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Abstract
The transfer of beams from one accelerators to another requires a set of pa-
rameters correctly adjusted, as well as a sequence of events to trigger all ele-
ments relevant to the transfer exactly at the right moment with respect to the
beam. The course introduces the basic building blocks of synchronization sys-
tems and beam synchronous timing generation. The parameters for the transfer
are then derived starting from longitudinal beam dynamics. Furthermore, The
steps for the transfer of lepton and hadron beams between circular accelerators
are summarized.
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1 Introduction
Synchronization is required every time two or more events must take place at the same time and at the
same location. This is as true for people who would like to get together for a meeting, where nonetheless
being late by few minutes is usually considered acceptable, as for particles beams which meet another
beam or injection and ejection elements that have to be triggered for the beam transfer. The precision
needed depends on the system considered. While two synchronized events may be millions of years
apart in astronomy, particle beams travelling at a significant fraction of the speed of light require time
precisions from nanoseconds down to few femtoseconds.

Table 1 gives the order of magnitude for the typical time scales, mostly defined by the length
of the particle bunches. The technology for the synchronisation system must be chosen accordingly.

Table 1: Time scales of common accelerator types, mainly defined by their bunch length.

Proton bunches in low energy synchrotrons (few GeV) > 10 ns
Proton bunches in medium energy synchrotrons 100 ns...1 ns
Bunch length in hadron colliders (> 100 GeV) 10 ns...100 ps
Electron storage rings 10 ps...1 ps
Plasma wakefield accelerators 1 ps...100 fs
Self Amplified Spontaneous Emission (SASE) FELs 1 ps...10 fs
Pump-probe FELs < 100 fs
Jitter achievable with low-level RF electronics 10 ps...1 ps

While standard low-level RF electronics hardware is fully sufficient for hadron and circular electron
accelerators, free-electron lasers with bunch lengths in the pico-second regime and below require optical
synchronization techniques [1].

To illustrate the underlying principles and for the sake of simplicity this course focuses on standard
techniques of synchronization and longitudinal transfer of beams, with particular attention to the transfer
of bunched beams between two circular accelerators. The implementation is described only to the detail
required to understand the concepts to synchronize beams, derive beam synchronous timings, achieve
energy, as well as longitudinal matching.
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Due to their low mass, leptons are extremely close to the speed of light in most accelerators.
Already 99.99995 % of it are reached even in a small size electron synchrotron with an energy of only
500 MeV [2]. The oscillations of particles in the longitudinal and transverse directions are moreover
damped by synchrotron radiation [3], forcing the particles to the longitudinal position enforced by the
RF fields. In electron accelerators beam transfers are therefore fully deterministic in most cases. All
signals for the RF systems and the triggers involved in the transfer are derived from a single master
clock.

The fixed frequency approach is not possible in hadron accelerators where beam synchronous
signals are derived from the circulating beam. The beam-based generation of RF signals is required to
avoid longitudinal beam oscillations in the absence of synchrotron radiation. The exact moment of a
beam transfer in absolute time hence depends on the beam itself and changes from acceleration cycle
to cycle. Additionally, the RF frequency sweeps to track the increasing revolution frequency during
acceleration.

Following the introduction of basic techniques and building blocks for beam transfer systems,
the transfer between two circular accelerators is discussed. The longitudinal beam dynamics aspects
are introduced in view of the transfer of bunched beams. Thereafter, the relevance of periodicity and
bucket numbering is explained. The generation of trigger events for the beam transfer completes the
requirements for electron accelerators. In hadron accelerators frequencies change and the target for
a beam transfer can move in time. Additional difficulties are caused by the absence of synchrotron
radiation damping. Strategies to match the beam energy and the longitudinal parameters are described to
transfer hadrons with virtually no degradation of the longitudinal beam quality.

2 Techniques and building blocks
The basic techniques and building blocks of synchronization systems for beam transfer, in particular
for large scale accelerator facilities, are introduced in what follows. Signals, either in the form of time
marker pulses, RF signals, or as general timing infrastructure must be exchanged between accelerators
involved in a beam transfer. The distances for these transmission can range up to several kilometers.

2.1 Signals with noise
The quality of any RF signal is degraded due to noise which leads to an unwanted variation of the
signal phase or amplitude with time, the so-called jitter. In particular a phase variation, the phase jitter,
introduces an uncertainty to the definition of phase and time information contained in the signal.

2.1.1 Coherent and incoherent signals

The difference between a coherent signal and noise is illustrated in Fig. 1. It shows the same signal

Fig. 1: Spectrum of an RF signal at 200 MHz measured with a resolution bandwidth, fRBW of 30 kHz (left),
100 kHz (middle) and 300 kHz (right).

at 200 MHz measured with a spectrum analyser at three different resolution bandwidths. While the
peak of the spectrum, representing the coherent part of the signal, is always at the same amplitude, the
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noise level, as well as the width of the peak change proportionally to the observation bandwidth called
resolution bandwidth, fRBW, of the spectrum analyser.

Since the incoherent noise has a quasi-constant power density, i.e., power per bandwidth, the total
power passing through the observation filter of the spectrum is proportional to its bandwidth. In case of
the measurement shown in Fig. 1, the noise level is mainly dominated by the front-end amplifier and the
mixer of the spectrum analyzer.

In the ideal case the thermal noise power density of a passive object at the temperature T is given
by [4, 5]

P

�f
= kT G(f) with G(f) =

hf

kT

.⇣
ehf/kT � 1

⌘
.

The Boltzmann and Planck constants are k and h. In the relevant frequency and temperature range of
electric signals on conductors, the form factor G(f) can be approximated to one, since hf/kT ⌧ 1. At
room temperature, T ' 296 K, the noise power density hence becomes P/�f ' kT = �174 dBm/Hz.

2.1.2 Analysis of phase noise

The power spectrum of oscillator at the centre frequency, fc, with phase jitter is sketched in Fig. 2. All

Fig. 2: Power spectrum of an oscillator signal at the frequency, fc, with side-bands caused by noise.

power levels are defined as ratios with respect to the amplitude of the signal at the centre frequency, the
carrier, in units of dBc. The noise power density is defined as the ratio of the power density and carrier
power [6],

L(f) =
Power density
Carrier power


dBc

Hz

�
=

1

2
S�(f) . (1)

Integrating the noise power density Eq. (1) and using �t = ��/(2⇡fc) gives the RMS jitter of the signal

�trms =
1

2⇡fc

sZ
f2

f1

S�(f) df (2)

in the frequency range from f1 to f2. Seen that the noise power of most signals decreases with the
frequency offset from the central frequency, the integration limits are conveniently given as offset fre-
quencies from the carrier.

Fig. 3 (left) shows the phase noise density of a laboratory RF generator (Agilent/Keysight E8663B)
at offset frequencies from 10 Hz to 10 MHz from the carrier at 1 GHz, together with the jitter per decade
(Fig. 3, right). Due to the form of Eq. (2) the individual jitters per decade, trms,n, can be added as a
geometric sum such that the total jitter becomes

�trms =
q
�t2rms,1 +�t2rms,2 + . . .+ t2rms,n .
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Frequency range �trms [ fs]
10 Hz. . .100 Hz 12.4
100 Hz. . .1 kHz 5.5
1 kHz. . .10 kHz 5.5
10 kHz. . .100 kHz 11.1
100 kHz. . .1 MHz 13.0
1 MHz. . .10 MHz 21.3
Total 31.0

Fig. 3: Phase noise density versus frequency offset (left) and RMS jitter per decade of frequency offset (right).

2.2 Transmission of RF signals over long distances
In large scale accelerator facilities reference signals must often be transmitted over distances of several
kilometres, from one accelerator to another. Without taking any precautions, the thermal drift of such
long coaxial cables or optical fibres may become significant with respect to the bunch length. The thermal
coefficient of delay (TCD), defined as

TCD =
�⌧

⌧
·

1

�T
=

��

�
·

1

�T
,

as measured for a standard RG223 coaxial cable is plotted in Fig. 4. A 2 km long cable of this type

Fig. 4: Thermal coefficient of delay for an RG223 coaxial cabled measured with increasing and decreasing tem-
perature [7].

has about 10 µs delay. Changing the temperature by only 1 K at room temperature changes its delay
by about 0.5 ns. This may be acceptable for the RF frequency as low as 10 MHz like in the Proton
Synchrotron (PS) at CERN, but is certainly not in the case of the Large Hadron Collider (LHC), where
the same delay would lead to a phase error of 73 � at an RF frequency of about 400 MHz.

The thermal coefficient of delay for optical fibres is typically 10 to 100 times smaller compared to
coaxial cables, but still the remaining drift may not be acceptable. The phase drift of a optical fibre with
a length of about 6.3 km measured at a frequency of 200 MHz together with the temperature is shown in
Fig. 5. Without compensation, the delay of the fibre changes by almost 1 ns which is of the same order
as the length of the proton bunch and well beyond the acceptable range.

The stability in time of the signal transmission can be significantly improved by active compen-
sation. Part of a signal transmitted from point A to point B (Fig. 6, left) is sent back to the point A and
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Fig. 5: Drift of a 6.3 km long optical fibre, from the longitudinal beam control system of the CERN SPS to the
AWAKE experiment and back [8]. The large fraction of the fibres is installed underground and the temperature
may therefore vary along the fibres.

Fig. 6: Principle configurations for active link delay stabilization (left) and set-up to compensate the delay of a
link for the AWAKE experiment at CERN between (right). The length of the optical fibres is about 3.2 km [9].

compared there in phase to the source signal. In the most simple case the return signal is split at the
destination point and part of it is transmitted back. Such a scheme assumes, however, that the behaviour
of both transmissions is identical. This may be difficult to achieve, especially for coaxial cables.

Using the same transmission medium to return part of the signal removes that constraint (Fig. 6,
left middle). For a coaxial cable an intended impedance mismatch at the end of the line (point B) causes
a reflection travelling back to point A. A directional coupler (not shown) extracts the reflected signal
before comparing it in phase with the source signal. The directivity of the directional coupler may limit
the achievable performance.

Next to their inherently smaller thermal coefficient of delay, optical fibres also allow to transmit
light at several wavelengths simultaneously (Fig. 6, left bottom). The return path can therefore use the
same fibre, but at a different wavelength. This removes the need to split forward and reflected waves.
To further improve the stability, parts of the link compensation hardware can me implemented optically,
e.g., using an optical phase discriminator.
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Fig. 6 (right) shows an overview diagram of the optical link for the synchronization of proton
bunches from the SPS to the AWAKE experiment at CERN. Next to the compensated transmission of an
RF signal at 400.8 MHz, two more signals are sent. Both of them are only required to start counters at a
specific period of the RF signal and no particular precision is needed. Their delay simply tracks the one
of the 400.8 MHz link to keep all three signals approximately in phase at the arrival in the SPS. Although
the configuration with separate optical fibres for forward and return paths stabilizes the delay to the order
of 1 ps, the configuration according to Fig. 6 (left bottom) will further reduce the drift.

To obtain even higher stability, the phase measurement and the compensation delay can be im-
plemented as optical components. Ultimately, the phase comparison is performed at a high harmonic of
ultra-short laser pulses ( 5 THz) or directly at the frequency of the light ( 200 . . . 1000 THz) [1, 10, 11].

2.3 Synchronous frequency dividers
The most common technique to generate a lower frequency from a higher one are frequency dividers. A
frequency divider by n, the division ratio, is an electronic counter which counts up to n with every period
of the signals at its input. It then generates a pulse at its output and resets itself. Frequency counters exist
in many variants, counting up or down, with and without preload, etc. However, independent of their
implementation, the counting value of two independent dividers is not necessarily the same.

Fig. 7 illustrates the indeterministic behaviour of two frequency dividers. The circuit on the left

Fig. 7: Configuration of two frequency dividers counting the same input signal. The undefined initial counting
state of the dividers results in indeterministic behaviour of the set-up. Both output signals fRF/n (left) may not be
identical. The output signals of the circuit dividing by n and m (right) change their relative output phase according
to the initial phase.

divides the same RF signal twice by n. However, keeping in mind that the initial condition is not defined
when powering the circuit on, the output phase of both dividers can differ by multiples of 2⇡/n. The
circuit on the right (Fig. 7) can even have up to n ·m different output phases. Multiple dividers without
reset are a common pitfall in synchronization systems. They work correctly until one of the divider
misses one or multiple counts with respect the other divider and the relative of the output signals changes.

Two options to force a deterministic behaviour are sketched in Fig. 8. The output of one the two
dividers (master, left) is used to reset the second one. This assures that the slave divider starts counting
at a well-defined counting state of the master divider. The output signals of both will remain at a fixed
phase relationship until one of the dividers misses one clock pulse or counts, e.g., an additional glitch. If
a programmable phase shift in units of input clock cycles between both output signals is required (e.g.,
Sec. 5.2), the circuit shown in Fig. 8 can be employed. The counter value of the first divider is added
to an offset by a modulo n counter. This counter wraps around when reaching the programmed division
ratio.

In circular accelerators all beam synchronous signals periodic with the revolution period of the
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Fig. 8: Configurations to force an unambiguous phase relationship at the output of two dividers. One of the two
divider becomes the phase reference (left) and its output resets the second, slave divider. A modulo n adder with a
programmable offset (right) can be used to generate a phase offset between both outputs.

circulating beam and dividers are usually reset with a master revolution frequency signal. For the beam
transfer between to circular accelerators a fiducial or common frequency is chosen with respect to which
the whole transfer process is periodic (Sec. 4.1).

2.4 Phase detectors
Measuring and correcting frequency and phase differences between RF signals is important to synchro-
nize beams in different accelerators in preparation of the transfer. The phases of these signals represent
the relative azimuthal positions and revolution frequencies of beams in circular accelerators.

Frequency, ! = 2⇡f , and phase, � are actually equivalent, since

! =
d�

dt
, � =

Z
! dt . (3)

Phase is a relative quantity and phase detectors, also called discriminators, always measure the phase
difference between two signals. The Eqs. (3) can also be applied to phase and frequency differences
�! = d(��)/dt. Two special cases are very common in synchronization systems. Firstly, the phase
difference of two signals at the same frequency should be detected, e.g., to determine phase between
bunches of a beam and the accelerating RF signal. In this case the phase difference is constant with time.
Secondly, the frequencies of two signals, e.g., circulating beams in two rings of a collider, are constant,
but slightly different. Following Eq. (3) the phase then changes linearly. The latter example is plotted
in Fig. 9. However, even an ideal phase discriminator cannot distinguish between a phase difference ��
and �� + n · 2⇡. The measured phase difference will hence not just accumulate to infinity, but will
wrap around within the range of the phase discriminator. The result is, for the case of two signals with a
constant frequency difference, a sawtooth-like phase (Fig. 9).

The most simple phase detector is a frequency mixer, a device which multiplies two signals. This
can be easily shown for two sinusoidal at given frequencies !n and phases �n. The product

sin(!1t+ �1) sin(!2t+ �2) =
1

2
{cos [(!1 � !2)t+ (�1 � �2)]� cos [(!1 + !2)t+ (�1 + �2)]} (4)

can be expressed as a sum of two components at the frequencies !1�!2 and !1+!2. The first component
contains the wanted phase difference �1 � �2. To extract it, the output signal of the mixer is low-pass
filtered to remove the higher frequency component. For the two signals at the same frequency, the phase
difference is constant and the low frequency component in Eq. (4) hence becomes just 1/2 cos(�1��2).
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Fig. 9: Phase difference of two signals with slightly different frequency. The phase difference is a linear function
with time (red dotted line), but wraps around when measured with a phase detector.

Arbitrarily subtracting a constant phase of ⇡/2, keeping in mind that the phase detection is a relative
measurement, results in a phase dependency proportional to sin(�1 � �2), which can be approximated
to �� = �1 � �2 for �� ⌧ 1. In the given range of phase differences, the frequency mixer will
hence indicate the instantaneous phase difference between both inputs (Fig. 10). Table 1 gives a list of

Fig. 10: Phase difference of two signals with slightly different frequency as in Fig. 9. A mixing phase detector
only resolves the phase within a small range.

common phase detectors including their basic properties [12, 13]. Phase detectors with full 2⇡ coverage

Table 2: Common phase detector types with range and behaviour.

Type Range Behaviour Reference
Mixer, analogue 4 quadrant multiplier ⇡ Sinusoidal: sout / cos� [14, 15]
Exclusive OR gate ⇡ Linear: sout / �� 3⇡/2, or sout / ��+ ⇡ [16]
Sample and hold ⇡ Sinusoidal: sout / sin� [17]
Flip-flop phase detector ⇡ Linear: sout / �� ⇡ [12]
Tri-state double flip-flop 2⇡ Linear: sout / � [18]
COordinate Rotation DIgital Computer 2⇡ Linear: sout / � [19]
CORDIC
Sagnac loop with optical modulator < ⇡ Sinusoidal: sout / sin� (clipped) [20]

are preferred whenever. They avoid the ±⇡ ambiguity which may, e.g., cause a loop to lock onto an
unstable phase.

In terms of absolute precision in time, a phase measurement at a frequency as high as possible is
preferable since any error in time is inversely proportional to the frequency, �⌧ = ��/(2⇡f). However,
increasing in frequency may introduce ambiguity. A train of bunches, a so-called batch, spaced by 1/fRF

with fRF = hfrev can have the same phase every period of the RF frequency. Measuring the phase of
the same batch at the revolution frequency defines one unique position of the complete batch per turn.
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2.5 Phase-locked loops
A phase-locked loop (PLL) allows to keep two RF or beam signals at a well defined phase relationship.
It is also a standard technique to multiply the frequency of a signal, like an inverse frequency divider.
The basic building blocks of the PLL are phase discriminator, loop filter and voltage controlled oscil-
lator (VCO) as sketched in Fig. 11. A divider may be added in case the two frequencies to be locked

Fig. 11: Typical PLL set-up to synchronize RF signals or to multiply them in frequency.

together are not identical, but in an integer ratio. The input signal, characterised by its frequency, fin, and
phase, �in, is compared with the signal from the VCO whose frequency can be controlled closely around
nfin. The phase difference, a low bandwidth signal proportional to �in��VCO, is passed through a loop
filter which drives the VCO. This closes the loop.

The frequency of the VCO, fout, is hence locked to fin according to fout = nfin. At the same
time the phase relationship between �in and �out/n is fixed. It is worth noting that the divider does not
need to be synchronized as described in Sec. 2.3. The phase comparison is performed with the output
signal of the divider with respect to which the counting state is unambiguously defined. The derivation
of the transfer function of the PLL is detailed in [12, 21].

Next to its application as a frequency multiplier, the PLL is also used to regenerate signals from
a circulating particle beam. In the context of synchronisation systems, this so-called beam phase loop
(Sec. 5.1) locks an RF signal to the beam, which allows to derive beam synchronous signals.

3 Longitudinal beam dynamics
The energy gain per turn, �Eturn, of a particle with the charge, q, in a synchrotron is given by the
effective voltage, V (�) = V sin�, in the accelerating RF cavity at moment of the passage of the particle
such that

�Eturn = qV sin� . (5)

To keep the particle on the central orbit, this energy gain must match the energy gain per turn due to the
changing magnetic field, B(t),

�Eturn = 2⇡q⇢R
d

dt
B(t) = 2⇡q⇢RḂ . (6)

The average radius of the accelerator is described by R and its magnetic bending radius by ⇢. The
combination of Eqs (5) and (6) defines the stable phase

sin�0 =
qV

2⇡q⇢RḂ
.

For a particle with a phase offset, ��, with respect to the synchronous particle the energy offset can be
written as

d

dt
�E = qV

!rev

2⇡
[sin(�0 +��)� sin�0] . (7)
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The relationship between a frequency and momentum offset is called phase slip factor and defined as1

⌘ =
�!/!

�p/p
=

1

�2
� ↵c =

1

�2
�

1

�2tr
, (8)

with the momentum compaction factor ↵c = (�R/R)/(�p/p) = 1/�2tr.
Replacing �p/p = 1/�2�E/E and using [22] d(��)/dt = �h�! results in [23]

d

dt
�� = �h!rev

⌘

E�2
�E = �

h⌘

pR
�E . (9)

The ratio between RF and revolution frequency is called harmonic number, h = !/!rev.
Inserting Eq. (7) in the derivative of Eq. (9) results in the equation of motion of a particle in phase

d2

dt2
��+

h⌘!revqV

2⇡pR
[sin(�0 +��)� sin�0] = 0 . (10)

For small deviations from the synchronous particle the non-linear terms can be approximated according
to

sin(�0 +��)� sin�0 ' cos�0��

and Eq. (10) becomes

d2

dt2
��+ !2

s�� = 0 with !2
s =

h⌘!revqV

2⇡pR
cos�0 . (11)

This is the well known equation of a harmonic oscillator and the frequency of the longitudinal oscilla-
tions, !s, is called synchrotron frequency.

As will be shown in Sec. 6.5, Eqs. (7) and (9) also define the aspect ratio of the bunch distribution
important for the longitudinal matching.

4 Bunch-to-bucket transfer between circular accelerators
For the transfer of bunched beams, the particle distribution from the sending accelerator should be placed
in time and energy into the centre of a bucket, the stable region in time-energy phase space (Fig. 12).
This requires alignment of the energy of both accelerators, the so-called energy matching, as well as

Fig. 12: The bunch-to-bucket transfer places the particle distribution from the sending accelerator into ideally
matched RF buckets in the receiving one.

the phase alignment of the RF buckets. A single bunch or a train of bunches can be injected into any
bucket, as long as the receiving accelerator has no beam yet and the bunch train fits in terms of length.
However, for multiple transfers the bucket number must be carefully controlled to avoid over-injecting
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Fig. 13: Longitudinal stacking by bunch-to-bucket transfer of pairs of bunches.

unintentionally into a bucket which is already occupied by a bunch. In Fig. 13 the three injections of two
bunches are identical with the exception of the bucket number in the receiving accelerator. The beam
structure of filled and empty buckets in an accelerator is referred to as filling pattern.

For the following considerations a synchronized bunch-to-bucket transfer between two circular
accelerators is assumed.

4.1 Fundamental periodicity
Before the beam transfer between two circular accelerators, their revolution periods, Trev,1 and Trev,2,
must be synchronized. Though rather common, an integer ratio of revolution periods is generally not
required. The ratio can also be fractional such that

Trev,2 =
n1

n2
Trev,1 $ n2Trev,2 = n1Trev,1 ⌘ Tcommon = Tfiducial

The time period with which the whole system of both beams repeats is often referred to as super-period,
common or fiducial period. Hence a beam transfer can take place under the same conditions every n1

turns of the accelerator with a revolution period of Trev,1 which is identical to n2 turns of a beam at Trev,2.
Integer revolution period ratios simplify the transfer which can then take place at any turn of the larger
of the two accelerators.

Table 3 summarizes the revolution frequency ratios for some accelerator facilities. An example
for two electron synchrotrons with a non-integer revolution frequency ratio are booster and storage ring
at BESSY II as illustrated in Fig. 14. All signals are directly derived from a reference generator at close
to fRF = 500 MHz, the main RF frequency of both booster and storage ring. Following a frequency
division by 16, the resulting signal at 31.3 MHz is then synchronously divided by 10, 25 and 50 to obtain
the revolution frequency of booster and storage ring, as well as the frequency of the super-period.

1The phase slip factor is sometimes defined with the opposite sign, e.g. [24].
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Table 3: Revolution frequency ratios of selected accelerator facilities.

BESSY Booster BESSY SR 2/5 Fixed frequency
SLS Booster SLS SR 15/16 Fixed frequency
J-PARC RCS J-PARC MR 2/9 Profit from ratio for bucket selection
GSI SIS12/18 GSI ESR 2/1
CERN PS Booster CERN PS 1/4
CERN PS CERN SPS 1/11
CERN PS CERN AD 3/1 Particle type and energy change at transfer
CERN SPS LHC 7/27 fcommon = 1/Tcommon as low 1.6 kHz

Fig. 14: Generation of beam synchronous frequencies at the BESSY facility (courtesy of BESSY).

The periodicity is illustrated in Fig. 15 for the example of the BESSY II facility with a revolution
frequency ratio of 2/5. With every half turn of the bunch in the booster synchrotron the bunch in the
storage ring advances by 1/2·2/5 = 1/10th of a turn. As expected, the azimuthal position of the bunches
is identical every 5 turns of the booster, equivalent to every 2 turns in the storage ring.

4.2 Beam synchronous triggers
As mentioned above several devices need to be triggered shortly before, during or after the beam transfer,
in particular fast kicker magnets and fast beam instrumentation. These beam synchronous triggers can
be generated by chains of counters counting beam synchronous clocks. Such a cascade of counters is
sketched in Fig. 16. The transfer process is launched by the master start which does not need be to
synchronous to anything. It is just a time marker to indicate the upcoming transfer. The first counter
in the chain counts the super-period. The value to which is counts is not relevant, but the fact that the
trigger #1 is generated based on the super-period clock, i.e., the fundamental periodicity of the transfer.
Since all clocks are derived from a common refrence, the super-period clock is synchronous with the
revolution and RF clocks. One can hence simply chain a counter on the revolution frequency #2 and a
further one on the RF frequency. This allows to generate an unambiguous trigger #3 anywhere in time
with a granularity of the revolution or RF period and corresponds to the bucket number. This scheme
allows to select a specific turn and bucket number.

For a beam transfer between two accelerators, such triggers must be generated on the sending and
on the receiving side both of which may, in large facilities, be several kilometres apart from each other.
This is easily achieved by adding parallel branches to the timing cascade (Fig. 17). As the counters
in sending and receiving accelerator are started with a common trigger synchronous to the super-period
clock and, since all clocks (super-period and revolution frequency clocks) have a fixed phase relationship,
the delay between the triggers #2 and #3 in Fig. 17 is reproducible. Again counters using the RF clock
allow the adjustment of bucket numbers.

Thanks to the practically constant revolution frequencies of electrons, the basic ingredients to
generate all beam synchronous triggers are complete for the transfer of beams between circular lep-
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Fig. 15: Bird’s eye view of the facility Fig. 14, with a revolution frequency ratio of 2/5. Snapshots are taken every
half turn of the booster synchrotron. Note that in BESSY the beams in both accelerators circulate clockwise.

Fig. 16: Generation of beam synchronous triggers.

ton accelerators. Additionally, due to the strong synchrotron radiation damping at electron energies in
the GeV regime, the precision in time is usually not very demanding. As long as the bunch is injected
into the correct bucket it will be forced into the centre of the bucket by synchrotron radiation.

All signals can be derived from a common, fixed-frequency master oscillator which makes the
entire transfer process fully deterministic in lepton accelerators. Starting from an event triggering the
transfer, all beam synchronous signals for kicker magnets or fast diagnostics to monitor the transfer, all
timing triggers are derived by counting the RF master clock or a one of its sub-multiples. Everything is
predictable from the beginning, which significantly simplifies the synchronisation and timing system for
the beam transfer compared to the one of hadron accelerators.

5 Transfer between hadron accelerators
Due to the slower velocity of hadrons, the revolution frequency changes during acceleration by a con-
siderable amount. Especially in low energy hadron synchrotrons it may sweep by several octaves. In the
Extra Low ENergy Antiproton (ELENA) ring at CERN it changes by almost one order of magnitude,
whereas the relative particle velocity in the LHC only increases by a few 10�6 during acceleration.
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Fig. 17: Generation of multiple beam synchronous triggers.

With the revolution frequency sweep, also all counters generating beam synchronous timings for
kickers and beam instrumentation must be supplied with sweeping clocks. The delay of cables and
electronics, ⌧ , leads to a frequency dependent phase according to �� = 2⇡hfrev⌧ for any signal at the
hth harmonic of the revolution frequency. The exact revolution frequency is moreover derived from the
beam, via the beam phase loop.

The absence of synchrotron radiation damping also poses more stringent requirements on the
transfer. It is not sufficient to place the bunch into the correct bucket and let it move to the exact energy
and phase of the bucket in the receiving accelerator. The injected hadron bunch must be placed into the
centre of the bucket in terms of phase and energy instead (Fig. 12). Additionally, the aspect ratio of the
injected bunch, the ratio between bunch length and energy spread, must correspond to the aspect ratio of
the bucket in the receiving accelerator. This can be achieved by longitudinal matching (Sec. 6.5).

The harmonic number during the acceleration may be changed with so-called RF manipulations.
In the presence of two RF harmonics simultaneously a beating pattern of the effective RF voltage depend-
ing on the azimuth position of the bunches is generated. This splits the behaviour for different bunches,
thus requiring careful counting of bucket numbers.

5.1 Beam phase loop
Due to the absence of synchrotron radiation damping, the bunch in a hadron accelerator does not match
itself to the bucket. Any error in phase or energy will cause longitudinal oscillations which, due to the
non-linearity of these synchrotron oscillations, lead to uncontrolled growth of the spread of the particle
distribution.

In hadron synchrotrons the beam itself is therefore used as a reference for the phase of the RF
voltage which keeps it bunched and accelerates it. This is an application of the PLL introduced in
Sec. 2.5. Figure 18 shows a simplified diagram of a PLL in the configuration of a beam phase loop.
The beam phase is compared with the phase from a probe of the voltage in the accelerating cavity. This
phase difference gives the longitudinal position of the particle bunch with respect to the RF bucket. As
the reference phase of the bucket intentionally moves during acceleration, the synchronous phase, �s,
must be subtracted from the measured phase difference between beam and acceleration RF signals. This
bunch-to-bucket phase error then pilots, via a loop filter, the frequency correction of a precision VCO
generating the signal at fRF = hfrev driving the power amplifier. The configuration of the PLL is hence
the same as sketched in Fig. 11, but with the beam replacing the input signal.

To minimize the errors to be corrected by the loop, the VCO is implemented as an oscillator
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Fig. 18: Typical overview diagram of a beam phase loop.

which can only be tuned in a small range around the expected revolution frequency of the beam. This
expected revolution frequency can be derived from the knowledge of the magnetic bending field defining
the energy of the accelerator.

Compared to the standard electronic phase-locked loop (Sec. 2.5) the beam behaviour now con-
tributes to the transfer function of the beam phase loop. It can be included by calculating the response of
the beam in phase to a change of frequency driven by the RF system.

As shown in Sec. 3 the energy offset change for small deviations in �� with respect to the syn-
chronous phase can be approximated, and the equations of motion become

d

dt
�E = qV

!rev

2⇡
cos�0�� (12)

d

dt
�� = �

h⌘

pR
�E + �!RF . (13)

A small frequency modulation by the RF system contributes as a perturbation term, �!RF, and is added
in Eq. (13) to the phase change from the energy offset [25].

To extract the longitudinal beam transfer function in frequency domain, the equations can then be
solved by an ansatz ��(t) = ��ei!t and �E(t) = �Eei!t. The equations of motion then simplify to

i!�E = qV
!rev

2⇡
cos�0��

i!�� = �
h⌘

pR
�E + �!RF

in frequency domain, which can be solved to

�� =
i!

!2
s � !2

�!RF . (14)

This is the response of the beam in phase to a perturbation of the driving RF frequency. Replacing
s = i!, the beam transfer function hence becomes

H(s) =
��

�!RF
=

s

!2
s + s2

. (15)

Dividing the RF frequency from the precision VCO (Fig. 18, divider marked in red) by the har-
monic number, h, results in a revolution frequency signal with fixed relationship with respect to the beam
and maintained by the beam phase loop. It can be used to clock counters generating beam synchronous
triggers, and it represents the longitudinal beam position for a synchronization loop discussed below.
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5.2 Beam synchronous revolution frequency
Deriving a beam synchronous revolution frequency by division (Fig. 18) from an RF signal locked to the
beam introduces the ambiguity of the phase depending on the counting state of the divider (Sec. 2.3). The
most common approach to avoid this ambiguity is counting RF cycles correctly right from the beginning.
With the first injection the beam is already transferred with a reproducible delay with respect to the output
of the revolution frequency divider.

Moving the beam in time with respect to the beam synchronous revolution frequency can be easily
achieved by simply inserting a delay into the branch to the sending accelerator (Fig. 19, left). Since

Fig. 19: Set-ups to achieve a reproducible phase relationship between the beam synchronous revolution frequency
and the injected beam. Technically the delay (left) is mostly implemented with counters allowing to comfortably
adjust the arrival time of the incoming beam in units of RF buckets.

the delayed revolution frequency, frev,delayed, to the upstream accelerator and the internal revolution fre-
quency, frev, are derived from the same source, after the frequency division, both have an unambiguous
phase relationship by definition.

Adjustable delays are technically difficult to realize, in particular for large accelerators, where one
turn can take several tens of microseconds. The delayed revolution frequency can be generated by an
offset counter (Fig. 19, right) more easily, as introduced in Sec. 2.3. The offset is programmed in units
of input clock cycles of the counter, which is usually the bucket number when counting fRF.

For multiple injections, the bucket number offset is simply changed in between transfers, such
that multiple injections with a programmable filling pattern can be be achieved. The beam synchronous
revolution frequency will always have a reproducible delay or phase with respect to the circulating beam.
It therefore indicates the longitudinal position of the beam.

5.3 Bucket numbering
Keeping track of the position of occupied and empty RF buckets is essential to prepare an intended filling
pattern in the case of multiple injections. A newly injected bunch should not be placed in time into an
already occupied bucket, as the circulating bunch would be removed by the injection kicker and replaced
by the incoming one.

Measuring whether a bucket is empty or occupied by a bunch must not be necessary in the frame-
work of the beam transfer process. Using beam signals do derive triggers for the beam transfer is not
appropriate since a bunch may be missing [26] or may have an intensity or profile which would now
allow a correct detection.

Bunches are always injected with a well defined delay with respect to a beam synchronous revolu-
tion frequency. The beam synchronous revolution frequency itself has a reproducible delay with respect
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to the circulating beam since every injection is performed using it as a reference for the longitudinal beam
position. Hence, knowing the sequence of injected bunches, allows to keep track of the filling pattern in
a synchrotron.

In an accelerator with a single harmonic RF system, and neglecting any intensity effects, all RF
buckets are equal. This changes when applying two or more RF harmonics simultaneously. The greatest
common divider of all involved RF harmonics defines the frequency with which the sum RF voltage is
periodic. In the extreme case, when the harmonic numbers have no common divider other than one, the
total RF voltage is only periodic with the revolution frequency. Consequently, the size and form of all
RF buckets becomes different.

The longitudinal phase space for such a case is shown in Fig. 20, where the RF voltage is the
same at two harmonics, h = 9 and h = 10 [27]. This bucket configuration is present in the middle of a

Fig. 20: Normalized longitudinal phase space for a double harmonic RF system with equal voltage at both har-
monics, h = 9 and h = 10.

so-called batch compression process in the PS at CERN. The spacing between bunches can be reduced
by incrementally moving to a larger RF harmonic. This happens at the cost of introducing an additional
RF bucket at an azimuth which should not be occupied by particles (Fig. 20, at � = ±⇡).

Due to the periodicity of the RF voltage with the revolution frequency, there are nine possibilities
of injecting eight bunches into the nine buckets (Fig. 21, left). Only one of them (right) keeps the empty
bucket at the location where the additional bucket is introduced during the h = 9 to h = 10 handover.
This example at the beam transfer between PS Booster (PSB) and PS illustrates the importance of bucket
numbering.

In accelerators performing RF manipulations like the PS at CERN, the number of bunches may
change during the acceleration cycle as the one shown in Fig. 21. Depending on the type of manipulation,
even the position of the first bunch with respect to the beam synchronous revolution frequency changes.
Therefore, prior to ejection, the bucket numbering must be rearranged to realign, e.g., the position of the
first bunch with respect a phase reference given by the receiving synchrotron.

Renumbering the buckets for extraction practically means to shift signal phases such that the RF
synchronization process will move the beam to the intended, reproducible phase with respect to the
external reference marker from the receiving accelerator. As will be shown in Sec. 6.3, a reference
revolution frequency, marking the expected position of the beam after synchronization, is compared in
phase to the internal beam synchronous revolution frequency. Acting on the phase of either of these two
signals moves the relative delay of the marker from the receiving accelerator and the extracted beam.

For the example of the transfer between PS and SPS at CERN, where the SPS as a receiving
synchrotron defines the azimuth position of the bunches, it turns out to be technically more easy to
move the phase of the reference for the synchronization. The simplified set-up is sketched in Fig. 22. A
synchronous frequency divider (Sec. 2.3) generates a signal at the revolution frequency of the PS to serve
as a reference for the RF synchronization. It is compared in phase with the beam synchronous revolution
frequency. The reset for the divider is generated from the revolution frequency marker from the SPS,
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Fig. 21: Measured mountain range plots when injecting eight bunches into h = 9 in the PS and moving them from
harmonic h = 9 to 10 (first 40 ms) and further via h = 20 to 21. The RF voltages at h = 9 and h = 10 are equal
at 20 ms after the start of the manipulation and he longitudinal phase space corresponds to the one illustrated in
Fig. 20. The azimuth of the incoming bunches is moved with respect to the RF buckets by multiples of h = 9

buckets, n · 2⇡/9, n = 0 . . . 8.

Fig. 22: Simplified diagram of the ejection bucket numbering system between PS and SPS. The reference revolu-
tion frequency for the RF synchronization is shifted in phase with respect to the revolution frequency marker from
the SPS.

but delayed by a programmable number of RF clocks, again from the SPS. This shifts the reference
revolution frequency in programmable steps of SPS buckets, and with it the phase position of the beam
in the PS with respect to the revolution frequency marker from the SPS. This mechanism allows to adjust
the phase position of the outgoing bunches of the extracted such that the position of the bucket with,
e.g., the first bunch is aligned with respect to the expected position, independent of RF manipulation or
injection bucket numbering in the PS.

6 Synchronization and transfer
The bunch-to-bucket transfer of beam between circular hadron accelerators usually follows a sequence
of energy matching, RF synchronization and further actions directly related to the transfer. These steps
are summarized in Tab. 4 in chronological order [28]. The first two steps prepare the bunch-to-bucket
transfer. Thereafter the transfer can take place with every cycle of the fundamental periodicity (Sec. 4.1).
The remaining steps are all related to the transfer itself, trigger elements required for the extraction
and injection bumps, the septa. The last step is the generation of triggers for the ejection and injection
elements which guide the beam to the transfer line trajectory at the exit of the sending accelerator and
back to the trajectory for the circulating beam in the receiving accelerator.
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Table 4: Chronological order of steps relevant to synchronization and timing at beam transfer.

1. Set bending fields in both accelerators to the same magnetic rigidity
Prepare transfer line

2. RF synchronization of sending or receiving accelerator
! Ready for transfer

3. Start counting clock of fundamental periodicity
Trigger bump and septum elements

4. Start counting frev clock (sending and receiving accelerator idependently)
Start counting bucket clock

5. Fine delays started
Ejection and injection kicker triggers

! Transfer

6.1 Matching of bending strength
Matching the bending field in both accelerators to the same magnetic rigidity is a first precondition to
prepare the beam transfer [29].

To keep charged particles on a circular trajectory, the centripetal force, FZ , must be compensated
by the Lorentz force, FL. This equality can written such that the particle properties momentum, p, and
charge, q, are separated from the accelerator parameter bending radius, ⇢ and strength, B:

FZ = FL !
p

q
= ⇢B . (16)

As long as the energy, charge state and type of the particle remain unchanged during the transfer, the
magnetic rigidity must be the made identical in sending and receiving accelerator,

⇢1B1 = ⇢2B2 . (17)

Exceptions are transfers with particle type change in the line between both accelerators. Anti-
protons are produced by conversion on a target between the accelerator for the primary beam and the
one collecting the anti-protons from the debris produced at the target. At Fermilab a proton beam at
an incident momentum of p = 120 GeV/c was producing anti-protons at 8 GeV/c. The Anti-proton
Decelerator (AD) at CERN receives anti-protons at a momentum of p = 3.6 GeV/c produced by a
primary proton beam at 26 GeV/c from the PS. A different magnetic rigidity is also needed when the
charge state changes during beam transfer. In the ion injector chain at CERN charge state 208Pb54+ in
the Low Energy Ion Ring (LEIR) and PS is stripped to 208Pb82+ in the transfer line between PS and SPS.
In addition to the change of charge state, the stripping process also causes an average energy loss of the
beam. The magnetic rigidities are programmed according to Eq.(16).

6.2 Matching RF frequencies and bunch distance
Besides the bending fields, also the RF frequencies in both accelerators must have a distinct ratio. As-
suming that the beam velocity is unchanged during the transfer and using frev = fRF/h = �c/(2⇡R),
the condition for the ratios of RF frequencies, harmonic numbers and average radii becomes

�c = 2⇡R1frev,1 = 2⇡R2frev,2 ! R1
fRF,1

h1
= R2

fRF,2

h2
. (18)

A common choice, in particular for most electron accelerators, is to operate sending and receiving accel-
erator at the same RF frequency, fRF,1 = fRF,2 (Fig. 23, left) at transfer. The harmonic number simply
becomes proportional to the ring circumference, 2⇡R. Again, Eq. (18) is only valid for fixed velocity
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Fig. 23: Bunch-to-bucket transfer with equal (left) and unequal (right) RF frequencies.

during the transfer, which is not the case, e.g., for the production of anti-protons at a target in the transfer
line. The velocity factors �1 and �2 must be added in the denominators of Eq. (18).

Next to the RF frequencies also the distance between bunches in the sending accelerator must
match the distance of the buckets in the receiving one to transfer multiple bunches with with a single
transfer. An integer ratio of RF frequencies is common in cascades of hadron synchrotrons. At the trans-
fer of protons for the LHC between PS and SPS, the RF frequency in the SPS, fRF,SPS = 200.3 MHz,
is five times the principal RF frequency in the PS of about 40.1 MHz, while at transfer to the LHC, the
RF frequency in the LHC is twice larger than the one in the SPS. By definition, the PS can hence fill
every 5th bucket in the SPS, and the bunches from the SPS can only occupy every second bucket of the
LHC. The accelerator chain of PS and SPS consequently transfers one bunch into every 10th bucket of
the collider.

Of course the bunch distance is only relevant for the transfer of more than one bunch. This gives
more flexibility at the transfer from the PS Booster (PSB) to the PS at CERN. While the PS is four
times larger in circumference than the PSB, suggesting that hPS = 4hPSB, many more combinations of
harmonic numbers are possible thanks to the transfer of single bunches, e.g., hPS/hPSB = 7 or 9.

A further exception is the transfer using multi-harmonic RF systems in one of the accelerators. In
the PSB, two bunches at hPSB = 2 with a natural distance for an injection into the PS at hPS = 8, have
been pushed further apart to inject them into h = 7 buckets in the PS [30].

6.3 RF synchronization
Even with the magnetic rigidity set according to Eq. (16), the beam derived revolution frequencies even-
tually will not be at their theoretical ratio due to imperfections of bending field strength and length of
beam orbit. These errors lead to a slippage of the bunches with respect to the positions of the buckets,
which is illustrated in Fig. 24. The bucket positions in the sending accelerator, projected into the receiv-
ing one (Fig. 24, grey dots), move in time with respect to the real bucket positions (Fig. 24, purple dots).
This phase slippage is caused by the revolution frequencies not being exact integer or rational multiples.

Before starting the RF synchronization to lock the revolution frequencies of two accelerators [31],
it must be decided if the sending synchrotron should be synchronized to the receiving one or vice versa.

For a bunch-to-bucket transfer with the sending accelerator as master for the beam transfer, rev-
olution frequency and bucket positions in the receiving adapt to the incoming beam. This is a common
choice when the receiving accelerator has no beam before the transfer. An example is the injection of
anti-protons into the AD ring at CERN which are generated by an incident proton beam from the PS.

However, for multiple transfers there is little interest in synchronising the receiving accelerator,
as every synchronisation process requires to move all bunches to the revolution frequency of the newly
incoming beam, perturbing the accumulated bunches more than necessary. Therefore the receiving accel-
erator is commonly chosen as master whenever it already has beam before the transfer and in particular
for the case of multiple transfers. Only the newly injected beam needs to be synchronized and may suf-
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Fig. 24: Bird’s eye view of the PSB (hPSB = 2) to PS (hPS = 8) transfer before the RF synchronization. The
circulating bunches are indicated by blue and red dots. Empty bucket positions are marked as grey dots in the
sending accelerator and purple in the receiving one.

fer once from the synchronization process. Multiple re-synchronizations of the accumulated beam are
avoided. It is the most common choice and implemented in, e.g., the injector chain of the LHC. With-
out loss of generality, the receiving accelerator is considered as the master of the beam transfer in what
follows.

Even though the relative phase of beams moves corresponding to revolution frequency er-
rors (Fig. 24) [32], this slippage is usually too slow to just wait until the intended phase relationship
is reached for a possible transfer. Firstly, the beam to be synchronized is therefore, at constant bending
field, dB/dt = 0, slightly accelerated or decelerated to an off-momentum orbit according to Eqs. (8) and
(26)

df

f
=

�2tr � �2

�2�2tr

dp

p
,

which establishes a defined frequency difference between the accelerators. Secondly, the azimuth error
is measured to close a synchronization loop when the beam is at the intended azimuthal position.

As introduced in Sec. 2.4, a constant frequency error between to RF signals translates into a
linearly changing phase difference (Fig. 25), as measured at the phase detector comparing the reference
azimuth and the actual beam azimuth. Once the reference phase position is reached, the synchronization
loop closes by acting on the RF frequency of the synchronized accelerator. Azimuth, revolution and RF
frequencies are then locked with respect to the external reference.

An example of the phase measurement between reference and actual beam position during the
synchronization of the bunches in the SPS prior to their transfer to the LHC [33] is illustrated in Fig. 26,
together with the synchronization steps and their effect on the phase of the beam. Following the arrival at
the flat-top, the revolution frequency of the SPS is moved to fRF,SPS = 27/7fRF,SPS. Both beams in SPS
and LHC are then circulating according to the fundamental periodicity Eq. (4.1) such that Tcommon =
27Trev,SPS = 7Trev,LHC. The azimuth error of the whole beam in the SPS is measured and a frequency
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Fig. 25: Synchronization loop to move the beam to an intended azimuthal position.

Fig. 26: Phase detector at twice the RF frequency in the SPS during the synchronization before the transfer to the
LHC.

bump is generated to move the actual to the reference azimuth. This sequence of measurement and
frequency bump repeats until the beam has been moved to the reference azimuth within an accuracy of
much better than the azimuth 2⇡/h of one RF bucket.

To then precisely align the bunch centres with respect to the position of the bucket centers in the
LHC, a synchronisation loop compares the reference RF at about 400.8 MHz from the LHC with twice
the RF frequency (about 200.4 MHz) in the SPS and locks them together.

Following this synchronization process, which takes about half a second, the beam in the SPS
circulates synchronously and at the correct azimuth position with respect to the beam in the LHC. The
transfer process can be launched with every period of the fundamental periodicity.

Putting all relevant parts of the RF synchronization system together, the synchronization chain
between outgoing beam and the reference marker signals at which the beam is actually expected, is
illustrated in Fig. 27. The beam to be extracted is locked at a reproducible phase relationship with

Fig. 27: Synchronization chain from the reference signal of the receiving accelerator to the extracted beam of the
sending one.
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respect to the beam synchronous revolution frequency, frev by the beam phase loop (Sec. 5.1). This beam
synchronous revolution frequency is itself kept at a constant phase with respect to the external reference
revolution frequency by one or several synchronization loops. Finally, the external revolution frequency
for the sending synchrotron is generated from the shifted reference RF and revolution frequency signals
of the receiving synchrotron, again at a fixed phase relationship. In summary, the beam in the sending
accelerator and the reference marker from the receiving one are in a reproducible phase relationship. By
shifting its reference signals the receiving synchrotron controls when in time the beam must be delivered
by the sending synchrotron. This concept allows complex filling patterns generated under full control of
the receiving accelerator. For the sending synchrotron all beam transfers are simply the same.

Once the RF synchronization completed the case of two proton accelerators is exactly identical to
the case of two electron accelerators prior to the transfer, with an integer or rational revolution frequency
ratio (Fig. 15). The beams are synchronized and can be extracted with every marker of the fundamental
periodicity.

6.4 Energy matching
In an ideal synchrotron the beam circulates exactly at the expected revolution frequency, �frev = 0, on
the central orbit, �R = 0 and it has the reference momentum, �p = 0. A real accelerator has errors on
all of these parameters.

6.4.1 General orbit equation and differential relations

According to Eq. (16) a particle on the central orbit (index zero) has a momentum given by

p0 = qB⇢0 . (19)

For a particle with a momentum offset, the orbit length is defined via the transverse optics by the mo-
mentum compaction factor at constant magnetic field [34]

↵ =
1

�2tr
=

@L/L

@p/p
=

@R/R

@p/p
=

p

R

@R

@p
, (20)

where L = 2⇡R is the circumference. Integration of Eq. (20) results in

lnR = ↵ ln p+ c1 , R1/↵ = p ec1/↵ = c2p with c2 = ec1/↵ . (21)

The variables c1 and c2 are arbitrary integration constants.
The latter constant c2 can be derived by keeping in mind that Eq. (21) must again be fulfilled by

the reference particle with a momentum, p0, given by Eq. (19), hence

R1/↵ = c2p = c2qB⇢0 , c2 =
R1/↵

0

qB⇢0
.

The circumference for the reference particle is 2⇡R0. This leads to the generalization of Eq. (19) for a
particle at any average radius [34, 35]

p = qB⇢0

✓
R

R0

◆1/↵

. (22)

Based on this general equation, a set of differential relations can be derived for particles with a
small derivation from the reference parameter as summarized in the table below [34].
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Variables Relation

B, p, R
dp

p
= �2tr

dR

R
+

dB

B
(23)

f , p, R
dp

p
= �2

df
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+ �2

dR

R
(24)

B, f , p
dB

B
= �2tr

df

f
+

�2 � �2tr
�2

dp

p
(25)

B, f , R
dB

B
= �2

df

f
+ (�2 � �2tr)

dR

R
(26)

The index for the reference particle has been dropped since, e.g., R = R0 +�R ' R0.

6.4.2 Application to energy matching

Each of the differential Eqs. (23) to (26) depends on three variables. It means that the choice of two
parameters from the set B, p, R and f automatically constrains all others in both accelerators. By fixing,
e.g., the bending field in a synchrotron, dB = 0, the revolution frequency with the radial position offset
of the beam are linked directly by the relation

�2
df

f
= (�2tr � �2)

dR

R
.

Without changing the magnetic field the beam can thus not circulate at the central orbit and at a given
revolution frequency simultaneously. The bending field must be changed in this case to match it.

The energy matching of an incoming beam with respect to the expected energy in the receiving
synchrotron can be verified by observing its revolution frequency during a de-bunching in combination
with a measurement of radial position offset [36, 37]. Fig. 28 shows mountain range plots during the
de-bunching during the first 1.8 ms after injection of a proton bunch into the PS at CERN. For this

Fig. 28: De-bunching with an offset in bending field (left) and well matched (right).

transfer the revolution frequency in the PS and the radial position offset are kept constant. Hence the
bending field and the momentum are defined according to Eqs. (23) to (26). The RF is switched off, but
the triggers for the acquisitions of the beam signals are still derived from a synthesizer generating the
reference revolution frequency for the transfer. In the left image the bunch centre advances with respect
to the trigger corresponding to a too large revolution frequency. At the same time a radial position offset
of the circulating beam after injection is measured. The energy of the incoming beam is therefore slightly
too high. The beam circulates too far outside with a too high revolution frequency. After correction of
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both, the bending field at injection and the momentum of the incoming bunch, the beam de-bunches
exactly at the expected revolution frequency and at the central orbit, �R = 0.

6.5 Longitudinal Matching
As shown above, the phase and the absolute energy of an incoming beam must match the position of the
RF bucket, as well as the expected energy of the receiving accelerator. However, also the aspect ratio in
terms of bunch length and energy spread of the injected bunch must be matched to the aspect ratio of the
RF bucket to avoid longitudinal quadrupole oscillations and uncontrolled emittance growth.

The equations of motion (7) and (9) have the form of Hamilton equations for which the Hamilto-
nian can be written as [38]

H
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In the special case of small phase deviations �� ⌧ 1, the potential term can again be approximated
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such that the Hamiltonian simplifies to
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This approximated form of the Hamiltonian contains only quadratic terms of �� and �E. Consequently,
it describes elliptical trajectories in the longitudinal E-�-phase space.

The aspect ratio of the elliptical trajectories is evaluated by considering that, the Hamiltonian at
the points of maximum phase or maximum energy deviation
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must be identical for a given trajectory such that

H

✓
�� = 0,

�E

!rev

◆
= H

✓
��,

�E

!rev
= 0

◆
.

Replacing the phase �� by �⌧ = 2⇡fRF�⌧ = h!rev�⌧ as a frequency independent variable and using

pR =
E�2

!rev
,

Eq. (6.5) can be written as

�
1

2

h⌘!2
rev

E�2

✓
�E

!rev

◆2

= �
1

2

qV

2⇡
h2!2

rev�⌧2 cos�0 .

The aspect ratio �E/�⌧ of the elliptical trajectory finally becomes
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For a longitudinally matched transfer between to synchrotrons the parameters must be chosen such
that the aspect ratios Eq. (29) are the same in both, sending and receiving, accelerators. This assures that
the particle distribution in the longitudinal phase space can remain unchanged before and after the beam
transfer. It results in the general longitudinal matching condition

q1V1E1�
2
1h1!

2
rev,1

cos�0,1

⌘1
= q2V2E2�

2
2h2!

2
rev,2

cos�0,2

⌘2
.

It it worth noting that matching is only perfect for small bunches in large buckets due to the approximation
of the Hamiltonian.

In most cases the charge, velocity and energy of the particles do not change during the transfer.
Most transfers take moreover place constant energy, with a synchronous phase, �0,1 and �0,2 of 0 or ⇡,
which simplifies the voltage ratio for a matched transfer to

V1

V2
=

✓
R1

R2

◆2 ����
⌘1
⌘2

����
h2
h1

. (30)

The transfer between two synchrotrons where the receiving one operates at twice the RF frequency
as the sending accelerator, fRF,2 = 2fRF,1, is shown as an example for longitudinal matching. Figure 29
illustrates the combination of the longitudinal phase space in sending and receiving synchrotron. Even

Fig. 29: Overlay of the longitudinal phase space in sending and receiving synchrotron.

though the bucket length and heights are very different, the inner trajectories of both buckets match very
well. As long as the longitudinal emittance stays within that area, the transfer is longitudinally well
matched.

6.5.1 Effect of voltage mismatch

Longitudinal mismatch at transfer leads to quadrupolar bunch oscillations, which is observed as a breath-
ing of the bunch length, and to longitudinal emittance growth. The particle distributions obtained with
single-particle tracking shown in Fig. 30 demonstrate this effect. While the matched distribution stays
macroscopically unchanged (left), it rotates in the longitudinal phase space in the unmatched case (mid-
dle and right). Due to the non-linearity of the synchrontron frequency the bunch profile is massively
perturbed. The filamentation finally leads to uncontrolled growth of the longitudinal emittance. While
this emittance growth at transfer should be avoided for high-brightness beams, it may become a tool to
deliberately reduce the longitudinal density for high-intensity beams. This technique is, e.g., used at
injection of the anti-proton production beam into the PS at CERN [39].
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Fig. 30: Bunch distribution of a matched bunch after about 1.75 periods of the synchrotron frequency (left). Initial
distribution of a longitudinally mismatched bunch (middle), and again after 1.75 periods of the synchrotron period.

6.5.2 Effect of bucket phase and energy mismatch

As discussed above also the bucket phase and energy of the RF bucket can be mismatched with respect
to an incoming bunch. This can be seen in the simulated mountain range plots Fig. 31, where the RF
bucket is displaced in phase (left) and energy (right). While the longitudinal phase space distribution

Fig. 31: Mountain range plot of bunch captured in a displaced RF bucket at injection. The initial displacement can
be either in phase (left) or energy (right).

can only be accessed by tomographic techniques, the mountain range plots can be easily measured in
a real accelerator. The phase error established at injection in the left plot is set to 45� and the energy
error set for the simulation shown on the right plot also corresponds to the same oscillation amplitude.
Qualitatively both images look very similar. However, the initial phase of the oscillation is different.
With a pure phase error, the phase displacement with respect to the bucket center can be observed, which
is not the case for an energy error. The mismatch (Fig. 31, left) can be corrected by changing the phase
of the incoming bunch with respect to the RF bucket, while the energy error (Fig. 31, right) can only be
removed by an energy matching (Sec. 6.4.2).

In electron accelerators, phase and energy mismatch can actually be used as a feature for special
longitudinal injection schemes. For the electron option of the Future Circular Collider (FCC-ee), an off-
momentum and off-phase injection is proposed [40]. Due to the strong synchrotron radiation the injected
beam jumps the septum blade after one turn (Fig. 32). Thereafter is spirals toward the bucket centre at
the reference energy. Similar schemes have been used for off-momentum injection and accumulation of
beams into the Large Electron Positron collider (LEP) at CERN [41]. A first bunch was injected at an
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Fig. 32: Proposed synchrotron injection into FCC-ee. After the first turn, the injection bunch jumps the injection
septum blade and then spirals towards the bucket centre.

energy slightly below the energy of the accumulated beam. After half a period of the synchrotron oscil-
lation, the bunch moved to an energy above the reference energy, freeing the longitudinal phase space
below for a second injection. This so-called double batch injection scheme again obviously only works
for lepton bunches which match themselves to the buckets thanks to synchrotron radiation damping.
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