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Abstract

The quantum regime of the free-electron laser (FEL) interaction, where the
recoil associated with photon emission plays a significant role, is discussed.
The role of quantum effects and their relation to electron beam coherence are
considered. An outline derivation of a 1D quantum high-gain FEL model and
some of its predictions for the behaviour of a quantum FEL in the linear and
non-linear regimes are presented. The effect of slippage and, consequently, the
quantum regime of self-amplified spontaneous emission are discussed. Sug-
gestions on how to realise a quantum FEL are presented and some recent re-
lated work is summarized.
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1 Introduction

Free-electron lasers (FELs) have demonstrated the ability to produce coherent radiation ranging from the
microwave to the X-ray region of the electromagnetic spectrum. Although the first theoretical studies of
the FEL involved a quantum mechanical analysis (e.g., [1]), it is generally accepted that FEL experiments
to date are well described by classical models in which an electron beam consisting of classical particles
interacts with a classical electromagnetic radiation field. Until relatively recently, most theoretical studies
using a quantum analysis have been restricted to the regime of low gain (e.g., [2-6]). More recently,
however, there has been a revival of interest in the role of quantum effects in the FEL interaction (e.g.,
[7-9]), stimulated in part by the development of short-wavelength, high-gain FEL amplifiers producing
progressively higher-energy photons (see, e.g., Ref. [10] for a review of X-ray FELs). In this article,
methods for describing the quantum regime of high-gain FEL operation are outlined and some of the
effects which are beyond description by the usual classical models are discussed.

2 The role of quantum effects in the free-electron laser interaction
2.1 Recap of classical high-gain free-electron laser theory

In this section, a brief summary of 1D classical high-gain FEL theory is presented, which will be used
both as a benchmark with which to compare the results from the quantum model, and to illustrate where
the limitations of classical FEL models occur.

Classical high-gain FEL models (e.g., [11-13]) describe the self-consistent evolution of a collec-
tion of relativistic electrons interacting with an electromagnetic radiation field as they propagate through
an undulator/wiggler magnet. The Newton—Lorentz equations of motion describing the dynamics of each
electron and Maxwell’s wave equation can be written in a dimensionless, universally scaled form where
the number of free parameters is minimized [11]:

dé;
- — 5. 1
dZ p] ) ( )
dp; Sy
l_J = — (Aelef + c.c.) , 2)
dz
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where 0; = (k + kyw)z — wt; is the electron ponderomotive phase, p; = (v; — 7:)/p: is the scaled en-
ergy/momentum change of each electron, z = z/L, is the scaled position in the wiggler, Ly = Ay, /4mp
is the gain length, § = (y9 — )/ p: is the scaled detuning of the beam energy from its resonance value,
where 7 is the initial Lorentz factor of the electron beam, -, is the Lorentz factor of the electron beam
at resonance, which satisfies the FEL resonance condition v, = /Ay (1 + a2,)/2), where ) is the radi-
ation wavelength and ay, = eBy,/mck,, is the wiggler deflection parameter for a wiggler with magnetic
field, By, and wiggler wavenumber, ky, = 27/\y, where Ay, is the wiggler period. The dimension-
less radiation field amplitude A is defined so that |A|> = ¢y| E|?/phwne, where |E]| is the electric field
amplitude, n, is the electron beam density, &k = 27 /) is the wavenumber of the radiation, w = ck is
the angular frequency of the radiation and c is the speed of light. The average, ((...)) = + N i

j=1
where 7 = 1,..., N is the electron index, and N is the number of electrons. The FEL parameter p is
defined as
1 [(awwp 2/3
== 4

where w, = /€%ne/egm is the plasma frequency associated with the electron beam, m is the electron
mass, and e is the magnitude of the electron charge. In deriving Eqgs. (1)-(3), the relative slippage of the
radiation with respect to the electron beam has been neglected.

Assuming an initial condition corresponding to equally distributed electron phases, a monoener-
getic electron beam, and no electromagnetic field, i.e.,

<e*i">=0, 5 =0vj, A=0,

then a linear stability analysis [11] shows that this initial condition is unstable to fluctuations in the
electromagnetic field amplitude and electron phase, i.e., shot noise. A numerical solution of Egs. (1)—(3)
with initial conditions

<e—19>:0, 5 =0vj, |A|=10"%, 5=0

is shown in Fig. 1, showing exponential amplification of the electromagnetic field intensity and the
bunching factor |b| = |(e~?)| before saturation, when |A|?> ~ 1.4 and |b| ~ 0.8. This high-gain field
amplification therefore occurs simultaneously with the development of strong electron bunching on the
scale of the radiation wavelength. Figure 2 shows the corresponding electron phase space distribution
at different stages of the interaction (starting from z = 0) and at saturation (Z = 12 here). It can be
seen that during the interaction, the electron distribution becomes strongly modulated on the scale of the
radiation wavelength .

2.2 Energy and momentum considerations

The FEL process fundamentally involves electrons emitting photons, with each photon carrying a finite
momentum hk. Consequently, in the relativistic limit in which the Lorentz factor of the electrons v >> 1
so that k& > ky, then each photon emission event will result in the electron recoiling, reducing its
momentum by an amount hk. The classical model of Section 2.1 neglects the discrete nature of this
recoil process, and assumes that the interaction involves a continuous exchange of energy/momentum
between the electrons and the radiation field, with the electrons moving along continuous trajectories
in phase space as shown in Fig. 2. This assumption is valid as long as the momentum associated with
each photon recoil is negligible compared with the momentum exchange between the electrons and the
radiation field. A condition for this classical approximation can be derived by inspection of the electron
beam phase space in Fig. 2.
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Fig. 1: Evolution of (a) radiation intensity, | A|?, and (b) bunching factor amplitude, |b|, in the classical FEL model

of Egs. (1)-(3) for an ideal, resonant (6 = 0) monoenergetic electron beam.

It can be seen from Fig. 2 that, as a consequence of the FEL interaction, the initially monoenergetic
electron beam acquires a spread in the scaled energy/momentum variable p of Ap ~ 1. Consequently,
from the definition of p above, this implies a relative energy spread Avy/~; ~ p, or a momentum spread
Ap = Aymec ~ py,me. The validity of the classical model will therefore depend on the relative size of
this ‘classical’ momentum spread and the single-photon recoil Ak, i.e., the quantity

Ap  yme
where p is the quantum FEL parameter [7]. The classical regime will therefore be valid when
p = Ap/hk > 1, so that the discrete nature of each photon recoil is insignificant and the electron
energy/momentum and position evolve along continuous trajectories in phase space as in Fig. 2. In the
opposite limit, where p > 1, this continuous classical picture breaks down owing to the finite momentum
of each photon recoil being significant. Consequently, to describe this quantum FEL regime it is neces-
sary to replace the particle—field model described by Egs. (1)—(3) with a different model whose behaviour
reduces to that of Egs. (1)—(3) in the classical limit where p > 1.

&)

2.3 Electron beam coherence considerations

Although electron beams are usually described as moving collections of point-like classical charged
particles, there are situations where electron beams display coherent phenomena which require a wave-
like description; for example, it has been shown [14] that an electron beam which is split into two parts
which follow different paths before being recombined produces an electron density interference pattern
if the path difference involved is less than the electron beam (temporal) coherence length, defined as

_ N
©T AN

Le (6)

where Ae = h/p is the electron de Broglie wavelength and h is Planck’s constant.
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Fig. 2: Evolution of electron trajectories in phase space as described by the classical model of Eq. (1) for an ideal,
resonant (6 = 0) monoenergetic electron beam.

The interference patterns observed in Ref. [14] cannot be described in terms of electrons as parti-
cles, but can be described in terms of two wave functions, one for each part of the split electron beam,
ie, Uig = ]\Illglewl’?, where ¢1 2 are the phases of parts 1 and 2, respectively. The total electron
density after recombination can therefore be written as

(W[ = [Uy 4+ Wo|? = | Uy |* + |Wa]? + 2|W4||Us] cos(pr — ¢2) | (7

which displays interference.

For the FEL, it is expected that the wave-like nature of the electron beam should be significant
during the FEL interaction if the electron beam coherence length becomes comparable with or exceeds
the radiation wavelength A, i.e., Le, > A. Rewriting Le_ in terms of the electron momentum p from
Eq. (6) produces

_ h2 p2 _ h
= 2hAp Ap’
so Lc > A implies h/Ap > A, i.e., hk > Ap, which is just the condition for the breakdown of the
classical FEL model described in Section 2.2. Consequently, when Ak > Ap, i.e., p > 1, the classical,
particle model of the FEL interaction must be replaced with a wave function model, or its equivalent.
The arguments above raise the interesting question of what would happen in the case of an FEL using a
fully temporally coherent electron bunch [15] such that L., > L., where L, is the electron bunch length.

®)

3 A one-dimensional quantum free-electron laser model

In this section, an outline derivation of a model capable of describing both the classical and the quantum
regime of high-gain FEL operation is presented. More rigorous derivations can be found in [7,9, 16].
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3.1 Electron dynamics

It is possible to rewrite the pendulum-like Newton—Lorentz equations of motion shown in Egs. (1) and
(2) in the following slightly modified form, where the parameter p appears explicitly:

d6. 5

= = % ©)
dp; _ ~( A .i0;

T —p (Ae J —i—c.c.) , (10)

where the dimensionless variable p = pp &~ mc(y — 9) /7 Equations (9) and (10) can be written in
the form of Hamilton’s equations, i.e.,
d¢; oH; dp;  OH,

dz 8}5] T dz 89J ’
in terms of the single-electron Hamiltonian function
P2 .
H;(0;75) = 5% — ip (4 —cc.) . (11
p

The Hamiltonian in Eq. (11) can in turn be used to write a Schrédinger equation of the form

.0vU(6,2) _
17 = H]\I/(Q, Z)
for the single-electron wave function ¥ (6, z), where p is now treated as an operator, i.e., p = —id/00,

so that
0V(0, 2) 10%°0 | (
l———=—=75 —1p
0z 2p 062

where the index j has been dropped.

Al — c.c.) v, (12)

3.2 Radiation field dynamics
To describe the evolution of the radiation field in terms of the wave function ¥ (6, z), the ensemble
average in Eq. (3) is replaced by a corresponding average involving the probability distribution of the
electron positions in the beam, so that Eq. (3) becomes

dA

27
— _/ 1W(0, %)% df + 10 A , (13)
dZ 0

where the wave function W(6, Z) is normalized such that

2
/ 1T (6,2)% do =1.
0

The Maxwell-Schrodinger equations in Eqgs. (12) and (13) together constitute a quantum model of the
high-gain FEL which is valid for any value of p.

3.3 Momentum state representation

The quantum FEL equations, Egs. (12) and (13), can be solved directly numerically, but it is convenient

to write them in terms of a set of discrete momentum state amplitudes rather than a spatially dependent
wave function. To do this, the fact that the states |n) = \/% exp(inf) are momentum eigenstates is

used, where n is an integer. This means that |n) satisfies the eigenvalue equation

471



G.R.M. RoBB

pln) = nln)
where p = —10/00 is the momentum operator.

It is possible to expand the electron wave function (6, z) in terms of these momentum eigen-
states, 1.€.,

(9, z) exp(inf) , (14)

mzc"

n=—oo
where |c,|? is the probability of an electron having momentum (v — ~o)mc = nhk. Substituting for

U(6, z) using Eq. (14) in Egs. (12) and (13), the quantum FEL equations in the momentum state repre-
sentation are

den(2) n? - _
i — 5 (Aen 1 — A ep), 1
1z 12/30 p (Acn— Cnt1) (15)
dA(z) > . .

In this momentum state representation, the electron-beam—light interaction is described as an exchange of
population between different electron momentum states via the electromagnetic field in discrete amounts
hk. The evolution of the electromagnetic field is driven by spatial bunching of electrons (as in Eq. (3)
or (13)), which from Eq. (16) can be seen to be equivalent to coherence between adjacent momentum
states.

3.4 Linear stability analysis

One of the advantages of using the momentum state representation given in the previous section is that
it easily allows an analysis of the linear stability of stationary solutions, and consequently identification
of the conditions under which instability can occur. A stationary solution of the quantum FEL equations
in the momentum state representation, Egs. (15) and (16), is A = 0, i.e., no radiation field, and ¢y =
1,¢n = 0 Vm # 0, i.e., a spatially uniform electron distribution. Introducing small fluctuations in ¢,

and A about these stationary values, denoted by cg) and A respectively, then

A = 04 AW,
cp = l—i-cél),

cr, = 0+c(1) forall k # 0.
Retaining only terms linear in the fluctuation variables produces

d61 1

- A 17
dz 2ﬁ61 pAa, ( )
dC_1 i
= —_— A* 1
e 2,56 1+p (18)
dA _
— = 4 +i04, (19)
dz

where the (1) superscript has been dropped throughout as all the dependent variables represent fluctuating
quantities. Looking for solutions to Egs. (17)~(19) of the form (c1,c_1, A) o exp(iAZ) results in the
dispersion relation

(A—5)<A2—4;>+1:0. (20)
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The solutions A of Eq. (20) with $(A) < 0 correspond to instability, resulting in exponential growth of
the radiation field amplitude A and of the momentum state amplitudes ct, and consequently a spatially
periodic electron density modulation with wavelength A, i.e., bunching.

Figure 3 shows a graph of the instability growth rate |3(A)| versus the detuning ¢ for different
values of p. For p — o0, it can be seen that Eq. (20) reduces to

A*(A-6)+1=0, 21

which is the dispersion relation which would be obtained from a linear stability analysis of the classical
FEL model, Egs. (1)—(3) [11]. Similarly, the curve for p = 10 in Fig. 3 is almost identical to the classical
FEL gain curve which would be obtained from Eq. (21), with the maximum growth rate at resonance
(0 = 0). As p is decreased, the region of gain decreases in size and the value of detuning at which
maximum gain occurs shifts to increasing values of ¢ such that diax gain ~ 1/2p, ie., (0 — 1) =
hk/2me.

— p=10
- p:]_
p=0.2
4444444 p:()]_
4 6 é 10

Fig. 3: Graph of growth rate against detuning, 9, for different values of p as calculated from Eq. (20)

4 One-dimensional quantum free-electron laser simulations

Using numerical simulations of the quantum FEL equations in either their position representation/Schro-
dinger form (Eqgs. (12) and (13)) or their momentum representation (Egs. (15) and (16)) allows investi-
gation of the non-linear regime of the quantum FEL interaction. Here, results from simulations of the
momentum representation equations are presented. In all cases shown, the initial condition corresponds
to a monoenergetic/spatially uniform electron distribution such that ¢g = 1 and ¢, = 0 V k # 0, and that
the radiation field amplitude is extremely small (A = 10~%).

Figure 4 shows the evolution of the radiation field intensity as calculated from Egs. (15) and (16)
for a case where p = 10 and § = 0. A comparison with Fig. 1 calculated from the classical equations,
Egs. (1)-(3), shows that the evolution of the radiation field is almost identical when calculated using
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either the quantum, wave-function-based FEL model or the classical, particle FEL model when p > 1,
which is consistent with this being the classical limit as discussed in Section 2. Figure 5 shows snapshots
of the corresponding electron energy/momentum distribution for the case where p = 10 and 6 = 0. It
can be seen that during the interaction, a large number of momentum states (~ p) become populated,
again consistent with the idea that this represents a classical regime of interaction.
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Fig. 4: Classical regime: evolution of radiation intensity, | A|?, when p = 10, § = 0 as calculated from Egs. (15)

and (16).

In contrast, Fig. 6 shows the evolution of the radiation field intensity as calculated from Egs. (15)
and (16) for a case where p = 0.1 and 6 = 1/2p = 5, which should correspond to a quantum regime
of interaction as discussed in Section 2. It can be seen that the field intensity evolves in a very different
manner from that of the classical behaviour shown in Fig. 4 as a sequence of hyperbolic secant pulses.
Figure 7 shows snapshots of the corresponding electron energy/momentum states. It can be seen that
during the interaction, now only a maximum of two momentum states are populated at any stage of the
interaction, the population cycling periodically between momentum states n = 0 and n = —1, with one
radiation pulse being emitted as the population cycles from state 0 — —1 — 0. It can be shown that this
evolution is well described by a model consisting of only two momentum states.

4.1 Including slippage

So far, it has been assumed that the relative slippage between the radiation field and the electrons due
to their different velocities is negligible, so that the electron beam can be described in terms of a single
ponderomotive potential with periodic boundary conditions such that every ponderomotive potential in
the electron beam evolves identically. Here, the quantum FEL model is extended to include the effects of
slippage, which allows the description of radiation pulse propagation and evolution during the quantum
FEL interaction.

The inclusion of slippage is essential to model the process of self-amplified spontaneous emission
(SASE) in an FEL, as SASE involves the FEL interaction being initiated by electron beam shot noise
rather than a coherent seed radiation field. Consequently, as electron shot noise is stochastic in nature,

474



THE QUANTUM FREE-ELECTRON LASER

1.0 T
0.8} (a) ZIO

0.4} ]
0.2} ]
0.0 ‘

-40 =20 0 20 40
1.0 ‘ ‘ ‘ ‘ ‘

0.8+ (b) 2:10 i

[

0.4} 1

0.2+ R
0.0 I I m I I
1.0 -40 -20 0 20 40

0.8+ (C) 2:12 i
0.6} R
0.4} f

0.2 R

0.0 J=ra iy __*_ g —— 1
—40 -20 0 20 40

I

2

|, |

Fig. 5: Classical regime: snapshots of the electron momentum distribution, |¢,, |2, when p = 10, § = 0 as calculated

from Egs. (15) and (16).

the (weak) initial bunching of electrons due to shot noise will vary randomly between different parts of
the electron beam. It is important, therefore, to describe the effect of one part of the electron beam on the
rest of the beam as mediated by the radiation field as it propagates forward through the electron beam.

To incorporate slippage into the models described so far, it is necessary to introduce an additional
length scale which represents position in the electron bunch, i.e.,

z — Uyt
L.

where L. = \/4mp is the ‘cooperation length’ [17] and v, is the mean axial velocity of the electron
beam. .

21 = ) (22)

Using this new independent variable, we can now define the radiation field amplitude A and the
momentum state amplitudes c,, at each position along the electron bunch, i.e.,

A(Z) = Az, 21)
cn(Z) = en(z,21)

so that the quantum FEL equations in the momentum state representation, Egs. (15) and (16), become
the set of coupled partial differential equations [18]

den(z,21) .’ % T

— = —12—ﬁcn —p (Acn,l - A cn+1) , 23)
D 0N Aem) = 3 enchy +idd 1)
0z 0=n oA = ne—oo frn-t .

As this model now describes the spatio-temporal evolution of the radiation field, it is possible to in-
vestigate the spectral properties of SASE radiation in a quantum FEL. To simulate SASE, the initial
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Fig. 6: Quantum regime: evolution of radiation intensity, |A|2, when p = 0.1, § = 5 as calculated from Egs. (15)

and (16).

momentum amplitudes c,, are distributed with random phases to simulate a stochastically fluctuating
bunching parameter along the electron bunch.

Snapshots of the spatio-temporal evolution of classical SASE radiation and its corresponding fre-
quency spectrum are shown in Figs. 8 and 9, respectively. It can be seen that the evolution of the
interaction results in a radiation field consisting of a sequence of random spikes of radiation, similar to
what is produced in the classical model [11, 13]. Similarly, the corresponding frequency spectrum of
classical SASE, shown in Fig. 9, is broad and chaotic. Note that the scaled frequency variable is defined
as @ = (W' — wy)/pwy, where w; = 2¢y2k,, is the resonant (angular) frequency of the radiation.

Corresponding graphs showing the spatio-temporal evolution of SASE radiation and its frequency
spectrum in the quantum regime (p < 1) are shown in Figs. 10 and 11, respectively. It can be seen that
the evolution of the interaction in the quantum regime results in a radiation field which is amplified at
a lower rate, but consists of a smoother, less spiky profile, with a frequency spectrum which evolves
as series of discrete, narrow lines. Each discrete line is produced by transitions between successive
momentum states, i.e., n = 0 - —1 — —2, ... . It can be shown [19] that the frequency separation
between these lines is Aw = hk?/ym, the recoil frequency associated with the emission of a photon
with momentum £k by a relativistic electron. The presence of these different discrete frequencies results
in a beating between these frequencies, which can be seen in the spatio-temporal evolution of the field
for large values of z (see, e.g., Fig. 10(b) and (c)). The existence of this beat note illustrates the phase
coherence between the frequencies being generated.

The spectral features of the quantum regime of SASE, for example higher temporal coherence
than that produced by classical SASE, are attractive for potential applications of the radiation generated.
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Fig. 7: Quantum regime: snapshots of the electron momentum distribution |c,,|> when p = 0.1, § = 5 as calculated
from Egs. (15) and (16).

5 Realising the quantum free-electron laser regime
It was shown in Section 2 that the quantum FEL regime requires

mcey

P~ Thk

p<1,

which can be rewritten as \
o<1, (25)
Ac
where A\; = h/me ~ 2.4 x 10712 m is the Compton wavelength. All current short-wavelength FELs
operate in the classical regime; for example, the Linac Coherent Light Source (LCLS) has approximate

parameters v ~ 3 x 10%, p ~ 5 x 1074, and A &~ 1 A ~ 40\, which from Eq. (25) gives p ~ 600.

Equation (25) shows that to attain the quantum regime where p < 1 without drastically reducing
the FEL gain (o p), then it is best to reduce A as far as possible (i.e., high photon momentum), but keep
~ as small as possible. This would seem to be unfeasible for an FEL using a magnetostatic wiggler, such
as the LCLS, but may be possible if an electromagnetic wiggler is used [19], where the much shorter
effective wiggler period (\y, < 1 um compared with ~ cm for magnetostatic wigglers) allows generation
of short radiation wavelengths with much lower-energy electrons than with a magnetostatic wiggler. A
challenging feature of laser wigglers is that the effective interaction length is much shorter than for a
magnetostatic wiggler, but recent studies [19, 20] suggest that current high-power technology is capable
of producing sufficiently high intensities and pulse durations to potentially satisfy the conditions required
to achieve the high-gain quantum FEL regime.
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Fig. 8: Snapshots of the spatio-temporal evolution of the classical regime of SASE (p = 5) when the electron
bunch length L, = 20L..
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6 Conclusions

In this article, the possibility of a quantum regime of FEL operation, the conditions under which quantum
effects due to large photon recoil may be significant in the FEL interaction, and some of the features of
the quantum FEL interaction have been discussed using a 1D model. Although the quantum regime of
high-gain FEL operation has not yet been achieved, it appears that with current technology, realisation of
the quantum FEL regime may be a possibility. Given that some spectral properties of the quantum FEL
regime appear attractive relative to those of classical SASE FELs, for example improved temporal coher-
ence, then the quantum FEL seems to have potential as a compact source of coherent, short-wavelength
(X-ray/~y-ray) radiation.

Some recent and current work on quantum FELs which has not been covered in detail here is
summarised below.

6.1 2D and 3D models

Although this article has concentrated on 1D models to illustrate concepts, both 2D and 3D quantum
FEL simulations and models have been investigated [21,22]. Such studies are important to determine the
conditions under which transverse inhomogeneities in and diffraction of the intense laser pulses used as
electromagnetic wigglers will affect the quantum FEL gain process.

6.2 Spontaneous emission

It is well known that the stochastic kicks produced by spontaneously emitted photons can produce mo-
mentum diffusion, which eventually quenches the classical FEL gain process at short wavelengths and
provides an effective lower limit to the wavelength which can be produced by classical FEL operation
of A\ &~ 1 A. There has recently been some debate about the significance of the role which spontaneous
emission will play in attempts to achieve the quantum regime of FEL operation [23,24].

Finally, although the terminology of ‘quantum’ FEL has been used throughout this article, based
on the conventional terminology used in the quantum optics literature, the models described here are
more correctly described as ‘semiclassical’, as they use a quantum description of the medium (the elec-
tron beam) but a classical description of the electromagnetic field. Fully quantum FEL models involving
quantized radiation fields were developed long ago for the low-gain regime and used to investigate, for
example, the photon statistics of the low-gain FEL interaction [3], and recent work has extended these
models into the high-gain regime [16,25]. Such models offer the exciting prospect of opening up a whole
range of new coherent, quantum, X-ray, and «y-ray phenomena, as has been done in the optical region of
the spectrum.
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