perveance K. In these
terms, the envelope equations take the form

" + ko (s)£ K & 0 (48)
X S)X— — - =0,
o 2 %o(Rok+509) £33
K 1 &2
V' +koy(s)y — = Y —0. (49)

2 So(fot+309) o
If £ = 3§ = 1, the beam is matched. If the beam is mismatched, then we can define X = £ — 1 and

0y =3y — 1, and Eqs. (48) and (49) can be expanded around the matched solution. After some algebra,
and neglecting quadratic terms of the incoherent tune-shift, we find:

81" +a, 08+ a,09 =0,

50
83" +ay 6% +a, 69 =0, 0
with
B <Q0x> > 20040, < %o >
Ayy = — - ) o = -3 s
R R Xo + Yo
o — _ZQOXAQX )70
h RSt 51)
Gon — _2Q0yAQy Xo
" R Xo+3o’

{00\ 200A0, [ o
ayy =4 — ) — 5 — 3.
R R Xo + Yo

These are two linearly coupled second-order differential equations with constant coefficients. By making
a proper linear co-ordinate transformation (6%,09) — (&, V), the system in Eq. (50) can be decoupled
into two independent differential equations,

éﬁ—i_l—‘ré :07

52
v+ A_v=0, (52)

with A, = icoh /R? the eigenvalues of the matrix a;; defining Eq. (50). For Xy # ¥, in good approxi-
mation

1 Xo
=200 — =A -3,
Q-i—,coh QOx ) Qx ()EO‘F)N’O >

1 Yo
—coh =200y — zAQy | —/——— -3 .
o ,coh QO} ) Q) <f0 T o >
Therefore, we find that the oscillations of the envelopes around the matched solutions are obtained by
the compositions of the modes with tunes Q4 ¢on because of inverting (§,v) — (8%, 0). We observe that
O+ coh can be re-cast in a different form as

1 X
O+ coh = 20x — A0, <~ L+ 1> : (53)
2 Xo + Yo
1 Yo
_coh =20, — =AQ, 1 54
Q ,coh Qy ) Q} ()ZO‘F}N’O_'_ ) y ( )

where Q,, Qy are the depressed tunes by the incoherent space charge tune-shift, as previously discussed.
These last two equations show that the modes oscillate with an extra term to the 2Q,,20Q, which has a
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Fig. 9: Spectrum of oscillations of . Black: low intensity. Green: high intensity. Dashed lines are drawn to theo-
retical predictions.

coherent nature, and act in the opposite direction of the incoherent tune-shift, increasing the frequency
of the mode. (The sign of AQ,,AQ, is negative).

Figure 9 shows the Fourier spectrum of the r.m.s. envelope of a mismatched beam. The beam
is tracked in an arbitrarily chosen constant-focusing lattice of length L = 110 m, with tunes Qg, =
2.655,Qoy = 2.823. The incoherent space charge tune-shift is AQo, = —4 x 1072, AQ, = —5.6 x 1072.
The dashed lines show the theoretical predictions. The black spectrum is obtained by tracking a mis-
matched beam with no space charge, and we find it peaked on 2Q,, as expected from the argument
of the previous section. However, when the space charge is activated, the spectrum shown by the green
solid curve is now peaked on the coherent frequency as predicted by the theory of Eq. (53). Note that the
frequency 20, is not excited.

This analysis is based on the r.m.s. envelope equations, and more modes of oscillation exist. A full
discussion of these modes based on Vlasov equation can be found in Ref. [5]; a visual representation is
shown in Fig. 10.

16 Tune-spread: the non-linear region

The previous analysis of the oscillations of the mismatched beam relies on the envelope equations. How-
ever, these equations do not consider the actual tune that each particle experiences. We already dis-
cussed, in Section 5, the dynamics in the linear region of the space charge field, and found a deviation
of the single-particle tune from the bare tunes, which we called the incoherent space charge tune-shift
AQox, AQoy. The effect on the dynamics of the non-linear field regime introduced in Section 4 is still to
be discussed. A first effect of the non-linear field will be to change the single-particle tunes by a different
amount from AQo,, AQo,. The best way to visualize this effect is to plot, for each beam particle, its tune’s
deviation from the machine bare tunes. This may be computed with a standard procedure by analysing the
frequency of each particle using a turn-by-turn data method [6]. The set of all these incoherent tunes is
called space charge tune-spread. Figure 11 shows the space charge tune-spread for the three distributions
presented.
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Fig. 10: Even and odd modes for the second, third, and fourth orders
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Fig. 11: Tune-spread of main types of particle distributions. Left-hand side: Kapchinsky—Vladimirsky (KV). Cen-

tre: waterbag (WB). Right-hand side: Gaussian (G). Blue: bare tune. Green: Kapchinsky—Vladimirsky tune-shift.

Red: tune-shift for (centre) waterbag or (right-hand side) Gaussian.
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The left-hand panel shows the tune-spread of a Kapchinsky—Vladimirsky distribution. Each single-
particle tune is a black dot. The blue marker shows the machine bare tune, and the green marker shows
incoherent detuning, as predicted by the theoretical formula of Eq. (43). The figure clearly shows that all
single-particle tunes are, to a good approximation, overlapping with the theoretical tune. This happens
because the electric field generated by the Kapchinsky—Vladimirsky is linear everywhere inside the beam
distribution.

The panel in the centre shows the tune-spread for a 2D waterbag beam, this beam has the same
perveance as the Kapchinsky—Vladimirsky beam, but the sizes are chosen so that it is r.m.s. equivalent.
The set of tunes is now not overlapping and is spread over a triangular shape. The red marker shows
the incoherent space charge tune-shift, as computed using Eq. (43). The factor f is now 4/3, and is
responsible for the increase of the tune-shift.

The panel on the right shows the space charge tune-spread for a Gaussian distribution, still r.m.s.
equivalent to the Kapchinsky—Vladimirsky beam. This graph shows that the single-particle tunes are
spread over a larger area, and the density of tunes decreases as the tunes approach the machine bare tune.
Now f =2, and the graph shows that the distance between the green and blue markers is equal to the
distance between the red and the green marker.

17 Amplitude-dependent detuning

Figure 11 shows that all particles experience the same space charge tune-shift only for the Kapchinsky—
Vladimirsky beam. For the other distributions, waterbag and Gaussian, the non-linear field creates differ-
ent tunes according to how particles are distributed. It, therefore, makes sense to ask if there is any
relation between the particle position and the detuning experienced by that particle. An intuitive argument
helps qualitatively in understanding what happens: when a particle has a large single-particle emittance
&, &, 1.e., large oscillation amplitudes, this particle following the betatron motion travels periodically
through the beam core and also through the beam tails; therefore, on ‘average’, this particle experiences a
weaker electric field than those particles with small amplitudes that always stayed close the beam centre.
Hence, the space charge tune-shift of a particle with large amplitudes will be smaller than AQo,,AQyy.
Therefore, the larger the particle amplitude, the closer the particle tune is to the bare machine tune
because it is as if the space charge is not contributing to the single-particle dynamics. In the left panel
of Fig. 12, we plot all single-particle tunes of the right panel of Fig. 11 as a function of the X amplitude
re-scaled with the beam r.m.s. size. It can be seen that all the black dots are well contained within a red
curve of simple functional dependence as

1

—.
1+(2X7X)

The particle tunes are also found above the red curve, because of the vertical transverse amplitudes:
even if a particle has zero horizontal amplitude, the vertical amplitude can be large, hence the horizontal
transverse electric field will be diminished, with consequent reduction of the space charge tune-shift. The
right-hand panel of Fig. 12 shows the tunes of a few particles with initial €, ~ 0. These black markers
overlap the red curve to good approximation.

AQ, ~ AQx,max

There are more complex formulae to describe the relation between single-particle emittances (or
particle action) and space charge tune-shift. For example, see Ref. [7].

18 Mismatched beams: free energy and emittance growth

Till now we have discussed the effect of space charge on the frequencies of particle oscillations in a beam,
and on the coherent oscillation frequencies of the beam envelope. In those analyses, the starting point is
from a matched beam whose properties do not change with time: this also means that all the different
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Fig. 12: Distribution of single-particle incoherent tune-shift in Gaussian 2D beam as function of horizontal particle
amplitude. Right-hand side: only particles with &, = 0 are shown.

forms of beam energy are stationary, i.e., the beam is in ‘equilibrium’, and it has been assumed that
any perturbation of the beam creates an oscillatory behaviour around the stationary solution. However,
the possibility that the perturbation might modify the original stationary state of the beam has not been
addressed.

We now discuss the possibility that, when brought out of equilibrium, a beam may evolve to a new
stationary state. This discussion is developed using the concept of free energy (see in Ref. [3]). When a
beam is in a stationary state, there is no free energy but when the beam is significantly perturbed, free
energy is created, and this energy, assisted by other mechanisms, will re-distribute between all forms of
energy, taking the beam into a new stationary state.

We make a discussion for a Kapchinsky—VIadimirsky circular beam transported in an axi-symmetric
constant-focusing lattice. In this case, ¥ = § and, for convenience, we use the envelope a = 2%. As the
beam is circular, we drop the index x or y. For convenience we also use the full beam emittance & = 4€&.

We recall that a stationary a beam distribution is characterized by the condition ¢” = 0, which
means

K &
koa — ——— =0.
a a
It is also convenient to define the depressed focusing strengths as in Eq. (25), which now reads
K
k=ko——. (55)
a

We now compute the energy content of a beam when it is in a stationary state. There are three
different form of energy:

1. transverse kinetic energy;
2. potential energy of particles in the potential of the lattice;
3. potential energy of the Coulomb field created by the particle distribution.

18.1 Transverse kinetic energy

The transverse kinetic energy of one particle is %m}/(v% + v%); therefore, the average kinetic energy of
one particle is
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and by using the definitions v, = vx’, vy = vy’ we find
1 2
B = mp? (%) + (/7).
As the beam is axi-symmetric, (x¥'%) = (y'?),
Ex = m}/v2<x’2> .

As the beam is stationary, the equation of motion of a single particle in the beam is x” + kx = 0, and
consequently ‘depressed optics’ is generated, as discussed in Section 6. For this lattice, we find that
the modified optics is given by the beta function, B, = 1/v/k, and a, = 0. For a matched beam, the
second-order moments can be related to the depressed optics according to

<X2> - ﬂxéx7
(%) = pée, (56)
(') = — &y,

with &, the r.m.s. emittance. In particular, for the constant-focusing case we find (x’ 2> = Biéx = é Br& =

é (x?) = k(x?). Therefore, the kinetic energy per particle is
Ex = myv?k(x?). (57

18.2 Potential energy

The transverse potential energy due to the lattice alone is computed by writing the equation of motion in
the time domain; in one plane the equation becomes

d? 2%
—myx=m X,
a similar equation is found for the vertical plane with the substitution x — y. Therefore, the potential
energy of one particle is then
) 22
kol =+= .
myv-ko ( 5 + 2)

From this relation, we compute the average potential energy per particle as

E, = myv?ko(x?) .

18.3 Field energy

The field energy is the energy necessary to create the beam, i.e., to create the configuration of charges
and currents. It consists of two densities of field energy,

fp g
2 210
the electric and the magnetic field energy. The total field energy is computed by integrating the density

of field energy over a volume of length / and extending integration to the beam pipe, of radius R,,. The
electric field for a circular Kapchinsky—Vladimirsky coasting beam is given by Eq. (11),

T&)r if rﬁa,
E (s) = 58
R POV oo
2gy r _— :
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Therefore,

€ =2 p2a*nl [1 R,
—E“dV = —+In(—)|.
/ 4e) [4 * n( a
By using the beam current I, we find I = Avp = ma’vp, which yields
Pl R
% p2qy —+In( 2.
2 480v2{4+n<a>}

The magnetic field B created by a circular 2D Kapchinsky—Vladimirsky beam is given by the Biot—Savart
law, namely

27a

‘2%[% if r>a.

Bg(s) =

“Olzr if r<a,
(39

Therefore,

uolzl R,
[raFor =" [iem(2)]

Now using the classical relation ¢> = 1/(g), we find

|- r£roJ R,
—B°dV = —+In| —||.
/Z[JO 4meyc? [4 + n< a >]

The total field energy in the volume V is given by the difference of the electric and magnetic energy (see

Ref. [3] for more details),
o1 R 1
Eywy=——1|-+1 P ——1
v =gz [0 (3)] ()

Now the number of particles in our integration volume is

N, = Bnazl: —

q qv

therefore, the field energy per particle is

1 1L (RN (1

Recalling the definition of perveance, Eq. (19) ,

___ 4
~ 2meomy3 B33’

and replacing g/ with the perveance in Eq. (60), we find

V2 Ry
Es:Kmy§ 1+4In{ — )| .
a

Now using the fact that the beam is stationary, from Eq. (55), we obtain K = (ko — k)a?; that is, we find

that the field energy per particle is
2 R
= (ko— k)azmyv§ [1 +4ln <P>} .
a
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18.4 Total energy, free energy, and emittance growth

The total energy per particle of a stationary beam is the sum of these three types of energy as obtained in
the previous three subsections, namely

En :Ek“V—Ep +ES
which yields
1 1 R
E, = Zm}/vz {ka2 + koa® + (ko —k)azi [1 +4In <ap>} } ; (61)

where here we substituted (x?) = 4a°.

Let us consider a stationary beam characterized by an initial envelope a; and emittance &;, hence,
by an energy per particle E,, ;. Now let’s add to this beam an extra energy per particle AE,,: this free energy
will make the the beam un-stationary, and the beam envelope will perform oscillations. The principle here
invoked is that, due to such additional mechanisms as non-linear or stochastic forces, the free energy AE,
will thermalize. This means that it will spontaneously become ‘equally’ distributed in all allowed energy
forms; hence, the beam will relax into a new final stationary state characterized by a new beam size ay,
and a new emittance &, hence in a new stationary state with energy per particle E,s. We therefore find
that E,; = E,; + AE,, where E,y is obtained by substituting k — kr,a — ay into Eq. (61), and Ej; is
obtained by substituting k — k;,a — a; into Eq. (61). It is convenient to give the free energy per particle
as a function of a dimensionless parameter 4, as follows

1
AE, = 5;m/vzkoa%h. (62)
The relation E,,y = E,; + AE, then becomes
a2 k;
f i ar
—_ — 1 _— n—— h7 63
a% < ko) a; ( )

this relation yields ar/a; as a function of &. Now we can find the emittance growth from the envelope
growth using the straightforward relation

& ko a3 12

f_ar 0 [ “f

S i PR e : 4
& ai[ ki <al-2 )] ©4)

Figure 13 shows the emittance growth as a function of the free-energy parameter /. There are ten curves
for ten different tune depressions: from Q./Qo, = 0.1, to Q,/Qox = 1 (i.e., for no space charge). The
graph shows that the same free-energy parameter 4 yields a larger emittance growth, the larger the tune
depression.

We now discuss how the free energy is created by mismatching a stationary beam. Consider a

matched beam with envelope a;, and now let’s mismatch it so that the envelope becomes a,, but pre-
serving the initial beam emittance; let’s now call M = a,,/a; the mismatch factor. Identifying k;/ko =

(Qix/ QOx)Z, we find that the free-energy parameter s reads
2
; 1
-@)]G) -
X

C1/on\ (1 1 5
=3 (G) Gemr) =300

This relation allows us to compute 4. We make an example of how to use it. Figure 14 shows a simulation
with Q;r/Qox = 0.962, with a beam mismatched by a factor M = 1.3. By using Eq. (65), we find the free
energy parameter 1 = 0.1347, and the free-energy limit of emittance growth for this value of 4 is obtained
from Eqgs. (63) and (64). We find &7/&; = 1.145, which is drawn in Fig. 14 as a dashed green horizontal
line. The black and red curves are the horizontal and vertical re-scaled r.m.s. emittances, as obtained
from a particle-in-cell simulation. The green curve is the average between them. The simulation shows
that the green curve approaches the free-energy limit to a good approximation.
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Fig. 13: Emittance growth as function of free parameters /
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Fig. 14: Evolution of beam emittance for mismatched beam in axi-symmetrical constant-focusing lattice. Green:
free-energy limit.
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19 Linear coupling: Chernin equations

In the previous section, we discussed the effect of the free energy on a stationary beam. The mismatch
type discussed is obtained by changing the beam size from q; to a,,, and this process creates free energy,
which is converted in emittance growth. In doing this, we have addressed only one special type of mis-
match, namely the simultaneous mismatch in x—x" and y—y’. However, the mismatch of a beam can be
created in much more complex ways by really perturbing the 4D particle distribution. There is, however,
one special type of mismatch of relevance when high-intensity beams are considered, and that is the x—y
mismatch. This is relevant because the space charge forces are directly controlled by the spatial position
of the beam distribution.

We observe that in all the previous discussions, we always implicitly assumed the spatial beam
profile to be upright. The simplest type of x—y mismatch is a rotation in the x—y plane of the full beam by
an angle 6. The space charge forces respond only to the spatial beam distribution; hence, these forces in
the rotated beam will be the same as in the upright distribution, but they will just be rotated as well. The
situation is illustrated in Fig. 15.

The left panel shows an upright 2D beam, and the scaled space charge forces as they appear on
one particle in the equations of motion are

2K 2K
= X

F=an™ B rap” (06)

where X, Y are the co-ordinates of the test particle in the reference frame where the beam is upright. The
right panel of Fig. 15 shows the beam tilted. The axes and forces of the original reference frame, where
the beam is upright, are depicted in black. The axis of the new reference frame is depicted in blue. The
test particle now has new co-ordinates x,y, and the forces acting on the particle are the projection of the
scaled space charge force vector (red) along the x and y axes (blue). It is therefore possible to find the
X,Y co-ordinates in the upright reference frame from the particle co-ordinates x,y in the frame of the
tilted beam, and there the space charge forces are given by Eq. (66). At that point, we decompose F,, Fy
along the new axes, and find the new components of the scaled space charge force f;, f) along the axis
x,y. By applying this procedure mathematically, we obtain the following scaled forces:

2K ) 2K ., i 2K 2K
= 0 0 OcosO — )
f [a(a%— b) cosTo+ b(a+b) o ] X singcos [a(a +b) b(a—i—b)} Y 67
2K 2 . ) 2K 2K
= 0 0 6cos6 — .
5 [b(a+b)cos +a(a+b)sm ]y+51n cos [a(a—i—b) b(a+b)]x

We observe immediately that the tilting of the beam produces a coupling between the horizontal and
vertical planes. It is interesting that the coefficient of the coupling terms in f, f; is the same. This appears
exactly as if there would be a skew quadrupole acting on the test particle.

The situation is now more complex than that discussed in Section 9. In fact, the former equation
of motion of a single particle, Eq. (34), now takes a more complex form, namely
d*x 1

2K 1 2K (1 1
@%—kox(s)x—m (a00829+bsin29>x—sin900s6a+b <a—b>y:0. (68)

A similar equation can be derived for the motion in the y plane. The coupling term has an important
consequence if we try to compute the r.m.s. envelope equation. In fact, in Eq. (32), the second-order
moment (xx”) will now produce one additional term proportional to the second-order moment (xy).
Note that the second-order moment (xy), is directly proportional to sin(26). This simply means that the
evolution of X depends on coupled second-order moments, and it is therefore not possible to write two
separate equations of motion for horizontal and vertical planes.
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Fig. 15: Decomposition of forces in tilted beam. Left-hand side: upright beam and test particle in it, with space
charge forces. Right-hand side: the same beam, now tilted by 6. The space charge force is now decomposed along
new axes.

The problem has to be discussed in full generality by describing the evolution of all second-order
moments, which forms the 4 x 4 matrix

Zij = (vivj) = i) (vj),
where V = (x,x',y,)’). The evolution of X is derived by Chernin [8] as
Y =Mz + (Mx)T, (69)

where the symbol T refers to the operation to transpose a matrix. The matrix M has the form

0 1 0 0
|-k 0 j o0
M=109 0 o 1| (70
j 0 —& O
where
kx:kOx_QMy ky:kOy_CIyy’ j:jO+CIxy7 (71)
and K S K S K X
y X 13
= 7 N S =—_—=5 72
o S8 +8y) T 25 +8,) T T2 80(S+Sy) (72)
and

Sy=Xi1+S0, Sy=ZX33+S0, So= \/211233—2%3-

The quantities ko, koy are the usual focusing strength, jo is the skew strength produced by skew quad-
rupoles. The terms ¢y, q,, are the space charge defocusing effect in the x and y planes, and their form
resembles Eq. (66). When X3 = 0, then gy,, and g,, become exactly equal to Eq. (66). The term g,y is
a self-coupling created by the space charge. It is now possible that the tilted beam produces a self-linear
coupling that affects the beam evolution in the x—y plane. This coupling derives from the last term in
Eq. (68).

Figure 16 shows the evolution of the beam emittances in a lattice with a skew quadrupole cal-
culated using Eq. (69). The simulation is performed in proximity to the linear coupling resonance
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Fig. 16: Beam emittance evolution for low-intensity beam (dashed curves), and high-intensity beam (solid curves)

Qox — Qoy = N (see also Ref. [9] for further details). The graph shows a simulation of a beam with
initial Kapchinsky—Vladimirsky emittances of & = 40 mm-mrad and €, = 10 mm-mrad. The dashed
curve shows the case without space charge when the tunes sit on the linear coupling resonance. The skew
quadrupole exciting the resonance produces an emittance exchange in 200 machine turns. The solid
curves show the emittance evolution as computed with Chernin equations when the high intensity yields
AQ, = —0.2. The tunes are Qp, = 3.2 and Qo ~ 4.16. It can be seen that the space charge prevents the
full emittance exchange. However, the sum of the two emittance is preserved.

20 The Montague resonance

The possibility of a beam affecting itself via space charge is quite a relevant topic. In the previous section
we discussed the linear coupling, which in Eq. (68) is shown by an extra coupling term in y, the strength
of which depends on the tilting of the beam.

However, more complex effects may be created by space charge. In particular, the space charge
may influence particle motion even for an upright beam. In fact, for a 2D Gaussian upright beam, the
scaled force on a beam particle is

1 2a+b ;4 1 2
Fo(x,y) =K _ — o,
(%,3) [a(a—l—b)x 6a3(a—|—b)2x 2ab(a+b)2xy + ] 73)
Fyry) =K |-y 2bFa 5 24
YOI E R patb)) T 63 a+b2  2ba(a+ b )7

where a, b are the r.m.s. sizes of the distribution with

( ) 1 1 [/x? n y?

nx,y,s)=——exp|—=| s+ ]| .

PV 0mab P | T2\ @ T 2

For a frozen beam, the forces in Eq. (73) are of incoherent type, and act on a single particle as if they

are given by an external element. The main difference between the scaled forces in Eq. (73), and those
in Eq. (67) is that for an upright beam 6 = 0; hence, the coupling strength in Eq. (67) disappears, while
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in Eq. (73) a coupling term with strength

Kk
2ba(a+b)?

remain unaffected. The consequences of this coupling term go beyond the linear motion as the forces
that it generates are non-linear.

According to the theory of the resonances [10, 11], the excitation of a resonance depends on the
strength of the harmonics of the driving term, which can be expressed from the potential of the forces. In
particular the potential of the coupling term in Eq. (73) reads

K 2.2
dba(a+b)2 "

This term excites the resonances 20, 20, = N. Of particular interest is the resonance 20, — 20, = 0,
which is quite unusual in single-particle dynamics, as the zero-order harmonics are very weak because
non-linear components are typically localized in distinct spots around the machine. The strength of the
zero-order harmonics is proportional to the integral

L Box(s)Boy(s)
K /0 a($)b(s)[als) + b

O exp {i2 [‘Px(s) - ZﬂQOx%:| —i2 [(])y(s) - 27cQ0yﬂ } ds,

where it is evident that the driving term is proportional to the perveance. In the formula are used the phase
advances defined as ¢.(s) = [y ds/Pox(s),dy(s) = [y ds/Poy(s). This coupling resonance is found in any
ring near the diagonal Q, = Q,, but it is driven by the fourth-order term in the space charge potential.
The first study of this space charge resonance was made by Montague [12]. A simple demonstration of
the effect of this resonance is obtained by integrating the dynamics of the following simplified system

Ooc\*
X+ <Rx> x=F(x,y),

e (74)
¥+ <Oy> y=Fxy),

R

with F, F, given by Eq. (73). These equations describe the dynamics of particles under the effect of the
second- and fourth-order terms of the frozen potential. The left panel of Fig. 17 shows the beam response
as a function of the working point of a Gaussian beam with r.m.s. emittances of & = 40 mm-mrad and
€, = 20 mm-mrad. The red curve shows the average r.m.s. emittances €, and the black curve shows
the average r.m.s. emittances &,. These averages are computed with all the r.m.s. beam emittance from
turn 250 to turn 1000. The strength of the perveance K produces a tune-shift of AQg, = —0.05 in the
Gaussian beam. The fourth-order coupling term in the potential creates a dynamics which brings the two
emittances closer so that the depressed tunes are closer to the resonance 20, — 20, = 0.

In this first discussion, which follows the tracks of Montague, the space charge force is frozen
(i.e., ap(s),bo(s) of Eq. (10) follow the machine optics as ag(s) = v/ Pox(s5) & and bo(s) = \/Poy(s)E; if
the intensity is low, otherwise follow the depressed optics as discussed in Section 6).

The results of the left panel of Fig. 17 are obtained by including only the first two terms of the
space charge potential; when all the terms of the frozen potential are included, the picture changes, as
shown in the right panel of Fig. 17. Here, we see that the emittances are exchanged more, and the stop-
band becomes narrower. Surely, this modification stems from the inclusion of all resonant terms and all
non-resonant terms in the dynamics, to produce a more realistic detuning.

We observe that in Fig. 17 the r.m.s. emittances of the test particles exchange by a significant
amount, owing to the effect of the resonance; consequently, we expect that the beam sizes a,b will
also change accordingly. However, in Fig. 17 this effect is removed as we have kept the sizes a,b in
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Fig. 17: Average &, &, in 750 turns after beam. Left-hand side: space charge computed using the second- and
third-order potentials. Right-hand side: all terms of the potential are included in the calculation.

the simulations frozen to the optics. If we let the beam size a,b vary with time, the change of beam
size will feed back to the space charge; consequently, the dynamics will not produce the results of the
right panel of Fig. 17, as the variation of a,b will be included in the beam evolution. This effect of
self-consistency will affect the degree of emittance exchange, as shown in Fig. 18. The vertical tune is
set to Qpy = 6.21, and the incoherent tune-shift is AQ, = —0.05. A detailed discussion of these studies
is reported in Ref. [13]. The complexity of the Montague resonance, however, exceeds the analysis so
far presented, as the condition of the Montague resonance is also the condition of the instability of the
beam collective modes, introduced in Sections 14 and 15. In fact, it can be shown, by a perturbative
Vlasov analysis of the collective modes, that some of them become unstable under certain conditions.
Figure 19 shows an example of the dependence of the growth rates on Qy, for the fourth-order collective
modes in a coasting beam with a transverse Kapchinsky—Vladimirsky distribution (from Ref. [13]). These
modes are excited and contribute to the dynamics of the Montague resonance, which becomes a mix of
incoherent and coherent effects. The dominance of the coherent effects is found for distributions closer
to a Kapchinsky—Vladimirsky distribution, where the dynamics of the emittance exchange is driven by
the growth of the collective modes rather than the fourth-order potential a la Montague. For a Gaussian
distribution, the collective modes are instead damped by the non-linear field, but the very same field acts
according to the original study of Montague and triggers an emittance exchange anyway. Experimental
and simulation benchmarking studies are found in Ref. [14].

21 Space charge as incoherent force

If we look again at Eq. (73), the expansion shows the existence of non-coupled terms. Therefore, the
third-order components of the force can excite fourth-order resonances if the corresponding driving term
is excited by the lattice structure. This is shown in Fig. 20, where a multiparticle particle-in-cell simu-
lation shows that space charge creates the characteristic four islands of a fourth-order resonance. In
this example, the horizontal tune is set above the fourth-order resonance, which is excited by a lattice
composed of a number of FODO cells equal to the harmonics of the resonance: specifically, here we
used a lattice formed with 25 identical FODO cells; the tunes are Qo = 6.26, Qp, = 6.73, and the beam
is Gaussian with r.m.s. emittances € = 40 mm-mrad, &, = 20 mm-mrad. The space charge incoherent
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Fig. 18: Emittance exchange obtained via fully self-consistent simulation. It is clear that the symmetry in the
exchange is broken by the change of beam sizes.
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Fig. 19: Example of growth rate of the fourth-order collective modes in a Kapchinsky—Vladimirsky distribution
(from Ref. [13]). The stop-band of the modes coincides with the Montague stop-band found in the self-consistent
simulations.

tune-shifts are AQop, ~ —0.05 and AQg, ~ —0.065. These are relatively modest, but the effect is still
remarkable. The original work on the excitation of fourth-order resonances by space charge is found
in Ref. [15]. More generally, the non-linear space charge force will exhibit all the odd-order non-linear
components. Each of these components can excite a structure resonance if the harmonic number of a
non-linear force component satisfies the resonance condition for that non-linear term. A spectral analysis
of the x—y components of the space charge force will reveal which harmonics are strongly excited.
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Fig. 20: Poincaré map of a few test particles in a full beam tracked with a particle-in-cell code through a lattice
formed by FODO cells. The four islands clearly show that the forth-order resonance is excited. The x axis is plotted
in ‘normalized’ co-ordinates to highlight that the four islands are located, in this example, beyond the tails of the
beam distribution.

22 The longitudinal envelope equation

The discussion made for the transverse effects of space charge can be repeated for the longitudinal plane.
We recall that the equation of motion in a linearized RF bucket is

' +koz=0, (75)

with
gV nh

ko = — 211
0 2TR2mc2y B2

the longitudinal focusing [3]. The derivative has the usual meaning ()’ = d()/ds. Here, g is the charge
state; V is the maximum voltage applied to the cavity; n =a —1/ yg is the slip factor and & the momen-
tum compaction; A is the harmonic number of the cavity, for which the angular frequency is @ = 27h/ 1,
with 7y the revolution time, R the average accelerator radius, and m the particle mass. The stability of
the longitudinal oscillations requires ko, > 0; hence, V must be selected according to the sign of the slip
factor 1.

In this notation, we can describe the particle dynamics in terms of the co-ordinates (z,7'), as we
did for the transverse plane. The relation of 7/ with the off momentum of a particle is 7 = —ndp/p. In
analogy with the discussion made for the transverse dynamics, we now consider a matched distribution
with the longitudinal optics created by Eq. (75), for a small intensity. Any function

1 2\ !
p(2,7) = 0On(z,7) = 0 <SOE?ZZ)>

represents a matched distribution in the longitudinal plane. Q is the total charge in the bunch, and & is
a ‘scaling’ factor that defines the geometrical extension of the distribution in the phase space. n(z,7’) is
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the normalized distribution function. The normalization condition requires that the function 7i(¢) satisfies
Jo Ai(r)dr = 1. In analogy with the transverse plane discussion,

72 (76)

€0:(2,7) = €0, = ko2t +

1
vV kOZ

is the single-particle emittance. If we identify By, = 1/v/ko;, Eq. (76) is the Courant-Snyder invariant for
a constant-focusing channel. Following the approach used in the transverse plane, we may now consider
several types of function. Of particular interest is the distribution

1 3 <)
N=_—Z /1-=%.
n(z,7') 71'622” z

The sizes of this distribution are z,, = \/ o &, 2, = v/ 1/Po.&. and the longitudinal charge-line density,
i.e., the projection of p,, to z axis becomes

(77)

2/ 1-22/22, N 3 72
On(z,7)dz = Q0 — (1 - > :
72;71 V 1722/2}%1

4Zm Z,zn
As expected, the particle distribution will create a longitudinal electric field. Unlike the derivation from
the transverse plane, the longitudinal space charge electric field in the laboratory frame is computed as

pr(z) =

& 9pi(2)
dmeyy; 0z

E.= (78)
see Ref. [3] for a derivation. The factor g is a geometric factor; it incorporates the effect of the image
charge on the longitudinal electric field. For long bunches, g ~ 0.67 +21In(rpipe /@), with a the transverse
beam size [3].

If we include the longitudinal space charge electric field in the equation of motion, we obtain

nq

1!
ko= ———
2
mczﬁo %

9

and for the particular electric field of Eq. (78) we find

1" Zrpgn pL(z)
ko,z = .
GRS A oz

where g = Ze, m = Am,, with e the electron charge, and mj, the proton mass; r, = 1/(47&y)e? / (myc?) is
the classical radius of the proton. Now we consider the frozen parabolic longitudinal charge-line density
described by Eq. (77), and the equation of motion becomes

3NZ%rpgn z
" p
T tkoz=—5—75 3 5 - (79)
¢ 2 ARV 7
In analogy with the discussion in the transverse plane, we define a longitudinal perveance K1 as

3NZ2rpgn
2 ABgw

and the equation of motion takes the following form

K=

' +kosz — KLZ% —0. (80)
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This equation is the equivalent of Eqs. (20) and (21) for the transverse plane.
We now can define an r.m.s. envelope as Z = 1/(z%), and through straightforward algebra we find

) 3 €
Z +kOZZ7KL7';7 ) :0,
Zm Z

where we define the r.m.s. longitudinal emittance as
22 2\ /12 "2
B2 = () — ().

For the parabolic distribution, we find that the relations between the r.m.s. sizes and the edge of the

particle distribution are
= V5\[{2), 2= V5 (%),

from which we can compute the emittance of the full distribution as & = z2

m

(),)%, and hence &2, =
(2)(Z?) = &7 /25. The complete longitudinal envelope equation reads

" 1 g
Zm—l—kozzm —KLf2 - = 0.
m

22.1 Effect of space charge and self-consistency

We observe that the electric field generated by the parabolic distribution is linear. Therefore in Eq. (80),
a depressed longitudinal focusing strength is well defined as
K
kz = ka - .

Zn

Therefore, we can again define a beam matched with the space charge, and define

Nt (&)
pzz’(zvz)—Qn,gn< & )

Z

where now

1
82(172/) =& = \/k»zzz"' \/k»Z/Z'
Z

This longitudinal particle distribution creates linear space charge forces. Linear forces are consistent with

Courant—Snyder invariants, which means that the type of longitudinal particle distribution will remain
unchanged. This is equivalent to what happened in the transverse Kapchinsky—Vladimirsky distribution.

The direct proof that the parabolic distribution satisfies the stationary Vlasov equation, hence that
the distribution type does not change, was made by Neuffer [16].

We conclude with the observation that the results reported here are very general and apply even if
the particle distribution is not upright. The parabolic distribution will still generate a linear electric field,
although the longitudinal ‘ellipses’ are no longer upright. See an example in Ref. [17].

23 Conclusion

This paper is meant to provide a quick overview of space charge effects. This field is more broad than
what is here presented. Topics presented are complementary to other CERN Accelerator School pro-
ceedings, for example Ref. [18] for further discussions on beam transport in presence of space charge.
The topic of tune-shift from self-field and image charge, not covered here, is treated in Ref. [19]. Other
derivations, also including a discussion of the space charge limit are found in Ref. [20]. More recent top-
ics, such as the interplay of space charge and machine resonances, are omitted, as are topics of current
research.
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