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Abstract

This report presents the proceedings of a specialized course organized by the CERN Accelerator School (CAS).
The topic this time being ’Intensity Limitations in Particle Beams’. The course was held at CERN, Switzerland,
from 2-11 November 2015. The last course on this topic was organized in the framework of the Joint US-CERN
School on Particle Accelerators in November 1990. It was felt that the progress in the field justified a revised
course. The lectures addressed fundamental theory as well as experimental results. The indispensable beam
diagnostics and mitigation measures were covered in dedicated lectures. The lectures were complemented by
several sessions of exercises and the discussion of the solutions.
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Preface

The aim of the CERN Accelerator School is to collect, preserve and disseminate the existing knowledge accumu-
lated in the world’s accelerator laboratories and universities. In addition to courses on general accelerator physics,
specialized courses are organized to deepen the knowledge and increase technical competencies on specific topics
in accelerator science. While most specialized courses treat related sub-systems and acccelerator technology, this
course focuses on an advanced topic in beam dynamics. Intensity limitations do not only occur in High Energy
Particle Accelerators but are of increasing importance in other types of accelerators. Accelerators for medical and
industrial applications have an increasing need for high intensity and high quality beams.

The last course on this topic was organized in the framework of the Joint US-CERN School on Particle
Accelerators in November 1990. It was felt that the rapid progress in this field motivated a revised course.
Therefore the organization of such a course was fully supported by the CAS Advisory Committee.

This course was held at CERN, Switzerland from 2-11 November 2015 and its proceeding are compiled in the
present volume. The backing of the CERN management and the provision of the necessary infrastructure have
made this course possible.

The programme of the course was elaborated with the help of a dedicated Scientific Programme Committee,
composed of experts in this field. They deserve our sincere thanks for their effort to ensure a good coverage
of this very demanding topic. It was possible to attract world-reknowned experts as lecturers at this course and
this ensured the high level of the presented material. The tremendous amount of work in preparing, presenting
and writing-up of their topics for the present proceedings deserves the thanks of the organizers as well as the
participants who came from all over the world to attend this course.

Finally, the quality of the contributions to these proceedings and the professional preparation will be highly
appreciated by many people who will use the proceedings in the future.

These proceedings have been published in paper (black and white) and electronic form. The electronic version,
with full colour figures, can be found at https://e-publishing.cern.ch/index.php/CYRSP/issue/view/37.

Werner Herr, Editor
CERN Accelerator School

v



 
D

ra
ft 

Pr
og

ra
m

m
e 

In
te

ns
ity

 L
im

ita
tio

ns
 in

 P
ar

tic
le

 B
ea

m
s, 

C
ER

N
, G

en
ev

a,
 S

w
itz

er
la

nd
, 2

-1
1 

N
ov

em
be

r, 
20

15
 

 
Ti

m
e 

M
on

da
y 

2 
N

ov
em

be
r 

Tu
es

da
y 

3 
N

ov
em

be
r 

W
ed

ne
sd

ay
 

4 
N

ov
em

be
r 

  T
hu

rs
da

y 
   

5 
N

ov
em

be
r 

Fr
id

ay
 

6 
N

ov
em

be
r 

Sa
tu

rd
ay

 
7 

N
ov

em
be

r 
Su

nd
ay

 
8 

N
ov

em
be

r 
M

on
da

y 
9 

N
ov

em
be

r 
Tu

es
da

y 
10

 N
ov

em
be

r 
W

ed
ne

sd
ay

 
11

 N
ov

em
be

r 
8:

30
 

     
9:

30
 

     A
  R
  R
  I  V
  A
  L    D
  A
  Y
         

 
   

R
eg

is
tr

at
io

n 

O
pe

ni
ng

 T
al

ks
 

B
en

ch
 

M
ea

su
re

m
en

ts
 a

nd
 

Si
m

ul
at

io
ns

 o
f 

B
ea

m
 C

ou
pl

in
g 

Im
pe

da
nc

e 
 

U
. N

ie
de

rm
ay

er
 

B
ea

m
 

In
st

ab
ili

tie
s i

n 
Li

ne
ar

 
M

ac
hi

ne
s I

I 
  

M
. F

er
ra

rio
 

O
bs

er
va

tio
ns

 a
nd

 
D

ia
gn

os
tic

s i
n 

H
ig

h 
B

rig
ht

ne
ss

 
B

ea
m

s 
  

A
. C

ia
nc

hi
 

Sp
ac

e 
C

ha
rg

e 
in

 
Li

na
cs

 
    

I. 
H

of
m

an
n 

        E  X
  C
  U
  R
  S  I  O
 

   
   

   
  

   
   

   
 N

 

El
ec

tro
n 

C
lo

ud
  

I  
 

  
G

. R
um

ol
o 

H
ig

h 
B

rig
ht

ne
ss

 
Ph

ot
o 

In
je

ct
or

s 
    

E.
 C

hi
ad

ro
ni

 

   D
 

E P A
 

R
 T U
 

R
 E    A
 F T E R
    B
 

R
 E A
 

K
 F A
 S T 

9:
30

 
    

10
:3

0 

In
tro

du
ct

io
n 

an
d 

N
ee

ds
 fo

r H
ig

h 
In

te
ns

ity
 a

nd
 H

ig
h 

B
rig

ht
ne

ss
 

 
L.

 R
iv

ki
n 

B
ea

m
 D

yn
am

ic
s 

w
ith

 H
ig

h 
In

te
ns

ity
 

II
  

 
A

. C
ha

o 

B
ea

m
-B

ea
m

 
Ef

fe
ct

s i
n 

H
ad

ro
n 

C
ol

lid
er

s I
 

 
T.

 P
ie

lo
ni

 

So
ur

ce
s a

nd
 a

nd
 

Lo
w

 E
ne

rg
y 

B
ea

m
 T

ra
ns

fe
r 

  
R

. S
cr

iv
en

s 

In
tra

be
am

 
Sc

at
te

rin
g 

   
M

. M
ar

tin
i  

B
ea

m
-B

ea
m

 
Ef

fe
ct

s i
n 

Li
ne

ar
 C

ol
lid

er
s 

  
D

. S
ch

ul
te

 

El
ec

tro
n 

C
lo

ud
 

 II
  

 
 

G
. R

um
ol

o 
 

C
O

FF
EE

 
C

O
FF

EE
 

C
O

FF
EE

 
C

O
FF

EE
 

C
O

FF
EE

 
C

O
FF

EE
 

C
O

FF
EE

 
11

:0
0  

 
 

12
:0

0 

O
ve

rv
ie

w
 o

f 
Li

m
ita

tio
ns

 
  

W
. H

er
r 

B
ea

m
 B

as
ed

 
Im

pe
da

nc
e 

M
ea

su
re

m
en

ts
 

 
E.

 S
ha

po
sh

ni
ko

va
 

Ef
fe

ct
s n

ea
r 

Tr
an

si
tio

n 
  

E.
 M

et
ra

l 

Sp
ac

e 
C

ha
rg

e 
an

d 
Im

pe
da

nc
es

 
 

O
. B

oi
ne

-
Fr

an
ke

nh
ei

m
 

Sp
ac

e 
C

ha
rg

e 
in

 
C

irc
ul

ar
 

M
ac

hi
ne

s 
 

G
. F

ra
nc

he
tti

 

Pa
ss

iv
e 

M
iti

ga
tio

n 
  

V
. K

or
ni

lo
v 

A
ct

iv
e 

M
iti

ga
tio

n 
   

H
. S

ch
m

ic
kl

er
 

12
:0

0    
13

:0
0 

W
ak

ef
ie

ld
  a

nd
 

Im
pe

da
nc

es
 

I   
M

. D
oh

lu
s 

B
ea

m
 In

st
ab

ili
tie

s 
in

 C
irc

ul
ar

 
M

ac
hi

ne
s I

I 
  

A
. C

ha
o 

B
ea

m
-B

ea
m

 
Ef

fe
ct

s i
n 

H
ad

ro
n 

C
ol

lid
er

s I
I 

 
T.

 P
ie

lo
ni

 

N
um

er
ic

al
 

M
et

ho
ds

 I 
   

K
. L

i 

C
oh

er
en

t B
ea

m
-

B
ea

m
 

Ef
fe

ct
s 

  
X

. B
uf

fa
t 

M
ac

hi
ne

 
Pr

ot
ec

tio
n 

   
R

. S
ch

m
id

t 

B
ea

m
 L

os
s 

C
on

se
qu

en
ce

s 
   

F.
 C

er
ut

ti 
 

LU
N

C
H

 
LU

N
C

H
 

LU
N

C
H

 
LU

N
C

H
 

LU
N

C
H

 
LU

N
C

H
 

LU
N

C
H

 
14

:3
0    

15
:3

0 

B
ea

m
 D

yn
am

ic
s 

w
ith

 H
ig

h 
In

te
ns

ity
 I 

 
A

. C
ha

o 

B
ea

m
 In

st
ab

ili
tie

s 
in

 L
in

ea
r M

ac
hi

ne
s 

I 
 

M
. F

er
ra

rio
 

 F R
 E E   A
 F T E R
 

N
 

O
 

O
 

N
 

 

St
ud

y 
   C
 E R
 

N
    V
 I S I T 

St
ud

y 
Io

ns
 

   
R

. N
ag

ao
ka

 
 

TE
A

 
TE

A
 

TE
A

 
TE

A
 

TE
A

 
16

:0
0     

17
:0

0 

W
ak

ef
ie

ld
  a

nd
 

Im
pe

da
nc

es
 

 II
  

 R
. W

an
ze

nb
er

g 

O
bs

er
va

tio
ns

 a
nd

 
D

ia
gn

os
tic

s i
n 

H
ig

h 
In

te
ns

ity
 B

ea
m

s 
  

V
. K

or
ni

lo
v 

B
ea

m
-B

ea
m

 
Ef

fe
ct

s i
n 

C
irc

ul
ar

  
Le

pt
on

 C
ol

lid
er

s 
  

C
. M

ila
rd

i 

V
ac

uu
m

 Is
su

es
 

 
  

 
P.

 C
hi

gg
ia

to
 

N
um

er
ic

al
 

M
et

ho
ds

 II
 

   
K

. L
i 

17
:0

0    
18

:0
0 

B
ea

m
 In

st
ab

ili
tie

s 
in

 C
irc

ul
ar

 
M

ac
hi

ne
s I

 
 

A
. C

ha
o 

St
ud

y 
Tu

to
ria

l 
Tu

to
ria

l 
Se

m
in

ar
 

   
D

. M
cG

in
ni

s 
 

 
W

el
co

m
e 

D
rin

k 
 

 
 

 
 

 
19

:0
0 

D
IN

N
ER

 
D

IN
N

ER
 

D
IN

N
ER

 
D

IN
N

ER
 

D
IN

N
ER

 
D

IN
N

ER
 

Sp
ec

ia
l 

D
in

ne
r 

D
IN

N
ER

 
D

IN
N

ER
 

 

vi



Contents

Preface
W. Herr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Overview: Intensity Limitations in Particle Accelerators
W.Herr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

An Introduction to Wake Fields and Impedances
M. Dohlus and R. Wanzenberg . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

Beam Dynamics of Collective Instabilities in High-Energy Accelerators
A. Chao . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

Bench Measurements and Simulations of Beam Coupling Impedance
U. Niedermayer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Beam-Based Impedance Measurements
E. Shaposhnikova . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

Beam Instabilities in Linear Machines: Space Charge Effects
M. Ferrario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Introduction to Landau Damping
W. Herr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

Beam Instabilities in Linear Machines: Wakefields Effects
M. Ferrario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

Beam–Beam Effects
W. Herr and T. Pieloni . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

Some Effects Near Transition
E. Métral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

Observations and Diagnostics in High Brightness Beams
A. Cianchi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229

Numerical Methods I and II
K. Li . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247

Intrabeam Scattering: Anatomy of the Theory
M. Martini . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291

Space Charge in Circular Machines
G. Franchetti . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

Coherent Beam–Beam Effects
X. Buffat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391

Electron Clouds
G. Rumolo and G. Iadarola . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411

Beam–Beam Effects in Linear Colliders
D. Schulte . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 431

Machine Protection
R. Schmidt . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 447

Multi-bunch Feedback Systems
M. Lonza, presented by H. Schmickler . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 471

Beam Loss Consequences
F. Cerutti . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 515

vii



Ions
R. Nagaoka . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 519

List of Participants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 557

viii



Overview—Intensity Limitations in Particle Accelerators

W. Herr
CERN, Geneva, Switzerland

Abstract
A brief and qualitative overview is given of the various intensity limitations
that occur in particle accelerators. The aim is to make the participants aware of
what is happening in this field in terms of observation, mitigation, and under-
standing. Such an overview cannot be rigorous nor complete. It serves as an
introduction to the lectures on the different topics.

Keywords
Intensity limitations, instabilities, impedance, wakefields, beam-beam effects.

1 Introduction
1.1 Basic considerations
Many applications of accelerators require beams of high intensities [1]. High beam intensities imply
large electromagnetic fields generated by the beams, by interactions within the beams, interactions with
other beams, and interaction with beam surroundings. The result is a reaction back onto the fields that
may lead to unstable beams. High intensities are therefore a strong source of instabilities and limitations
and eventually limit the performance of accelerators [2–5]. Dedicated schools on these topics have been
published [6–8].

High-intensity effects may affect the stability of single particles subjected to the generated or per-
turbed fields as well as the entire beam, leading to collective instabilities. Typical effects are direct (free)
space charge effects, i.e., self-generated fields acting back on the beam. In a vacuum pipe, image charges
are created, which act back on the beam. These space charge effects lead to coherent and incoherent
tune shifts. The interactions with the environment are described by the impedance and the generated
wakefields.

Another important aspect is that non-relativistic beams lead to collective effects.

1.2 Topics of this school
The limitations discussed in this school can be divided into different categories:

– incoherent single-particle and multiparticle effects;
– collective coherent effects and instabilities;
– collective incoherent effects;
– more than one beam, e.g., beam–beam effects, electron cloud, beam–gas interactions;
– practical considerations.

Related topics to be discussed are:

– diagnostics: high-intensity and high-brightness diagnostics;
– limitations in low- and high-energy beams;
– passive mitigation (e.g., Landau damping);
– active mitigation (e.g., feedback systems);
– numerical and simulation tools.

Proceedings of the CAS-CERN Accelerator School: Intensity Limitations in Particle Beams, Geneva, Switzerland, 2–11 November 2015,
edited by W. Herr, CERN Yellow Reports: School Proceedings, Vol. 3/2017, CERN-2017-006-SP (CERN, Geneva, 2017)
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Resistive wall:

Resonator (narrow-band, slow decay, high Q)

Transitions (broad-band, fast decay):

Fig. 1: Different sources of impedance

2 Impedances and wakefields
Wakefields are generated by moving charges and affect other charges in the beam [9–12]. A smooth,
perfectly conducting wall will not generate wakefields. Wakefields can have different origins, the most
relevant being:

– resistive wall;
– discontinuities.

Depending on the type of discontinuity, the frequency content of the wakefields can be very different: a
resonator with a high Q value generates a narrow frequency band and decays over a longer time scale.
A vacuum chamber with different structures induces wakefields with a rather broad frequency spectrum,
also known as broad-band wakefields. The impedances are the Fourier transforms of the wakefields and
are a direct measurement of the frequency content. A sketch is shown in Fig. 1.

The wakefields are stronger as the intensities increase and will eventually lead to instabilities and
limit the obtainable intensities. Of large practical importance is the Panofsky–Wenzel theorem, which
relates the longitudinal and transverse impedances.

2.1 Resistive wall
In the case of a resistive wall, a charge will leave a wakefield behind it. No field exists in front of the
charge. Wakefields due to resistive walls can have a slow decay, affecting trailing particles; in some cases
the wakefield decay is sufficiently slow to perturb the motion of the charge after a full turn in the machine
(in circular accelerators), i.e., the charge is affected by its own wakefield. Such short- and long-range
wakefields, therefore, cover a large frequency spectrum of the corresponding impedance.

2.2 Discontinuities
In general, abrupt changes of the wall boundaries generate rather complex wakefields and impedances.
For smooth transitions, a simplified treatment can be applied. Figures 2 and 3 show the real and
imaginary parts of the impedance for resonators with different Q values. The exact wakefields (and
impedances) for complex structures are rather difficult to compute and numerical methods are required
[13]. Beam-based measurements are a rather reliable method [14].
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Fig. 2: Impedances: real and imaginary part of a narrow-band resonator with a rather low quality factor Q
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Fig. 3: Impedances: real and imaginary part of a resonator with a high quality factor Q

3 Single-particle effects
The fields generated by high-intensity beams perturb the electromagnetic fields in the surroundings of
the beam and can lead to single-particle effects, such as reduced dynamic aperture, emittance growth,
and particle loss.

3.1 Non-linear effects and resonances
Space charge effects are a significant source of non-linearities [15, 16]. They lead to strong detuning
with amplitudes and particles are subjected to resonance effects. Above a threshold of the space charge
effects, the losses may become unacceptable. Beam–beam effects in colliders are another important
source of non-linear effects caused by high-intensity beams [17–21].

3.2 Touschek effects and intrabeam scattering
Touschek effects and intrabeam scattering are typical single-particle effects in high-intensity beams and
lead to particle loss and emittance growth [22]. The physical origin of these effects is collisions between
particles. The collision strengths are directly related to intensity and beam sizes. Collisions where the
momentum transfer is large can lead to the instantaneous loss of a particle (Touschek effect). Smaller
momentum transfer typically results in emittance growth. An example of the emittance growth as a
function of different intensities and different beam sizes is shown in Fig. 4. The observed dependencies
can be easily seen.

4 Low-energy effects and transitions
An important concern in hadron accelerators during acceleration is passing through transition [23, 24]
at the transition energy. The main effects at low energy are space charge effects and the crossing of
transition. The main objective is to maintain the longitudinal emittance during the transition crossing.
The main effects at the transition energy are:
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Fig. 4: Horizontal emittance growth due to intrabeam scattering for different beam parameters ( [25])

– change of stable phase;
– relative momentum spread ∆p/p goes to infinity;
– bucket area gets large;
– bunch length gets short;
– Synchrotron frequency goes to zero.

These consequences are not negligible when high-intensity beams pass through transition.

A resistive impedance can cause a microwave instability near transition crossing. If the transition
is not crossed fast enough, other slowly growing instabilities may be excited.

5 Linear accelerators
5.1 Space charge in linacs
Particles, in particular hadrons in linacs, are often non-relativistic and high intensities lead to a very
significant space charge [15]. An important consequence is emittance growth along the line.

5.2 Energy spread in linacs
Wakefields generated by a charge in a linac produce longitudinal forces on the particles. This leads to
an energy change. Not all particles lose the same energy; this uneven energy loss results in an energy
spread. In linear colliders, this can become a problem for final focusing.

5.3 Parasitic heating
By interacting with the longitudinal impedance, the charged particles lose energy. This parasitic loss
leads to a heating of the vacuum chamber. A large fraction is lost in the presence of sharp discontinuities,
e.g., cavities. Trapped wakefields are often the source of instabilities [26].
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Fig. 5: Bunch lengthening observed in the SPS

5.4 Instabilities in linacs
As a typical example of an instability in linacs, we can mention the beam break-up. A wakefield gen-
erated by the head particles of a bunch can cause deflections of the tail; for large wakefields, i.e., high
intensities, this can lead to an instability.

6 Longitudinal effects—circular accelerators
6.1 Longitudinal space charge forces
Longitudinal space charge forces can be very large at low energies and introduce longitudinal defocusing
below the transition energy. This can limit the acceptance and a careful adjustment of the RF voltage
may be necessary.

6.2 Longitudinal effects in coasting beams
6.2.1 Longitudinal microwave instability
In unbunched beams, very short-range wakefields can lead to a longitudinal density modulation. This is
often accompanied by high-frequency signals and is therefore termed microwave instability. A criterion
linking machine impedance with the maximum intensity is given by the Keil–Schnell criterion [27].

6.3 Longitudinal effects in bunched beams
6.3.1 Longitudinal microwave instability
Increased bunch intensities can lead to longitudinal instabilities of single bunches. A key criterion to
characterize this instability is the peak intensity in the bunches [28]. In beams with bunches, we must
distinguish between short- and long-range wakefields, or, equivalently, with high- and low-frequency
components of the impedance. Typical effects are, e.g., energy loss and bunch lengthening. The bunch
lengthening observed in the SPS is shown as an example in Fig. 5. On increasing the intensity, the
measured bunch length is increased.

6.3.2 Longitudinal instability
Longitudinal instabilities may be single or coupled bunch effects [2, 29]. Possible different single bunch
modes from a simulation are shown in Fig. 6. An observation [30] of the beam profile using a wall
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Fig. 6: Longitudinal oscillation modes, simulated. Horizontal axis time τ

Fig. 7: Profile of longitudinal oscillation modes, observed in the SPS

current monitor in the SPS is shown in Fig. 7, which shows very clearly the different modes of stable
beams and the basic modes of oscillation.

A large number of bunches can result in a large number of oscillation modes. For quantitative
treatment, the bunches are usually considered as rigid objects [29].

6.3.3 Robinson instability
A longitudinal instability that can occur in circular accelerators is the Robinson instability. The funda-
mental frequency of cavities is tuned to values of the revolution frequency ω0 multiplied by the harmonic
number. The cavities are a source of impedance; for a value of slightly above or below ω0 (depending
on whether one works above or below the transition), the motion is stable or unstable. Since the quality
factor of a cavity is usually very large, fine tuning is required to avoid this instability. The Robinson
instability is often considered one of the most fundamental forms of instability.

6.3.4 Potential well distortion
Impedances at high frequencies, i.e., corresponding to short-range wakefields, have an effect on longi-
tudinal focusing. This change in longitudinal focusing is usually called potential-well distortion. It has a
strong impact on the charge distribution within a bunch.
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Fig. 8: Transverse collective modes in unbunched beams

7 Transverse effects—circular accelerators
7.1 Transverse space charge forces
Direct space charge effects are the result of the interaction of particles within a beam. Transverse
space charge forces are the dominant effect in low-energy hadron machines. Space charge forces are
responsible for both coherent and incoherent effects and introduce incoherent and coherent tune shifts.
The shifts are always defocusing. By nature, the effects are strongly non-linear and excite resonances
or losses driven by different mechanisms. In addition, one must expect an interplay between the space
charge effects and machine non-linearities. This makes it difficult to predict the consequences.

7.2 Transverse effects in coasting beams
7.2.1 Transverse microwave instability
Unbunched beams can execute collective modes with different mode indices, depending on the pattern.
Examples of two different modes are shown in Fig. 8. One has to distinguish between fast waves and
slow waves, related to orbital harmonics. The beams exhibit a different behaviour concerning possible
instabilities; above the intensity threshold they can become unstable. At a fixed observation point, the
beams oscillate at high frequencies. This type of instability is usually called ‘transverse microwave
instability in unbunched (coasting) beams’.

7.3 Transverse effects in bunched beams
7.3.1 Transverse microwave instability
Originally derived and used for unbunched beams, this instability also occurs in bunched beams. The
intensity limit is again determined by the peak density of the bunched beam. Typically, the transverse
microwave instability is accompanied by a fast increase of the transverse emittance.

7.3.2 Coupled bunch instability
In a beam with a large number of bunches, wakefields can excite coupled bunch oscillations. Here, the
wakefields are the sum of those generated by all bunches in the ring. This instability can exhibit a rather
large number of different modes with a very different pattern. In general, for a beam with N bunches,
one can haveN possible modes of oscillation. The growth rate of certain modes depends on the intensity
and may become a limitation.

Longitudinal coupled bunch instabilities also exist, but are much weaker, in general.
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Fig. 9: Head–tail modes, observed in CERN-PS, [31]

Fig. 10: Head–tail modem = 1, observed in the Large Electron–Positron Collider. Screen shot with streak camera

7.3.3 Head–tail instability
This instability is a single bunch instability. Short-range transverse wakefields from particles at the ‘head’
of a bunch can excite oscillations at its ‘tail’. The synchrotron motion exchanges the particles and the
new head particles continue to excite the particles behind. The motion becomes unstable if the oscillation
grows, depending on the chromaticity and whether the instability is not suppressed by Landau damping.

Head–tail modes as observed with a longitudinal profile monitor in the CERN-PS are shown in
Fig. 9. A nice demonstration is shown in Fig. 10, where the head–tail mode m = 1 is shown turn by
turn, as measured with a streak camera.

7.3.4 Transverse mode coupling instability
This instability, also known as ‘fast head–tail instability’, appears when two neighbouring modes ap-
proach each other as a result of the frequency detuning with increasing bunch intensity. This instability
shows a very prominent threshold behaviour. This behaviour was studied with a simulation program;
Fig. 11 shows the results. The tune change and the merging of modes as the intensity is increased can be
clearly seen. An instability develops at the intensity where the modes have merged.

8 Beam–beam effects
While space charge effects are strongly suppressed for ultrarelativistic beams, the interaction between
colliding beams does not vanish. It is by far the strongest source of non-linearities in high-energy par-
ticle colliders [7, 8, 17, 18]. This strong non-linearity makes it very difficult to predict the exact beam
behaviour; in particular, it is a very complex problem when there are many bunches and collisions. While
synchrotron damping helps significantly in avoiding detrimental effects in lepton colliders, such damping
does not exist in hadron colliders and the underlying mechanisms and problems are very different.
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Fig. 11: Transverse mode coupling, simulation

Fig. 12: Beam crossing in the Large Hadron Collider. Head-on (HO) and long range (LR) collisions are indicated

8.1 Hadron beams
In hadron colliders with many bunches, crossing angles (Fig. 12) are required to separate the beams at
unwanted collision points and lead to the further complication of long-range interactions [18].

Beam losses due to long-range beam–beam effects as a function of crossing angle are shown in
Fig. 13. The crossing angle was reduced in steps from 142 µrad to 72µrad and the lines correspond to
bunches with different numbers of long range (LR) interactions. A sufficiently large crossing angle is
necessary to guarantee small losses, but leads to further complications [18]. The losses depend strongly
on the number of long range interactions.

Other effects are coherent beam–beam motions, which can lead to very fast beam loss within a
few turns [20].

8.2 Lepton beams
Colliding lepton beams have a strong interplay with radiation damping and can accept significantly
stronger beam–beam effects [19]. However, they show a very distinct threshold behaviour (Fig. 14).
Above the threshold (beam–beam limit), the beam–beam tune shift remains constant when the inten-
sities are increased. This is related to an increase in the vertical emittance caused by the beam–beam
effects, which are responsible for a strong coupling to the horizontal motion. The interplay between
excitation by beam–beam effects and damping leads to an equilibrium and a constant beam–beam tune
shift.
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Fig. 13: Beam losses due to long-range (LR) beam–beam effects as a function of crossing angle. The relative
intensity is shown as a function of time during the experiment. The corresponding crossing angles decending from
145 µrad to 72 µrad are indicated in the figure. The lines correspond to the bunches with a diffeent number of long
range (LR) interactions.

Fig. 14: Beam–beam limit as function of intensity for different lepton collides

8.3 Coherent beam–beam effects
Under the right conditions, coherent beam–beam effects can build up and lead to a very fast beam loss
[20]. With a large number of bunches, such as those used at the Large Hadron Collider, many different
coherent modes must be expected, some of which are potentially unstable. A detailed analysis of the
mechanisms of the excitation of coherent effects and possible mitigation techniques should form part of
the design of accelerators with high-intensity beams.

8.4 Linear colliders
Although linear colliders are single-pass, beam–beam effects play an important role in linear colliders
[21]. Beam–beam-induced pinching effects are used to enhance the luminosity and control of the dis-
ruption is necessary. Furthermore, bremsstrahlung from the collision has a strong impact on machine
performance in terms of the useful luminosity, i.e., beam-induced background.

9 Mitigation
To suppress collective instabilities, different mitigation mechanisms are available, passive as well as
active.
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9.1 Passive mitigation
The most prominent and most efficient mitigation effect is an effect called Landau damping. Strictly
speaking, it is not dissipative damping, which would lead to emittance growth and should be dis-
tinguished from decoherence (a very common confusion). The computation of the beam stability is
rather reliable and is used in most hadron machines [32, 33].

9.2 Active mitigation
Active mitigation can be achieved with different types of feedback systems [34].

10 Electron cloud
10.1 Origin and consequences
Synchrotron radiation from high-energy beams hits the wall of the vacuum chamber and creates photo-
electrons [35]. These are affected, i.e., accelerated, by the following bunches and can hit the wall with
higher energies, liberating more electrons, as a consequence leading to a build-up of a localized cloud
of electrons. The intensity as well as the distance between bunches is an important parameter. Most
important is the number of liberated secondary electrons. Consequences of the electron cloud are the
coupling of successive bunches, potentially leading to coherent (coupled bunch) instabilities. Another
consequence is the deterioration of the vacuum pressure.

10.2 Mitigation
Possible mitigation techniques are a proper design of the vacuum chamber to reduce the effect of the
synchrotron radiation. Choice of the proper bunch distance and reduction of the secondary electron yield
are very efficient techniques.

11 Ions
Similar considerations hold for ions, degrading the vacuum or ions trapped in the beams [36]. Beam
instabilities for high-intensity and low-emittance beams must be assessed.

12 Numerical and simulation tools
Numerical models are essential for the design and operation of an accelerator [37]. Conditions that
cannot be studied in existing machines must be simulated. Furthermore, simulation enables one to dis-
entangle the different processes leading to observed effects and provides an excellent analysis tool.

Other typical applications are the computation of impedances and wakefields using, e.g., particle-
in-cell codes and particle tracking. The implementation of collective effects via macroparticle and multi-
particle simulations is now possible with the available computing resources and relatively easy to imple-
ment.

13 Observations and diagnostics
Measurement and diagnosis of beam parameters and the beam quality are essential for the operation and
performance of the machine. At high brightness and intensity, it is often not possible to use intercepting
devices for the measurements.

13.1 High-intensity beams
Observation and diagnosis of high-intensity beams are vital for the control and protection of the machines
[38]. High-intensity beams deliver a stronger signal and better signal-to-noise ratios but signals may be
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distorted. A typical example is the measurement of the beam profile. In that case, additional effort is
needed to obtain a reliable measurement. Care must be taken during the analysis of the measurements;
collective effects, such as coherent and incoherent tune shifts, self-fields, and wakes, must be taken into
account. Measurement at low intensities is an option, but not applicable in all cases. Some effects are
visible only when the intensity is high.

13.2 High-brightness beams
Apart from the intensity, the most important parameter for a high-brightness beam is the emittance [39].
At lower energies, measurement may be done in a regime dominated by space charge. A second challenge
is the measurement of the very short bunch length. New ideas are being studied and tested.

14 Sources and injectors
High-brightness beams require a high brightness at the source and its conservation in 6D [40]. The optics
of the beam transport and the acceleration must ensure this conservation. An essential part of the chain
is the section for beam conditioning, typically before the accelerating section. A limit to the intensity is
imposed by the space charge forces leading to emittance growth, even for electrons. For an overview of
ion sources see Ref. [41].

15 Practical considerations
The beam intensity may also be limited because of other problems, e.g., engineering or operational
difficulties, such as:

– machine protection;
– vacuum;
– cryogenics.

15.1 Machine protection
High-intensity and high-power beams require a sophisticated system to protect the machine against dam-
age. This has become increasingly important for the high-energy machines being studied nowadays.
Possible failure scenarios must be considered during machine design at a very early stage [42].

The safety of personnel is of vital importance and is included in the considerations.

15.2 Vacuum
Beyond other problems, beam-induced absorption and multipacting can limit the maximum allowed
intensity. A proper design of the vacuum chamber and mitigation techniques, such as conditioning, are
required. A particular case mentioned already is the build-up of an electron cloud and the consequences
for the vacuum and the beam dynamics [43].

15.3 Beam loss consequences
Beam losses not only affect the performance of the machine, but are significant for such events as [44]:

– failure of electronics, both single events and cumulative effects;
– activation of material and air;
– chemical reactions under the influence of ionizing particles.
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An Introduction to Wake Fields and Impedances

M. Dohlus and R. Wanzenberg
Deutsches Elektronen-Synchrotron DESY, D-22603 Hamburg, Germany

Abstract
The concepts of wake fields and impedance are introduced to describe the elec-
tromagnetic interaction of a bunch of charged particles with its environment in
an particle accelerator. The various components of the environment are the
vacuum chamber, cavities, bellows, dielectric-coated pipes, and other kinds of
obstacles that the beam has to pass on its way through the accelerator. The
wake fields can act back on the beam and lead to instabilities, which may limit
the achievable current per bunch, the total current, or even both. Some typical
examples are used to illustrate the wake function and its basic properties. Then
wake fields in cavities and resonant structures are studied in detail. Finally, the
frequency-domain view of the wake field or impedance is explained, and basic
properties of the impedance are derived.

Keywords
Wake field; impedance; modes in a cavity.

1 Introduction
A beam in an accelerator interacts with its vacuum chamber surroundings via electromagnetic fields. In
this lecture the concept of wake fields is introduced to describe the electromagnetic interaction of a bunch
of charged particles with its environment. The various components of the environment are the vacuum
chamber, cavities, bellows, dielectric-coated pipes, and other kinds of obstacles the beam has to pass on
its way through the accelerator. The wake fields can act back on the beam and lead to instabilities, which
may limit the achievable current per bunch, the total current, or even both.

This lecture builds upon a previous lecture on wake fields and impedance given by T. Weiland
about 25 years ago [1]. We recommend that the reader also consult the excellent textbooks [2–4] which
cover the subject matter of this lecture.

We start with some typical examples from accelerator physics in which wake field effects are
important.

Then, in Section 2, the concept of wake potential is formally introduced and multipole expansions
are studied for structures with cylindrical symmetry. The Panofsky–Wenzel theorem, which links the
longitudinal and transverse wake forces, is explained.

Section 3 is devoted to the analysis of wake fields due to resonant modes in a cavity. The funda-
mental theorem of beam loading is explained in detail. Finally, analytical results for a pillbox cavity are
presented. The coupling of the beam to one mode of a cavity leads to the concept of the loss parameter.

In Section 4, the impedance is introduced as the Fourier transform of the wake potential. The prop-
erties of the wake functions (time-domain view) are translated to properties of the impedance (frequency-
domain view).

1.1 Basic concepts
Consider a point charge q moving in free space at a velocity v close to the speed of light. The electromag-
netic field is Lorentz-contracted into a thin disk perpendicular to the particle’s direction of motion [5],
which we choose to be the z-axis in a cylindrical coordinate system. The opening angle of the field
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distribution is of the order of 1/γ, where γ = (1 − (v/c)2)
−1/2

. The field distribution is shown in Fig. 1.
Even for an electron beam with an energy of E = 10 MeV, the opening angle φ is no greater than
50 mrad or 2.89◦:

φ =
1

γ
=

0.511MeV

E
= 2.89◦

(m0c
2 = 0.511MeV is the rest mass of the electron).

φ

Fig. 1: Electromagnetic field carried by a relativistic point charge q

In the ultra-relativistic limit v → c (or γ → ∞), the disk containing the field shrinks to a δ-function
distribution. The non-vanishing field components are

Er =
q

2π ε0r
δ(z − c t), Hϕ =

Er

Z0
with Z0 = 377Ω.

Since the electric field E points strictly radially outward from the point charge, all field compo-
nents are identically zero both ahead of and behind the point charge, and hence there are no forces on a
test particle either preceding or following the charge q.

For v slightly less than c, this is not strictly true. However, if we look at some typical bunch
charges and energies of high-energy accelerators and synchrotron light sources, as shown in Table 1, we
will notice that the space charge force Vs = e/(4π ǫ0 d2 γ2) (where d is the rms distance between two
electrons in the bunch) scales with 1/γ2. It is then obvious that as a good approximation, any space
charge effects can be neglected for the accelerators under consideration. Nevertheless, space charge
effects are important in heavy ion or low-energy proton accelerators.

Table 1: Typical bunch charges and energies of high-energy accelerators and synchrotron light sources [6–8]

Machine Charge (nC) Energy (GeV) γ = (1 − (v/c)2)
−1/2

LHC 20 7000 7 500
LEP 100 60 195 700
PETRA III 20 6 11 700

In the next section we will restrict ourselves to the ultra-relativistic case (γ = ∞, v = c), so space
charge effects are neglected.

1.2 Some simple examples
Consider some typical settings where electromagnetic fields occur behind a bunch with charge q moving
with velocity c through a structure. A bunch moves through a cylindrical pipe along the z-axis. All
electric field lines terminate transversely on surface charges on the wall of the pipe, assuming a perfectly
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conducting wall. There will be no wake fields behind the charge. The situation is different, however,
if the cross-section of the beam pipe changes. A step-out transition is shown in Fig. 2. All fields have
been calculated using a numerical wake field solver from MAFIA or the CST studio suite [9–12]. Here

Fig. 2: Wake fields behind a bunch generated at a step-out transition from a small to a larger beam pipe

we have assumed that all pipe walls are perfect conductors. The wake field is generated because of
the change in geometry. It should be noted that any beam pipe with finite conductivity, as well as flat
beam pipes, can generate wake fields (resistive wall wake fields) [13]. Furthermore, a dielectric-coated
pipe, which could be used as a travelling-wave acceleration section, will generate wake fields; see, for
example, [14].

Another example is a cavity in a beam pipe; see Fig. 3. Again, a bunch is moving through a
cylindrical pipe along the z-axis. Wake fields are generated because of geometrical changes in the pipe
cross-section. In this respect the situation is similar to the previously considered case of a step-out
transition. The main difference is that the bunch can excite modes in the cavity and therefore long-range
wake fields, which can ring for a long time in the cavity (depending on the conductivity of the cavity
wall).

Fig. 3: Wake fields in a cavity

From these basic considerations we have learned that for electron accelerators the dominant wake
forces are caused by geometrical changes along the beam pipe. Space charge effects are negligible for
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ultra-relativistic particles. Wake fields due to the resistive wall or dielectric coatings should always be
checked in detail according to the specific situation.

2 Wake fields
2.1 Wake fields in a resonant cavity with beam pipes
The examples above give us a qualitative understanding of wake fields and how they are generated.
Before proceeding to mathematical descriptions in terms of wake potentials, let us take a closer look at
the example considered in Section 1.

An ultra-relativistic point particle with charge q1 traverses a small cavity parallel to the z-axis,
with offset (x1, y1); see Fig. 4. The electromagnetic force on any test charge q2 is given as a function of

r
6

z-
��- ϕ

q1

u v = cez-
6r1

q2

r� s

Fig. 4: An ultra-relativistic point particle with charge q1 traverses a small cavity parallel to the z-axis, followed by
a test charge q2

space and time coordinates by the Lorentz equation

F (r, t) = q2

(
E(r, t) + v × B(r, t)

)
,

where E and B are the fields generated by q1; they are solutions of the Maxwell equations

∇× B = µ0j +
1

c2

∂

∂t
E, ∇ ·B = 0,

∇ × E = − ∂

∂t
B, ∇ · E =

1

ǫ0
ρ

and have to satisfy several boundary conditions.

In our case the charge and current distributions are

ρ(r, t) = q1 δ(x − x1)δ(y − y1)δ(z − ct),

j(r, t) = cez ρ(r, t).

After interaction of q1 with the cavity, there remain electromagnetic fields in the cavity. The source
particle has lost energy to cavity modes and excited fields that propagate in the semi-infinite beam pipes.

Now consider a test charge q2 following q1 at a distance s with the same velocity v ≈ c and with
offset (x2, y2). The Lorentz force is

F (x1, y1, x2, y2, s, t) = q2

(
E(x2, y2, z = ct − s, t) + cez × B(x2, y2, z = ct − s, t)

)
.

The change in momentum of the test charge can be calculated as the time-integrated Lorentz force,

∆p(x1, y1, x2, y2, s) =

∫
F dt.

4
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This leads to the concept of wake functions.

The electromagnetic fields Ed and Bd and the Lorentz Force F d of a distributed source ρd(r, t) =
η(x1 − x̄1, y1 − ȳ1)λ(z − ct) can be calculated either by integration over all source points,

F d(x̄1, ȳ1, x2, y2, s, t) =

∫
F (x1, y1, x2, y2, s, t + z1/c)η(x1 − x̄1, y1 − ȳ1)

λ(z1)

q1
dx1 dy1 dz1,

or by solving the electromagnetic problem for the distributed source; here λ is the line charge density, η
is the transverse distribution normalized to 1, and x̄1 and ȳ1 describe a transverse shift of the center of
the distribution. A calculation of the electric fields of a distributed source is shown in Fig. 5.

A fundamental difference between fields of point particles (with time dependency δ(z − ct)) and
fields of distributed sources (with time dependency λ(z−ct)) is that the frequency spectrum of point par-
ticles is not limited. In particular, long Gaussian bunches may stimulate only a few resonances (modes)
in a cavity structure, or even none.

We can distinguish between the long-range regime of the wake, where the interaction between
particles is driven by resonances, and the short-range regime, where the superposition of time-harmonic
cavity fields is not sufficient to describe the effects. For instance, the fields in Fig. 2 are not determined
by oscillations, while the fields in Fig. 5 will ring harmonically on one or several frequencies after the
(source) bunch has left the domain.

z

t
s

Fig. 5: Wake fields generated by a Gaussian bunch traversing a cavity
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2.2 Basic definitions
Consider a point charge q1 traversing a structure with offset (x1, y1) parallel to the z-axis at the speed of
light (see Fig. 4). Then the wake function is defined as

w(x1, y1, x2, y2, s) =
1

q1

∫ ∞

−∞
dz

[
E(x2, y2, z, t) + cez × B(x2, y2, z, t)

]
t=(s+z)/c

.

The distance s is measured from the source q1 in the opposite direction to v. The change in momentum
of a test particle with charge q2 following behind at a distance s with offset (x2, y2) is given by

∆p =
1

c
q1q2w(s).

Since ez · (ez × B) = 0, the longitudinal component of the wake function is simply

w‖(x1, y1, x2, y2, s) =
1

q1

∫ ∞

−∞
dz Ez(x2, y2, z, (s + z)/c).

Figure 6 shows the longitudinal component of the wake potential for the above example with the
small cavity. The gray line represents the Gaussian charge distribution in the range from −5σ to 10σ.
Owing to transient wake field effects, the head of the bunch (left-hand side of the figure) is decelerated,
while a test charge at a certain position behind the bunch will be accelerated.

-1
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Fig. 6: Longitudinal wake potential

The notion of wakes, as presented above, is restricted to sources and test particles that travel at the
velocity of light through a structure with semi-infinite input and output beam pipes. Therefore, for the
integrals to converge, it is necessary that there be no length-independent forces in the pure beam pipes.
This is the case for v → c and perfect conductivity of the pipes. The concept of a wake per length,

w′(x1, y1, x2, y2, s) =
1

q1

[
Ep(x2, y2,−s, 0) + v ez × Bp(x2, y2,−s, 0)

]
,
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is used to describe the effect in beam pipes ‘p’ of finite conductivity and/or velocity v ≤ c. Suppose that
the input and output beam pipes have the same cross-section; then a generalized wake function

ws(x1, y1, x2, y2, s) =
1

q1

∫ ∞

−∞
dz

[
Es(x2, y2, z, t) + v ez × Bs(x2, y2, z, t)

]
t=(s+z)/v

can be defined for the scattered fields Es = E − Ep and Bs = B − Bp. If the conditions for the wake
function are fulfilled (i.e. convergence of the integral), then the wake function equals the generalized
wake function.

The wake potential is defined similarly to the wake function, but for a distributed source:

W (x̄1, ȳ1, x2, y2, s) =
1

q1

∫ ∞

−∞
dz

[
Ed(x2, y2, z, t) + cez × Bd(x2, y2, z, t)

]
t=(s+z)/c

=
1

q1q2

∫ ∞

−∞
dz

[
F d(x̄1, ȳ1, x2, y2, z, t)

]
t=(s+z)/c

.

It can be calculated from the wake function by the convolution

W d(x̄1, ȳ1, x2, y2, s) =

∫
w(x1, y1, x2, y2, s + z1)η(x1 − x̄1, y1 − ȳ1)

λ(z1)

q1
dx1 dy1 dz1.

Note that the s-coordinate measures in the negative z-direction while λ depends on the positive longitudi-
nal coordinate. Usually numerical codes for computing wakes, such as ECHO, calculate electromagnetic
fields for distributed sources and therefore wake potentials.

2.3 Some theory
2.3.1 The Panofsky–Wenzel theorem
We follow the arguments of A. Chao [2, 15] to introduce the Panofsky–Wenzel theorem [16]. Therefore
we use the following different notation for the generalized wake function:

wp(x1, y1, x2, y2, s) = wp(x1, y1,r2),

with the observer vector r2 = x2ex + y2ey − sez . We calculate curl wp with respect to the observer or
the test particle:

∇2 × wp(x1, y1,r2) = ∇2 × v

q1

∫ ∞

−∞
dt

[
Es(r2 + vt, t) + v × Bs(r2 + vt, t)

]
.

Using curlE = −∂B/∂t gives

∇2 × wp(x1, y1,r2) =
v

q1

∫ ∞

−∞
dt

[
− ∂

∂t
Bs(. . . , t) + v(∇2Bs(. . . , t)) − Bs(. . . , t)(∇2v)

]

=
v

q1

∫ ∞

−∞
dt

[
− ∂

∂t
− v

∂

∂z

]
Bs(r2 + vt, t)

=
v

q1

∫ ∞

−∞
dt

[
− d

dt
Bs(r2 + vt, t)

]

= − v

q1
Bs(r2 + vt, t)

∣∣∣
t=∞

t=−∞
.

As the scattered field is zero for negative infinite time and vanishes for positive infinite time and infi-
nite distance from the scattering object, the wake is curl-free. The Panofsky–Wenzel theorem is then
reformulated in our original notation as the set of equations

∂

∂s
wpx = − ∂

∂x2
wp‖,
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∂

∂s
wpy = − ∂

∂y2
wp‖,

∂

∂x2
wpy =

∂

∂y2
wpx.

Note that the Panofsky–Wenzel theorem holds for the generalized wake function (v ≤ c) and for the
wake function (v = c).

Integration of the transverse gradient of the longitudinal wake function yields the transverse wake
potential

w⊥(x1, y1, x2, y2, s) = −∇2⊥

∫ s

−∞
ds′ w‖(x1, y1, x2, y2, s

′).

2.3.2 Wake is harmonic with respect to observer offset
Now we calculate divw with respect to the observer. First, note that

∇2 ·w(x1, y1,r2) = ∇2 · c

q1

∫ ∞

−∞
dt

[
E(r2 + ct, t) + c × B(r2 + ct, t)

]
.

Using Maxwell’s equations, divE = ρ/ε and curlB = µJ + c−2∂E/∂t, together with J = cρ gives

∇2 ·w(x1, y1,r2) =
c

q1

∫ ∞

−∞
dt

[
∇2 ·E + c(∇2 × B)

]

=
1

q1

∫ ∞

−∞
dt

[
− ∂

∂t
Ez(r2 + ct, t)

]

= − 1

q1

∫ ∞

−∞
dz

[
∂

∂s
Ez(r2 + zez, (z + s)/c)

]

= − ∂

∂s
w‖(x1, y1, x2, y2, s).

The term ∂w‖/∂s appears on both sides of the equation, so we can write

∂wx

∂x2
+

∂wy

∂y2
= 0.

With the Panofsky–Wenzel equations we find that the longitudinal wake is a harmonic function with
respect to the transverse coordinates of the test particle:

(
∂2

∂x2
2

+
∂2

∂y2
2

)
w‖ = − ∂

∂s

(
∂wx

∂x2
+

∂wy

∂y2

)
= 0.

2.3.3 Wake is harmonic with respect to source offset
The longitudinal wake is also a harmonic function with respect to the transverse coordinates of the
source particle [17], i.e. L1w‖ = 0 with L1 = ∂2/∂x2

1 + ∂2/∂y2
1 . To prove this, we have to calculate

Ẽz = L1Ez , which is equivalent to the solution of the field problem for the source ρ̃ = L1ρ. The
source ρ is the point particle q1 travelling at the speed of light along (x1, y1, z = ct). It gives rise to the
electromagnetic fields

Ef = q1
δ(z − ct)

2πε

(x − x1)ex + (y − y1)ey

(x − x1)2 + (y − y1)2
,

Bf = c−1ez × Ef
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in free space. The fields Ẽ = L1Ef and B̃ = L1Bf are caused by the source ρ̃ = L1ρ. These fields are
zero for all points with (x, y) 6= (x1, y1), as

(
∂2

∂x2
1

+
∂2

∂y2
1

)
(x − x1)ex + (y − y1)ey

(x − x1)2 + (y − y1)2
= 0.

Obviously Ẽ and B̃ satisfy any linear boundary condition for any geometry, provided that the boundary
does not intersect the trajectory (x1, y1, z = ct). Therefore these fields are also solutions to the bounded
wake problem, and all components of w are harmonic with respect to (x1, y1), since

(
∂2

∂x2
1

+
∂2

∂y2
1

)
w =

c

q1

∫ ∞

−∞
dt

[
Ẽ + c × B̃

]
= 0.

This information will help us to evaluate the r-dependence of the wake function in cylindrical
symmetric structures in the next subsection, and it will enable us to efficiently calculate the wake function
in fully 3D structures.

2.3.4 Restrictions
The Panofsky–Wenzel theorem is applicable if the input and output beam pipes have the same cross-
section. The longitudinal wake is harmonic if the trajectories (x1, y1, ct) and (x2, y2, ct) do not intersect
with the boundary.

2.4 Wake function in cylindrically symmetric structures

r
6
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��- ϕ
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Fig. 7: A bunch with total charge q1 traversing a cavity with offset r1, followed by a test charge q2 with offset r2

Consider now a cylindrically symmetric acceleration cavity with side tubes of radius a (see Fig. 7).
The particular shape in the region r > a is of no importance for the following investigations. Two charges
pass through the structure from left to right with the speed of light: q1 at a radius of r1 and q2 at a radius
of r2. We wish to find an expression for the net change in momentum, ∆p(r1, ϕ1, r2, ϕ2, s), experienced
by q2 due to the wake fields generated by q1. In the following we write the wake function and potential
in polar coordinates. Let us start with the case of ϕ1 = 0:

∆pz(r1, 0, r2, ϕ2, s) = q1 q2 w‖(r1, 0, r2, ϕ2, s).

The wake function can be expanded in a multipole series

w‖(r1, 0, r2, ϕ2, s) = Re

{ ∞∑

m=−∞
exp(im ϕ2)Gm(r1, r2, s)

}
.
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Since w‖ is a harmonic function in (r2, ϕ2), we have

L2 w‖(r1, 0, r2, ϕ2, s) =

(
1

r2

∂

∂r2
r2

∂

∂r2
+

1

r2

∂2

∂ϕ2
2

)
w‖(r1, 0, r2, ϕ2, s)

= Re

{ ∞∑

m=−∞
exp(im ϕ2)

(
1

r2

∂

∂r2
r2

∂

∂r2
− m2

r2
2

)
Gm(r1, r2, s)

}

= 0,

where L2 is the transverse Laplace operator with respect to the offset of the test particle. So, for all m,
the expansion functions Gm(r1, r2, s) have to satisfy the Poisson equation

1

r2

∂

∂r2

(
r2

∂

∂r2
Gm(r1, r2, s)

)
− m2

r2
2

Gm(r1, r2, s) = 0.

The solutions are

G0(r1, r2, s) = U0(r1, s) + V0(r1, s) ln r2,

Gm(r1, r2, s) = Um(r1, s) rm
2 + Vm(r1, s) r−m

2 for m > 0.

Keeping only the solutions which are regular at the origin (r2 = 0), the longitudinal wake potential
can be written as

w‖(r1, 0, r2, ϕ2, s) =

∞∑

m=0

rm
2 Um(r1, s) cos mϕ2,

with expansion functions Um(r1, s) that depend on the details of the given cavity geometry.

By azimuthal symmetry, the dependence on ϕ1 is w‖(r1, ϕ1, r2, ϕ2, s) = w‖(r1, 0, r2, ϕ2−ϕ2, s),
as longitudinal fields depend only on the relative azimuthal angle of the observer with respect to the
source. Using the fact that w‖ is also a harmonic function in (r1, ϕ1), we find with the same arguments
as before that Um(r1, s) can be factorized as rm

1 wm(s).

It follows that for the general case of a charge q1 at (r1, ϕ1) generating fields that act on a second
charge q2 at (r2, ϕ2), the longitudinal wake function is given by

w‖(r1, ϕ1, r2, ϕ2, s) =

∞∑

m=0

rm
1 rm

2 wm(s) cos m(ϕ2 − ϕ1).

The transverse wake function is, by the Panofsky–Wenzel theorem,

w⊥(r1, ϕ1, r2, ϕ2, s) = −
(
er

∂

∂r2
+ eϕ

1

r2

∂

∂ϕ2

)∫ s

−∞
ds′ w‖(r1, ϕ1, r2, ϕ2, s

′)

=

∞∑

m=0

{
−er m r1

m r2
m−1

∫ s

−∞
ds′ wm(s′) cos m(ϕ2 − ϕ1)

+ eϕ m r1
m r2

m−1

∫ s

−∞
ds′ wm(s′) sinm(ϕ2 − ϕ1)

}
.

Each azimuthal order is fully characterized by a scalar function wm(s). This function can be
calculated by solving Maxwell’s equations for the given geometry and any choice of (r1, ϕ1, r2, ϕ2),
yielding

wm(s) =

∫ ∞
−∞ dz Ezm(r2, ϕ2, z, (z + s)/c))

rm
1 rm

2 cos m(ϕ2 − ϕ1)
.
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A particular choice of r2 can be used to avoid the infinite integration range: since Ez vanishes at the
metallic tube boundary, only the cavity gap contributes to the integral. The integration range is reduced
to the cavity gap by setting r2 to the radius of the beam tube. This trick is possible if no obstacle intersects
with the infinite cylindrical beam pipe.

This type of wake integration is utilized by computer codes such as ECHO [18,19] for bunches of
finite length. Wake potentials can be calculated by such programs in the time domain, but wake functions
(of point sources) need asymptotic considerations; see [20].

It should be mentioned that in many practical cases, due to the (r/a)m dependence, the longitudi-
nal wake is dominated by the monopole term and the transverse wakes by the dipole term:

w‖(r1, ϕ1, r2, ϕ2, s) = w0(s),

w⊥(r1, ϕ1, r2, ϕ2, s) = r1

∫ s

−∞
ds′ w1(s

′)
[
−er cos(ϕ2 − ϕ1) + eϕ sin(ϕ2 − ϕ1)

]
.

2.5 Fully 3D structures
While for cylindrical symmetric structures the dependence of the wake on transverse coordinates is
explicitly known and can be used to reduce the integration range and domain of the field calculation,
more general structures require us to use the harmonic property of the wake for a beam tube of arbitrary
shape. The simple 3D cavity in Fig. 8, with a beam tube of square cross-section, is used to demonstrate
this. We suppress the dependence of the wake function (or potential) on the offset of the source and write
simply W̃‖(x, y, s) = W‖(x1, y1, x, y, s). This function is harmonic in the observer offset,

∇2
⊥ W̃‖(x, y, s) = 0.

Fig. 8: A 3D cavity structure with two symmetry planes (top) and a quarter of the structure (bottom)

For points x and y on the surface of the beam tube, we can calculate the wake by a finite-range
integration through the cavity gap, as shown in Fig. 9. If we know W̃ for all surface points, we can
calculate the wake for any point inside the tube by numerical solution of the boundary value problem.
Therefore a 2D Poisson problem has to be solved. In our example, with two transverse symmetries, only
a quarter of the structure needs to be considered to calculate the wake of a source in the center.

The transverse wake potential can be calculated from the longitudinal one using the Panofsky–
Wenzel theorem. The transverse gradient of the longitudinal wake potential in a beam tube is also
indicated in Fig. 9.
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Testbeam

Beam

Fig. 9: Illustration of the indirect test beam method. The upper pictures show lines of constant longitudinal wake
potential and the gradient of the longitudinal wake potential; an integration gives the transverse wake potential
according to the Panofsky–Wenzel theorem. The lower diagram depicts the paths of the beam and the test beam.

3 Cavities, resonant structures and eigenmodes
3.1 Eigenmodes
Many structures in an accelerator environment can be considered as a hollow space with semi-infinite
beam pipes on both sides. Usually this vacuum volume is bounded by metal surfaces with high con-
ductivity. As a good approximation, the cavity walls can be treated as perfect electric conducting (PEC)
boundaries, and sometimes the beam pipes are even neglected so that the volume is closed.

Electromagnetic fields with frequencies below the lowest cutoff frequency of the beam pipes are
trapped in the volume, and the fields oscillate at discrete frequencies:

E(r, t) =
∑

ν

ÂνÊν(r) cos(ω̂νt + ϕ̂ν),

B(r, t) =
∑

ν

ÂνB̂ν(r) sin(ω̂νt + ϕ̂ν).

These oscillations are called eigenmodes or cavity modes. They are characterized by their field patterns
Êν(r) and B̂ν(r) and their eigenfrequencies ω̂ν . The modes may ring with any amplitude Âν and phase
ϕ̂ν , and the amplitude normalization of the eigenfields is arbitrary. Such modes are called standing-wave
modes, as the electric and magnetic fields ring at all spatial points with the same phase, but the electric
field is phase-shifted by 90◦ relative to the magnetic field. For simplicity, in the following we omit the
mode index ν but indicate all indexable (mode-specific) quantities with a hat. We will introduce further
mode-specific quantities, such as the quality Q̂, the modal longitudinal loss parameter k̂, and the mode
energy

Ŵ =
1

2

∫
εÊ2 dV =

1

2

∫
µ−1B̂2 dV,

which depends on the arbitrary amplitude normalization. The total electromagnetic field energy of all
the modes is1

W =
1

2

∫
εE(r, t)2 dV +

1

2

∫
µ−1B(r, t)2 dV =

∑
|Â|2 Ŵ.

1The field energy of a particular mode does not depend on the stimulation of other modes, as the mode fields are orthogonal
to each other; see Appendix A.
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Eigenmodes can be computed with electromagnetic field solvers such as those in [9, 10]; see also
Fig. 10. Usually closed volumes are considered, which are completely surrounded by PEC or perfect
magnetic conducting (PMC) surfaces. As the mode field in beam pipes decays exponentially, even open
problems (involving infinitely long pipes) can be handled with such programs, by using a perfectly
conducting boundary after a sufficiently long piece of pipe.

Fig. 10: Electric field of a mode in a rotationally symmetric cavity with beam pipes

In structures with symmetries (e.g. rotational symmetry), eigenmodes and beam-pipe modes of the
same symmetry condition are coupled. Therefore the lowest cutoff frequency for a particular symmetry
defines the highest possible eigenfrequency for the corresponding eigenmodes. For instance, monopole
modes may have resonance frequencies that are above the lowest dipole mode cutoff frequency, which
is lower than the lowest monopole mode cutoff frequency. Beyond that, there can exist quasi-trapped
modes above the lowest cutoff frequency that have very weak coupling to the pipes. The energy flow
(per period) of such fields into the beam pipes may be comparable to the energy loss (per period) of
non-trapped modes to non-perfectly conducting metallic boundaries.

3.2 Excitation of eigenmodes and the per-mode loss parameter
We consider a cavity of length2 L and a bunch with charge q1, offset (x1, y1) and velocity c, which enters
the cavity at time t = 0. The electromagnetic fields after the charge has left the cavity, namely

E(r, t > L/c) =
∑

Re
{
ÂÊ(r) exp(i ω̂t)

}
+ Er(r, t),

B(r, t > L/c) =
∑

Im
{
ÂB̂(r) exp(i ω̂t)

}
+ Br(r, t),

can be split into eigenfields and a residual part, Er or Br. The long-range interaction between bunches
or particles is essentially driven by the modal part, as the residual fields decay or are not stimulated
resonantly. The complex mode amplitudes are proportional to the source charge and depend on the
source offset. Hence they can be expressed as Â = q1f̂(x1, y1).

Suppose that a small test charge δq follows the source particle on the same trajectory at a distance
of s > 0. It induces the additional amplitude δÂ = δq exp(−i ω̂s/c)f̂(x1, y1). Therefore the energy of
the modes is increased by

δWmodes =
∑(

|Â + δÂ|2 − |Â|2
)
Ŵ

≈
∑

2Re
{
ÂδÂ∗}Ŵ

≈ 2q1δq
∑

|f̂(x1, y1)|2 Re
{
exp(i ω̂s/c)

}
Ŵ.

2The relevant length is not exactly the length of the cavity, but rather the length with non-zero field of the modes. For open
structures, with beam pipes, this length is in principle infinite, but for practical considerations the field has decayed sufficiently
after a pipe length of a few times the widest dimension of the cross-section.
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On the other hand, the test particle gains kinetic energy

δWk =

∫ ∞

−∞
δq Ez(x1, y1, z − s, z/c) dz

= q1δq
∑

Re

{
f̂(x1, y1)

∫ ∞

−∞
Êz(x1, y1, z) exp(i ω̂(z + s)/c) dz

}
+ · · · .

The sum of the field energy and the kinetic energy is conserved, if terms with the same oscillation
frequency exp(i ω̂s/c) cancel:

2|f̂(x1, y1)|2 Ŵ + f̂(x1, y1)

∫ ∞

−∞
Êz(x1, y1, z) exp(i ω̂(z)/c) dz = 0.

This is satisfied with f̂(x1, y1) = −v̂∗(x1, y1)/
√

Ŵ and the normalized mode voltages

v̂(x, y) =
1

2
√

Ŵ

∫ ∞

−∞
Êz(x, y, z) exp(i ω̂z/c) dz,

which do not depend on the arbitrary normalization mode fields.

The amplitude excited by the charge q1 is

Â = q1f̂(x1, y1) = −q1v̂
∗(x1, y1)

/√
Ŵ ,

and the energy of all modes is

WEM,modes =
∑

|Â|2Ŵ = q2
1

∑
k̂,

with the per-mode loss parameter

k̂ = |v̂(x1, y1)|2 =
1

4Ŵ

∣∣∣∣
∫ ∞

−∞
Êz(x1, y1, z) exp(i ω̂(z)/c) dz

∣∣∣∣
2

.

The excitation of mode amplitudes depends linearly on the source distribution: another particle
with charge q2 and offset (x2, y2) at a distance s gives rise to the additional amplitude

Â = −q2v̂
∗(x2, y2) exp(−i ω̂s/c)

/√
Ŵ ,

with phase shift −ω̂s/c due to the time shift s/c. Therefore it is possible to calculate the mode excitation
for arbitrary charge distributions; for example, for a one-dimensional bunch with offset (x1, y1) and line
charge density λ(z, t) = λ(z − ct),

Â = v̂∗(x1, y1)

∫
λ(−s) exp(−i ω̂s/c) ds.

In particular, a Gaussian bunch with charge q1 and rms length σ excites the amplitudes Â =
q1v̂

∗(x1, y1) exp(−(ω̂σ/c)2/2). We introduce the shape-dependent per-mode loss parameter

k̂σ = k̂ exp(−(ω̂σ/c)2).

The electromagnetic field energy of all modes, after such a bunch has traversed the cavity, is

WEM,modes,σ =
∑

|Â|2Ŵ = q2
1

∑
k̂σ.
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3.3 Contribution of eigenmodes to the wake function
After the source particle has traversed the cavity, the electromagnetic fields are

E(r, t > L/c) = q1

∑
Re

{
−v̂∗(x1, y1)Ŵ−1/2Ê(r) exp(i ω̂t)

}
+ Er(r, t),

B(r, t > L/c) = q1

∑
Im

{
−v̂∗(x1, y1)Ŵ−1/2B̂(r) exp(i ω̂t)

}
+ Br(r, t),

Therefore the momentum of a test charge q2 at a distance s > L behind the source, with offset (x2, y2)
and velocity c, is changed by

∆p =
q1q2

c

∑
Re

{
−v̂∗(x1, y1)Ŵ−1/2

∫ ∞

−∞
dz

[(
Ê − ic × B̂

)
exp(i ω̂(z + s)/c)

]}
+ ∆pr,

where the term ∆pr stands for the contribution of the residual fields. Likewise, we can split the wake
into modal and residual parts:

w(x1, y1, x2, y2, s > L) =
c∆p

q1q2
=

∑
ŵ(x1, y1, x2, y2, s) + wr(x1, y1, x2, y2, s),

where
ŵ(x1, y1, x2, y2, s > L) = −2Re

{
v̂∗(x1, y1)v̂(x2, y2) exp(i ω̂s/c)

}
,

with the normalized vectorial voltages

v̂(x, y) =
1

2
√

Ŵ

∫ ∞

−∞
dz

[(
Ê(x, y, z) − ic × B̂(x, y, z)

)
exp(i ω̂z/c)

]
.

3.4 Causality and the fundamental theorem of beam loading
Consider two point particles with charges and coordinates q1, x1, y1, z1 = ct and q2, x2, y2, z2 = ct− s.
The distance parameter s may be positive or negative. The electromagnetic fields are caused by both
particles together. Therefore the integrated longitudinal fields observed by the particles are

V1 =

∫
Ez(x1, y1, z1, t) dz = q1w‖(x1, y1, x1, y1, 0) + q2w‖(x2, y2, x1, y1,−s),

V2 =

∫
Ez(x2, y2, z2, t) dz = q1w‖(x1, y1, x2, y2, s) + q2w‖(x2, y2, x2, y2, 0).

The gain of electromagnetic field energy, ∆WEM = −q1V1 − q2V2, is always positive, as the interaction
volume is initially field-free; it is

∆WEM,total = −q2
1w‖(x1, y1, x1, y1, 0)

− q2
2w‖(x2, y2, x2, y2, 0)

− q1q2

(
w‖(x1, y1, x2, y2, s) + w‖(x2, y2, x1, y1,−s)

)
.

It is natural to write the electromagnetic field energy in terms of the per-mode and residual wake func-
tions,

∆WEM,total = −q2
1

∑
ŵ‖(x1, y1, x1, y1, 0)

− q2
2

∑
ŵ‖(x2, y2, x2, y2, 0)

− q1q2

∑(
ŵ‖(x1, y1, x2, y2, s) + ŵ‖(x2, y2, x1, y1,−s)

)
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+ ∆w‖r,

and to compare this expression with the field energy calculated from the amplitudes Â of the modes.
The mode amplitudes excited by both particles are just given by the superposition Â = Â(1) + Â(2) of
Â(1) = −q1v̂

∗(x1, y1)/
√

Ŵ , excited by q1, and Â(2) = −q2v̂
∗(x2, y2)/

√
Ŵ exp(−i ω̂s), excited by q2.

Therefore the gain of field energy stored in the oscillating modes is

∆WEM,modes =
∑∣∣q1v̂

∗(x1, y1) + q2v̂
∗(x2, y2) exp(−i ω̂s/c)

∣∣2

= q2
1

∑
|v(x1, y1)|2

+ q2
2

∑
|v(x2, y2)|2

+ 2q1q2

∑
Re

{
v̂∗(x1, y1)v̂(x2, y2) exp(i ω̂s)

}
.

Comparing terms of the same mode with the same charges, we get

ŵ‖(x1, y1, x1, y1, 0) = −|v̂(x1, y1)|2 = −k̂(x1, y1),

ŵ‖(x2, y2, x2, y2, 0) = −|v̂(x2, y2)|2 = −k̂(x2, y2),

ŵ‖(x1, y1, x2, y2, s) + ŵ‖(x2, y2, x1, y1,−s) = −2Re
{
v̂∗(x1, y1)v̂(x2, y2) exp(i ω̂s)

}
.

These equations provide information about the per-mode wake functions for any s, without the s > L
restriction imposed in Section 3.2; they are derived in Appendix B by another method. In particular, we
find that for x1 = x2 and y1 = y2,

ŵ‖(x1, y1, x1, y1, s) + ŵ‖(x1, y1, x1, y1,−s) = −2k̂(x1, y1) cos(ω̂s/c).

It seems natural to claim causality for the individual mode functions, so that we get the fundamen-
tal theorem of beam loading:

ŵ‖(x1, y1, x1, y1, s) = −k̂(x1, y1)





0 for s < 0,

1 for s = 0,

2 cos(ω̂s/c) otherwise.

Indeed, in Appendix B it is shown that for closed-cavity volumes,

w‖(x1, y1, x1, y1, s > 0) = −2
∑

k̂(x1, y1) cos(ω̂s/c);

however, it is also found that the individual mode functions differ from the fundamental beam loading
equation for |s| < L. Usually this discrepancy is no problem, as the short-range regime of interactions in
the same bunch is quite distinct from the long-range regime of bunch-to-bunch interactions. The short-
range wake is mostly calculated by time-domain methods without any distinction between ω̂ 6= 0 and
ω̂ = 0 eigenmodes, whereas the long-range wake is calculated for s > L from oscillating eigenmodes.

Formally the discrepancy can be solved by definition: the per-mode wake functions are causal, and
the residual wake function is just the difference between the wake function and the summation over the
so-defined per-mode functions. In the case of closed cavities, as considered in Appendix B, this leads to
a residual wake that is zero.

Thus we come to an interesting consequence of the beam loading theorem: a source particle q1

loses energy q1V with V = q1k̂, but a test particle that follows at a very short distance (and with the
same offset) observes the voltage −2V .
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3.5 Loss parameters
Loss parameters describe the loss of energy of a source particle or source distribution to electromagnetic
field energy.

We have seen that the total energy loss of a point particle is given by the wake function for x1 = x2,
y1 = y2 and s = 0, so that

ktot = −w(x1, y1, x2, y2, 0) = WEM,total/q1,

and we know that the loss to eigenmodes is given by the per-mode loss parameters

k̂ = |v(x1, y1)|2.

The sum of all the per-mode loss parameters converges for cavities with beam pipes to a value below
the total loss parameter ktot, as not only are there modes excited, but also field energy is scattered and
propagates along the beam pipes. (The wake of a closed cavity is completely determined by oscillating
modes, but the sum is divergent.)

The wake potential (of distributed sources) and the shape-dependent loss parameter are usually
calculated directly using electromagnetic time-domain solvers. The shape-dependent total loss parameter
is the convolution of the longitudinal wake potential with the charge density function; for instance, for
bunches with longitudinal profile λ(z, t) = λ(z − ct) and negligible transverse dimensions,

ktot,σ = −
∫ ∞

−∞
W (x1, y1, x1, y1, z)λ(z) dz.

The excitation of eigenmodes by distributed sources was discussed in Section 3.2; the shape-dependent
per-mode loss parameter for a thin Gaussian bunch is

k̂σ = k̂ exp
(
−(ω̂σ/c)2

)
,

and for a general longitudinal profile λ it is

k̂σ = k̂

∣∣∣∣
∫ ∞

−∞
λ(z) cos(ω̂z/c) dz

∣∣∣∣
2

.

For closed cavities, the sum of the per-mode loss parameters k̂σ converges to the total loss param-
eter ktot,σ. This is also true for long bunches with σ ≫ c/ωcutoff , which cannot excite frequencies above
the lowest cutoff frequency ωcutoff ∝ πc/a of the beam pipes, where a is the characteristic transverse
dimension of the pipes.

For the extreme case of ultra-short bunches it is difficult to calculate the wake potential, as a very
high spatial resolution is required. In this case, only a small fraction of energy is lost to resonant modes
and only a small part of the wakes is caused by resonances.

3.6 Analytical calculation for a pillbox
For a closed pillbox cavity, all modes can be calculated analytically [21]. Consider a pillbox with radius
R and gap length g.

The normalized electromagnetic field of the monopole modes indexed by (n, p) is given by

Ê(n,p)
z =

jn

R
J0

(
jn

r

R

)
cos

(
π p z

g

)
exp(i ω̂n,p t),

Ê(n,p)
r =

πp

g
J1

(
jn

r

R

)
sin

(
π p z

g

)
exp(i ω̂n,p t),
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Ĥ
(n,p)
φ = i ω̂n,p ǫ0 J1

(
jn

r

R

)
cos

(
π p z

g

)
exp(i ω̂n,p t),

where jn is the nth zero of the Bessel function J0(x) and

(
ω̂n,p

c

)2

=

(
jn

R

)2

+

(
πp

g

)2

.

Note that we now write the mode index explicitly as a double index (n, p). The stored energy is given by

Ŵn,p =
µ0

2

∫ R

0
dr r

∫ 2π

0
dϕ

∫ g

0
dz Ĥ(n,p)

ϕ

(
Ĥ(n,p)

ϕ

)∗

=
πǫ0

4

(
ω̂n,p

c

)2

g R2 J2
1 (jn).

Hence the normalized voltage on the axis becomes

v̂n,p =
1

2
√

Ŵn,p

∫ g

z
dz Ez(r = 0, z, t = z/c)

=
i√

πǫ0g

1 − (−1)p exp(i ω̂n,p g/c)

jn J1(jn)
,

and the loss parameters can now be calculated as

k̂n,p = |v̂n,p|2 =
2

π ǫ0 g

1 − (−1)p cos(ω̂n,p g/c)

j2
n J2

1 (jn)
,

so that the expression for the monopole wake function becomes

w‖(s) = −2
∞∑

n=1

∞∑

p=0

k̂n,p cos(ω̂n,p s/c).

The wake function is the sum of all the voltages induced in all the modes.

For a Gaussian bunch with charge density

ρ(r, t) = q1 δ(x)δ(y)λ(z − ct), λ(s) =
1

σ
√

2π
exp

(
− s2

2σ2

)
,

the wake potential is given by

W‖(s) =

∫ ∞

−∞
λ(s − s′)w‖(s

′) ds′.

But even for such a simple example as a pillbox cavity, it is very hard to compute the wake potential by
a modal analysis since many modes are needed. The reason is that for s inside the bunch, the charge
distribution contributing to the wake potential is cut off because of causality. Hence the Fourier spectrum
of the charge distribution contains many (say >1000) modes. Since an accelerator is not made up of
closed boxes, the modal analysis is not sufficient for calculating the wake potential. The continuous
spectrum of waveguide modes in the beam pipes contributes also to the impedance, especially to the
short-range wake.
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4 Impedances
4.1 Definitions
The Fourier transform of the negative3 wake function is called the impedance or coupling-impedance:

Z‖(x1, y1, x2, y2, ω) = −1

c

∫ ∞

−∞
ds w‖(x1, y1, x2, y2, s) exp(−iωs/c).

The wake function and impedance are two descriptions of the same thing, namely the coupling
between the beam and its environment. The wake function is the time-domain description, while the
impedance is the frequency-domain description:

w‖(x1, y1, x2, y2, s) = − 1

2π

∫ ∞

−∞
dω Z‖(x1, y1, x2, y2, ω) exp(iωs/c).

The reason for the usefulness of the impedance is that it often contains a number of sharply defined
frequencies corresponding to the modes of the cavity or the long-range part of the wake. Figure 11
shows the real part of the impedance for a cavity. Below the cutoff frequency of the beam pipe, there is
a sharp peak for each cavity mode. The spectrum above the cutoff frequency is continuous, caused by
residual fields (not related to eigenmodes) and by the ‘turn-on’ of the harmonic eigen-oscillations. The
continuous part of the spectrum is important for short-range wakes, especially for very short bunches.

Fig. 11: Real part of the impedance for a cavity with side pipes; the peaks correspond to cavity modes. The results
were obtained with the CST wakefield solver.

For the transverse impedance, it is often convenient to use a definition containing an extra factor i:

Z⊥(x1, y1, x2, y2, ω) =
i

c

∫ ∞

−∞
dsw⊥(x1, y1, x2, y2, s) exp(−iωs/c).

The reason is that the transverse–longitudinal relations due to the Panofsky–Wenzel theorem then read
as follows in the frequency domain:

ω

c
Z⊥(x1, y1, x2, y2, ω) =

(
ex

∂

∂x2
+ ey

∂

∂y2

)
Z‖(x1, y1, x2, y2, ω).

3The sign is chosen so as to obtain a non-negative real part for x1 = x2 and y1 = y2.
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4.2 Some properties of impedances and wakes
In the spatial s-domain, the relationship between the wake potential of a line charge density λ(z − ct)
and the wake functions of a point particle is described by the convolution

W (x1, y1, x2, y2, s) =

∫ ∞

−∞
dz w(x1, y1, x2, y2, s + z)λ(z).

The corresponding equation in the frequency domain for the Fourier transform of the negative wake
potential is V (x1, y1, x2, y2, ω) = Z‖(x1, y1, x2, y2, ω)I(ω), where

I(ω) =

∫ ∞

−∞
i(t) exp(−iωt) dt =

∫ ∞

−∞
cλ(−ct) exp(−iωt) dt

is the beam current in the frequency domain. The energy loss of the bunch to electromagnetic fields,

Wloss =

∫ ∞

−∞
W (x1, y1, x1, y1, s)λ(−s) ds

=
1

2π

∫ ∞

−∞
V (x1, y1, x1, y1, ω)I(ω)∗ dω

=
1

π

∫ ∞

0
Re{Z(x1, y1, x1, y1, ω)}|I(ω)|2 dω,

has to be non-negative for any bunch shape λ. Therefore the real part of the longitudinal impedance
must be non-negative for all offsets with x1 = x2 and y1 = y2. The real part can be negative for, say,
x1 = −x2 and y1 = −y2, for a structure with azimuthal symmetry and frequency close to a dipole
resonance.

As the wake potential is a real function, the real part of the impedance is an even function of the
frequency while the imaginary part is an odd function of it:

Re{Z‖(. . . , ω)} = Re{Z‖(. . . ,−ω)}, Im{Z‖(. . . , ω)} = −Im{Z‖(. . . ,−ω)}.

Hence, the wake function is given in terms of the impedance as

w‖(. . . , s) = − 1

2π

∫ ∞

−∞
dω Z‖(. . . , ω) exp(iωs/c)

= − 1

2π

∫ ∞

−∞
dω

(
Re{Z‖(. . . , ω)} cos(ωs/c) − Im{Z‖(. . . , ω)} sin(ωs/c)

)
.

Furthermore, the electromagnetic field ahead of the source particle is zero for v = c, as electromagnetic
waves cannot overtake the source. Therefore, the wake function is causal, and the real and imaginary
parts of the impedance are dependent on each other. From w‖(. . . , s < 0) = 0 it follows that for
u = −s > 0,

∫ ∞

−∞
dω Re{Z‖(. . . , ω)} cos(ωu/c) = −

∫ ∞

−∞
dω Im{Z‖(. . . , ω)} sin(ωu/c),

so only the real (or imaginary) part of the impedance is really needed:

w‖(. . . , s > 0) =
1

π

∫ ∞

−∞
dω Re{Z‖(. . . , ω)} cos(ωs/c).
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4.3 Shunt impedance and quality factor
The modal part of the wake function is

ŵ(x1, y1, x2, y2, s) = −2Re
{
v̂∗(x1, y1)v̂(x2, y2) exp(i ω̂s/c)

}




0 for s < 0,

1 for s = 0,

2 otherwise.

We are interested in the longitudinal component on the axis (x1 = y1 = x2 = y2 = 0), and for simplicity
we omit the transverse coordinates, so

ŵ‖(s) = −2k̂ cos(ω̂s/c)





0 for s < 0,

1 for s = 0,

2 otherwise.

Then the impedance per mode,

Ẑ‖(ω) = −1

c

∫ ∞

−∞
ŵ‖(s) exp(−iωs/c) ds,

is calculated as

Ẑ‖(ω) = 2k̂

{
πδ(ω + ω̂) + πδ(ω − ω̂) +

iω

ω̂2 − ω2

}
.

This is equivalent to the impedance of a parallel resonant circuit (see Fig. 12),

Ẑ‖(ω) = lim
R̂→∞

(
iωĈ +

1

iωL̂
+

1

R̂

)−1

with Ĉ = 1/(2k̂), L̂ = 2k̂/ω̂2 and R̂ → ∞.

L C R

Fig. 12: Equivalent circuit model of the impedance of one mode

Although the resistor R̂ was introduced for obvious formal reasons, it is helpful to consider weak
losses of a resonator with a high quality factor Q̂ = R̂/(ω̂L̂). The impedance per mode of a resonator
with weak losses is

Ẑ‖(ω) = 2k̂
iω

ω̂2 − ω2 + iωω̂/Q̂
.

The resistor R = Ẑ‖(ω̂) = 2k̂Q̂/ω̂ is called the shunt impedance. The quality factor Q̂ describes the
decay time

τ̂ = 2Q̂/ω̂,

the resonance bandwidth
∆ω̂ = ω/Q̂,
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with |Ẑ‖(ω̂)/Ẑ‖(ω̂ ± ∆ω̂/2)|2 ≈ 2, and the energy loss per unit time

P̂ = ω̂Ŵ/Q̂.

The last relation is used to determine the quality factor by perturbation theory: the energy loss (without
beam) is caused by wall losses; as a good approximation these can be calculated from the fields obtained
for the mode with infinite conductivity. If Ĥt is the magnetic field tangential to the surface, the total
power dissipated into the wall is given by a surface integral

P̂ =
1

2

∫

∂V
Re

{
Ês × Ĥ

∗} · dA =
1

2

∫

∂V

√
ω̂µ

2κ
|Ĥ|2 dA

where Ês = Zsn × Ĥ is the tangential component of the electric field on the surface, with surface
impedance Zs =

√
i ω̂µ/κ for conductivity κ.

Appendix A: Eigenmodes of a closed cavity
We consider a (simply connected) cavity volume Vc, with perfectly conducting walls (boundary ∂Vc) and
without current density. We search for time-harmonic eigensolutions, which can be written as

E(r, t) = Ê(r) cos(ω̂t),

B(r, t) = B̂(r) sin(ω̂t),

where Ê and B̂ are the eigenfields and ω̂ the (angular) eigenfrequencies. Substituting these into
Maxwell’s equations gives

∇εÊ = ρ̂,

∇ × Ê = −ω̂B̂,

∇B̂ = 0,

∇ × µ−1B̂ = −ω̂εÊ.

We apply the operator ∇ × µ−1 to the first curl equation and use the second curl equation to eliminate
the magnetic flux density, thus obtaining the eigenproblem

ε−1∇ × µ−1∇ × Ê = λ̂Ê,

with the eigenvalues λ̂ = ω̂2 and the boundary condition n × Ê = 0. The operator ε−1∇×µ−1∇× is
self-adjoint4 with scalar product

〈A,B〉 =
1

2

∫

Vc

εA ·B dV.

Therefore the problem has an infinite number of discrete real eigenvalues and a complete orthogonal
system of eigenvectors,

〈Êξ, Êτ 〉 = Ŵξδξτ ,

where Ŵξ is the electromagnetic field energy of mode ξ. The eigenvalues λ̂ are non-negative so that all
eigenfrequencies ω̂ are real.5

4 The property 〈ε−1∇×µ−1∇×A,B〉 = 〈A, ε−1∇×µ−1∇×B〉 can be shown with help of the identity ∇[A×µ−1∇×
B−B× µ−1∇×A] =B×∇× µ−1∇×A−A×∇× µ−1∇×B and the divergence theorem. The left-hand side gives a
surface integral that is zero because of the boundary conditions. The right-hand side corresponds to the assertion.

5 This property can be shown by using the identity ∇[Ê × µ−1∇ × Ê] = µ−1(∇ × Ê)2 − Ê∇ × µ−1∇ × Ê and the
divergence theorem. The left-hand side gives a surface integral that is zero because of the boundary conditions. The volume
integral of the first term on the right-hand side is non-negative; the integral of the second term gives −2λ̂Ŵ . As Ŵ is positive,
λ̂ cannot be negative.
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There are obviously two types of eigensolutions:

ω̂ = 0, ω̂ 6= 0,

∇εÊ 6≡ 0, ∇εÊ = 0,

∇ × Ê = 0, ∇ × Ê = −ω̂B̂,

B̂ ≡ 0, B̂ 6≡ 0.

Eigenfields for ω̂ = 0 are curl-free and are just solutions to the electrostatic problem for any source
distribution ρ̂ and the boundary condition n× Ê = 0. Oscillating eigenfields are free of divergence; this
is a consequence of Maxwell’s second curl equation.

In Appendix B we use the property that any linear combination of eigensolutions with ω̂ = 0 is
orthogonal to any linear combination of oscillating eigenfields.

Appendix B: Wake of a closed cavity
We consider a (simply connected) cavity volume Vc of arbitrary shape, with perfectly conducting walls,
that is located between the planes z = 0 and z = L. It is traversed by a point particle with charge q1,
offset (x1, y1) and velocity v = c. The stimulating charge and current density are

ρ(r, t) = q1δ(x − x1)δ(y − y1)δ(z − ct),

j(r, t) = cezρ(r, t).

We use the complete orthogonal system of eigensolutions to describe the time-dependent electric
field:

E(r, t) =
∑

ν∈C

âν(t)Êν(r),

where ν is the mode index, C is the set of all indexes and âν(t) are the time-dependent coefficients. As
in the main text, we shall write all mode-specific quantities with a hat and omit the index ν. We solve
Maxwell’s equations

∇εE = ρ,

∇ × E = − ∂

∂t
B,

∇B = 0,

∇ × µ−1B = J + ε
∂

∂t
E

by applying the operator ε−1∇ × µ−1 to the first curl equation and eliminating the magnetic flux density
with the help of the second curl equation:

ε−1∇ × µ−1∇ × E = −ε−1 ∂

∂t
J − ∂2

∂t2
E.

By using the modal expansion and the eigenmode equation, we obtain

∑

ν∈C

â(t)ω̂2Ê = −ε−1 ∂

∂t
J − ∂2

∂t2

∑

ν∈C

â(t)Ê.

This set of scalar equations can be decoupled by applying the operator 〈Êξ, · · · 〉 to both sides and using
the orthogonality condition:

âξ(t)ω̂
2
ξŴξ = −ε−1 ∂

∂t
〈Êξ,J〉 − ∂2

∂t2
âξ(t)Ŵξ .
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Finally, we substitute the dirac current density and suppress the index, to arrive at
(

ω̂2 +
∂2

∂t2

)
â(t) =

−1

Ŵε

∂

∂t
〈Ê,J〉 = − cq1

2Ŵ
∂

∂t
Ê(x1, y1, ct).

This ordinary differential equation can be solved6 to give

â(t) =
−q√
Ŵ

Re
{
v̂∗(x1, y1, ct) exp(i ω̂t)

}

with
v(x, y, z) =

1

2
√

Ŵ

∫ z

−∞
Êz(x, y, s) exp(i ω̂s/c) ds

and
∂

∂z
v(x, y, z) =

1

2
√

Ŵ
Êz(x, y, z) exp(i ω̂z/c).

The longitudinal wake function is the sum over all modes,

w‖(x1, y1, x2, y2, s) =
∑

ν∈C

ŵ‖(x1, y1, x2, y2, s),

with the ‘per-mode’ contributions

ŵ‖(x1, y1, x2, y2, s) =
1

q1

∫ ∞

−∞
â

(
z + s

c

)
Êz(x2, y2, z) dz

=
−1√
Ŵ

∫ ∞

−∞
Re

{
v̂∗(x1, y1, z + s) exp

(
i ω̂

z + s

c

)}
Êz(x2, y2, z) dz

= −2Re

{
exp(i ω̂s/c)

∫ ∞

−∞
v̂∗(x1, y1, z + s)

∂

∂z
v(x2, y2, z) dz

}
.

None of these terms is causal, i.e. ŵ‖(x1, y1, x2, y2, s < 0) 6≡ 0, but the sum has to be! In the following
we use causality to find the simplified representation of the longitudinal wake function

w‖(x1, y1, x1, y1, s > 0) = −2
∑

ω̂ 6=0

k̂(x1, y1) cos(ω̂s/c)

for x1 = x2 and y1 = y2, where k̂(x1, y1) is the longitudinal per-mode loss parameter, as defined in the
main text. We therefore split the summation over all modes into the components

w‖d(x1, y1, x2, y2, s) =
∑

ω̂=0

ŵ‖(x1, y1, x2, y2, s),

w‖c(x1, y1, x2, y2, s) =
∑

ω̂ 6=0

ŵ‖(x1, y1, x2, y2, s)

and use the causality relation

w‖d(x1, y1, x2, y2, s < 0) + w‖c(x1, y1, x2, y2, s < 0) = 0

together with the anti-symmetry of the non-resonant part,

w‖d(x1, y1, x2, y2, s) = −w‖d(x2, y2, x1, y1,−s)

6 The causal solution of ä+ ω2a = ḃ is a(t) = Re{
∫ t

−∞ b(τ ) exp(iω(t− τ )) dτ}.
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proved in (A) below, to eliminate w‖d, yielding

w‖(x1, y1, x2, y2, s > 0) = w‖c(x1, y1, x2, y2, s) + w‖c(x2, y2, x1, y1,−s).

To get the simplified representation for x1 = x2 and y1 = y2, we have to show that the condition

(B) ŵ‖(x1, y1, x1, y1, s) + ŵ‖(x1, y1, x1, y1,−s) = −2k̂(x1, y1) cos(ω̂s/c)

is fulfilled for eigenmodes with ω̂ 6= 0.

We will now prove (A) and (B).

(A) For non-oscillating modes (ω̂ = 0), the normalized voltage integrals v̂(x, y, z) are real and the
contribution per mode is

ŵ‖(x1, y1, x2, y2, s) = −2

∫ ∞

−∞
v̂(x1, y1, z + s)

∂

∂z
v̂(x2, y2, z) dz.

Therefore the required symmetry is fulfilled:

ŵ‖(x1, y1, x2, y2, s) = −2

∫ ∞

−∞
v̂(x1, y1, z + s)

∂

∂z
v̂(x2, y2, z) dz

= 2

∫ ∞

−∞
v̂(x2, y2, z)

∂

∂z
v̂(x1, y1, z + s) dz

= 2

∫ ∞

−∞
v̂(x2, y2, z − s)

∂

∂z
v̂(x1, y1, z) dz = −ŵ‖(x2, y2, x1, y1,−s).

The physical meaning of this symmetry is that the energy transfer from particle 1 to particle 2 (by
ŵ‖(x1, y1, x2, y2, s)) plus the reverse energy transfer (by ŵ‖(x2, y2, x1, y1,−s)) is zero. This is obvious
as no energy is left to the non-resonant mode after both particles have departed the volume. The voltage
v̂(x, y, z) is zero for z < 0 before the source q1 entered the cavity and, as the eigensolution is curl-free,
it is zero for z ≥ L. Therefore ŵ‖(· · ·, s) = 0 for |s| > L. Two particles can interact only through
non-oscillating modes if they are simultaneously in the cavity at any time.

(B) The normalized voltage integral for oscillating modes (ω 6= 0) does not depend on z after q1

has left the cavity:

v(x, y, z > L) =
1

2
√

Ŵ

∫ L

−∞
Êz(x, y, s) exp(i ω̂s/c) ds = v(x, y).

Therefore the following integral relation can be derived:

v̂∗(x1, y1)v̂(x2, y2) =

∫ ∞

−∞

∂

∂z

{
v̂∗(x1, y1, z + s)v̂(x2, y2, z)

}
dz

=

∫ ∞

−∞
v̂(· · ·2 , z)

∂

∂z
v̂∗(· · ·1 , z + s) dz +

∫ ∞

−∞
v̂∗(· · ·1 , z + s)

∂

∂z
v̂(· · ·2 , z) dz

=

∫ ∞

−∞
v̂(· · ·2 , z − s)

∂

∂z
v̂∗(· · ·1 , z) dz +

∫ ∞

−∞
v̂∗(· · ·1 , z + s)

∂

∂z
v̂(· · ·2 , z) dz.

This relation is needed to prove the symmetry:

ŵ(x1, y1, x2, y2, s)

= −2Re

{
exp(i ω̂s/c)

∫ ∞

−∞
v̂∗(x1, y1, z + s)

∂

∂z
v̂(x2, y2, z) dz

}
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= −2Re

{
exp(i ω̂s/c)

[
v̂∗(x1, y1)v̂(x2, y2) −

∫ ∞

−∞
v̂∗(· · ·1 , z + s)

∂

∂z
v̂(· · ·2 , z) dz

]}

= −2Re
{
exp(i ω̂s/c)v̂∗(x1, y1)v̂(x2, y2)

}
− ŵ(x2, y2, x1, y1,−s).

With x1 = x2 and y1 = y2, we find that

ŵ(x1, y1, x1, y1, s) + ŵ(x1, y1, x1, y1,−s) = −2k̂(x1, y1) cos(ω̂s/c),

where k̂(x1, y1) = |v̂(x1, y1)|2; in particular, for the origin,

ŵ(x1, y1, x1, y1, 0) = −k̂(x1, y1).
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Beam Dynamics of Collective Instabilities in High-Energy Accelerators

A. Chao
SLAC National Accelerator Laboratory, Menlo Park, United States

Abstract
This lecture provides an abbreviated overview of the basic physics of collective
instabilities of intense charged particle beams in high-energy accelerators.

Keywords
Collective instabilities, Gauss’s law, impedance, Landau damping, Vlasov
equation, wakefield

1 Gauss’s law
Collective instabilities in accelerators mostly come from an intense charged particle beam electro-
magnetically interacting with its vacuum chamber environment. As the beam interacts with its environ-
ment, it generates an electromagnetic field called the wakefield, and the wakefield acts back on the beam,
disturbing its motion; if the perturbation is strong enough, the beam becomes unstable.

To discuss the wakefield, we must start with its ultimate origin, Gauss’s law, which states that
each charged particle always has a definite amount of electric field lines attached to it. We can distort
these field lines but we can never cut them loose from the charge under any circumstances. Furthermore,
the amount of field lines attached to each charge can never be changed, neither increased nor decreased.

Gauss’s law is amazing. Mathematically, it reads

∇ · ~E = 4πρ .

Physically it reads: electric field lines are absolutely attached to the charges.

The integral form of Gauss’s law is
∮

S

~E · d~S = 4πQ ,

where Q is the total charge inside the volume enclosed by the surface S. It is amazing that this law
holds no matter how the charges are moving – non-relativistically, relativistically, or under acceleration,
or whether they are embedded in any type of material. It also does not matter how close the charges
might be immediately next to the surface S. The field integral will make a sudden change when a charge
crosses the surface even infinitesimally.

2 A moving charge
If the charge is stationary and if it is in a free space, its field lines are as shown in Fig. 1(a). For a moving
charge, we see Fig. 1(b). When v approaches c, we have Fig. 1(c), when all the electric fields stay in an
infinitely thin sheet as result of the theory of relativity. For most accelerators, case (c) is closest to the
case under consideration.

When the charge is moving, it also generates a magnetic field. This magnetic field also contracts
to a thin pancake when v = c. The direction of the electric field is radial; the direction of the magnetic
field is azimuthal (right-hand rule):

Er =
2q

r
δ(z − ct) ,
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Fig. 1: Electric field lines of a charge: (a) stationary; (b) moving relativistically; (c) when v = c

Fig. 2: Ultrarelativistic beam going down perfectly conducting smooth vacuum pipe

Bθ =
2q

r
δ(z − ct) .

One observes that
Bθ = Er when v = c .

However, when v = 0, there is no magnetic field. When v increases, Bθ increases, but is still weaker
than Er. Only when v = c do we have Bθ = Er. The fact that Bθ = Er when v = c has important
consequences, as explained next.

3 The vacuum chamber
We now add the vacuum chamber. Consider a very smooth vacuum chamber beam pipe. (How smooth
does the chamber have to be? A 1 mm discontinuity on the pipe is considered a potential problem. In
some circumstances, a 1 µm roughness on the wall surface can have a significant effect.) Consider the
smooth pipe wall to be perfectly conducting.

The ultrarelativistic beam going down the axis of the pipe, together with its electromagnetic field
and the smooth vacuum chamber, is as shown in Fig. 2.

The electromagnetic fields are perfectly and cleanly terminated on the pipe wall. No fields pene-
trate into the wall because it is a perfect conductor. The image charge on the wall is exactly equal and
opposite to that of the beam, and it also moves with v = c (except that this is phase velocity, not group
velocity). The entire field pattern moves with the beam. There is no wakefield.

Is this beam stable? Consider a particular particle in the beam, the ‘test particle’ e in Fig. 2. This
test particle will see an electric force e ~E due to the electric field carried by the beam. This force is
easily seen to push e towards the vacuum chamber wall because the test charge e has the same sign as
the charges of the beam.

But there is also a magnetic force. The magnetic field is in the azimuthal direction (right-hand
rule). The magnetic force is (e/c)~v× ~B. It is easily seen that this magnetic force is pointing towards the
pipe axis.
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Fig. 3: Discontinuities generate wakefields

We mentioned that when v = c, we have Er = Bθ. In the ultrarelativistic limit, therefore, the
electric and the magnetic forces exactly cancel. The particles in the ultrarelativistic beam see the electric
force and magnetic force, but they do not see a net force. The collective electromagnetic fields carried
by the beam do not influence particle motion. There are no collective instabilities.

This cancellation between the electric and magnetic forces due to the beam’s self fields is very
fortunate and very important. Without this cancellation, no modern accelerators would have worked.

We conclude that there are three possible ways for a collective instability to occur:

1. the beam is not relativistic enough;
2. the vacuum chamber is too resistive;
3. the vacuum chamber is not smooth enough.

If none of these apply, the beam is stable as just illustrated. If any one of these conditions occurs,
the exact cancellation of the electric and magnetic forces is disrupted, and the beam can encounter an
instability.

We construct accelerators to be as close to the cancellation condition as possible. The electric and
magnetic forces generally cancel to high accuracy by design. However, the cancellation is never perfect.
Vacuum chambers made of copper or aluminium are not perfectly conducting. There will be many small
necessary discontinuities along the vacuum chamber pipe; beam position monitors, vacuum pumping
ports, etc. There are also big discontinuities known as RF cavities. As to the condition of v = c, it is
never satisfied completely. So the cancellation of electric and magnetic forces is not perfect. And that
residual non-cancellation leads to collective instabilities.

4 Wakefields due to discontinuities
When a beam traverses a discontinuity, an electromagnetic wakefield is generated. An intense beam
will generate a strong wakefield (Fig. 3). When the wakefield becomes too strong, the beam becomes
unstable.

A wakefield is generated because the beam’s image charges now have to move around a corner
when encountering a discontinuity. Wakefields are the radiation fields of the image charges when their
apparent trajectories are bent. (These are apparent trajectories. Image charges do not physically move
along the wall surface.)

Once we accept that wakefields are a result of radiation, then just as with any other radiation, it
is natural to ask about the frequency content of these wakefields. The answer is that it depends on the
details of the beam and the detailed geometry of the discontinuity. In general, it covers a wide range, with
wavelengths varying from micrometres to metres. To describe the frequency content of the wakefields,
we introduce a quantity called impedance. Impedance is essentially the Fourier transform of wakefield.
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Fig. 4: Definition of metal: ρ = 0, ~J = σ ~E; definition of insulator: ~J = ~0, ρ = ε∇ · ~E

5 Wakefield due to a resistive wall
To discuss the resistive wall wakefield, let us first review the structure of electromagnetism by consulting
Fig. 4. We note a clear symmetry between the electric family and the magnetic family in this chart.
This symmetry, however, only holds in vacuum. It is lost when we consider a metal or an insulator.
Metals break the symmetry by making a preference to the magnetic family ( ~B, ~J), while insulators
make a preference in favour of the electric family ( ~E, ρ). No charges are allowed inside a metal while
currents are allowed to penetrate. Inside a metal, therefore, there is more magnetic field than electric field.
Conversely, currents are not allowed inside an insulator, and there is more electric field than magnetic
field.

In the case of a wall of resistive metal, the wakefield is generated by the following physical process.

1. When the beam’s image charges flow on the vacuum chamber wall, the electric field carried by
the point charge will be terminated immediately by the image charges on the wall surface, while
the magnetic field carried by the point charge is mostly cancelled by the image current on the wall
surface, but this cancellation is not exact because the current has penetrated the wall by a skin
depth.

2. As the image current slowly resurfaces after the point charge has passed by, this resurfacing image
current drives new magnetic fields. These new magnetic fields occur after the point charge has left.

3. The resurfacing current and magnetic field will execute some transient behaviour, and quickly
oscillate a few times. After the initial transient, the resurfacing current and magnetic field decays
away but at a very slow rate.

4. The resurfacing changing magnetic field now drives an electric field (Maxwell’s equation). This
yields some electric field inside the resistive wall after all, but this electric field is very weak.

For the case of a resistive wall pipe with circular cross-section, and an ultrarelativistic point charge
q going down its axis, Fig. 5 shows the electric component of the wakefield inside the vacuum chamber.
Note that there is also a matching magnetic field pattern, and that both the electric and magnetic field
patterns follow the leading point charge as a frozen pattern, indicating a phase velocity of c, but it is
important to know that the wakefield energy flows not purely in the forward direction with the speed of
light. Underneath this apparent frozen energy flow is an important flow of energy from the point charge
q towards to wall surface to be deposited as wall heating.

The quantity χ that enters the horizontal axis is a small dimensionless parameter defined by

χ =
c

4πσb
,

with b the vacuum pipe radius and σ the conductivity of the pipe material. For example, if b = 5 cm and
the wall is made of aluminium, χ = 1.5×10−9. Note that we have used cgs units, in which conductivity
can be converted by applying 1 Ω−1m−1 = 0.9× 1010s−1.
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Fig. 5: Electric component of the wakefield inside the vacuum chamber for a resistive wall pipe with circular
cross-section. The field line density is increased by a factor of 40 to the left of the dotted line.

As shown in Fig. 5, there is no wakefield ahead of the point charge, as causality would dictate.
The wakefield pattern following the point charge is measured along distance z in units of b(2χ)1/3. Since
χ� 1, the resistive wall wakefield decays very quickly following the passage of the point charge.

However, after the quick initial decay, at long distances, the remaining resistive wall wake starts to
decay very slowly. This means that the resistive wall wakefield has a long tail. An intense beam bunch,
for example, can leave a wakefield that lasts long enough to affect its motion when the bunch returns
after making one complete circuit around a circular accelerator.

As will be shown later, the fact that the resistive wall generates both short- and long-range wake-
fields is reflected by the fact that its corresponding impedance has an exceptionally wide spectrum,
ranging from very short to very long wavelengths.

6 What happens to particle motion when there are wakefields?
Consider a beam with distribution ψ in phase space (~q, ~p). The dynamics of the evolution of ψ are
described by the Vlasov equation (see later),

∂ψ

∂t
+

~p

m
· ∂ψ
∂~q

+ ~f · ∂ψ
∂~p

= 0 ,

where

~f = e

(
~E +

~v

c
× ~B

)
,

~E = ~Eext + ~Ewake ,

~B = ~Bext + ~Bwake .

The wakefields are determined by Maxwell’s equations, where the source terms ρ and ~j are deter-
mined by the beam distribution ψ,

ρ =

∫
d3p ψ , ~j =

∫
d3p ~vψ .
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Fig. 6: We only need to calculate the wakefields generated by a rigid cosmθ ring beam

We therefore have the situation when the beam distribution is described by the Vlasov equation
whose force terms are given by the electromagnetic fields, while the electromagnetic fields are described
by Maxwell’s equations, whose source terms are given by the beam distribution. It is clear that a full
treatment of the beam–wakefield system involves solving a coupled ‘Vlasov–Maxwell equation’.

Beam–structure interaction is a difficult problem in general. It often requires numerical solution
using particle-in-cell codes with demanding boundary conditions. Applying particle-in-cell codes is
reasonable for small devices such as electron guns and klystrons, but becomes impractical for large
accelerators.

So, can we simplify the problem for our purpose while maintaining sufficiently accurate results?
Yes, we can. For high-energy accelerators, this complication can be avoided by using two simplifying
approximations. These simplifications lead to the concepts of ‘wake function’ and ‘impedance’.

1. Rigid-beam approximation:
The first simplification is the rigid-beam approximation. At high energies, beam motion is affected
little during the passage of a structure. This means that one can calculate the wakefields assuming
the beam shape is rigid and its motion is ultrarelativistic with v = c. In fact, we only need to
calculate the wakefields generated by a ‘rigid cosmθ ring beam’ (Fig. 6). The wakefield of a
general beam can be obtained by superposition.

2. Impulse approximation:
The second simplification is the impulse approximation. We don’t need to know ~E or ~B separately;
we only need to know ~f . For high energies, we don’t even need the instantaneous ~f . We only need
the integrated impulse:

∆~p =

∫ ∞

−∞
dt ~f .

Figure 7 shows the configuration of a ring beam and a test charge that follows it. The ring beam
generates a wakefield. The test charge receives a wake-induced impulse in the impulse approxi-
mation.

As we will see, these two approximations drastically simplify the problem at hand, thus allowing
us to treat large accelerators with complicated boundary conditions without invoking particle-in-cell
codes.

7 The Panofsky–Wenzel theorem
The instantaneous wakefields are complicated; fortunately, ∆~p is much simpler and, at high energies, it
is ∆~p that we need. The Panofsky–Wenzel theorem applies to ∆~p. It is the basis of all beam instabil-
ity analyses in high energy accelerators. In comparison, the particle-in-cell codes aim to calculate the
instantaneous wakefields in all their gory details, so are inefficient for our purpose.
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Fig. 7: A ring beam and a test charge that follows it

Maxwell’s equations read

∇ · ~E = 4πρ ,

∇× ~B − 1

c

∂ ~E

∂t
= 4πβρẑ ,

∇ · ~B = 0 ,

∇× ~E +
1

c

∂ ~B

∂t
= 0 ,

where we have made the important rigid-beam approximations, ~j = ρ~v and ~v = βcẑ.

The Lorentz force as seen by the rigid test charge e is given by

~f = e( ~E + βẑ × ~B) .

Both the beam and the test charge move with ~v = βcẑ. The impulse is

∆~p(x, y,D) =

∫ ∞

−∞
dt ~f(x, y,D + βct, t) .

Several important conditions can be found using Maxwell’s equations. One of these is the
Panofsky–Wenzel theorem. Without giving the derivation, it reads

∇×∆~p = ~0 .

One can decompose the Panofsky–Wenzel theorem into a component parallel to ẑ and a component
perpendicular to ẑ, to obtain

∇ · (ẑ ×∆~p) = 0 , (1)
∂

∂D
∆~p⊥ = ∇⊥∆pz . (2)

Equation (1) says something about the transverse components of ∆~p. Equation (2) says that the trans-
verse gradient of the longitudinal wake impulse is equal to the longitudinal gradient of the transverse
wake impulse.

Another important condition valid when β = 1 is

∇⊥ ·∆~p⊥ = 0 . (3)

It is clear that the Panofsky–Wenzel theorem imposes strong constraints on the impulse received by a test
charge from a relativistic beam.
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8 Cylindrically symmetric pipe
In cylindrical coordinates, Eq. (1) gives

∇ · [ẑ × (∆prr̂ + ∆pθθ̂)] = 0

=⇒ ∂

∂r
(r∆pθ) =

∂

∂θ
∆pr .

Equation (2) gives

∂

∂D
(∆prr̂ + ∆pθθ̂) =

(
r̂
∂

∂r
+
θ̂

r

∂

∂θ

)
∆pz

=⇒
{

∂
∂D∆pr = ∂

∂r∆pz
∂
∂D∆pθ = 1

r
∂
∂θ∆pz .

Equation (3) gives

1

r

∂

∂r
(r∆pr) +

1

r

∂

∂θ
∆pθ = 0

=⇒ ∂

∂r
(r∆pr) = − ∂

∂θ
∆pθ (β = 1) .

These results are surprisingly simple and general. They do not contain any beam source terms. The
exact shape or distribution of the beam does not matter. Neither do these results depend on the boundary
conditions. The boundary can be perfectly conducting or resistive metal, or it can be a dielectric. It does
not have to be a sharply defined surface; it can, for example, be a gradually fading plasma surface. The
only inputs needed are Maxwell’s equations and the rigid-beam and impulse approximations.

We are now ready to consider a cosmθ ring beam with ~v = cẑ as we set out to solve Eqs. (1)–(3).
The solution can be expressed in terms of a function Wm(D), such that

c∆~p⊥ = −eImWm(D)mrm−1(r̂ cosmθ − θ̂ sinmθ) ,

c∆pz = −eImW ′m(D)rm cosmθ , (4)

where Im is the mth multipole moment of the ring beam,Wm(D) is the transverse wake function and
W ′m(D) is the longitudinal wake function. The longitudinal wake function is simply the derivative of the
transverse wake function.

Equation (4) contains explicit dependences on r and θ. The fact that we can go so far without
any specific details is surprising and shows the power of this line of analysis. The dependence on D is
through Wm(D), which can be obtained only if boundary conditions are invoked.

When the beam pipe is cylindrically symmetrical, each m-multipole component of the beam ex-
cites a wake pattern according to Eq. (4). Different m components do not mix.

9 Decomposing wakefields into modes
Armed with the Panofsky–Wenzel theorem, to analyse the instability problem, we proceed as follows.
We first consider the beam to be a δ-function in z. If the beam has a finite length, the result can be
obtained by superposition.

We next decompose the transverse distribution into ‘modes’ and consider a single transverse mode
m. A general transverse distribution can be obtained by superposition with a summation over m.

So the problem is now reduced to finding the impulse integrated by a test charge that is trailing
behind a beam slice with a transverse mth moment Im moving along the pipe axis. In this configuration,
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Fig. 8: A test charge trailing behind a beam slice with a transverse mth moment Im moving along the pipe axis

Table 1: mth multipole wakefields

Distribution
moments of Longitudinal Transverse

m beam wake impulse wake impulse
0 q −eq W ′0(z) 0

1

{
q〈x〉
q〈y〉

−eq〈x〉xW ′1(z)

−eq〈y〉yW ′1(z)

−eq〈x〉W1(z)x̂

−eq〈y〉W1(z)ŷ

2

{
q〈x2−y2〉
q〈2xy〉

−eq〈x2−y2〉(x2−y2)W ′2(z)

−eq〈2xy〉2xy W ′2(z)

−2eq〈x2−y2〉W2(z)(xx̂−yŷ)

−2eq〈2xy〉W2(z)(yx̂+ xŷ)

3





q〈x3−3xy2〉

q〈3x2y−y3〉

−eq〈x3−3xy2〉
×(x3−3xy2)W ′3(z)

−eq〈3x2y−y3〉
×(3x2y−y3)W ′3(z)

−3eq〈x3−3xy2〉W3(z)

×[(x2−y2)x̂−2xyŷ]

−3eq〈3x2y−y3〉W3(z)

×[2xyx̂+ (x2−y2)ŷ]

as shown in Fig. 8, Im is the driving beam, e is the test charge, z is the longitudinal distance by which e
is trailing behind Im, and (r, θ) is the transverse displacement of the test charge relative to the pipe axis.

For a cylindrical pipe, themth multipole wakefield is driven when and only when the driving beam
has an mth moment (Table 1).

In most applications, we care mostly about the m = 0 monopole mode when discussing longi-
tudinal collective instabilities and about the m = 1 dipole mode when discussing transverse collective
instabilities. Therefore, we mostly ask for W0(z) and W1(z). The reason W0(z) is not relevant for
transverse instabilities is that the transverse impulse vanishes when m = 0 for cylindrically symmetrical
pipes.

The wakefield impulses have simple patterns—instantaneous wakefields do not share this simp-
licity. The m = 0 and m = 1 patterns are illustrated in Fig. 9.

10 Impedances
We mentioned that the wakefield wavelengths cover a wide range, from ∼1 µm to ∼1 m. What char-
acterize the frequency content of the wakefields are the impedances, the Fourier transforms of the wake
functions,

Z‖m(ω) =

∞∫

−∞

dz

c
e−iωz/c W ′m(z) , (5)

9

BEAM DYNAMICS OF COLLECTIVE INSTABILITIES IN HIGH-ENERGY ACCELERATORS

51



Fig. 9: m = 0 and m = 1 wakefield impulse patterns

Z⊥m(ω) = i

∞∫

−∞

dz

c
e−iωz/c Wm(z) .

Since we have already discussed the wake functions, we consider Eq. (5) the definition of impedances.

Instead of wake functions, an accelerator designer therefore could ask about the impedance of the
accelerator. The impedance is the quantity most directly related to the maximum beam current allowed
by the accelerator. Inverting the Fourier transforms, we have

W ′m(z) =
1

2π

∞∫

−∞

dω eiωz/c Z‖m(ω) ,

Wm(z) =
−i

2π

∞∫

−∞

dω eiωz/c Z⊥m(ω) .

The Panofsky–Wenzel theorem, which relates the longitudinal wake function to the derivative
of the transverse wake function, also gives a relationship between the longitudinal and transverse
impedances for a given m;

Z‖m(ω) =
ω

c
Z⊥m(ω) .

11 Some analytical examples of impedances and wake functions
We mentioned earlier that there are three ways that wakefields are generated:

1. the beam is not relativistic;
2. the vacuum chamber is resistive;
3. the vacuum chamber is not smooth.

Three cases, each representing one of these three ways, that permit analytical expressions are given
below.

11.1 Direct space charge
This wakefield and impedance come about when the beam is not sufficiently relativistic. Figure 10 shows
the space charge wakefields in the x–y plane driven by an annular, infinitely thin, cosmθ ring beam.

With a beam of radius a in a perfectly conducting round pipe of radius b and length L, we have
the results of Table 2, where Z0 =

√
µ0/ε0 ≈ 377 Ω. (Z0 is the impedance of the vacuum. Yes, the

vacuum has an impedance. An oscillating electromagnetic source will readily radiate into the vacuum,
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Fig. 10: Space charge wakefields in the x–y plane driven by an annular, infinitely thin, cosmθ beam

Table 2: Results for direct space charge with a perfectly conducting vacuum chamber pipe

Impedances Wake functions

Z
‖
0 = i

Z0Lω

4πcγ2

(
1 + 2 ln

b

a

)
W ′0 =

Z0cL

4πγ2

(
1 + 2 ln

b

a

)
δ′(z)

Z⊥m 6=0 = i
Z0L

2πγ2m

(
1

a2m
− 1

b2m

)
Wm 6=0 =

Z0cL

2πγ2m

(
1

a2m
− 1

b2m

)
δ(z)

Table 3: Results for resistive wall

Impedances Wake functions

Z
‖
m = ω

cZ
⊥
m Wm = −

(
c

πbm+1(1 + δm0)

)(√
Z0

πσc

)(
L

|z|1/2
)

Z
‖
m =

(
1−sgn(ω)i

1+δ0m

)(
L

πσcδskinb2m+1

)
W ′m = −

(
c

2πbm+1(1+δm0)

)(√
Z0
πσc

)(
L
|z|3/2

)

thus losing energy. In fact, the vacuum impedance is very large. A well designed accelerator will have
an impedance only a fraction of the vacuum impedance. Accelerators are very poor radiators compared
with the vacuum, and this is done purposedly.)

Owing to the factor 1/γ2, space charge effects are most significant for low-to-medium energy
proton or heavy-ion accelerators.

The space charge impedance is purely imaginary, and is ∝ iω, as if it is a pure inductance. How-
ever, its sign is as if it is a capacitance. By convention, we call it ‘capacitive’.

11.2 Resistive wall
Another case solvable analytically is for a round resistive pipe with radius b, conductivity σc, and length
L. Defining the skin depth

δskin =

√
2c

|ω|Z0σc
,

(For example, δskin [mm] = 0.066√
f [MHz]

for copper.) one finds the results of Table 3.
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Fig. 11: Homework: find the impedances of these vacuum chamber geometries

The impedance is proportional to (1− i), i.e., it is half resistive and half inductive.

The |z|−1/2 dependence of Wm(z) indicates that the resistive wall wakefield (particularly, its
transverse component) decays slowly and typically lasts long after the beam passage, sometimes long
enough for the beam to see its own wakefield at its next revolution. The initial quick transient wakefields
have been dropped in these expressions.

11.3 Slowly varying wall boundaries
The third way to generate impedances is by discontinuities. Consider a case when the vacuum chamber
(perfectly conducting) wall varies along the accelerator slowly; a perturbation technique can be applied.
Specify the wall variation by h(z) (cylindrically symmetric bump). At low frequencies, k = ω/c <
1/(bump length or depth). The impedance is purely inductive—opposite in sign to the space charge
impedance,

Z
‖
0 = −2ikZ0

b

∫ ∞

0
κ|h̃(κ)|2dκ ,

where
h̃(k) =

1

2π

∫ ∞

−∞
h(z)e−ikzdz .

When the boundary varies rapidly, this formula breaks down. Numerical calculation then has to be
applied.

Homework
Find the impedances of the vacuum chamber geometries in Fig. 11.

12 Beam energy spread in a linac
Consider a beam bunch travelling down an accelerator along the axis of the vacuum chamber pipe. The
m = 0 wakefield excited by the beam produces a longitudinal force on particles in the beam. The main
effect of this longitudinal force is a retarding voltage, causing energy changes of individual particles. As
a result, there is a net energy loss of the beam to the wakefields. Furthermore, since not all particles in the
bunch lose the same amount of energy, the wakefield also causes the beam to acquire an energy spread.

12.1 One-particle model
Consider first a one-particle model in which the beam bunch is a macroparticle of charge Ne. Travelling
down the linac, it experiences the self-generated retarding longitudinal field and loses energy

∆E = −1

2
Ne2W ′0(0−) ,

where the factor 1
2 is due to the fundamental theorem of beam loading.
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Take the SLAC linac for example: W ′0(0−) = 7 cm−1×(L0/L), whereL0 is the total linac length,
3 km and L is the length of an RF structure cell, 3.5 cm. We find ∆E = 2.2 GeV for N = 5 × 1010.
(To convert cgs units to other units, one may apply e2

mc2
= r0, the classical radius of the particle under

consideration.)

12.2 Two-particle model
This estimate can be improved by a two-particle model. The beam bunch is represented by two macro-
particles, one leading and another trailing at a distance |z|. The parasitic loss per particle in the leading
macroparticle due to its self-field is 1.1 GeV. The trailing macroparticle loses, in addition to the 1.1 GeV
due to the self-field,

∆E = −1

2
Ne2W ′0(z) ,

due to the wakefield left behind by the leading macroparticle.

Take z = −σz = −1 mm, N = 5× 1010, and W ′0(−1 mm) = 4.5 cm−1 × (L0/L), each particle
in the trailing macroparticle loses an additional 1.4 GeV. The net loss of a trailing particle is 2.5 GeV.

The one-particle model estimates a parasitic loss per particle of 2.2 GeV. The two-particle model
estimates an average loss of (1.1 + 2.5)/2 = 1.8 GeV. The two-particle model has introduced an energy
split of 1.4 GeV, or a 2.8% energy spread if the beam energy at the end of the linac is 50 GeV.

12.3 An issue with linear colliders
For linear colliders, this energy spread makes it difficult to focus the beam to a small spot at the collision
point in a final focus system, and is to be avoided. Most of this spread can be removed by properly
phasing the accelerating RF voltage relative to the beam.

One concern for a high-intensity linear collider can be described as follows. The energy spread at
the end of the linac scales is

∆E

E
≈

1
2Ne

2W ′0
GL0

≈
1
2Ne

2

Gb2
,

where G is the acceleration gradient, and W ′0 ≈ L0/b
2 is the longitudinal wake function, where b is the

vacuum chamber radius characterizing the size of the accelerating cavities.

On the other hand, the efficiency of energy extraction by the beam from the field energy U stored
in the accelerating cavities

U ≈ 1

8π

(
G

e

)2

πb2L0

is given by

extraction efficiency ≈ NE

U
≈ 8Ne2

Gb2
,

which is found to be equal to 16 times the energy spread.

In other words, to improve the energy spread of the beam at the end of the linac necessitates sac-
rificing the energy extraction efficiency. One way to ameliorate this problem is to compensate (∆E/E)
by phasing the RF voltage. Another way is to send a train of M bunches per filling of the RF cavities.
This will increase the energy extraction efficiency by a factor ofM , although at the cost of having to deal
with multibunch interactions due to the long-range wakefields.
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12.4 General bunch distribution
We now depart from the simplified models and consider a bunch with a general longitudinal distribution
ρ(z). The energy change for a test charge e at longitudinal position z can be written as eV (z), where

V (z) = −
∞∫

z

dz′ρ(z′)W ′0(z − z′)

or, equivalently,

V (z) = − 1

2π

∞∫

−∞

dωeiωz/cZ
‖
0 (ω)ρ̃(ω) .

A negative value of V (z) means that the test charge loses energy from the wakefield. An additional
integration of V (z) over the bunch then gives the total parasitic loss,

∆E =

∞∫

−∞

ρ(z)V (z)dz .

For a bunch with Gaussian longitudinal distribution and uniform disc transverse distribution, for
example, the energy spread due to space charge effects is

V (z)

L
=

√
2

π

q

γ2σ2
z

(
ln
b

a
+

1

2

)
f

(
z

σz

)
,

f(u) = ue−u
2/2 .

Generally, particles in the front of the bunch (z > 0) lose energy due to wakefields, while particles
in the back of the bunch (z < 0) may gain or lose energy, depending on the length of the bunch. This
is not true for the special case of the space charge effect, for which particles in the front of the bunch
gain energy, and particles in the back of the bunch lose energy. For the space charge effect, the energy
gained by the bunch head is necessarily given up by the bunch tail so that the net energy of the bunch is
unchanged.

Consider a numerical example of a 50 MeV proton transport line. If we take q = 1010e, σz =
3 cm, a = 2 cm, and b = 5 cm, we obtain a longitudinal space charge force of ±6 V/m for particles
located at z = ±σz . The net energy change of these particles after travelling 100 m of this transport line
is eV/β = ±2 keV. The space charge induced beam energy spread is therefore ±4× 10−5.

For a resistive wall, we have

V (z)

L
=

q

4bσ
3/2
z

√
c

2πσ
f

(
z

σz

)
,

f(u) = −|u|3/2e−u
2/4
[
(I−1/4 − I3/4) sgn(u)− I1/4 + I−3/4

]
,

with the Bessel functions I±1/4 and I±3/4 evaluated at u2/4. Continuing this numerical example, as-
suming an aluminium pipe, a particle located at 0.5σz ahead of the bunch centre loses an energy of
0.1 eV after travelling 100 m, and a particle located at 1.8σz behind the bunch centre gains 0.04 eV.

13 Beam break-up in a linac
In the previous section, the beam was centred in a cylindrically symmetric pipe. There were no transverse
wake forces (m = 0). If the beam is executing a betatron oscillation, an m = 1 dipole wakefield is
excited by the bunch head, which causes transverse deflection of the bunch tail. For a high-intensity
beam, this leads to a transverse break-up of the beam. The first observation of beam break-up was made
on the SLAC linac.
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Fig. 12: Propagation of beam along linac

13.1 Two-particle model
To proceed with a simplified macroparticle model, we first note that a one-particle model is not useful
because a point charge does not exert a transverse wake force on itself. In the two-particle model, the
leading macroparticle, unperturbed by its own transverse wakefield, executes a free betatron oscillation

y1(s) = ŷ cos kβs .

The trailing macroparticle, at a distance |z|, sees a deflecting wakefield left behind by its leading partner,

y′′2 + k2
βy2 = −Ne

2W1(z)

2EL
y1

= −Nr0W1(z)

2γL
ŷ cos kβs ,

where W1(z) is the transverse wake function per cavity period L. We have ignored acceleration of the
beam energy. For the SLAC linac, kβ ≈ 0.06 m−1 and kβL ≈ 0.002.

The solution is

y2(s) = ŷ
[
cos kβs−

Nr0W1(z)

4kβγL
s sin kβs

]
.

The first term describes the free oscillation and the second term is the resonant response to the driving
wake force. The amplitude of the second term grows linearly with s. The mechanism of the beam break-
up is that particles in the tail of the beam are driven exactly on resonance by the oscillating wake left by
the head of the beam.

At the end of the linac, the oscillation amplitude of the bunch tail relative to the bunch head is
characterized by the dimensionless growth parameter

Υ = −Nr0W1(z)L0

4kβγL
,

where L0 is the total linac length.

For a beam bunch with realistic distribution, the bunch is distorted into a banana shape. The
motion of the bunch head is cos kβs, while the deviation of the bunch tail relative to the bunch head is
s sin kβs. When the bunch head is at a maximum displacement, the tail lines up with the bunch head, but
when the bunch head displacement is zero, the tail swing is maximum (Fig. 12). As the beam propagates
down the linac, the swing amplitude of the flapping tail increases with s until the tail breaks up and
particles are lost. Note that the sign of the tail swing shown is not arbitrary, because Υ > 0.

Figure 13 shows four transverse beam profiles observed at the end of the SLAC linac with N =
2× 1010. The leftmost profile is for a carefully steered beam. When the beam was injected off centre by
0.2, 0.5, and 1 mm, the beam profiles were as shown in the corresponding right-hand panels. The beam
sizes σx and σy were ∼120 µm.
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Fig. 13: Four transverse beam profiles observed at the end of the SLAC linac with N = 2 × 1010. From left to
right: beam centred, beam offset by 0.2, 0.5, and 1 mm, respectively. (Courtesy John Seeman)

13.2 With acceleration
So far we have ignored beam acceleration, which has an important stabilizing effect because, as its energy
increases, the beam becomes more rigid and less vulnerable to the wakefields. Furthermore, the driving
beam’s displacement also decreases with adiabadic damping. Repeating a similar analysis but taking
acceleration into account yields the growth parameter

Υ = −Nr0W1(z)L0

4kβγfL
ln
γf
γi
,

which is basically simply replacing the factor L0/γ with its integral counterpart
∫ L0

0 ds/γ(s). Owing
to acceleration, the tail amplitude thus grows logarithmically rather than linearly with s, and the growth
parameter is much reduced. If the beam is accelerated in the SLAC linac from 1 to 50 GeV, the factor Υ
becomes 14, instead of 180 if the beam coasts at 1 GeV.

The beam break-up instability described so far is quite severe, even with acceleration. To control
it, the beam has to be tightly focused, rapidly accelerated, and carefully injected, and its trajectory must
be carefully steered down the linac. Interestingly, the contribution from trajectory mis-steering can, in
principle, be largely compensated for by an intentional mis-injection.

13.3 BNS damping
It turns out, however, that there is another interesting and effective method to ameliorate the situation.
This method, known as BNS damping, after Balakin, Novokhatsky, and Smirnov, is described next.

Consider first the case without acceleration, where the leading macroparticle executes a free beta-
tron oscillation. The idea of BNS damping requires the introduction of a slightly stronger betatron
focusing of the bunch tail than the bunch head. The equation of motion of the tail particles can be written
as

y′′2 + (kβ + ∆kβ)2y2 = −Nr0W1(z)

2γL
ŷ cos kβs .

The solution, assuming |∆kβ/kβ| � 1, is

y2(s) = ŷ cos(kβ + ∆kβ)s+
Nr0W1(z)

4kβ∆kβγL
ŷ
[
cos(kβs+ ∆kβs)− cos kβs

]
.

Compared with the result without ∆kβ , one observes that, by introducing a slightly different
focusing strength for the bunch tail, the beam break-up mechanism of the bunch head resonantly driving
the bunch tail is removed. A further inspection shows that there exists a magical condition for the bunch
tail to follow the bunch head exactly for all s, namely

Nr0W1(z)

4kβ∆kβγL
= −1 ,
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or, equivalently,
∆kβ
kβ

= −Nr0W1(z)

4k2
βγL

=
Υ

kβL0
, (6)

where Υ is as defined before, and kβL0 is the total betatron phase advance of the linac. For short bunches,
Υ and ∆kβ are positive; the betatron focusing required to fulfil the BNS condition is therefore stronger
at the bunch tail than at the bunch head.

Under the BNS condition, y2(s) = y1(s) = ŷ cos kβs, and the beam no longer breaks up. (The
mechanism of BNS damping is not to be confused with that of Landau damping, to be discussed later.
They have little in common other than the fact that both involve a frequency spread in the bunch popu-
lation.) Physically, this happens because the additional external focusing force introduced for the bunch
tail has compensated for the defocusing dipole deflection force due to the wakefield left behind by the
bunch head. Note that the BNS focusing has to be adjusted according to the beam intensity.

There are different ways to provide the BNS focusing. One is to introduce a radio-frequency
quadrupole whose strength changes as the bunch passes by, so that the head and tail of the bunch see
different quadrupole strengths. Another is to choose the location of the bunch relative to the acceleration
RF voltage in such a way that the bunch tail acquires a lower energy than the bunch head. The energy
spread across the bunch then causes a spread in betatron focusing according to

∆kβ
kβ

= ξ
∆E

E
,

where ξ is the chromaticity determined by the linac design. For a FoDo lattice design, for example,

ξ = − 2

µ
tan

µ

2
,

where µ is the betatron phase advance per FoDo cell. By properly choosing the phase of the RF volt-
age relative to the beam bunch, the betatron focusing required by the BNS condition can be obtained,
provided the required ∆kβ/kβ is not excessive.

For an accelerated beam, the BNS condition is still given by Eq. (6), except that the parameter Υ
is now that given by the case with acceleration. Take the SLAC linac, for example, and assume µ = 90◦;
then the energy deviation of the bunch tail from the bunch head required by the BNS condition is about
−5.5%. BNS damping has been routinely employed to control the beam break-up instability in the SLAC
linac operations.

14 Parasitic heating

When a beam bunch of charge q and line density λ(t) traverses an impedance Z‖0 (ω), it loses energy to
the impedance. This parasitic energy loss (or higher-order mode heating) is

∆E = −κ‖q2 ,

where κ‖ is the loss factor, in units of V/pC,

κ‖ =
1

π

∫ ∞

0
dω ReZ‖0 (ω) |λ̃(ω)|2 . (7)

For a Gaussian bunch, λ(t) = e−t
2/2σ2

/(
√

2πσ) , λ̃(ω) = e−ω
2σ2/2 .

Only the real part of the impedance contributes to the parasitic loss. The space charge or the
slowly varying wall impedances do not cause net energy loss to the beam. However, this does not mean
that individual particles do not change their energies. It only means that there is energy transfer among
different parts of the bunch, while the total energy of the whole bunch remains unchanged.
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For a resistive wall,

κ‖(σ)

L
=

Γ(3
4)c

4π2bσ
3/2
z

(
Z0

2σc

)1/2

, Γ

(
3

4

)
= 1.225 .

where b is the pipe radius (assumed cylindrically symmetrical). It shows explicitly that parasitic loss is
more pronounced for short bunches.

Parasitic loss gives rise to heating of the vacuum chamber wall where there are impedances. In
high-intensity electron storage rings, the beam position monitors or bellows can heat up. This is espe-
cially serious for short bunches.

Most of the parasitic loss occurs as the beam traverses a discontinuity structure. Part of the wake-
field gets trapped if the structure is cavity-like and if the wakefield frequency is below the cut-off fre-
quency of the pipe. The trapped field energy is eventually deposited as heat on the cavity walls. The
rest of the wakefield, with frequency higher than the cut-off frequency, propagates up and down the pipe
and eventually dissipates on lossy material elsewhere in the vacuum chamber. For a cavity structure, κ‖

is given by a sum over cavity modes below the cut-off frequency, plus a contribution above the cut-off
frequency. Each cavity mode below the cut-off frequency contributes a resonator impedance, with

κ‖ ≈





ωrRs

2Qr
e−ω

2
rσ

2
high-Q resonator ,

ωrRs

2Qr
low-Q resonator, short bunch ωrσ � 1 ,

Rs

4
√
πQ2

rω
2
rσ

3
low-Q resonator, long bunch ωrσ � 1 .

Above the cut-off frequency, the impedance per cavity can be represented by the diffraction model,

Z
‖
0 (ω) = [1 + sgn(ω)i]

Z0

2π3/2

1

b

√
cg

|ω| ,

where g is the gap size of the cavity. This impedance has both real and imaginary parts.

For a single bunch in a circular accelerator, the integral in Eq. (7) is replaced by an infinite sum,

κ‖(σ) =
ω0

2π

∞∑

p=−∞
Z
‖
0 (pω0) |λ̃(pω0)|2 .

For short bunches in large accelerators (ω0 � 1/σ), the sum can be replaced by an integral, and the
difference between single passes and multiple passes disappears.

The parasitic loss by the beam goes into wakefields. Typically, only a small fraction of the particle
energy becomes wakefields; most of the energy stored in the wakefields ends up as heat on the vacuum
chamber walls. However, under unfavourable conditions, a small portion of the wakefield energy can be
transferred systematically back to beam motion, causing beam instabilities. Parasitic loss, therefore, is
the ultimate culprit for the various collective instabilities.

15 The Vlasov equation
The Vlasov equation describes the collective behaviour of a multiparticle system under the influence of
electromagnetic forces. To construct the Vlasov equation, one starts with the single-particle equations of
motion (assume 1D):

q̇ = f(q, p, t)

ṗ = g(q, p, t) .
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Fig. 14: Derivation of the Vlasov equation

The state of a particle at a given time t is represented by a point in the phase space (q, p). The motion of
a particle is described by the motion of its representative point in phase space.

In a conservative deterministic system, the particle trajectory in phase space is completely deter-
mined by the initial conditions (q0, p0) at time t = t0. Two particles having the same initial conditions
must have exactly the same trajectory in phase space. It follows that the only way for two trajectories to
meet at a given time is for them to coincide at all times. In other words, trajectories either completely
coincide or never intersect.

Consider a distribution of particles occupying an area in the phase space. Because they cannot
intersect with particles on the boundary of the distribution as the distribution evolves in time, particles
inside cannot leak out of and particles outside cannot enter the distribution.

If the system is conservative,

f =
∂H

∂p
and g = −∂H

∂q
,

where H is the Hamiltonian. It follows that

∂f

∂q
+
∂g

∂p
= 0 .

As will be seen later, this condition leads to an area preservation property: as the particle distribution
evolves in the phase space, its shape may be distorted but its area remains constant. In fact, in a non-
conservative system, ∂f∂q + ∂g

∂p has the physical meaning of the rate of area shrinkage.

Consider a distribution of a group of particles in phase space at time t. A rectangular ∆q∆p box
is drawn (Fig. 14(a)):

A(q, p) ,

B(q + ∆q, p) ,

C(q + ∆q, p+ ∆p) ,

D(q, p+ ∆p) .

At a later time, t+dt, the box moves and deforms into a parallelogramA′B′C ′D′ (Fig. 14(b)) with
the same area as ABCD. All particles inside the box move with the box. Let the number of particles
enclosed by the box be

ψ(q, p, t) ∆q∆p ,

where ψ is the phase space distribution density normalized by

∞∫

−∞

dq

∞∫

−∞

dpψ(q, p, t) = N .
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The vertices of the parallelogram are

A′[q + f(q, p, t)dt, p+ g(q, p, t)dt] ,

B′[q + ∆q + f(q + ∆q, p, t)dt, p+ g(q + ∆q, p, t)dt] ,

C ′[q + ∆q + f(q + ∆q, p+ ∆p, t)dt, p+ ∆p+ g(q + ∆q, p+ ∆p, t)dt] ,

D′[q + f(q, p+ ∆p, t)dt, p+ ∆p+ g(q, p+ ∆p, t)dt] .

The condition that no particles leak into or out of the box gives

ψ(q, p, t) area(ABCD) = ψ(q + fdt, p+ gdt, t+ dt) area(A′B′C ′D′) .

For a Hamiltonian system, the area of the box is conserved:

area(A′B′C ′D′) = |
−−→
A′B′ ×

−−−→
A′D′|

= ∆q∆p

[
1 +

(
∂f

∂q
+
∂g

∂p

)
dt

]

= ∆q∆p = area(ABCD) .

We then have

ψ(q, p, t) = ψ(q + fdt, p+ gdt, t+ dt)

= ψ +
∂ψ

∂q
fdt+

∂ψ

∂p
gdt+

∂ψ

∂t
dt ,

or, after cancelling out ψ on both sides, we obtain the Vlasov equation

∂ψ

∂t
+ f

∂ψ

∂q
+ g

∂ψ

∂p
= 0 .

The Vlasov equation can also be put in a much more vague form:

dψ

dt
= 0, or ψ = constant in time.

Sometimes loosely referred to as the Liouville theorem, this form states that the local particle density
does not change if (an important if) the observer moves with the flow of boxes, but it does not tell how
the boxes flow. The Vlasov form, in contrast, does not have this ambiguity, since it explicitly contains
the single-particle information f and g.

Strictly speaking, f and g are given by external forces. Collisions among discrete particles in the
system, for example, are excluded. However, if a particle interacts more strongly with the collective
fields of the other particles than with its nearest neighbours, the Vlasov equation still applies if one treats
the collective fields on the same footing as the external fields. In fact, this forms the basis of treating the
collective instabilities using the Vlasov technique.

One special case where the Vlasov equation can be solved exactly is when the system is described
by a Hamiltonian H(q, p) that does not have an explicit time dependence. A stationary solution is found
to be

ψ(q, p) = any function of H(q, p) .

In this system, individual particles stream along constant-H contours in phase space in such a way that
the overall distribution is stationary.

In the derivation of the Vlasov equation, we have assumed that there are no diffusion or external
damping effects. This is usually a good approximation for proton beams. For electron beams, synchro-
tron radiation contributes to both damping and diffusion, and one needs to apply the Fokker–Planck
equation, a generalization of the Vlasov equation. However, when the instability occurs faster than the
damping or diffusion times, the Vlasov treatment also at least approximately applies to electrons.
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16 Potential-well distortion
As a first application of the Vlasov technique, we study the effect of a longitudinal wakefield on a
distortion of the equilibrium shape of a beam bunch. The mechanism is a static one; no part of the beam
bunch is executing collective oscillation. The extent of distortion depends on the beam intensity; higher
beam intensities cause larger distortions.

Consider a bunched beam that travels along the axis of the vacuum chamber pipe in a circular
accelerator. We assume that the beam does not have any transverse dimension, i.e., the beam is an
infinitesimally thin thread. Such a beam does not generate transverse wakefields; only the m = 0 wake
is excited.

Consider a particle in the beam executing longitudinal synchrotron oscillation. The phase space
coordinates q and p are

q = z and p = −ηc
ωs
δ ,

where η is the slippage factor defined by the accelerator lattice and ωs is the synchrotron oscillation
frequency.

The single-particle equations of motion are

z′ = −ηδ and δ′ = K(z) .

We leave K(z) open for now, except that we do know it cannot depend on δ, because the system is
conservative.

The Vlasov equation reads

∂ψ

∂s
− ηδ∂ψ

∂z
+K(z)

∂ψ

∂δ
= 0 ,

where we will set ∂ψ/∂s = 0, since we are looking for a stationary distribution. The general stationary
solution is

ψ(z, δ) = any function of the Hamiltonian H ,

H =
η2c2

ωs

[
δ2

2
+

1

η

∫ z

0
K(z′)dz′

]
.

The second integral term in H is the potential-well term. A simple harmonic system would have a
parabolic potential well.

If the potential well is provided by an external RF voltage VRF(z), we have

K(z) =
eVRF(z)

CE
=

ω2
s

c2ηV ′RF(0)
VRF(z) .

A practical case is given by VRF = V̂ sin(ωRFz/c). The deviation of VRF(z) from a linear dependence
on z is a cause of potential-well distortion. The general stationary distribution is given by any function
of the Hamiltonian

H =
η2c2

2ωs
δ2 +

ωsc
2

ω2
RF

[
1− cos

(ωRFz

c

)]
.

This Hamiltonian also describes the form of the RF bucket. A stationary distribution must conform
to the contours of constant Hamiltonian inside the bucket. For small oscillation amplitudes, we have
K = ω2

s z/ηc
2, the case of simple harmonic motion.

One noteworthy special case of the stationary beam distribution is that given by exp(−constant×
H). This distribution is always Gaussian in δ. If the bunch length is much shorter than the RF wave-
length, (z � c/ωRF) the familiar quadratic form of the Hamiltonian is re-established, and the distribution
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is also Gaussian in z. As the bunch length increases, the bunch shape deviates from Gaussian; the poten-
tial well is distorted by the RF bucket, although the distribution remains Gaussian in δ.

There is another reason for the Hamiltonian to deviate from the quadratic form, and thus to cause
potential-well distortion; namely, the wakefields. Consider a bunch that is short compared with the RF
wavelength. Let the wake function be W ′0(z) integrated over the accelerator circumference, and assume
that the wake has dissipated before the beam completes one revolution,

K(z) =
ω2

s

ηc2
z − r0

γC

∞∫

z

dz′ ρ(z′)W ′0(z − z′) .

The corresponding Hamiltonian is

H =
η2c2

2ωs
δ2 +

ωs

2
z2 − ηc2r0

ωsγC

z∫

0

dz′′
∞∫

z′′

dz′ ρ(z′)W ′0(z′′ − z′) .

The stationary solution to the Vlasov equation must be a function of H . The complication here is
that the complicated z-dependence of H now involves the beam density ρ, which in turn is determined
by the stationary distribution itself. Clearly some self-consistency requirement is to be imposed.

Continuing the Gaussian example, the stationary distribution maintains its Gaussian distribution
in δ,

ψ(z, δ) =
1√

2πσδ
exp

(
− δ2

2σ2
δ

)
ρ(z) .

The Gaussian form and the value of σδ are arbitrary if the collective behaviour is governed by the Vlasov
equation, as in the case of a proton beam. However, if the beam behaviour is governed, as for an electron
beam, by the Fokker–Planck equation, then this Gaussian distribution with a specific value for σδ will be
the unique solution of the stationary beam distribution.

This distribution matches the stationary solution

ψ(z, δ) ∝ exp

(
− ωs

η2c2σ2
δ

H

)
.

Self-consistency then imposes a transcendental equation for ρ(z), called the Haissinski equation,

ρ(z) = ρ(0) exp


−1

2

(
ωsz

ηcσδ

)2

+
r0

ησ2
δγC

z∫

0

dz′′
∞∫

z′′

dz′ ρ(z′)W ′0(z′′ − z′)


 .

In the limit of zero beam intensity, the solution reduces to the bi-Gaussian form, where σz =
ηcσδ/ωs. For high beam intensities, ρ(z) deforms from a Gaussian. The Haissinski equation is solved
numerically for ρ(z) onceW ′0(z) is known and σδ is specified. Figure 15 shows the result for the electron
damping ring for the SLAC Linear Collider. The bunch shape is Gaussian at low beam intensities, and
distorts as the beam intensity is increased. The calculations agree with the measurements.

Note that the distribution leans forward (z > 0) as the beam intensity increases. This effect
comes from the parasitic loss of the beam bunch, and is a consequence of the real (resistive) part of the
impedance. Since the SLAC damping ring is operated above transition, the bunch moves forward so that
the parasitic energy loss can be compensated by the RF voltage.

Note also that the bunch length increases as the beam intensity increases. The bunch shape dis-
tortion comes mainly from the imaginary part of the impedance. That the bunch lengthens is a con-
sequence of the fact that the imaginary part of the impedance is mostly inductive.
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Fig. 15: Potential-well distortion for the electron damping ring for the SLAC Linear Collider. The bunch shape is
Gaussian at low beam intensities and distorts as the beam intensity is increased. The horizontal axis is x = −z/σz0,
where σz0 is the unperturbed rms bunch length. The vertical scale gives y = 4πeρ(z)/V ′

RF(0)σz0. (Courtesy Karl
Bane, 1992.)

Fig. 16: Kenneth Robinson (1925–1979)

17 Robinson instability
The Robinson instability (named for Kenneth Robinson, Fig. 16) is one of the most basic instability
mechanisms. It is a longitudinal instability that occurs in circular accelerators. The main contributor to
this instability is the longitudinal impedance due to the RF accelerating cavities. These cavities are tuned
to have a resonant frequency ωR for its fundamental accelerating mode. This mode is what the klystrons
feed into but, at the same time, it is also a big source of impedance. Since we must have this RF mode to
accelerate the beam, we must accept its large impedance and live with it.

The real part of this impedance narrowly peaks at ωR, the width ∆ω/ωR ≈ ±1/Q. Typically,
Q ∼ 104 (or 109 for superconducting cavities).

By design, ωR is very close to an integer multiple of the revolution frequency ω0. This necessarily
means that the wakefield excited by the beam in the cavities contains a major frequency component near
ωR ≈ hω0, and the impedance Z‖0 (ω) has sharp peaks at±hω0, where h is an integer called the harmonic
number.

As we will soon show, the exact value of ωR relative to hω0 is of critical importance for the
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stability of the beam. Above transition, the beam will be unstable if ωR is slightly above hω0 and stable
if slightly below. Below transition, it is the other way around.

Consider a one-particle model. The beam is just a big point chargeNe, without internal structures,
and consider its longitudinal motion under the influence of its own longitudinal wakefield. Let zn be the
longitudinal displacement of the beam at the accelerating RF cavity in the nth revolution. The rate of
change of zn is related to the relative energy error δn of the beam in the same nth revolution by

d

dn
zn = −ηCδn .

The storage ring is above transition if η > 0 and below transition if η < 0.

The energy error also changes with time. In the absence of wakefields, its equation of motion is

d

dn
δn =

(2πνs)
2

ηC
zn ,

where νs is the unperturbed synchrotron tune. If we combine these two equations, we get a simple
harmonic oscillation for both zn and δn, i.e., the normal synchrotron oscillation.

But for an intense beam, we have to add the wakefield term,

d

dn
δn =

(2πνs)
2

ηC
zn +

eV (zn)

E

=
(2πνs)

2

ηC
zn −

Nr0

γ

n∑

k=−∞
W ′0(kC − nC + zn − zk) ,

whereW ′0 is the longitudinal wake function accumulated over one turn of the accelerator. The summation
over k is over the wakefields left behind by the beam from all revolutions prior to the nth. The equation
of motion now becomes

d2zn
dn2

+ (2πνs)
2zn =

Nr0ηC

γ

n∑

k=−∞
W ′0(kC − nC + zn − zk) .

If the beam bunch has an oscillation amplitude much shorter than the wavelength of the funda-
mental cavity mode, one can expand the wake function,

W ′0(kC − nC + zn − zk) ≈W ′0(kC − nC) + (zn − zk)W ′′0 (kC − nC) .

The first term is a static term independent of the motion of the beam. It describes the parasitic loss effect
discussed earlier and can be taken care of by a constant shift in zn. We will drop this term altogether
because here we are interested only in the dynamical effects. The second term does involve the dynamics
of the beam. The quantity zn − zk is the difference of the z terms and – although we will not make
such an approximation – resembles a time derivative dz/dn, which in turn suggests an instability, since
a dz/dn term in a d2z/dn2 equation indicates a possible exponential growth (or damping) of z.

We now need to solve this equation for zn as a function of n. To do so, let

zn ∝ e−inΩT0 ,

where Ω is the mode frequency of the beam oscillation and is a key quantity yet to be determined.

Substituting into the equation of motion, we find an algebraic equation for Ω,

Ω2 − ω2
s = −Nr0ηc

γT0

∞∑

k=−∞
(1− e−ikΩT0)W ′′0 (kC) ,
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where ωs = νsω0 is the unperturbed synchrotron oscillation frequency. Now the wake function can be
expressed in terms of the impedance by a Fourier transform,

Ω2 − ω2
s = −i

Nr0η

γT 2
0

∞∑

p=−∞

[
pω0Z

‖
0 (pω0)− (pω0 + Ω)Z

‖
0 (pω0 + Ω)

]
.

Given the impedance, this equation can in principle be solved for Ω. Note that Ω appears on
both sides of the equation. Here, however, we take a perturbative approach and assume that Ω does not
deviate much from ωs for modest beam intensities. We thus replace Ω with ωs on the right-hand side of
the equation. Quantity Ω is then easily solved.

In general, Ω is complex. The real part of Ω is the perturbed synchrotron oscillation frequency of
the collective beam motion, and the imaginary part gives the growth rate (or damping rate if negative) of
the motion. We then obtain a mode frequency shift,

∆Ω = Re(Ω− ωs)

=
Nr0η

2γT 2
0ωs

∞∑

p=−∞

[
pω0ImZ

‖
0 (pω0)− (pω0 + ωs)ImZ

‖
0 (pω0 + ωs) ,

and an instability growth rate,

τ−1 = Im(Ω− ωs) =
Nr0η

2γT 2
0ωs

∞∑

p=−∞
(pω0 + ωs)ReZ

‖
0 (pω0 + ωsl) .

The imaginary part of the impedance contributes to the collective frequency shift. The real part con-
tributes to the instability growth rate. Note that when we measure the synchrotron frequency in an actual
operation, what shows up in the beam spectrum is not ωs, but Ω.

So far, our result holds for arbitrary impedance. We now consider the resonator impedance for the
fundamental cavity mode. The only significant contributions to the growth rate come from two terms in
the summation, namely p = ±h, assuming that ωR/Q� ω0,

τ−1 ≈ Nr0ηhω0

2γT 2
0ωs

[
ReZ

‖
0 (hω0 + ωs)− ReZ

‖
0 (hω0 − ωs)

]
.

Beam stability requires τ−1 ≤ 0. That is, the real part of the impedance must be less at frequency
hω0+ωs than at frequency hω0−ωs if η > 0, and the other way around if η < 0. This condition gives the
Robinson stability criterion that, above transition, the resonant frequency ωR of the fundamental cavity
mode should be slightly detuned downwards from an exact integral multiple of ω0. Below transition, it
should be the other way around, as sketched in Fig. 17.

Physically, the Robinson instability comes from the fact that the revolution frequency of an off-
momentum beam is not given by ω0 but by ω0(1− ηδ). To illustrate the physical origin, consider a beam
executing synchrotron oscillation above transition. Owing to the energy error of the beam, the impedance
samples the beam signal at a frequency slightly below hω0 if δ > 0, and slightly above hω0 if δ < 0.
To damp this synchrotron oscillation, we need to let the beam lose energy when δ > 0 and gain energy
when δ < 0. This can be achieved by having an impedance that decreases with increasing frequency in
the neighbourhood of hω0. The Robinson stability criterion then follows.

When τ−1 > 0, the beam is unstable because any accidental small synchrotron oscillation would
grow exponentially. When τ−1 < 0, the Robinson mechanism leads to exponential damping of any
synchrotron oscillations of the beam. Robinson damping (or antidamping) can be rather strong. When
the Robinson criterion is met, the synchrotron oscillation of the beam is ‘Robinson damped’ and this
damping will help stabilize the beam against similar instabilities due to other impedance sources.
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Fig. 17: Resonance frequency above and below transition

Table 4: Comparison of Robinson and strong head–tail instabilities

Robinson instability Strong head–tail instability
Dimension Longitudinal Transverse
Mode m = 0 m = 1
Wakefield Long-range Short-range
Impedance Sharply peaked Broad-band
Model One-particle Two-particle
Threshold behaviour No Yes

18 Strong head–tail instability
We next introduce the strong head–tail instability, to be discussed using a two-macroparticle model.
It was first observed and analysed at PEP. When the intensity exceeds a threshold, the beam becomes
unstable. Below the threshold, the beam motion is perturbed but remains stable. Table 4 compares
Robinson and strong head–tail instabilities.

The physical mechanism of the strong head–tail instability is closely related to beam break-up in
linacs. Consider an idealized beam with two macroparticles, each with charge Ne/2 and each executing
synchrotron oscillation. We assume that their synchrotron oscillations have equal amplitude but opposite
phases. During time 0 < s/c < Ts/2, where Ts = 2π/ωs is the synchrotron oscillation period, particle
1 leads particle 2; the equations of motion are

y′′1 +
(ωβ
c

)2
y1 = 0 ,

y′′2 +
(ωβ
c

)2
y2 =

Nr0W0

2γC
y1 , (8)

where ωβ is the unperturbed betatron oscillation frequency, whether horizontal or vertical. Dur-
ing Ts/2 < s/c < Ts, we have the same equations with indices 1 and 2 switched. Then during
Ts < s/c < 3Ts/2, Eq. (8) applies again, etc.

In writing down Eq. (8), we have assumed for simplicity that the wake function (integrated over
the accelerator circumference), W1(z), is a constant, and yet it vanishes before the beam completes one
revolution,

W1(z) =

{
−W0, if 0 > z > −(bunch length) ,
0, otherwise .

(9)

The property of wake functions requires that W0 > 0. This short-range wake function corresponds to a
broad-band impedance.

The solution for y1 in Eq. (8) is simply a free betatron oscillation,

ỹ1(s) = ỹ1(0)e−iωβs/c ,
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where
ỹ1 = y1 + i

c

ωβ
y′1 .

Substituting ỹ1(s) into the equation for y2 yields

ỹ2(s) = ỹ2(0)e−iωβs/c + i
Nr0W0c

4γCωβ

[
c

ωβ
ỹ∗1(0) sin

ωβs

c
+ ỹ1(0)se−iωβs/c

]
. (10)

The first two terms describe free betatron oscillation. The third term, proportional to s, is a resonantly
driven response. This analysis is similar to the beam break-up instability.

Equation (10) can be simplified if ωβ � ωs. The second term can then be dropped. The solution
during the period 0 < s/c < Ts/2 can be written in a matrix form,

[
ỹ1

ỹ2

]

s=cTs/2

= e−iωβTs/2

[
1 0
iΥ 1

] [
ỹ1

ỹ2

]

s=0

,

with a positive, dimensionless parameter,

Υ =
πNr0W0c

2

4γCωβωs
.

The time evolution during Ts/2 < s/c < Ts can be obtained by exchanging indices 1 and 2. The
total transformation for one full synchrotron period is

[
ỹ1

ỹ2

]

cTs

= e−iωβTs

[
1 iΥ
0 1

] [
1 0

iΥ 1

] [
ỹ1

ỹ2

]

0

= e−iωβTs

[
1−Υ2 iΥ

iΥ 1

] [
ỹ1

ỹ2

]

0

.

As time evolves, the phasors ỹ1 and ỹ2 are repeatedly transformed by the 2×2 matrix of this map.
The stability of the system is determined by the eigenvalues of this matrix. The two eigenvalues (a +
mode and a − mode) are

λ± = e±iφ , sin
φ

2
=

Υ

2
, (11)

with eigenvectors

V± =

[
±e±iφ/2

1

]
.

Stability requires φ = real, or
Υ ≤ 2 .

For weak beams, Υ� 1, we have φ ≈ Υ. Near the instability, φ approaches π as Υ approaches 2.

After a moment of reflection, we see that the instability when Υ > 2 causes a rather severe
disruption of the beam, as seen by the fact that, during half a synchrotron period, the motion of the
trailing particle has grown by an amount more than twice the amplitude of the free-oscillating leading
particle. For Υ ≤ 2, the growths made during the half synchrotron periods when the particle is trailing do
not accumulate and the beam is stable. As the beam intensity increases so that Υ > 2, the growths of the
particles then do accumulate and bootstrap into an instability. This threshold behaviour is very different
from the linac case, in which the beam head is always stable and the beam tail is always unstable. One
can imagine that, by periodically exchanging the roles of leading and trailing particles, the two-particle
beam is made more stable. The more frequently the roles are exchanged, the more stable is the beam, as
evidenced by Υ ∝ 1/ωs. Synchrotron oscillation is thus an effective stabilizing mechanism in circular
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Fig. 18: Solid curves are the spectrum of the + mode; dashed curves are that of the − mode. Instability occurs at
the point where the mode frequencies merge.

accelerators. Strong betatron focusing and a high beam energy also help stabilize the beam, as indicated
by Υ ∝ 1/(γωβ).

In an accelerator, the beam signal comes from the beam position monitors that detect the centre
of charge y1 + y2 of the beam, and it would be useful to examine its frequency spectrum. To do that,
consider a two-particle beam in a pure eigenstate V± at time s/c = 0. In the stable region, the subsequent
motion of the beam centre of charge is

(ỹ1 + ỹ2)(s) = exp

[
−i

(
ωβ ∓

φωs

2π

)
s

c

] ∞∑

`=−∞
C`e
−i`ωss/c ,

C` = 2iΥ
1± (−1)`

(2π`∓ φ)2
(1∓ e±iφ/2) .

The ± modes as observed by a beam position monitor therefore contain the following frequencies:

+ mode: ωβ + `ωs −
φ

2π
ωs , ` = even ,

−mode: ωβ + `ωs +
φ

2π
ωs , ` = odd .

Note that each mode contains a multiplicity of frequencies when observed continuously in time.

For weak beams, the two macroparticles oscillate in phase in the + mode and out of phase in the
−mode. As Υ increases, the mode frequencies shift and the particle motions become more complicated;
each mode contains a combination of in-phase and out-of-phase motions. At the stability limit Υ = 2,
the frequencies of the two modes merge into each other and become imaginary, which means instability
(Fig. 18).

To detect internal beam motion in addition to the centre of charge motion, one uses a streak camera.
One such observation, made on the large electron–positron collider at CERN, is shown in Fig. 19. It
shows the turn-by-turn pictures of a beam executing a transverse head–tail oscillation. The bunch is seen
from the side and one observes a vertical head–tail oscillation (` = 1). The horizontal scale is 500 ps for
the total image. The vertical scale is uncalibrated. Figure 19 shows the same bunch each turn from top
to bottom.

The strong head–tail instability is one of the cleanest instabilities that can be observes in elec-
tron storage rings. One can measure the threshold beam intensity when the beam becomes unstable
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Fig. 19: Beam executing a transverse head–tail oscillation (Courtesy Albert Hofmann and Edouard Rossa, 1992)

transversely and associate the observation with Υ = 2. Another approach is to measure the ‘betatron
frequency’ (what is measured is the frequency of the ` = 0 spectral line) as the beam intensity is varied.
From our two-particle analysis, the initial slope of this frequency shift is

(
dωβ
dN

)

N=0

= −ωs

2π

(
dφ

dN

)

N=0

= −r0W0c
2

8γCωβ
.

By measuring the instability threshold or the initial slope of the betatron frequency, information on the
short-range wakefield or broad-band impedance can be obtained.

At the instability threshold, the measured betatron frequency has shifted by ωs/2, according to
the two-particle model. The measured value of (dωβ/dN)N=0 can be used to predict the instability
threshold Nth by

Nth = −ωs

π

1

(dωβ/dN)N=0

.

The eventual instability threshold can thus be estimated by measuring ωβ at low beam intensities.

The two-particle model also predicts that the ` = 0 frequency always shifts down as the beam
intensity is increased. Physically, this is because, for short bunches, the sign of the wake force is such that
the bunch tail is always deflected further away from the vacuum chamber axis if the beam is transversely
displaced. With the head and the tail moving together in the ` = 0 mode, the wake force acts as a
defocusing effect and the mode frequency shifts down.

The centre of charge signal of the beam as a function of time after the beam receives an initial
transverse kick can be analysed for a two-particle model. Figure 20 shows a result compared with
experimental observation at PEP. The agreement indicates that the highly idealized two-particle model
describes this instability mechanism remarkably well. The signal exhibits damping because of radiation
damping.

19 Landau damping
Many collective instability mechanisms act on a high-intensity beam in an accelerator, demanding a wide
range of sometimes conflicting stability conditions. Yet the beam as a whole seems basically stable, as
evidenced by the existence of a wide variety of working accelerators. One reason for this fortunate out-
come is Landau damping, which provides a natural stabilizing mechanism against collective instabilities,
if particles in the beam have a small spread in their natural (synchrotron or betatron) frequencies.

The spread in ωβ has several sources. A dependence of ωβ on the energy of the particle, together
with an energy spread in the beam, leads to a spread in ωβ . Non-linearities in the focusing system cause
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Fig. 20: Beam position monitor signal as a function of time after the beam is kicked. Left: PEP data with (a)
N/Nth = 0.86, (b) N/Nth = 0.93, and (c) N/Nth = 0.988. Right: two-particle model with (a) Υ/2 = 0.77,
(b) Υ/2 = 0.96, and (c) Υ/2 = 0.99.

a dependence of ωβ on the particle’s betatron amplitude. A spread in betatron amplitudes then leads to a
spread in ωβ .

The source of spread in ωs depends on whether the beam is bunched or unbunched. For bunched
beams, a spread can result from non-linearity in the RF focusing voltage. For unbunched beams, the
dependence of the revolution frequency on the particle energy plays a similar role.

Consider a simple harmonic oscillator with natural frequency ω driven by a sinusoidal force of
frequency Ω,

ẍ+ ω2x = A cos Ωt ,

with initial conditions x(0) = 0 and ẋ(0) = 0. The solution is

x(t > 0) = − A

Ω2 − ω2
(cos Ωt− cosωt) . (12)

The cos Ωt term gives the main term responding to the driving force; the cosωt term comes from match-
ing the initial conditions.

The explicit inclusion of the initial conditions plays an important role. Otherwise, one could have
carelessly written the solution

x(t) = − A

Ω2 − ω2
cos Ωt, or x(t) = − A

Ω2 − ω2
e−iΩt . (13)

Equation (13) contains a singularity at Ω = ω, while Eq. (12) is well behaved there. This singularity
is the source of subtleties and at this point is to be avoided. As we will see later, by applying some
mathematical tricks, it is possible to bypass the explicit inclusion of the initial conditions and go straight
to Eq. (13) but at this point we will stay with Eq. (12).

Consider now an ensemble of oscillators (each oscillator represents a single particle in the beam)
which have a spectrum ρ(ω) satisfying

∫∞
−∞ dωρ(ω) = 1. Now subject this ensemble of particles to the

driving force A cos Ωt with all particles starting with initial conditions x(0) = 0 and ẋ(0) = 0. The
ensemble average response is

〈x〉(t > 0) = −
∫ ∞

−∞
dωρ(ω)

A

Ω2 − ω2
(cos Ωt− cosωt) .

For simplicity, let us consider a narrow beam spectrum around a frequency ωx and a driving
frequency near the spectrum, i.e., Ω ≈ ωx. The beam response is then

〈x〉(t) = − A

2ωx

∫ ∞

−∞
dωρ(ω)

1

Ω− ω (cos Ωt− cosωt) .
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Fig. 21: The functions sin(ut)/u, (1 − cosut)/u are shown in (a), (b) for two values t = 3 and 10. The dashed
curves in (b) are for the function 1/u. The sole function of (1−cosu) in (b) is to suppress the singularity at u = 0.

Changing variable from ω to u = ω − Ω leads to

〈x〉(t) =
A

2ωx

∫ ∞

−∞
du
ρ(u+ Ω)

u
[cos Ωt− cos(Ωt+ ut)]

=
A

2ωx

[
cos Ωt

∫ ∞

−∞
duρ(u+ Ω)

1− cosut

u
+ sin Ωt

∫ ∞

−∞
duρ(u+ Ω)

sinut

u

]
.

All integrals are well behaved at u = 0.

The beam response contains a cos Ωt term and a sin Ωt term, but their coefficients are time depend-
ent. The next step is to show that those coefficients approach well behaved limits. To do so, one first
observes

lim t→∞
sinut

u
= πδ(u) ,

lim t→∞
1− cosut

u
= P.V.

(
1

u

)
.

The proof is illustrated in Fig. 21.

If we are not interested in the transient effects immediately following the onset of the driving force,
we obtain

〈x〉(t) =
A

2ωx

[
cos Ωt P.V.

∫
dω

ρ(ω)

ω − Ω
+ πρ(Ω) sin Ωt

]
.

This expression explicitly contains a cos Ωt term and a mysterious sin Ωt term.

The sign of the cos Ωt term relative to the driving force depends on the sign of
P.V.
∫

dωρ(ω)/(ω − Ω). A system is referred to as ‘capacitive’ or ‘inductive’ based on whether its sign
is positive or negative.

The sin Ωt term has a definite sign relative to the driving force because ρ(Ω) is always positive. In
particular, d〈x〉/dt is always in phase with the force, indicating that work is being done on the system.
The system always reacts to the force ‘resistively’.

To proceed, write the beam response in complex notation,

driving force = Ae−iΩt ,
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Fig. 22: The functions f(u) (solid curves) and g(u) (dashed curves) for various spectral distributions

〈x〉 =
A

2ωx∆ω
e−iΩt [f(u) + ig(u)] ,

where u = (ωx − Ω)/∆ω with ∆ω the width of the spectral spread, and

f(u) = ∆ω P.V.

∫
dω

ρ(ω)

ω − Ω
,

g(u) = π∆ω ρ(ωx − u∆ω) .

The dimensionless complex quantity f + ig is the beam transfer function (Fig. 22).

For the δ-function spectrum, there is no frequency spread, Landau damping is lost,

f(u) =
1

u
, and g(u) = πδ(u) .

For the Lorentz spectrum,

f(u) =
u

1 + u2
, and g(u) =

1

1 + u2
.

We now introduce a mathematical trick. It turns out that one can ‘derive’ the same result by
venturing with Eq. (13). In complex notation, Eq. (13) gives

〈x〉 =
A

2ωx
e−iΩt

∫
dω

ρ(ω)

ω − Ω
.
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Fig. 23: Contour of integration

Our detailed examinations provides a well defined way to deal with the otherwise undefined integral, i.e.,
∫

dω
ρ(ω)

ω − Ω
→ P.V.

∫
dω

ρ(ω)

ω − Ω
+ iπρ(Ω) , (14)

or, more symbolically,
1

ω − Ω
→ P.V.

(
1

ω − Ω

)
+ iπδ(ω − Ω) .

Again, it is necessary to include an out-of-phase term—with a definite sign—as evidenced by the imagin-
ary term iπρ(Ω), even though the expression on the left-hand side seems to be for a real quantity.

The right-hand side of Eq. (14), in fact, is equal to the left-hand side, provided one takes the
integration to be executed in the complex ω-plane and the contour of integration, C, is as illustrated in
Fig. 23(a). The connection (Eq. (14)) now reads

∫
dω

ρ(ω)

ω − Ω
→

∫

C
dω

ρ(ω)

ω − Ω
.

The straight line portion of C gives the principal value term in 〈x〉 and the semicircular portion gives the
pole contribution iπρ(Ω).

Equivalently, one could consider the integration along the real axis of the ω-plane, but move the
pole at ω = Ω up by an infinitesimal amount,

∫
dω

ρ(ω)

ω − Ω
→

∫ ∞

−∞
dω

ρ(ω)

ω − Ω− iε
,

or
1

ω − Ω
→ 1

ω − Ω− iε
,

or simply
Ω → Ω + iε . (15)

It is now a matter of taste whether to regard our main conclusion (Eq. (14)) as a result of a simple
derivation starting with Eq. (13) and then make a profound connection (Eq. (15)), or to regard it as a
result of a detailed calculation that takes initial conditions into account.

20 One-particle model for bunched beams – transverse
The results obtained in the previous section applied to circular accelerators lead to Landau damping of
collective instabilities. To demonstrate this for a bunched beam, consider a one-particle model, except
that now theN individual particles have a spread in their natural frequencies. The fact that they form one
macroparticle even though they have different frequencies is a result of the bunch executing a collective
motion.
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The driving force on the individual particles comes from the centre of charge displacement of the
beam as a whole, 〈y〉, through the wakefield. For a single particle whose betatron frequency is ω,

y′′(s) +
(ω
c

)2
y(s) = −Nr0

γC

∞∑

k=1

〈y〉(s− kC) W1(−kC) ,

Consider the situation when y-motion of the macroparticle is just at the edge of exponential
growth, owing to a collective instability. We have

〈y〉(s) = Be−iΩs/c , (16)

where Ω carries an imaginary part iε, where ε is infinitesimally positive.

It is not very interesting to search for damped, stable solutions. Finding stable solutions does not
assure beam stability, but finding one unstable solution reveals the beam to be unstable.

We now have
y′′(s) +

(ω
c

)2
y(s) = −BNr0

γC
We−iΩs/c ,

where

W =

∞∑

k=1

W1(−kC)eiωβkT0 ,

or, in terms of impedance,

W = − i

T0

∞∑

p=−∞
Z⊥1 (pω0 + ωβ) .

We have assumed that the mode frequency shift is small so that Ω ≈ ωβ , where ωβ is the centre of the
beam frequency spectrum.

The beam is driven by a sinusoidal driving force. Our analysis of Landau damping gives the beam
response,

〈y〉 = −BNr0Wc

2ωβγT0
e−iΩs/c

[
P.V.

∫
dω

ρ(ω)

ω − Ω
+ iπρ(Ω)

]
.

But we had already assumed that the collective beam motion is given by Eq. (16). This means
that the mode frequency Ω is not arbitrary. For the beam motion to be non-trivial, Ω must satisfy a
self-consistency condition, the dispersion relation,

1 = −Nr0Wc

2ωβγT0

[
P.V.

∫
dω

ρ(ω)

ω − Ω
+ iπρ(Ω)

]
,

or
− Nr0Wc

2ωβγT0∆ω
=

1

f(u) + ig(u)
.

If the beam does not have a natural frequency spread, we have f(u) = 1/u, g(u) = 0. The
complex mode frequency shift is found to be

(Ω− ωβ)no Landau damping =
Nr0cW
2ωβγT0

.

We shall designate this quantity as ξ1; it contains essentially the beam intensity, multiplied by the
impedance, divided by the focusing strength and the magnetic rigidity.

For a beam with natural frequency spread, the dispersion relation is

− ξ1

∆ω
=

1

f(u) + ig(u)
. (17)
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The left-hand side of Eq. (17) contains information about the beam intensity and the impedance.
The right-hand side contains information about the beam frequency spectrum. For a given impedance, the
left-hand side is obtained by calculating the complex mode frequency shift ξ1 in the absence of Landau
damping. Without Landau damping, the stability condition is simply Im ξ1 < 0.

Once its left-hand side is obtained, Eq. (17) can, in principle, be used to determine Ω in the
presence of Landau damping when the beam is at the edge of instability. However, the exact value of Ω
is not useful. The useful question to ask is under what conditions the beam becomes unstable, regardless
of the exact value of Ω. Equation (17) can be used in a reversed manner to address this question. To
do so, consider the real parameter u = (ωβ − Ω)/∆ω and observe the locus traced out in the complex
D1-plane as u is scanned from∞ to −∞, where

D1 =
1

f(u) + ig(u)
.

This locus defines a stability boundary diagram (Fig. 24). The left-hand side of Eq. (17), a complex
quantity, is then plotted in the complex D1-plane as a single point. If this point lies on the locus, it
means the solution of Ω for Eq. (17) is real, and this ξ1 value is such that the beam is just at the edge of
instability. If it lies on the inside of the locus (the side that contains the origin of theD1-plane), the beam
is stable. If it lies on the outside of the locus, the beam is unstable.

The dispersion relation is particularly simple for the Lorentz spectrum (Fig. 24(b)),

Ω = ωβ + ξ1 − i∆ω .

The stability condition ImΩ < 0 therefore becomes

Imξ1 < ∆ω .

The fact that the stable region is always enlarged by the frequency spread demonstrates the Landau
damping mechanism. Its origin can be traced back to the fact that g(u) is always positive, which in turn
comes from the fact that the beam continues to absorb energy from the driving force without having to
let 〈y〉 grow.

For a given spectral shape, the tolerable ξ1 ∝ ∆ω; the larger the frequency spread, the stronger the
Landau damping. For a given ∆ω, the effectiveness of Landau damping is different for different spectral
shapes. The Lorentz spectrum, having a long distribution tail, is most forgiving, while the δ-function
spectrum is not effective.

For practical accelerator operations, there may be information on the value of the half-width-at-
half-height ∆ω 1

2
, but not enough detailed information on the shape of the frequency spectrum. For those

applications, we introduce a simplified stability criterion,

|ξ1| =
Nr0c

2ωβγT
2
0

∣∣∣
∞∑

p=−∞
Z⊥1 (pω0 + ωβ)

∣∣∣ < 1√
3

∆ω 1
2
, (18)

where the factor 1/
√

3 is chosen so that it coincides with the semicircular portion of the boundary for
the elliptical spectrum. The stability diagram of this simplified model is shown in Fig. 24(h).

Equation (18) says that if the mode frequency shift or growth rate, calculated without Landau
damping, is larger than the frequency spread of the beam, Landau damping will not rescue the beam
from instability.

35

BEAM DYNAMICS OF COLLECTIVE INSTABILITIES IN HIGH-ENERGY ACCELERATORS

77



Fig. 24: The stability boundary diagrams for various spectra. Shaded regions are unstable. The coordinates
labelled refer to (ReD1, ImD1; u). The value of u can be used to obtain Ω. (a) δ-function spectrum, no Landau
damping. (h) is the simplified criterion (Eq. (18)).

21 One-particle model for bunched beams – longitudinal
A similar analysis can also be performed for the longitudinal Robinson instability using a one-particle
model,

z′′(s) +
(ωs

c

)2
z(s) =

Nr0η

γC

∞∑

k=1

[〈z〉(s)− 〈z〉(s− kC)]W ′′0 (−kC)

=
Nr0η

γC
Be−iΩs/cW ,

where we have introduced
〈z〉(s) = Be−iΩs/c

and

W =

∞∑

k=1

(
1− eiωskT0

)
W ′′0 (−kC)
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=
i

C

∞∑

p=−∞

[
pω0Z

‖
0 (pω0)− (pω0 + ωs)Z

‖
0 (pω0 + ωs)

]
.

Self-consistency then gives rise to a dispersion relation

Nr0ηWc2

2ωsγC∆ω
=

1

f(u) + ig(u)
,

similar to the transverse case except that the frequency spectrum now refers to synchrotron frequency,
and the complex mode frequency shift in the absence of Landau damping is

ξ1 = −Nr0ηWc2

2ωsγC
.

The simplified stability criterion reads

|ξ1| =
Nr0ηc

2

2ωsγC2

∣∣∣
∞∑

p=−∞

[
pω0Z

‖
0 (pω0)− (pω0 + ωs)Z

‖
0 (pω0 + ωs)

] ∣∣∣ < 1√
3

∆ω 1
2
.

The conclusion that the longitudinal Landau damping behaves analogously to the transverse case,
however, is valid only for bunched beams for which ωs 6= 0. The analyses depend on the assumption
that the mode frequency shift |Ω| is small compared with the unperturbed natural frequency ωβ, ωs.
For unbunched beams, ωs = 0, the longitudinal analysis gives results very different from its transverse
counterpart.
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Bench Measurements and Simulations of Beam Coupling Impedance

U. Niedermayer
Institut für Theorie Elektromagnetischer Felder, Technische Universität Darmstadt, Germany

Abstract
After a general introduction, the basic principles of wake-field and beam-
coupling-impedance computations are explained. This includes time domain,
frequency domain, and methods that do not include excitations by means of a
particle beam. The second part of this paper deals with radio frequency bench
measurements of beam coupling impedances. The general procedure of the
wire measurement is explained, and its features and limitations are discussed.

Keywords
Wake field; beam coupling impedance; electromagnetic simulations; bench
measurements; wire measurements.

1 Introduction: Maxwell’s equations, wakes and impedance
A complete macroscopic description of electromagnetic (EM) fields as function of position ~r ∈ Ω ⊂ R3

and time t ∈ R is given by Maxwell’s equations

∇× ~E(~r, t) = −∂t ~B(~r, t) (1a)

∇× ~H(~r, t) = ~Js(~r, t) + ~J(~r, t) + ∂t ~D(~r, t) (1b)

∇ · ~D(~r, t) = %s(~r, t) (1c)

∇ · ~B(~r, t) = 0 (1d)

and material equations

~D(~r, t) = ε(~r) ~E(~r, t) (2a)
~B(~r, t) = µ(~r) ~H(~r, t) (2b)
~J(~r, t) = κ(~r) ~E(~r, t) , (2c)

where %s and ~Js denote the source charge and current densities, respectively. The material distribution is
given by the permittivity ε, the conductivity κ and the permeability µ, which are assumed to be linear and
isotropic. At first, the material is also assumed to be non-dispersive. By means of Gauss’ and Stokes’
theorems, Maxwell’s equations can also be written in integral form, which is more general, since the
differentiability requirements of the field vector functions can be relaxed.

The force acting on a point-like charged particle i = 1, . . . , N is

~Fi(t) = q
(
~E(~ri, t) + ~vi(t)× ~B(~ri, t)

)
, (3)

where q and ~vi are the particle’s charge and velocity, respectively. For a description of particle motion
in both their own and external fields, Maxwell’s equations have to be coupled with the equations of
mechanics,

~Fi(t) = ∂t~pi(t) (4)

~pi(t) = γi(t)mi~vi(t) , (5)
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(a) Description of particle motion in EM-fields. For
full analytic self-consistency ∆t → 0 is required. Nu-
merical approaches can, dependent on the time scale of
the problem, allow finite ∆t and still be self-consistent.

(b) Description of particle motion with wake fields.
The EM forces are precomputed using a rigid beam as
source. For synchrotrons, the time step is usually one
revolution period, which is a good approximation for
multi-turn phenomena.

Fig. 1: PIC simulation loop versus wake-field approach

where the relativistic mass and velocity factors are γ = (1 − β2)−1/2 and β = |~v|/c, and ~pi(t) is the
ith particle’s momentum. In order to simulate the dynamics of many particles self-consistently, mostly
particle in cell (PIC) or Vlasov–Maxwell solvers are used (cf. Fig. 1(a)). The wake function approach is
different, since Maxwell’s equations are entirely decoupled from the equations of motion (cf. Fig. 1(b)).
Therefore one obtains self-consistency only for phenomena which evolve slower than the wake-field
kicks.

1.1 Wake functions
Usually one makes two assumptions that decouple mechanics from electromagnetics (cf. Fig. 1(b)).

1. Rigid Beam Approximation Although the leading charge loses energy, its velocity remains un-
changed. This is exactly fulfilled for an ultrarelativistic beam which carries infinite energy.

2. Kick Approximation The wake force continuously acting on the trailing charge is lumped in a
single kick after the passage through the device. This means that the trailing charge is also assumed
to be rigid during the passage.

These approximations are justified by the different time scales of the particle passage (fast) and the
evolution of wake-field effects (slow).

We define the wake function as (see also, for example, Ref. [1, 2])

~W (~r⊥2 , ~r
⊥
1 , s) : =

1

q1q2

∫ ∞

−∞
~F

(
~r2, z2, t =

z2 + s

v

)
dz2

=
1

q1

∫ ∞

−∞

[
~E + ~v × ~B

](
~r2, z2, t =

z2 + s

v

)
dz2 , (6)

such that a positive value indicates momentum or energy gain for the test charge. The integral in Eq. (6)
exists only if the assumed infinitely long pipe connections (see Fig. 2) do not cause any wake fields,
which requires the following conditions:
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– smooth pipe (no geometric wake fields);
– perfectly conducting pipe (no resistive wake fields);
– ultrarelativistic beam (no space-charge wake fields).

q
1q

2

s

z

y

-x

Fig. 2: Longitudinal cut through an accelerator structure and centred coordinate system. The charge q1 is usually
referred to as source or leading charge and q2 is referred to as test or trailing charge.

When all these conditions are fulfilled, the infinite integration in Eq. (6) can be replaced by a
finite one, since the scattered fields from the 3D region decay in the pipe below the waveguide cutoff
frequency. Above the cutoff frequency, waveguide modes do not interact with the particle beam in
average, since the fields are periodic and vbeam ≤ c < vmode

phase. An estimate of the decay length for a given
threshold can be found in Ref. [3]. For non-ultrarelativistic velocity, sophisticated boundary conditions
are required for the entry and exit of the beam in a finite-sized computational domain, see [4]. In order
to ensure that the integral in Eq. (6) is finite, even if the third assumption is not fulfilled, the integration
can be performed over a finite length and the space-charge interaction in the infinitely long pipe can
be described by a space-charge wake function per length. Note that the three components of Eq. (6)
are not independent, but connected by the Panofsky–Wenzel theorem [5], which can be conveniently
expressed as ∇′ × ~W (~r⊥2 , s) = 0, where the curl acts on the relative position of the trailing charge, i.e.
∇′ = (∂x2 , ∂y2 ,−∂s)T . The longitudinal wake function reads

W‖(s) =
1

q1q2

∫ ∞

−∞
~E

(
~r2 = 0, z2, t =

z2 + s

v

)
dz2 (7)

and is directly connected with the energy loss of the trailing charge by ∆E(s) = −q2W‖(s). The energy
loss of a test charge caused not only by a single charge but by a whole bunch can be found by convolution
with the beam distribution as

W pot
‖ (s) =

∫ ∞

−∞
W‖(s

′)λ(s− s′) ds′ (8)

and is called the wake potential. If λ is normalized to 1, the energy loss of a test charge becomes
∆E(s) = −Nq2W pot

‖ (s), where N is the number of particles in the bunch.

In order to quantify the transverse deflection of the beam by wake fields one makes the assumption
of small displacements from the beam axis (dx/y1/2 of the leading and trailing charge in the x/y direction,
respectively) and defines

W drive
⊥,x (s) =

1

q1dx1

∫ ∞

−∞

[
~E + ~v × ~B

](
~r⊥2 = 0, z,

z2 + s

v

)
dz2 (9)

W det
⊥,x(s) =

1

q1dx2

∫ ∞

−∞

[
~E + ~v × ~B

](
~r⊥2 = dx2~ex, z,

z2 + s

v

)
dz2 (10)
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Fig. 3: Illustration of a coherent transverse oscillation (left-hand side) represented by a dipole moment (right-hand
side).

in units of VA−1s−1m−1). The linearized transverse kick is thus ∆px(s) = q2/βc(dx1W
drive
⊥,x (s) +

dx2W
det
⊥,x(s)). The dipolar or driving wake acts coherently, since the force experienced by a test charge

does not depend on the test charge’s position in a dipole field. Contrarily, the detuning wake acts inco-
herently, as it depends on the displacement of the test charge linearly.

If the beam is not ultrarelativistic, space-charge effects need to be taken into account and the
transverse beam dimensions need to be considered as finite. We assume the beam to be transversely
uniform of radius a. A coherent displacement can be written as

σ(~r⊥) =
1

πa2
Θ(a− |~r⊥ − ~d⊥|) , (11)

where ~d⊥ is the transverse displacement vector and Θ denotes the Heaviside step function. This dis-
placement can be approximated in polar coordinates %, ϕ by (Ref. [6])

σ(%, ϕ) ≈ 1

πa2
(Θ(a− %) + δ(a− %)(dx cosϕ+ dy sinϕ) + · · · ) (12)

which in first order is a dipole moment, see Fig. 3.

1.2 Frequency domain
In this framework, the following convention for the Fourier transform is used:

F (ω) = F{f(t)}(ω) =

∫ ∞

−∞
f(t)e−iωt dt. (13)

The inverse transform reads

f(t) = F−1{F (ω)}(t) =
1

2π

∫ ∞

−∞
F (ω)e+iωt dω , (14)

and between the two domains Plancherel’s theorem holds, 2π(f, g) = (G,F ), where the brackets denote
a scalar product (f, g) =

∫
fg∗ dx and ∗ is complex conjugation. The duration and bandwidth of a mean

value free signal f(t) are defined with ‖ · ‖2 =
√

(·, ·) as (see Ref. [7])

T =
‖tf(t)‖2
‖f(t)‖2

, B =
‖ωF (ω)‖2
‖F (ω)‖2

. (15)

The two fulfil the Küpfmüller uncertainty principle, see Ref. [8], T ·B ≥ 1/2, where equality is achieved
for a Gaussian pulse. Applying Eq. (13) to Eqs. (1), Maxwell’s equations read in the frequency domain

∇× ~E(~r, ω) = −iω ~B(~r, ω) (16a)

∇× ~H(~r, ω) = ~Js(~r, ω) + ~J(~r, ω) + iω ~D(~r, ω) (16b)
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∇ · ~D(~r, ω) = %
s
(~r, ω) (16c)

∇ · ~B(~r, ω) = 0 , (16d)

where the material relations can easily include dispersive materials as

~D(~r, ω) = ε0εr(~r, ω) ~E(~r, ω) (17a)
~B(~r, ω) = µ0µr(~r, ω) ~H(~r, ω) (17b)

~J(~r, ω) = κ(~r, ω) ~E(~r, ω) . (17c)

Combining Eqs. (16) leads to the curl–curl equation

∇× µ−1∇× ~E + iωκ~E − ω2ε ~E = −iω ~Js (18)

and the continuity equation
∇ · ( ~Js + κ~E) + iω%

s
= 0 . (19)

The beam current density is modelled as a convection current density ~Js = %
s
v~ez . Therefore, the spatial

Fourier correspondence ∂z → −ikz is given for the source fields (beam in free space) by kz = ω/v. In
a longitudinally homogeneous and smooth two-dimensional (2D) structure, this property must hold also
for the fields scattered back from the wall.

The beam coupling impedance is defined as the Fourier transform of the wake function

~Z(~r⊥1 , ~r
⊥
2 , ω) = −

∫ ∞

−∞
~W (~r⊥1 , ~r

⊥
2 , s)e−iωs/v ds

v
= − 1

q1q2

∫ ∞

−∞
~F (~r⊥1 , ~r

⊥
2 , z, ω)e+iωz/v dz , (20)

where ~F (ω) = q( ~E(ω)+~v× ~B(ω)) is the spectral density of the force. If the beam has a finite transverse
size, the longitudinal impedance can be written as (see Ref. [9])

Z‖(ω) = − 1

q2

∫

beam

~E · ~J∗s dV . (21)

The transverse impedance is usually defined with an extra (−i), in order to relate the real part to insta-
bility growth and the imaginary part to phase shift, as it is the case for the longitudinal impedance. The
dipolar transverse impedance reads

Zdrive
⊥,x/y(ω,~r2) = − (−i)

q1dx1/y1

∫ ∞

−∞

[
~E(ω) + ~v × ~B(ω)

]
x/y

eiωz/v dz , (22)

which can be generalized using the Panofsky–Wenzel theorem to (see Ref. [9])

Zdrive
⊥,x/y(ω) = − v

ω(qdx/y)2

∫

beam

~E · ~J∗s,dx/y dV , (23)

where ~Js,dx/y is the dipolar component of the source current density in FD, cf. Eq. (12). Note that the
formulations of Eqs. (21) and (23) are particularly convenient for evaluation on a mesh, since evaluation
errors are averaged out by the integration.

1.3 Helmholtz decomposition
In a simply connected domain Ω ⊂ R3, any differentiable vector field ~A : Ω → C3 can be written
as ~A = ~Acurl + ~Adiv, where ~Acurl and ~Adiv are uniquely determined by demanding ∇ × ~Adiv = 0
and ∇ · ε ~Acurl = 0 for a piecewise smooth non-vanishing function ε : Ω → C. See, for example,
Ref. [p. 86] [10] for a proof.
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If the domain Ω is not simply connected, the Helmholtz decomposition has to be generalized to
the so-called Hodge decomposition, i.e. a third field becomes constituent of ~A. This so-called harmonic
field satisfies both∇× ~Aharm = 0 and ∇ · ε ~Aharm = 0 and is yet non-zero.

Applying the Helmholtz decomposition with ~Ediv = −∇Φ to Eq. (18) we find

−∇ · ε∇Φ = %
s

(24a)

∇× ν∇× ~Ecurl − ω2ε ~Ecurl = ~R , (24b)

where %
s

= (i/ω)∇ · ~Js and ~R = −ω2ε∇Φ− iω ~Js. It is crucial here that due to the continuity equation
∇· ~R = 0 holds, i.e. all vector fields in Eq. (24b) are divergence free. Moreover, for a beam in z-direction,
the charge can be written as %

s
= Js,z/v.

2 Impedance simulations
Beam coupling impedance simulations can be sorted into three main groups, namely Time Domain (TD),
Frequency Domain (FD), and methods without a particle beam. Most common are explicit TD methods,
since they require only matrix-vector multiplications for time stepping. They are usually based on finite
differences time domain (FDTD, Yee 1966 [11]) or finite integration technique (FIT, Weiland 1977 [12]),
which result in a coinciding space discretization on a Cartesian mesh. However, note that, in general,
mesh and method are independent, e.g. FIT or the finite element method (FEM) can be applied on both
structured and unstructured, tetrahedral or hexahedral, or even mixed meshes.

Table 1: Examples of time domain wake-field codes. More detailed summaries can be found e.g. in [13, 14]

Code Method Website Availability
CST PS FIT www.cst.de commercial
GdfidL FDTD www.gdfidl.de commercial
Echo FIT www.desy.de/fel-beam/s2e/codes.html free
PBCI FIT, DG-FEM www.temf.de , see also [13] on request
ABCI FIT abci.kek.jp/abci.htm free
ACE3P implicit FEM slac.stanford.edu free in USA

Explicit TD simulations are suitable at medium and high frequency, and particularly in perfectly
conducting structures. They are disadvantageous for low frequencies and low velocity of the beam. Also
dispersively lossy materials are difficult to treat in TD, since a convolution with the impulse response,
i.e. the inverse FT of the material dispersion curve, is required. In FD the beam velocity and dispersive
material data are just parameters. However, a system of linear equations (SLE) has to be solved for each
frequency point, which is costly when the matrix is large and ill-conditioned.

In the following we focus on the FIT in TD and both FIT and FEM in FD. More specialized
techniques in TD are the boundary element method (BEM) [15, 16], the finite volume (FV) method
[17,18], discontinuous Galerkin finite element method (DG-FEM), and implicit methods. In FD, there is
no direct advantage from diagonal material matrices, which favours the FEM on an unstructured mesh.
However, FIT is also used, since the structured mesh makes the implementation of Floquet boundary
conditions simple. Particularly in the absence of materials, BEM is also an attractive option in FD [19,
20]. An overview of some commonly used TD codes is given in Table 1.

The most common method without particle beam is the computation of eigenmodes, which can be
related to the wake function as discussed in Ref. [21]. Eigenmode computations with FEM for perfectly
electric conducting (PEC) structures including losses through beam pipes and couplers are described
in Ref. [22], a FIT algorithm for dispersively lossy tensorial materials used in e.g. ferrite cavities is
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presented in Ref. [23]. Methods with excitations other than particle beams are based on current path [24,
25] or plane wave [26] excitation, but they require special interpretations to obtain the beam coupling
impedance.

2.1 (Explicit) time domain
Due to the minimal duration–bandwidth product, the excitation is usually a Gaussian bunch

λ(z, t) =
q√

2πσs
e−

1
2

(
z−vt
σs

)2

, (25)

which rigidly moves through the structure. The spectrum of this pulse is obtained from the FT over
s = vt− z as

|λ(ω)| = qω√
2πσω

e−
1
2

(
ω
σω

)2

, (26)

where σω = v/σs and the normalization is qω = q
√

2πσω/v. The duration and bandwidth are

T =
σs√
2v
, B =

v

σs
√

2
, (27)

resulting in TB = 1/2. The point charge impedance is obtained by the convolution theorem as

~Z(ω) =
F{ ~W pot(s)}(ω)

F{λ(s)}(ω)
, (28)

where the numerically obtained wake potential is transformed by (equidistant) discrete Fourier transform
(DFT). The choice of the bunch length σs does not necessarily depend on the real bunch length in the
accelerator, but rather on the frequency of interest. The maximum frequency at which a reasonable
excitation amplitude is present, is roughly 2σf , i.e. the spectrum is mainly located at σf = v/(2πσs), the
so-called frequency associated with the bunch length. Shorter bunches increase the maximum frequency,
but they decrease the frequency resolution at low frequency. The frequency resolution depends on the
total number of points employed for an equidistant DFT as ∆f = 1

NDFT∆t and the total integrated wake
length is LW = vNDFT∆t. Bunch length and wake length are the parameters to be set for the impedance
simulation.

The FIT is based on evaluating the integral form of Maxwell’s equations on a given mesh1, i.e.

_ei =

∫

Li

~E · d~s _
hi =

∫

L̃i

~H · d~s qi =

∫

Ṽi

%dV

__
di =

∫

Ãi

~D · d ~A
__
bi =

∫

Ai

~B · d ~A
__
j i =

∫

Ãi

~J · d ~A . (29)

The resulting 3Np-dimensional vectors are the electric and magnetic edge voltages _e and
_
h, face fluxes

__
d and

__
b, and the face current

__
j and volume charge q, which are connected by the continuity equation.

Combining the integrals of Eqs. (29) to closed loops or closed surfaces (see Fig. 4) results in the Maxwell-
Grid-Equations (MGE)

C_e = −∂t
__
b (30a)

C̃
_
h =

__
j s +

__
j + ∂t

__
d (30b)

S̃
__
d = qs (30c)

S
__
b = 0 , (30d)

1For simplicity, we restrict ourselves here to Cartesian meshes.
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Fig. 4: Topological FIT mesh properties

where C and S are purely topological curl and divergence operators.The operators C̃, S̃ in Eqs. (30)
represent evaluation on a dual grid, which has the property that dual vertices and edges intersect pri-
mal volumes and faces with same index, respectively, and vice versa. The MGE Eqs. (30) are exact,
since they represent an evaluation of Maxwell’s equations on the given grid topology. The numerical
approximations required to solve the MGE are included in the material matrices (ν = µ−1)

_
h = Mν

__
b ,

__
d = Mε

_e ,
__
j = Mκ

_e , (31)

which are diagonal matrices due to the dual orthogonal mesh and given by

[Mν ]n,n = νn
L̃n
An
≈
∫
L̃n

~H · d~s
∫
An

~B · d ~A
(32)

[Mε]n,n = εn
Ãn
Ln
≈
∫
Ãn

~D · d ~A
∫
Ln

~E · d~s
, (33)

where Ln, L̃n, An, Ãn denote the length and area of the nth primal and dual cell edge and face, respec-
tively.

The discretization of time derivatives can be done by forward (explicit) or backward (implicit)
finite differences. Implicit methods are unconditionally stable, but they require solving a SLE in each
time step. Explicit methods are much lighter in computation, but they are only conditionally stable.

Fig. 5: Leap-frog method. Magnetic fields are allocated on half integer time indices between two electric field
steps.

The most commonly used explicit method is the so-called ‘leap-frog’ method, introduced by Yee [11] in
1966. It consists of a (staggered) central-difference quotient featuring second-order accuracy

_
h
n+1/2

=
_
h
n−1/2 −∆tM−1

µ C_en (34a)

_en+1 = _en −∆tM−1
ε (C̃

_
h
n+1/2 −

__
j
n+1/2

s ) , (34b)

8

U. NIEDERMAYER

88



which is visualized in Fig. 5. The stability of the scheme is connected to the grid dispersion relation,
which describes the velocity of a plane wave on the grid as dependent on the direction of the wave vector.
It reads for a particular Cartesian cell (∆x,∆y,∆z)

(
sin kx∆x

2

∆x/2

)2

+

(
sin

ky∆y
2

∆y/2

)2

+

(
sin kz∆z

2

∆z/2

)2

= µε

(
sin ω∆t

2

∆t/2

)2

, (35)

reproducing the continuous dispersion relation k2
x + k2

y + k2
z = ω2µε in the limit ∆x,∆y,∆z,∆t→ 0.

In order to fulfil Eq. (35) with real valued frequency and wavenumbers, at least

∆t ≤ min
i

√
µiεi

1
∆x2i

+ 1
∆y2i

+ 1
∆z2i

(36)

must hold, where the minimum is taken over all mesh cells. This is also referred to as the Courant–
Friedrichs–Lewy (CFL) criterion [27] for the time step ∆t. It can be shown, see Ref. [28], that Eq. (36)
is also a sufficient condition for stability on the time step. Particularly for short bunches, the grid dis-
persion can lead to unphysical effects, such as a positive wake potential at the head of the bunch or
numerical Cherenkov radiation. Therefore dedicated schemes have been developed, which e.g. do not
have dispersion in the direction of beam propagation [29].

At low frequencies, the CFL criterion together with the Küpfmüller uncertainty principle pose a
strong requirement on the time step. Since longer wakes have to be computed at low frequencies but
the time step is tied on the space step, a large number of time steps need to be computed, which is a
massive oversampling of a low-frequency wave. This is a major drawback of explicit TD methods at low
frequencies.

2.2 Frequency domain
The MGE can be written in FD as

C_e = −iω
__
b (37a)

C̃
_
h =

__
j
s

+
__
j + iω

__
d (37b)

S̃
__
d = q

s
(37c)

S
__
b = 0 , (37d)

which can be combined with the complex material relations to a 3Np × 3Np SLE
(
C̃MνC + iωMκ − ω2Mε

)
_e = −iω

__
j
s
. (38)

Since the FIT is a mimetic discretization, the Helmholtz decomposition can also be applied on the discrete
level, preserving the properties discussed in Section 1.3. The monopolar beam source current can be
written as (iz is the z-index and z̃i the corresponding coordinate)

__
j

mono

s,z
(iz) =

∫
~Js · d ~Az = qe−iωz̃i/v (39)

and a dipole source is obtained by
__
j

dip

s,z
(iz) =

__
j

mono

e,z
(x = −dx/2) −

__
j

mono

e,z
(x = +dx/2). For the

entry and exit of the beam in the computational domain dedicated boundary conditions are required. A
simplified way to implement these is to use Floquet boundary conditions, i.e. to connect the entry and the
exit of the beam with the proper phase advance exp(iωL/v), where L is the length of the computational
domain. This has the same effect as if the structure would be repeated infinitely often in a chain. It is
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Fig. 6: Computational domain for the 2D impedance solver

valid for frequencies below the beam pipe cutoff, i.e. when the subsequent (repeated) structures do not
interact with each other.

The impedances can be evaluated according to Eqs. (21) and (23) as

Z‖(
_e(ω)) = − 1

q2
_e ·

__
j
∗
mono

(40)

Z⊥(_e(ω)) = − v

ω(qdx)2
_e ·

__
j
∗
dip

, (41)

which can be seen as functionals of the discrete solution of Maxwell’s equations in FD.

In FD one cannot use the advantages of diagonal material matrices, and therefore FEM on unstruc-
tured meshes can be more advantageous than FIT. This becomes particularly clear in the discretization of
dipole sources for non-ultrarelativistic beams, cf. Eq. (12). We will briefly discuss a 2D FEM approach
which is particularly useful for beam pipes and long kicker magnets.

The finite element method is based on decomposing the computational domain Ω in finite-sized
subdomains Ωe, i.e. the elements. A function in an appropriate space can be approximated by a finite
basis, such that each element is the support of one basis (ansatz) function. Since such an approximation
is (weakly) differentiable only once, a second-order PDE has to be brought in a ‘weak formulation’. This
is obtained by multiplying with all test functions2 of an appropriate test-function space, integrating over
the whole domain and transferring one (exterior) derivative by means of partial integration. Finally an
SLE is obtained, which has number of ansatz functions as columns and number of test functions as rows.

We consider again Eq. (18), but ~E : Ω → C3 with Ω ⊂ R2 being a simply connected domain
as shown in Fig. 6. Each triangle shall be uniformly filled with material µ, ε, where ε = ε0εr − iκ/ω.
In order to allow the normal component of the electrical field to jump on a material border while the
tangential is continuous, Nédélec edge elements are employed. These elements (at lowest order) are not
suited to model the divergence of a field. Thus a Helmholtz split needs to be performed, i.e. Eqs. (24)
are discretized.

The discretization of the complex Poisson equation Eq. (24a) is done by nodal functions3

Nk(ξ, η) = akξ + bkη + ck , (42)

which fulfil
Nk(ξi, ηi) = δi,k , (43)

where i and k are local vertex indices and (ξ, η) are local coordinates. The lowest-order Nédélec edge
elements of the first kind can be obtained from the nodal elements by (see e.g. Ref. [30])

~wi(ξ, η) = Nk∇⊥Nl −Nl∇⊥Nk , (44)
2In the standard (Galerkin) approach, the test functions are identical to the ansatz functions.
3For simplicity we consider the ansatz functions as purely real, i.e. the PDEs need to be split into real and imaginary part,

which are coupled in the presence of losses.
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Fig. 7: Surface impedance for a thick steel surface, coated by a thin copper layer

and fulfil
1

|lk|

∫

lk

~wi · ~tk ds = δi,k (45)

with ~tk being the tangential unit vector of edge lk, which is located at the opposite of vertex k. Instead
of going further into details about impedance computation with FEM, we refer to [31] and references
therein.

In FD and particularly FEM it is also fairly simple to include a thick conducting wall by means of
a surface impedance boundary condition (SIBC), i.e. ~n×~n× ~E = Zs~n× ~H with the surface impedance
Zs =

√
µ/ε. For smooth metal surfaces one finds

Zs =
1 + i

κδs
with the skin depth δs =

√
2

µκω
. (46)

This can also be generalized for a metal coating (thickness d, permeability µ1 and conductivity κ1) on a
metal surface (permeability µ2 and conductivity κ2) as

Zs =
1 + i

κ1δs1

M (+)eikz1d +M (−)e−ikz1d

M (+)eikz1d −M (−)e−ikz1d
, (47)

where

kz1,2 =
1− i
δs1,2

, M (+) = 1 +

√
µ1κ2

µ2κ1
, M (−) = 1−

√
µ1κ2

µ2κ1
. (48)

The surface impedance of a copper (κ = 70MS) coated steel (κ = 1.4MS) surface is plotted in Fig. 7.

2.3 Two examples in two dimensions
The beam-induced heat load in a ferrite kicker module depends crucially on the ferrite yoke gap. If there
is no gap, the magnetic circuit is closed and the longitudinal impedance is much larger.

In the presence of a gap, the longitudinal impedance can be further decreased by increasing the
path length for the magnetic field lines outside the ferrite. Achieving this by increasing the gap thickness
can be disadvantageous for the kick-field quality. The gap can also be filled highly conductive material,
i.e. copper, which influences the kick field only weakly.

Figure 8 shows the longitudinal impedance of a GSI SIS-100 transfer kicker module (design out-
line) from 2D FIT and FEM simulations, as a comparison between a vacuum and a copper-filled magnet
gap. The difference between the two is significant, i.e. two orders of magnitude. The heat power values
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Fig. 8: Outline of a GSI SIS-100 transfer kicker. The plot shows the longitudinal impedance computed with FIT
on Cartesian and FEM on triangular mesh, for both open and copper filled magnet gaps.

are for the shortest (3.7 m) single Gaussian bunch with N = 2× 1013 protons. Note that these numbers
are for CW operation, in practice they have to be scaled with the duty factor which is in the range of 0.5
at most.

The second example is the transverse impedance of a thin-layered round beam pipe, see Fig. 9. At
low frequency the wall has to be meshed since field transmission plays a significant role, especially for
frequencies below the maximum. For frequencies above the skin frequency fs the skin depth becomes
very small and cannot be properly meshed. By means of the SIBC, resolving the skin depth can be
avoided and high frequencies can be reached.

3 Impedance bench measurements
The transmission-line measurement technique is based on replacing the beam by a wire and measuring
the attenuation of a TEM wave. It was introduced in 1974 by Sands and Rees [32] in order to determine
the beam energy-loss factors in the TD using a broadband pulse with a shape similar to the particle
bunch. Nowadays, modern vector network analysers (VNA) allow sweeping a narrow-banded sinusoidal
signal, to obtain the impedance directly for a particular frequency range. Especially when particular
beam instability sidebands are under investigation, the FD method is advantageous.

The motivation of the wire measurement comes from a the fields of a point charge moving at
velocity βc which read in the rest frame of the charge as

~E′(%′, z′, t′) =
q

4πε

(
%′

√
%′2 + z′2

3~e% +
z′

√
%′2 + z′2

3~ez

)
. (49)

Lorentz-boosting to the laboratory frame one obtains

~E(%, z, t) =
q

4πε

(
γ%

√
%2 + (βγct)23~e% +

−βγct
√
%2 + (βγct)23~ez

)
, Hϕ =

β

Z0
E% (50)
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Fig. 9: Transverse impedance of the thin beam pipe with radius b = 4 cm, thickness d = 0.3 mm, outer boundary
radius h = 1 m, length l = 1 m, conductivity κ = 1 MS/m and β = 0.999999. The analytical curve originates
from Rewall [48]. At low frequencies, the resistive wall is resolved by the mesh (RW-marks, red and magenta),
while at high frequency the surface impedance boundary condition was applied (SIBC-marks, blue and cyan).

and subsequent Fourier transform results in

Ez(%, z, ω) = iq
µ0

2π

ω

β2γ2
K0

(
ω

βγc
%

)
γ→∞−−−→ 0 (51a)

1

β
Z0Hϕ = E%(%, z, ω) = q

µ0

2π

ω

β2γ
K1

(
ω

βγc
%

)
γ→∞−−−→ q

Z0

2π%
(51b)

which is a TEM mode in the ultrarelativistic limit. From Eq. (51b), we can see that the wire technique
corresponds only to an ultrarelativistic beam, since the wave impedance for a beam is

Zwave =
E%
Hϕ

=
Z0

β
, (52)

but for a TEM mode one has always Zwave = Z0. Moreover, the wire needs to be thin, in order to have
most of the field unperturbed close to the wire. In the wide sense, this corresponds to the rigid-beam
approximation.

3.1 Basics of RF vector network analysis and impedance matching
In Radio Frequency (RF) systems, the integral of the electric field strength depends on the taken path,
thus voltages are not uniquely defined. To account for that, power flow parameters

ai :=
1

2
√
Zc

(U i + ZcIi) , bi :=
1

2
√
Zc

(U i − ZcIi) (53)

in units of
√

W are used rather than voltages and currents. The out-flowing power of a linear, time-
invariant device with i = 1, . . . , N ports is determined from the inflowing power by ~b = S~a, where the
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Fig. 10: Block schematic of a modern VNA. Picture adapted from Ref. [33]

scattering parameters Sij are defined by

Sij =
bi
aj

∣∣∣∣
ak=0 ∀k 6=j

. (54)

For simplicity, we assume the characteristic impedance for all ports to be equal and consider only the
TEM mode. The scattering matrix can be determined by numerical simulation or by measurement with
a vector network analyser (VNA), see Fig. 10 for a block schematic of a VNA. Prior to measurement,
the VNA needs to be calibrated at a particular reference plane close to the device under test (DUT),
in order to exclude effects of the cables. Phase-stable cables are crucial for measurements at higher
frequencies, but such precision measurement cables are costly. A good alternative are semi-rigid cables,
which maintain their shape and therefore have only little phase drift. In order to connect the 50 Ω lines
of the VNA with the wire for beam impedance measurement, the characteristic impedance [34]

Zc =
Z0

2π
ln
b

a
, (55)

where b and a are the radii of the outer and inner conductor of a coaxial cable, needs to be matched. A
mismatched transition would lead to a reflection [34]

r =
Zc,1 − Zc,2
Zc,1 + Zc,2

(56)

which is for the transition of a thin wire in a measurement box (as depicted in Fig. 11) to a conventional
50 Ω line in the range of 80%. Thus, a matching network is required, since otherwise multiple reflections
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Fig. 11: Large (Zc = 433± 18 Ω) and small (Zc = 299± 12 Ω) measurement box

would be in the same range of amplitude as the primary signal. The simplest way to construct a matching
network is to use RF-resistors (carbon composite) in a way that each side sees its own characteristic
impedance, e.g. as depicted in Fig. 12(a).

(a) Matching with a simple voltage divider. (b) Matching with resistors and a
10 dB attenuator [35].

Fig. 12: Different types of resistive matching

Here, the two resistors R1 and R2 have to fulfil the two matching conditions

R1 ‖ (R2 + Zc,2) = Zc,1 (57a)

R2 +R1 ‖ Zc,1 = Zc,2 , (57b)
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(a) REF measurement in order to de-embed the DUT. (b) Quantities of interest for the de-
embedded DUT.

Fig. 13: De-embedding by subsequent DUT and REF measurements

where x ‖ y = xy/(x + y) is the abbreviation for parallel circuits. Unfortunately, practical resistors
have an inductance, which makes it impossible to fulfil Eqs. (57) at higher frequencies in a broadband
manner. This can be partly overcome by taking an attenuator instead ofR1, see Fig. 12(b). Commercially
available attenuators are broadband matched to 50 Ω and do not suffer from the inductance problem.

The frequency-dependent attenuation and phase shift of the matching network is calibrated out by
a reference measurement, such that for an assumed perfect matching the de-embedded transmission is
Sde−embed

21 (ω) = SDUT
21 (ω)/SREF

21 (ω). Here, only the reflection of the matching network needs to be
close to zero, but it is allowed to be lossy, within the dynamic range of the VNA. The way how SDUT

21

and SREF
21 are measured is illustrated in Fig. 13. Obviously, it is advantageous to have a setup as small

as possible, in order to shift the eigenmodes (resonances) of the box to frequencies as high as possible.

3.2 Wire method
There is a crucial difference between the beam and the wire setup: the TEM wave experiences an at-
tenuation, which is not negligible and actually the quantity to be measured by the S21-parameter. Thus,
lumped (short) and distributed (long) impedances require different interpretations of the measured S21-
parameters. Mathematically, lumped and distributed impedances can be identified by their distribution
along the z-axis, i.e.

∂Z lumped
‖ (ω, z)

∂z
= Ztotal

‖ (ω)δ(z − z0) (58a)

∂Zdist
‖ (ω, z)

∂z
=
Ztotal
‖ (ω)

l
. (58b)

In a real accelerator components, there is always a mixture of both. The impedance discontinuity (geo-
metric impedance) at the beginning of the DUT is always lumped, while the body of the DUT (resistive
wall) is often almost equally distributed.

The modelling of lumped impedances is just a localized impedance element in the longitudinal
direction, while distributed impedances can be represented by a TEM line with an impedance element
Z‖/l equally distributed to each infinitely short transmission-line element, see Fig. 14. We call a device
a lumped (distributed) impedance if Z lumped � Zdist (Z lumped � Zdist).

The scattering matrices for the de-embedded DUT are given by Ref. [34, 36]

Slump =
1

2ZREF
c + Z lump

(
Z lump 2ZREF

c

2ZREF
c Z lump

)
(59)
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(a) Lumped impedance (b) Distributed impedance

Fig. 14: Different modelling approaches for the de-embedded accelerator component

Sdist =

(
(ZDUT2

c − ZREF2

c ) sin(kDUT
z l) −2iZDUT

c ZREF
c

−2iZDUT
c ZREF

c (ZDUT2

c − ZREF2

c ) sin(kDUT
z l)

)

(ZDUT2

c + ZREF2

c ) sin(kDUT
z l)− 2iZDUT

c ZREF
c cos(kDUT

z l)
(60)

for the lumped and distributed impedance, respectively. How to derive the DUT impedance from the
measured S-parameters will be discussed for lumped and distributed impedances in the following sub-
sections.

3.2.1 Distributed-impedance measurement
In transmission-line theory, a ladder-replacement-circuit model as shown in Fig. 15 can be derived. Here,
L′0, C

′
0, andR′0 are inductance, capacitance, and resistance per length, respectively. The distributed beam

coupling impedance can be seen as an additional longitudinal element Z‖/l.

R′
0 + iωL′

0

1
iωC ′

0

(a) REF

Z‖/l

R′
0 + iωL′

0
1

iωC ′
0

(b) DUT

Fig. 15: Transmission-line replacement circuit for distributed impedance

From the transmission-line parameters the propagation constants and characteristic impedances
can be calculated as (see Ref. [34])

kDUT
z = ω

√
C ′0L

′
0

√
1− i

R′0 + Z‖/l

ωL′0
(61a)

kREF
z = ω

√
C ′0L

′
0

√
1− i

R′0
ωL′0

(61b)

ZDUT
c =

√
R′0 + iωL′0 + Z‖/l

iωC ′0
(61c)

ZREF
c =

√
R′0 + iωL′0

iωC ′0
≈
√
L′0
C ′0

=: Zc. (61d)

This system can be solved for Z‖ as

Zdist
‖ = iZREF

c l · (kDUT
z − kREF

z ) ·
(

1 +
kDUT

z

kREF
z

)
. (62)
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Since the DUT setup is a combination of three transmission lines (cf. Fig. 14), obtaining the propagation
constants can be involved, when a reflection takes place at the DUT. When this reflection is small, i.e.
ZDUT
c ' ZREF

c , Eq. (60) simplifies to

S21 = S12 = e−ikzl , S11 = S22 = 0 , (63)

which can be easily inverted. Otherwise a reflection-corrected S21-parameter can be introduced, which
is by definition

SC
21 := e−ikzl . (64)

The new SC
21-parameter can be obtained by solving Eq. (60) for kz, which can be achieved through

replacing sine and cosine by exponentials. The quadratic equation thereby derived for SC
21 is called the

Wang–Zhang formula [37] and is

(SC
21)2 +

S2
11 − S2

21 − 1

S21
SC

21 + 1 = 0 , (65)

where only one of the two solutions, which fulfils |SC
21| < 1, is physical. Solving Eq. (65) requires the

knowledge of the S11-parameter, which is in practice difficult to measure because of multiple reflections
between the DUT and the matching section (cf. Fig. 13). Nonetheless, S11 can be determined easily in
simulations with waveguide ports.

The wavenumber kz is found from the complex logarithm of either the original (see Eq. (63)) or
the corrected (see Eq. (64)) S21-parameter. It can be inserted into Eq. (62) to obtain (see Ref. [36])

Zdist
‖ = Zc · ln

(
SREF

21

SDUT
21

)
·
[
1 +

ln(SDUT
21 )

ln(SREF
21 )

]
, (66)

which is called ‘improved-log-formula’4 in the literature. This formula is exact for ideally distributed
impedances, but it does not apply to lumped impedances, since the replacement circuit in Fig. 15 requires
many such transmission-line elements in succession. The dependence on the electrical length of the
reference ΘREF

z = kREF
z l = ωl/c can be pointed out explicitly by rewriting Eq. (66) as (see Ref. [40])

Zdist
‖ = Zc · ln

(
SREF

21

SDUT
21

)
·
[
2 +

i

ΘREF
z

ln

(
SDUT

21

SREF
21

)]
. (67)

This formula contains only the logarithm of the ratio, i.e. the difference term in Eq. (62). Besides
the implicit dependence of kDUT

z on l, the ln(SDUT
21 /SREF

21 )-term is linear in l. Thus, for distributed
impedances, the square bracket in Eq. (67) does not depend on the length explicitly.

When inserting the lumped impedance S-parameters (see Eq. (59)) into the improved-log-formula
(see Eq. (66) or (67)) one observes that the second term in the bracket is not independent of the length
anymore, i.e. Θz does not cancel. This shows explicitly the inapplicability of the improved-log-formula
to lumped impedances since the length is not defined for lumped impedances. In other words, if a
differentially short transmission-line element is assigned a finite impedance value (lumped impedance)
and this is integrated over a finite length, then the result must diverge. The convergence of Zdist

‖ to Z‖ in
the limit of decreasing wire radius is discussed in Ref. [35].

3.2.2 Lumped impedance measurement
The determination of lumped impedances is significantly simpler than the one for distributed impedances,
since the reflection does not influence the transmission measurement result. In fact, the reflection can

4Historically, first the lumped-element formulas [32, 38], then the simplified transmission-line formula ‘Log-formula’ [39],
and finally the full transmission-line formula ‘Improved Log-formula’ [36] were derived.

18

U. NIEDERMAYER

98



even be used as an alternative method to determine a lumped impedance. However, Hahn and Pedersen
argued, in Ref. [38], that the reflection method is inferior to the transmission method. From solving
Eq. (59) for Z lump one obtains the so-called Hahn–Pedersen lumped impedance formula [38],

Z lump
‖,HP = 2Zc

SREF
21 − SDUT

21

SDUT
21

. (68)

In modern VNAs this impedance measurement formula is already built-in, i.e. the impedance can be
directly displayed for the simplified case SREF

21 = 1. Equation (68) is an improvement of the original
Sands–Rees pulse-energy-loss formula [32] (see also Ref. [41])

Z lump
‖,SR = 2Zc

SREF
21 − SDUT

21

SREF
21

. (69)

Note that there is no theoretical limit on the impedance magnitude for the determination of purely lumped
impedances. A proof, that the measured lumped impedance converges to the beam impedance for de-
creasing wire radius, is outlined in [42].

3.2.3 Mixed-impedance measurement
Both the lumped (Hahn–Pedersen) and the distributed (improved-log) formulas apply only to their re-
spective types of impedance and give incorrect results for the other. However, practical accelerator
components consist of both types, and it is impossible to disentangle them. Thus, a transmission-line
measurement interpretation formula is required that applies to both. Such a formula is the (Walling-)
log-formula [39]

Z log
‖ = 2Zc · ln

(
SREF

21

SDUT
21

)
, (70)

which is obtained from Eq. (67) by neglecting the second term in the square bracket. The requirement
for this neglect can be conveniently expressed as

kDUT
z

kREF
z

=
ZDUT
c

ZREF
c

≈ 1 , (71)

i.e. the log-formula is valid if the presence of the DUT does not change the characteristic impedance
significantly. Contrary-wise, it must be invalid for a long distributed device causing a large attenuation,
i.e. a large distributed impedance.

The systematic error of the log-formula for distributed impedances can be quantified by solving it
for the logarithm and inserting into Eq. (67). The quadratic equation thereby obtained,

Zdist
‖ = Z log

‖ +
Z log2

‖
4iΘREF

z Zc
, (72)

has the two solutions

Z log
‖ = 2iΘzZc


−1±

√

1 +
Zdist
‖

iΘREF
z Zc


 . (73)

Only the positive solution is physical and gives the length independent error estimate

Z log
‖

Zdist
‖

= 1 +
i

4

Zdist
‖

ΘREF
z Zc

− 1

8

(
Zdist
‖

ΘREF
z Zc

)2

+ · · · , (74)
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which agrees with Hahn’s estimate [43] to first order. The systematic error of the log-formula (see
Eq. (70)) for lumped impedance can be estimated by inserting the lumped impedance S-parameters (see
Eq. (59)),

Z log
‖ = −2Zc ln

1

1 + Zlump

2Zc

. (75)

Taylor expansion results in

Z log
‖

Z lump
= 1− 1

2

Z lump

2Zc
+

1

3

(
Z lump

2Zc

)2

− · · · , (76)

i.e. the log-formula reproduces lumped impedances, for Z lump � 2Zc. Finally, one can conclude that
the log formula is valid for both lumped and distributed impedance, provided the lumped part does not
exceed the characteristic impedance of the REF, and the distributed part does not change the characteristic
impedance significantly. Obviously, this is true for a small impedance magnitude.

3.3 Transverse impedance
Since the transverse impedance can be measured in a manner similar to the longitudinal one, only the
different aspects are discussed. There are two principal methods to measure the transverse impedance:
the displaced-wire method and the twin-wire method. In order to enhance the extremely small signals
in the twin-wire method at low frequencies, it can be extended to the coil method, which requires a
quasi-stationary interpretation.

3.3.1 Displaced-wire method
The displaced-wire technique is based on measuring the dipolar longitudinal impedance and using the
Panofsky–Wenzel theorem to obtain the transverse impedance. In a structure with x and y symmetry, the
dipolar longitudinal impedance has a quadratic dependence on the transverse offset from the centre (see
e.g. Ref. [44]). It can be measured in the same way as the monopolar longitudinal impedance, but with a
displaced wire. Subsequently, a parabola can be fitted on the measured results for each frequency point
at different transverse positions [45]. However, since a displaced wire measures both the driving and
detuning impedance, the driving impedance in one plane can only be obtained if the detuning impedance
vanishes, i.e. in a structure that is invariant under 90◦ rotation [46]. For rectangular structures, the
detuning impedance can be cancelled by measuring the impedance in both horizontal and vertical planes
and adding the two, but this yields only the sum of both driving impedances.

3.3.2 Twin-wire method
The setup is the same as for the longitudinal impedance, but with two symmetrically driven wires on
the differential TEM mode. The characteristic impedance (REF) for the differential TEM mode, i.e. the
voltage between the two conductors divided by the current in one conductor, is given by (cf. Ref. [47])

Zdip
c =

Z0

π
ln

(
d+
√
d2 − a2

a
· b

2 − d
√
d2 − a2

b2 + d
√
d2 − a2

)
, (77)

where a is the wire radius, b is outer shield radius and 2d = ∆ is the wire distance. With respect to this
characteristic impedance, symmetric S-parameters can be defined. The symmetric S21-parameter can be
measured best with a four-port VNA, which internally converts the 4× 4 S-matrix to a 2× 2 matrix for
the symmetric signals. There are also approaches to use splitters and combiners with a two-port VNA,
but the limited bandwidth of those components makes the calibration (after the hybrids) an involved
endeavour. For a four-port VNA the calibration plane can just be chosen before the matching section
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Fig. 16: Magnetic field of dipole TEM eigenmode obtained by the multi-pin-portmode-solver. The wire distance
is ∆ = 10 mm with an uncertainty of 10% for the measurement. The plot shows the impedance from S-parameter
simulation (MWS) compared with wake-field simulation (PS).

(as for the single-wire measurement) and the 18 calibration steps (open, short, match, through) can be
significantly eased by using an auto-cal kit.

The twin-wire approximation provides for the ultrarelativistic dipolar transverse impedance [44]

Z⊥(ω) ≈ c

ω∆2
δZ‖(ω) =

c

ω∆2
· 2Zdip

c

SREF
21,dip − SDUT

21,dip

SDUT
21,dip

, (78)

where δZ‖ is the impedance obtained by the conversion formula Eq. (68) for the differential mode S21-

parameter and characteristic impedance Zdip
c . Since the EM-fields are mostly confined between the two

wires, the de-embedded S21,dip is very small and one does not have to distinguish between lumped and
distributed transverse impedance.

A comparison of the transverse impedance from wake-field and S-parameter simulation for a
dispersive ferrite ring is shown in Fig. 16. The agreement between the two is reasonably good, except
at low frequency, where the computational accuracy is insufficient. The same is visible also for the lab
measurement, as plotted in Fig. 17. Since the DUT alters the EM-fields only slightly in the twin-wire
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Fig. 17: Transverse impedance of the ferrite ring: measurement vs wake-field simulation. The dashed lines denote
error bars.

measurement, the dominating parasitic reflections are the same for DUT and REF measurements. Thus,
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they are almost entirely removed by the de-embedding. However, since the difference between DUT and
REF measurement is so small, temperature drifts and noise are the main issues. The temperature drift
can be reduced by taking metal film resistors instead of carbon resistors for the matching network, which
have a higher inductance but a smaller temperature coefficient. The thereby enlarged mismatch is less
critical than the temperature drift for the twin-wire measurement. The noise can be reduced by averaging
many subsequent DUT and REF measurements.

Figure 17 shows that the result for the ferrite ring in both the large and the small measurement setup
is reasonably good at medium and high frequency. However, at low frequencies the method becomes
impracticable. This can be improved by employing the coil method instead of the twin-wire method.

3.3.3 Coil method
In order to enhance the extremely small signals in the twin-wire method at low frequencies, the two wires
can be replaced by a multi-turn coil. Both the magnetic flux and the induced voltage are magnified by
the number of turns N and thus Eq. (78) has to be replaced by

Zcoil
⊥ ≈ c

ω∆2N2
δZ , (79)

where the coil impedance difference δZ = ZDUT − ZREF can be determined by a LCR-meter (we used
the Agilent E4980A, 20 Hz-2 MHz). The REF measurement is performed just by measuring the coil
outside the DUT in free space. Figure 18 shows the setup and two measurement coils. The coil method
has an upper frequency limit, at which the inter-turn capacitance causes a resonance which lies usually
in the range of 1 MHz. It can be increased by taking fewer turns and increasing the turn distance. At
extremely low frequency, the accuracy is limited by the instrument noise and the temperature drift of the
coil resistance. Thus, it makes sense to use different coils: a temperature-stable one (e.g. constantan
wire) with many turns for low frequency, and one with few turns and high conductivity (copper wire) for
higher frequencies.

LCR-meter

Fig. 18: Coil measurement setup (left-hand side) and different coils (right-hand side). Courtesy of L. Eidam [35]

Since ferrites usually have very small impedance contributions at such low frequencies, the coil
method is benchmarked using a steel beam pipe of 2 mm wall thickness and 3.3 cm radius. The real part
of the transverse impedance of the pipe, measured with the coils depicted in Fig. 18 is plotted in Fig. 19.
Besides the noise at extremely low frequency, the measured real part of the impedance agrees well with
the analytic prediction by Rewall [48].

The phase of the coil current does not depend on the longitudinal position, therefore the coil
method corresponds to entirely 2D (∂z = 0) source fields. This does not represent an ultrarelativistic
beam, but rather a current-only model, which is sometimes also referred to as ’radial model’ and is
discussed in [25,49]. The consequence of this is that the imaginary part of the impedance is superimposed
by the ‘image inductance’, i.e. the magnetic part of the indirect transverse space-charge impedance. For
a circular pipe of radius b it is given by

Z image
⊥ = −i

Z0l

2πb2
. (80)
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Fig. 19: Coil measurement of real transverse impedance of a tubular-beam pipe vs analytical calculation by Rewall.
The dashed lines are error bars.
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Eq. (80).
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Fig. 20: Imaginary part from the same measurement as in Fig. 19. Due to the high bias of the image inductance,
the imaginary resistive wall impedance measurement result becomes very inaccurate.

The measurement result of the imaginary part of the impedance is shown in Fig. 20. Since the image
inductance is much higher than the imaginary part of the resistive wall impedance, small relative mea-
surement errors lead to large relative errors for the imaginary restive wall impedance. Thus, the coil
method is effective only for the determination of the real part of the transverse restive wall impedance.
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Beam-Based Impedance Measurements

E. Shaposhnikova
CERN, Geneva, Switzerland

Abstract
Beam-based impedance measurements play an important role in benchmarking
existing impedance models of the accelerator, as well as in elaborating them.
Impedance measurements can be made with both stable and unstable beams.
In the first case, one makes use of changes in stable bunch parameters, such
as bunch length, synchrotron frequency distribution, or synchronous phase
shift. In the second case, measurements of instability characteristics (threshold,
growth rates, bunch spectrum) can be used for impedance search or evaluation,
usually by comparison with results of particle simulations.

Keywords
Impedance; beam measurements.

1 Introduction
First of all, let us answer the question; why does one need to measure impedance with a beam? Indeed,
nowadays the beam-coupling impedance of various machine elements can be accurately estimated us-
ing analytical calculations [1, 2], advanced electromagnetic simulations (various codes are available), or
bench measurements in the lab, e.g., see Refs. [3, 4].

Nevertheless, very often one needs to verify the accuracy of an impedance model, based on electro-
magnetic simulations or measurements, since there are always some very complex machine elements
with impedances that are difficult to calculate, simulate, or measure; the material properties of these elem-
ents are also not always well known. In addition, non-conformities may also exist, from either fabrication
errors or beam-induced damage owing to e.g., operation with high-intensity beams. Measurements with
the beam can also be useful in identifying impedance sources that are driving beam instabilities or posing
some other intensity limitations.

In what follows, we consider methods mainly used in circular proton accelerators with relatively
high beam energy (above the gigaelectronvolt range) and long bunches (above the nanosecond range).
The frequency ranges of interest for impedance measurements, and therefore the approaches used in
these machines, are quite different from those applied in the synchrotron light sources with picosecond
or even femtosecond bunches. Thanks to careful initial design, the impedances of modern rings become
smaller and smaller, so that more elaborate methods are required to measure them with beam. However,
numerical simulations of various collective effects have also become more advanced and can be used for
comparison with beam tests of impedance.

Note that practically all intensity effects could potentially be used for impedance evaluation by
comparison of beam measurements with particle simulations or analytical formulae. Only a few methods
could be discussed in detail in this paper. Their selection is based on personal experience in using them
on CERN machines and also on the fact that some of them are probably less well known outside CERN.
Most of the examples are given for measurements in the longitudinal plane, but similar techniques are
often applicable in the transverse plane.

This paper consists of two main parts. The first describes measurements with stable bunches that
include bunch lengthening, synchrotron frequency shift, and change in debunching time with intensity,
and are applied for evaluation of the reactive impedance ImZ. Measurements of synchronous phase
shift with intensity can be used to estimate the resistive part of the beam-coupling impedance ReZ. The
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second part of the paper deals with an unstable beam and its characteristics (spectra, growth rates, and
thresholds). In all these cases, the impedance evaluation is based on changes in beam characteristics.
However, measurements with stable beams are mainly used to test the existing impedance models while
measurements with unstable beams often contain important information about parameters of the domin-
ant offending impedance. There is also a separate case (not considered in this paper) when the impedance
of a particular element in the ring (e.g., an RF cavity) can be evaluated from the signal excited there by
a single bunch with known (measured) profile (see, e.g., Ref. [5,6]). This approach can be considered an
intermediate case between beam measurements and bench measurements of impedance in the lab, since
the beam characteristics stay unchanged.

Measurements of impedance with a single bunch can give information only about the effective
impedance—the actual impedance integrated over the spectrum of the bunch. For a stable bunch, the
effective impedance is defined by integration over the stable bunch spectrum centred at zero frequency.
Since the width of the bunch spectrum is inversely proportional to the bunch length τ , long bunches ‘see’
only the low-frequency (f < 1/τ ) part of the coupling impedance. For an unstable bunch, the situation
is different. The growth rate of some mode depends on the effective impedance, which is now defined by
integration over the spectrum of this mode with a non-zero centre frequency.

The total voltage seen by a particle is the sum of the RF voltage Vrf and the induced voltage Vind,

V = Vrf + Vind . (1)

The induced voltage due to beam-coupling impedance Z(ω) contains two contributions: the first defined
by the stable bunch spectrum Λ(ω) and the second by the unstable spectrum h(ω). In the next section,
we will consider the intensity effects defined by the stable bunch spectrum; in Section 3, we will consider
the those defined by the unstable spectrum.

2 Impedance measurements with stable beam
In equilibrium, the particle distribution is a function of the Hamiltonian H with a potential well defined
by the total voltage (1) seen by the particle (the effect of potential well distortion). The induced voltage
can be written in the following form (see, e.g., Refs [7, 8]):

Vind(θ) = −eω0Nb

∑

n

ΛnZneinθ , (2)

where ω0 = 2πf0 is the revolution frequency, θ is the longitudinal co-ordinate of the particle expressed
in radians, Zn = Z(nω0), and

Λn =
1

2π

∫
λ(θ)e−inθdθ (3)

is the nth Fourier harmonic of the unperturbed bunch line density λ(θ) containing Nb particles and
normalized to unity ∫

λ(θ)dθ = 1 . (4)

Equation (2) is sufficient to obtain, in a self-consistent way, the equilibrium particle distribution, which
provides measurable dependence of synchrotron frequency ωs, bunch length τ , and synchronous phase
on bunch intensity. The Haissinski equation describes the situation for an electron bunch in equilibrium,
assuming the Gaussian distribution in energy [9]. However, there is no unique solution for proton bunches
and measured bunch profiles should be used to obtain the required equilibrium bunch characteristics.

Assuming a symmetric bunch profile with Λn = Λ−n, Eq. (2) becomes

Vind(θ) = −2πIb

∑

n

Λn(ReZn cosnθ − ImZn sinnθ) , (5)
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where Ib = ef0Nb is the average beam current. For nθ � 1, the right-hand side of Eq. (5) can be
expanded to give

Vind(θ) ' −2πIb

∑

n

Λn(ReZn − nθ ImZn + ...) , (6)

with ReZ leading to the synchronous phase shift and ImZ contributing to the change of the RF voltage
amplitude and, therefore, introducing the synchrotron frequency shift.

Adding the induced voltage to the RF voltage in the linearized longitudinal equation of motion
yields

d2θ

dt2
+ ω2

s0

[
θ +

Vind(θ)

Vrf h cosφs

]
= 0 , (7)

where φs is the synchronous phase (φ = hθ, with RF harmonic number h) and ωs0 is the synchrotron
frequency of particles with small oscillation amplitude.

In this approximation, we get the following expression for the synchronous phase shift:

∆φs = h∆θ ' 2πIb

Vrf cosφs

∑

n

Λn ReZn , (8)

which will be discussed in the corresponding section.

For the linear synchrotron frequency, we obtain

ω2
s ' ω2

s0

(
1 +

2πIb

Vrfh cosφs

∑

n

nΛn ImZn

)
. (9)

We notice already that a dominant space charge impedance (ImZ < 0) below transition (cosφs > 0)
or inductive impedance above transition leads to negative frequency shift. Note that Eqs. (8)–(9) are
applicable only for small-amplitude particles and the dependence of the measured synchrotron frequency
shift and phase on beam parameters can, in reality, be much more complicated.

2.1 Frequency shifts
For a reactive impedance ImZn/n, which is constant over the stable bunch spectrum, and for small shifts
∆ωs � ωs0, Eq. (9) can be rewritten in the form

∆ωs = ωs − ωs0 '
πIbωs0

Vrfh cosφs
ImZ/n

∑

n

n2Λn . (10)

Using the fact that
λ(θ) =

∑

n

Λne−inθ , (11)

one can see that, for small-amplitude particles, the sum in Eq. (10) can be replaced by the second deriva-
tive of the bunch line density λ(θ), and we obtain

∆ωs ' −
πIbωs0ImZ/n

Vrfh cosφs

d2λ

dθ2

∣∣∣∣∣
θ=0

, (12)

where the second derivative is taken at the bunch centre.

Note that for a constant ImZ/n, a similar formula can be obtained directly from the expression
for induced voltage Vind = −LdI/dt, where I(t) is the instantaneous beam current and the inductance
L can be found from the expression iω0L = ImZ/n. Then, Eq. (2), rewritten for ImZ/n = const, can
also be reproduced.
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Fig. 1: Quadrupole line of peak-detected Schottky signal, proportional to particle distribution in synchrotron fre-
quency, for two LHC bunches of Beam 1 with similar length of 1.4 ns (4σ Gaussian fit) but different intensities
(0.1×1011 and 1.1×1011) at 450 GeV/c (fs0 = 55.1 Hz). The difference 2δfs is less than 1.0 Hz and δfs = 0.35 Hz
is expected from the LHC impedance model [13].

For a parabolic bunch in a linear RF voltage, the expression for synchrotron frequency shift be-
comes particularly simple:

ω2
s = ω2

s0 +
6ω2

s0IbImZ/n

Vrfh cosφs(ω0τ)3 . (13)

To obtain an estimate of ImZ/n of the ring, the synchrotron frequency shift should be measured
as a function of bunch intensity Nb. Different possible methods are described next.

2.1.1 Incoherent synchrotron frequency shift
The incoherent synchrotron frequency shift can be found for a bunch in equilibrium by measuring the
distance 2m∆fs between positive and negative mth synchrotron sidebands of the longitudinal Schottky
spectrum [10]. This method was used in both RHIC rings [11], where the dependence on intensity was
obtained from the natural intensity decay during luminosity production. The parabolas were fitted to the
top 30% of the averaged bunch profiles to find d2λ/dθ2. The results obtained by this method for the two
RHIC rings, blue and yellow, which are very similar, differed by more than a factor of three; the source
of this difference is not clear.

The quadrupole (m = 2) line of the peak-detected Schottky spectrum contains information about
the particle distribution in synchrotron frequency [12] and can be used to observe the synchrotron fre-
quency shift. The measurements of the m = 2 line performed at the bottom energy of the CERN LHC
for two bunches of similar bunch length and different intensities are shown in Fig. 1. As one can see,
the available frequency resolution of 0.2 Hz is insufficient and only an upper limit on ImZ/n could be
obtained (< 0.2 Ω) [13]. This limit agrees with the current LHC impedance budget of 0.1 Ω.

Another method that can be used to estimate the synchrotron frequency shift, when applied in
the LHC, gave similar results. Eight bunches with intensities in the range 0.6 × 1011–2.0 × 1011

and bunch length in the range 1.2–1.4 ns were excited via a cavity set point by phase modulation
φ(t) = φ0 sin(2πfmodt) with modulation frequency fmod, changing in steps of 0.1 Hz from the zero-
intensity synchrotron frequency fs0 = 55.1 Hz. Dipole oscillations of different bunches were observed
at excitation frequencies, reaching the synchrotron frequency spread inside these bunches. The results
are again in agreement with an expected maximum frequency shift of 0.11 Hz. Owing to the finite length
of this excitation (and therefore the frequency bandwidth), a constant offset in synchrotron frequencies
was also observed. To improve accuracy, longer excitations were applied for shorter bunches (available
at the LHC flat top) in recent machine studies. Finally, the LHC impedance (ImZ/n = 0.09 Ω) could be
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estimated most accurately from the measurements (using bunches with various lengths and intensities)
of thresholds of the loss of Landau damping caused by the incoherent synchrotron frequency shift [13],
but these results are not discussed here.

2.1.2 Coherent synchrotron frequency shift
The synchrotron frequency shift can also be measured from excited oscillations of bunches with different
intensities Nb. In this case, we are dealing with the coherent synchrotron frequency shift as well as the
incoherent shift, since now the bunch spectrum consists of both stationary and oscillating components.
The frequency of bunch oscillations ωm = 2πfm can be presented in the form (see, e.g., Ref. [8])

ωm = m(ωs0 + ∆ωinc) + ∆ωcoh , (14)

where ∆ωinc and ∆ωcoh are the incoherent and coherent synchrotron frequency shifts, respectively. The
two last terms in Eq. (14) are defined by the two different effective impedances. Indeed, the incoherent
frequency shift ∆ωinc ∝ ImZ0 and the coherent frequency shift ∆ωinc ∝ (ImZ/ω)eff

m , where

(ImZ/ω)eff
m =

∑∞
p=−∞ hm(ωpm)Z(ωpm)/ωpm∑∞

p=−∞ hm(ωpm)
(15)

and ωpm = pω0 +mωs.

For a Gaussian bunch with r.m.s. bunch length σ, the spectrum function is

hm(ω) = (ωσ)2me−(ωσ)
2

(16)

and

Z0 '
∞∑

p=−∞
p ImZ(ωp0)e−(ωp0σ)

2
/2 . (17)

For dipole oscillations (m = 1), the last two terms in Eq. (14) practically cancel each other (exactly,
for a parabolic bunch in a linear RF voltage). Thus, for beam measurements we are left with quadrupole
(m = 2) oscillations, which, for example, can be excited at injection into a mismatched RF voltage or by
a non-adiabatic increase of voltage. The frequency of bunch length (or bunch peak amplitude) oscillations
can be found from fitting the first 12–13 oscillations with a sine wave or from the maximum frequency
in the peak-detected Schottky spectrum [14]. The variation of bunch intensity allows the dependence of
oscillation frequency on impedance to be estimated using the expression

f2s = f2s(Nb = 0) + bNb , (18)

where for ImZ/n = const the slope b ∝ ImZ/n [7]. Note that the slope b also strongly depends
on bunch length (as 1/τ3 for ImZ/n = const) and special care should been taken when making the
reference impedance measurements, as in the CERN SPS [14], by using bunches with similar bunch
lengths and also emittances.

Indeed, single bunches injected into mismatched voltage at 26 GeV/c (above transition) have been
used in the CERN SPS to evaluate changes in longitudinal inductive impedance since 1999, see Fig. 2
(left-hand side). The first significant reduction in the inductive impedance (the slope b) could be seen
after shielding the∼900 pumping ports in 2000 (compare measurements from 1999 and 2001). This was
followed by an impedance increase due to installation in 2003 and 2006 of kickers for beam extraction
to the two LHC rings. Later, the impedance of a few kickers was significantly reduced, but the effect
was no longer measurable with the beam [14], mainly owing to variation of the injected bunch length
(emittance) in measurements. Recently, measurements of synchrotron frequency shift as a function of
bunch length allow the frequency dependence of effective impedances to be studied, see Fig. 2 (right-
hand side). A comparison of these measurements with particle simulations can serve as a good test of
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Fig. 2: Left-hand side: measurements of quadrupole frequency shift as a function of intensity (slope b) over a
period of years in the CERN SPS following up the impedance evolution of the ring [14]. Right-hand side: recent
measurements of the slope b from Eq. (18) in [Hz/1010] as a function of average bunch length [15].

the impedance model of the ring. In the case of the CERN SPS, this comparison reveals some missing
inductive impedance ImZ/n ∼ 0.3 Ω [15]. The analysis also shows that for the SPS impedance measured
using the quadrupole oscillations, the frequency shift in Eq. (14) is dominated by the contribution from
the incoherent frequency shift.

Changes in the transverse SPS impedance were also observed over many years by performing
measurements of the vertical tune shift with intensity [16].

2.2 Debunching
The voltage induced by the bunch produces ‘potential well distortion’ and changes the synchrotron fre-
quency distribution when RF is on, but it also affects the beam dynamics when RF is off. The effective
reactive impedance of the ring can then also be estimated by measuring the evolution of the bunch
parameters during the debunching process [17].

For a parabolic bunch, the variation with time of length τ and the peak line density λp in the
presence of reactive impedance ImZ = const with RF off,

τ(t) = τ(0) r(t) , λp(t) = λp(0)/r(t) , (19)

is described by the function r(t). At the beginning of debunching, it has the form [18]

r(t) ' (1 + Ω2
dt

2)1/2 , with Ω2
d = Ω2 + sΩ2

N , (20)

where

Ω =
2|η|
τ(0)|

∆pm
p

, Ω2
N =

6Nbe
2|η|

πEτ3 ImZ/n , (21)

±∆pm/p is the maximum relative momentum spread in the bunch and s = sign(ηImZ). The plus
sign gives faster debunching, owing to the defocusing effect of inductive impedance above transition, or
capacitive below transition, see Fig. 3 (top).

Here, the parameter ΩN is similar to that contributing to the incoherent synchrotron frequency shift
in Eq. (14). For Nb = 0, the matched bunch has Ω = ωs0, otherwise it is defined by the RF parameters
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time (ms) N/1010

Fig. 3: Top: decay of normalized peak line density 1/r(t) with time for different values of parameter a = 1 +
2sΩ2

N/Ω
2. a = 1 corresponds to absence of intensity effects. No debunching will happen for a < 0. Dashed lines

are approximations of the exact solution valid at t� 1/Ωd and t� 1/Ωd [17]. Bottom left-hand side: example of
measured peak line density variation during debunching in the SPS at 26 GeV/c and its fit using r(t) from Eq. (20).
Bottom right-hand side: measured Ω2

d as a function of intensity.

(synchrotron frequency) of the injector. This means that if the RF is switched off for a matched bunch
with Ω2 = ω2

s0 − sΩ2
N then, as follows from Eq. (20), the debunching time td = 1/Ωd in the first

approximation does not depend on intensity.

The debunching time measured as a function of intensity from the decay of peak line density
at 26 GeV/c in the CERN SPS is shown in Fig. 3. The estimate of ImZ/n (18.7 Ω) obtained by this
method [17] is slightly larger than values found at that time (before the first impedance reduction) by
other methods (with RF on), mainly because longer bunches during debunching sample lower frequencies
and therefore a higher inductive impedance.

2.3 Bunch lengthening
Measurements of bunch lengthening with intensity under stable conditions are often used to estimate the
effective reactive impedance of the ring. The Haissinski equation [9] describes the equilibrium bunch
profile when, owing to the effect of synchrotron radiation, the momentum distribution is Gaussian, and
therefore is normally applicable only in lepton machines.
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Fig. 4: Left-hand side: bunch length as a function of intensity on the 26 GeV/c SPS flat bottom at 600 ms after
injection, before (red dots) and after (green and blue) the first impedance reduction in 1999–2001. Right-hand side:
bunch length obtained from recent (2015) measurements (red) on the 450 GeV/c SPS flat top and macroparticle
simulations through the whole acceleration cycle using initial bunch parameters from the measurements (blue) and
full SPS impedance model [15].

The equation that describes bunch lengthening for protons [7] is based on the fact that longitudinal
emittance is an invariant of motion. For parabolic bunches and constant inductive impedance ImZ/n, the
bunch length τ normalized to zero-intensity value τ0 satisfies the following equation

(
τ

τ0

)4

+A
τ

τ0
− 1 = 0 , where A =

24πIbImZ/n

(ω0τ0)3Vrfh cosφs

. (22)

Comparison of measured and calculated bunch lengthening with intensity gives an estimate of reactive
impedance, assuming ImZ/n = const. For proton bunches, the experiment is not easy, owing to the need
for bunches with variable intensity but constant longitudinal emittance. If these bunches are injected into
the ring, the constant RF voltage at injection can only be matched for a certain bunch intensity, leading at
other intensities to quadrupole oscillations, filamentation, and emittance blow-up. Macroparticle simu-
lations could be performed for the actual experimental set-up using longitudinal impedance having a
more complicated, but realistic structure. Usually, bunch lengthening due to potential well distortion
can be easily distinguished from that due to an instability; see two examples of SPS bunch lengthening
measurements on the flat bottom and flat top in Fig. 4.

2.4 Synchronous phase shift
Measurements of the synchronous phase shift as a function of intensity are often used to evaluate the
resistive impedance of the ring that abstracts particle energy [19]. In the absence of acceleration, the
synchronous phase φs is defined by the expression

∆φs = −U/(e Vrf cosφs) , (23)

where U is the energy loss per turn and per particle.

Equation (8) describes the phase shift of a single particle with a small synchrotron oscillation
amplitude. In the same way as energy loss of a given particle, this phase shift depends on particle oscil-
lation amplitude. Experimentally, only the total energy loss of the whole bunch can be measured. The
total energy loss normalized to the number of particles can be found by measuring the synchronous phase
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shift ∆φs at different bunch intensities. The measured dependence of energy loss on bunch length can
be compared with that calculated from the known resistive impedances and the given bunch distribu-
tion [20].

The energy loss of the whole bunch per turn and per particle can be found from the following
expression [7]:

U = −e2Nbk , (24)

with the loss factor:

k =
ω0

π

∞∑

p=0

ReZ(pω0)|Λ(pω0)|2 . (25)

Finally, one obtains

∆φs =
2Ib

Vrf cosφs

∞∑

p=0

ReZ(pω0)|Λ(pω0)|2 . (26)

For a Gaussian bunch, the spectrum Λ(ω) = exp[−(pω0σ)2/2] and one can see that Eq. (8) and Eq. (26)
give the same result for σ � 1/ωr.

The shift of the synchronous phase ∆φs can be measured from the distance between the two
bunches in the ring or from the phase of the beam signal relative either to the reference RF signal or
to the signal from a probe in the RF cavity. When using the reference RF signal (sent from the power
amplifier to the cavity), the energy loss due to the cavity fundamental impedance is included. The signal
from the probe in the cavity contains information about the sum of the applied RF voltage and the beam-
induced voltage, so that in this case the beam-loading effect will be excluded from the measured phase
shift. Measuring the distance between a time reference, low-intensity bunch and a witness bunch with
varied intensity (see, e.g., Ref. [21]) is similar to the use of the reference RF signal, since the measured
loss factor can be dominated by the contribution from the RF cavities.

Measurements of synchronous phase shift made in the CERN SPS after the first impedance re-
duction using the RF reference signal [22] are shown in Fig. 5. Single bunches with variable intensity
were injected in four different RF voltages to obtain the dependence of energy loss on bunch length. In
the measurements σ varied in the range 0.6–0.9 ns, so that impedances up to 1 GHz should be taken into
account. Contributions to the normalized energy loss Ū = |U |/(N/1010) from different SPS impedances
with frequencies less than 1 GHz (at the time of measurements) calculated for a Gaussian bunch are
shown in Fig. 5 (left-hand side). As can be seen, in these measurements, the energy loss was dominated
by the loss in the fundamental impedance of the 200 MHz RF system (shunt impedance Rsh ' 4.5 Ω,
quality factor Q = 140) and the MKE kickers. Contributions due to the main impedance of the 800 MHz
cavities, total Rsh = 1.94 MΩ and Q = 300, as well as the high-order mode of the 200 MHz RF system,
with fr = 629 MHz, Q = 500 and Rsh = 604 kΩ, are much smaller. The contribution to Ū from the
resistive wall impedance is about 0.8 keV for a bunch with σ = 0.6 ns and decreases ∝ σ−3/2 for longer
bunches. The measured and estimated total energy losses Ū are presented in Fig. 5 (right-hand side) as a
function of bunch length.

The bunch-by-bunch measurements of the beam phase relative to the measured RF phase (probe)
were used in the CERN LHC to estimate the energy loss of the proton bunches due to the electron
cloud. Very high precision, within one degree, is required to measure the small shifts accurately. To
obtain reliable results, the first 12 bunches were used as a reference to exclude other energy losses, from
(short-range) impedances. The required accuracy was achieved after corrections for systematic errors
and data post-processing [13]. Comparison with simulations gives a good estimate of the electron-cloud
density [23]. This diagnostic tool has been available in the CERN Control Centre since 2015 and is used
to evaluate results of beam scrubbing of the vacuum chamber, Fig. 6.
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Fig. 5: Left-hand side: contribution to energy loss Ū (keV) from different SPS impedances as a function of 4σ
bunch length. Right-hand side: normalized energy loss Ū (keV) calculated from the known SPS impedances (solid
line) and measured from the phase shift (circles, measurement points; dashed line, linear fit) for different bunch
lengths.
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Fig. 6: Bunch-by-bunch synchronous phase shift for similar bunches spaced at 25 ns before (left-hand side) and
after (right-hand side) scrubbing of the CERN LHC. Measurements at 450 GeV/c flat bottom [13].

3 Impedance measurements with unstable beam
Measurements with an unstable beam can help to identify the impedance source responsible for the
instability. In particular, in some cases, which are considered next, the beam spectrum may contain
important information about the frequency of the impedance responsible. Measurements of growth rates
and instability thresholds are useful to estimate other parameters (Rsh and Q) of these impedances,
especially with known resonant frequencies.

3.1 Unstable beam spectra with RF off: single-bunch case
Unstable spectra of long single bunches injected into an accelerator with RF off can be used to identify the
longitudinal resonant impedances with large values of R/Q (for details see Refs. [24,25]). The presence
of different resonant impedances leads to line density modulation at the resonant frequencies, which can
be detected. The synchrotron motion normally destroys this modulation (with the exception of a very fast
instability with growth time significantly smaller then the synchrotron period). Too fast debunching will
also modify this modulation. Thus, the parameters of bunches used for these measurements should satisfy
certain requirements. For narrow-band resonant impedances with frequency bandwidth ∆ωr � 1/τ , the
width of the corresponding peak in the unstable spectrum is defined by 1/τ , so long bunches give better
frequency resolution. Since injected bunches should become unstable, but not debunch too quickly, a
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Fig. 7: Top: spectral distributions of long (25 ns) unstable bunches on the SPS flat bottom with RF off measured be-
fore the first SPS impedance reduction withNb = 2×1010 (left-hand side) and recently withNb = 1× 1011. Bot-
tom: corresponding longitudinal impedance models of the SPS; left-hand side: all resonant peaks above 1.4 GHz
are due to intermagnet pumping ports shielded in 1999–2000 shutdown; right-hand side: impedance of vacuum
flanges (blue) which will be reduced in the 2019–2020 shutdown.

small momentum spread also helps.

This method helped to find the impedances driving the microwave instability on the 26 GeV/c flat
bottom in the CERN SPS almost 20 years ago, see Fig. 4 (left-hand side). Around 900 of the intermagnet
pumping ports were shielded during the shutdown of 1999–2000, providing stability of the nominal LHC
beam. Recently, this method (but with higher-intensity bunches) was used again in preparation of the SPS
for its role as an injector of the high-luminosity LHC, where intensities that are twice as high as those
achieved so far are required. The second impedance reduction programme, which includes shielding
of ∼200 vacuum flanges, found responsible for a longitudinal instability during the SPS ramp (with
minimum threshold on the flat top) [26, 27], is planned during the long shutdown in 2019–2020.

In the SPS measurements, bunch profiles were acquired during the first 100 ms after injection at
regular time intervals. Each of these profiles was Fourier analysed and the maximum amplitude of the
signal at each frequency was plotted (projection of mountain range). The spectral distributions measured
with long bunches are shown in Fig. 7 (top), together with a corresponding impedance model at the time
of measurement (bottom). Note the peak at 400 MHz, which disappeared after the first impedance re-
duction (shielding of pumping ports with resonant peaks in the range 1.5–3.5 GHz) and removal of the
lepton equipment (SPS as LEP injector), although the particular impedance source was not identified.
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fr   x bunch length

fmax   x bunch length

Fig. 8: Left-hand side: position of the maximum fmaxτ in the beam spectrum envelope as a function of frτ for a
parabolic line density and dipole mode m = 1. For higher multipoles m, the dependence is similar. Right-hand
side: unstable beam spectrum from 0 to 2 GHz at the end of the fixed-target proton cycle in the CERN SPS for
low-intensity beam (4× 1012) with 5 ns bunch spacing (strong lines at the 200 MHz harmonics).

3.2 Unstable beam spectra with RF on: multibunch case
Let us consider a coupled-bunch instability driven by some narrow-band impedance (e.g., high-order
mode in the RF cavities) at resonant frequency ωr = 2πfr = ω0pr. The spectrum of the unstable
multibunch beam has components at frequencies

ω = (n+ lM)ω0 +mωs, l = 0,±1, ..., (27)

where M is the number of the equidistant bunches in the ring, n = 0, 1, ...,M − 1 is the coupled-
bunch mode number describing the phase shift 2πn/M between adjacent bunches, and m = 0, 1... is the
multipole number related to the interbunch motion (m = 1, dipole; 2, quadrupole, and so on). On the
spectrum analyser, the negative frequencies for a given value of n appear at [(l + 1)M − n]ω0 −mωs,
so the spectrum is mirrored at lM + n and (l + 1)M − n. With high-frequency resolution, one can
use the fact that, above transition, internal synchrotron sidebands around revolution lines n and M − n
correspond to impedances at a higher frequency and external sidebands correspond to impedances at a
lower frequency (the opposite is true below transition) [28]; however, the value of lM is still unknown.
Measuring n for different (and, in particular, large) numbers of bunches M (with M1 6= kM2) can also
help to determine the resonant frequency ωr. During development of the instability, the signals can also
be directly observed from the coupling devices in the cavities.

Nevertheless, available data are often insufficient; then measurements of the envelope spectra can
give additional information about the resonant frequency. The analysis of unstable beam spectra for
different particle distribution functions has shown that if the measured position of the absolute maximum
in the unstable bunch spectra fmax > 1/τ , then it practically coincides with the resonant frequency
fr [29]. The uncertainty does not exceed ±0.2/τ . If the measured fmax < 1/τ , one can only say that
fr < 1.2/τ . The expected position of the maximum in the beam spectrum envelope as a function
of resonant frequency is shown in Fig. 8 for a parabolic line density and m = 1 together with the
spectrum envelope observed during development of a coupled-bunch instability in the CERN SPS for
4000 bunches spaced at 5 ns. From the measured value of nf0 = 113 MHz, a few candidates were
possible. Measurements were made at the end of the cycle for a bunch length of 2 ns. The spectrum has
a maximum around 700 MHz so that the parameter fmaxτ = 1.4. Then the driving impedance can be a
high-order mode in the 200 MHz RF system with fr = 912 MHz.

Measurements of the instability growth rates and instability thresholds can be used to give an
estimation of Rsh of the narrow-band impedance.
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4 Discussion and summary
There are many other methods, for both transverse and longitudinal planes, which were not discussed
here, see, for example, Refs. [20, 30].

Thanks to careful initial design, the coupling impedance of circular accelerators becomes smaller
and therefore more elaborate methods are required to measure it with beams, even in proton machines
(e.g., the LHC has ImZ/n = 0.09 Ω). Numerical simulations of various collective effects also become
more advanced and most of them can be also used for beam tests of impedance.

Measurements with stable beams are mainly used to verify existing impedance models. Con-
versely, measurements with unstable beams can provide important information about parameters of the
dominant impedances driving the instabilities.
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Abstract 
In this paper we introduce, from basic principles, the main concepts of beam 
focusing and transport in modern accelerators using the beam envelope 
equation as a convenient mathematical tool. Matching conditions suitable for 
preserving beam quality are derived from the model for significant beam 
dynamics regimes. 

Keywords 
Beam matching; rms emittance; laminar beam; space charge effects; rms 
envelope equations. 

1 Introduction 
Light sources based on high-gain free electron lasers or future high-energy linear colliders require the 
production, acceleration, and transport up to the interaction point of low divergence, high charge-density 
electron bunches [1]. Many effects contribute in general to degradation of the final beam quality, 
including chromatic effects, wake fields, emission of coherent radiation, and accelerator misalignments. 
Space charge effects and mismatch with focusing and accelerating devices typically contribute to 
emittance degradation of high charge-density beams [2]; hence, control of beam transport and 
acceleration is the leading edge for high-quality beam production. 

Space charge effects represent a very critical issue and a fundamental challenge for high-quality 
beam production and its applications. Without proper matching, significant emittance growth may occur 
when the beam is propagating through different stages and components, owing to the large differences 
of transverse focusing strength. This unwanted effect is even more serious in the presence of finite 
energy spread. 

In this paper we introduce, from basic principles, the main concepts of beam focusing and 
transport in modern accelerators using the beam envelope equation as a convenient mathematical tool. 
Matching conditions suitable for preserving beam quality are derived from the model for significant 
beam dynamics regimes. A more detailed discussion of the previous topics can be found in the many 
classical textbooks on this subject, as listed in Refs. [3–6]. 

2 Laminar and non-laminar beams 
An ideal high-charge particle beam has orbits that flow in layers that never intersect, as occurs in a 
laminar fluid. Such a beam is often called a laminar beam. More precisely, a laminar beam satisfies the 
following two conditions [6]: 

i) all particles at a given position have identical transverse velocities. On the contrary, the orbits 
of two particles that start at the same position could separate and later cross each other. 

ii) assuming that the beam propagates along the z axis, the magnitudes of the slopes of the 
trajectories in the transverse directions x and y, given by ( ) d / dx z x z′ =  and ( ) d / dy z y z′ = , are 
linearly proportional to the displacement from the z axis of beam propagation. 
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Trajectories of interest in beam physics are always confined to the inside of small, near-axis regions, 
and the transverse momentum is much smaller than the longitudinal momentum, px,y   pz ≈ p. As a 
consequence, it is convenient in most cases to use the small angle, or paraxial, approximation, which 
allows us to write the useful approximate expressions x′ = px/pz ≈ px/p and y′ = py/pz ≈ px/p. 

To help understand the features and advantages of a laminar beam propagation, the following 
figures compare the typical behaviour of a laminar and a non-laminar (or thermal) beam. 

Figure 1 illustrates an example of orbit evolution of a laminar mono-energetic beam with half 
width x0 along a simple beam line with an ideal focusing element (solenoid, magnetic quadrupoles, or 
electrostatic transverse fields are usually adopted to this end), represented by a thin lens located at the 
longitudinal coordinate z = 0. In an ideal lens, focusing (defocusing) forces are linearly proportional to 
the displacement from the symmetry axis z, so that the lens maintains the laminar flow of the beam. 

 
Fig. 1: Particle trajectories and phase space evolution of a laminar beam [7] 

The beam shown in Fig. 1 starts propagating completely parallel to the symmetry axis z; in this 
particular case, the particles all have zero transverse velocity. There are no orbits that cross each other 
in such a beam. Ignoring collisions and inner forces, such as coulomb forces, such a parallel beam could 
propagate an infinite distance with no change in its transverse width. When the beam crosses the ideal 
lens, it is transformed into a converging laminar beam. Because the transverse velocities after the linear 
lens are proportional to the displacement off-axis, particle orbits define similar triangles that converge 
to a single point. After passing through the singularity at the focal point, the particles follow diverging 
orbits. We can always transform a diverging (or converging) beam into a parallel beam by using a lens 
of the proper focal length, as can be seen by reversing the propagation axis of Fig. 1. 

The small boxes in the lower part of the figure depict the particle distributions in the trace space 
(x, x′), equivalent to the canonical phase space (x, px ≈ x′p) when p is constant, i.e. without beam 
acceleration. The phase space area occupied by an ideal laminar beam is a straight segment of zero 
thickness. As can be easily verified, the condition that the particle distribution has zero thickness 
proceeds from condition 1; the segment straightness is a consequence of condition 2. The distribution 
of a laminar beam propagating through a transport system with ideal linear focusing elements is thus a 
straight segment with variable slope. 

Particles in a non-laminar beam have a random distribution of transverse velocities at the same 
location and a spread in directions, as shown in Fig. 2. Because of the disorder of a non-laminar beam, 
it is impossible to focus all particles from a location in the beam toward a common point. Lenses can 
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influence only the average motion of particles. Focal spot limitations are a major concern for a wide 
variety of applications, from electron microscopy to free electron lasers and linear colliders. The phase 
space plot of a non-laminar beam is no longer a straight line: the beam, as shown in the lower boxes of 
Fig. 2, occupies a wider area of the phase space. 

 
Fig. 2: Particle trajectories and phase space evolution of a non-laminar beam [7] 

3 The emittance concept 
The phase space surface A occupied by a beam is a convenient figure of merit for designating the quality 
of a beam. This quantity is the emittance εx and is usually represented by an ellipse that contains the 
whole particle distribution in the phase space (x, x′), such that A = πεx. An analogous definition holds 
for the (y, y′) and (z, z′) planes. The original choice of an elliptical shape comes from the fact that when 
linear focusing forces are applied to a beam, the trajectory of each particle in phase space lies on an 
ellipse, which may be called the trajectory ellipse. Being the area of the phase space, the emittance is 
measured in millimetres milliradians or, more often, in micrometres. 

The ellipse equation is written as 
 2 22x x x xx xx xγ α β ε′ ′+ + =  ,  (1) 

where x and x′ are the particle coordinates in the phase space and the coefficients αx(z), βx(z), and γx(z) 
are called Twiss parameters, which are related by the geometrical condition 
 2 1x x xβ γ α− = .  (2) 

As shown in Fig. 3, the beam envelope boundary Xmax, its derivative (Xmax)′ and the maximum 
beam divergence X′max, i.e. the projection on the axes x and x′ of the ellipse edges, can be expressed as 
a function of the ellipse parameters: 

 ( )
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x x

x x
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β ε
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γ ε
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 ′ = −
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 .  (3) 
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Fig. 3: Phase space distribution in a skewed elliptical boundary, showing the relationship of Twiss parameters to 
the ellipse geometry [6]. 

According to Liouville’s theorem, the six-dimensional (x, px, y, py, z, pz) phase space volume 
occupied by a beam is constant, provided that there are no dissipative forces, no particles lost or created, 
and no coulomb scattering among particles. Moreover, if the forces in the three orthogonal directions 
are uncoupled, Liouville’s theorem also holds for each reduced phase space surface, (x, px), (y, py), 
(z, pz), and hence emittance also remains constant in each plane [3]. 

Although the net phase space surface occupied by a beam is constant, non-linear field components 
can stretch and distort the particle distribution in the phase space, and the beam will lose its laminar 
behaviour. A realistic phase space distribution is often very different from a regular ellipse, as shown in 
Fig. 4. 

 
Fig. 4: Typical evolution of phase space distribution (black dots) under the effects of non-linear forces with the 
equivalent ellipse superimposed (red line). 

We introduce, therefore, a definition of emittance that measures the beam quality rather than the 
phase space area. It is often more convenient to associate a statistical definition of emittance with a 
generic distribution function f(x, x′, z) in the phase space; this is the so-called root mean square (rms) 
emittance: 
 2 2

,rms2x x x xx xx xγ α β ε′ ′+ + =  .  (4) 
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The rms emittance is defined such that the equivalent-ellipse projections on the x and x′ axes are equal 
to the rms values of the distribution, implying the following conditions: 

 
,rms

,rms

x x x

x x x

σ β ε

σ γ ε′

 =


=
 , (5) 
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∫ ∫

∫ ∫
 (6) 

are the second moments of the distribution function f(x, x′, z). Another important quantity that accounts 
for the degree of (x, x′) correlations is defined as 

 ( ) ( ), , d dxx z xx xx f x x z x xσ
+∞ +∞

′
−∞ −∞

′ ′ ′ ′= = ∫ ∫  .  (7) 

From Eq. (3) it also holds that 

 ,rmsxxx
x x

x x

εσσ α
σ β

′′ = = −  ; 

see also Eq. (16), which allows us to link the correlation moment Eq. (7) to the Twiss parameter as 
 ,rmsxx x xσ α ε′ = −  .  (8) 

One can easily see from Eqs. (3) and (5) that 

 
d1

2 d
x

x z
βα = −  

also holds. 

By substituting the Twiss parameter defined by Eqs. (5) and (8) into condition 2 we obtain [5] 

 
2 2

,rms ,rms ,rms

1x x xx

x x x

σ σ σ
ε ε ε

′ ′
 

− =  
 

.  (9) 

Reordering the terms in Eq. (8) we obtain the definition of rms emittance in terms of the second moments 
of the distribution: 

 ( )22 2 2 2 2
rms x x xx x x xxε σ σ σ′ ′ ′ ′= − = −  ,  (10) 

where we omit, from now on, the subscript x in the emittance notation: εrms = εx,rms. The rms emittance 
tells us some important information about phase space distributions under the effect of linear or non-
linear forces acting on the beam. Consider, for example, an idealized particle distribution in phase space 
that lies on some line that passes through the origin, as illustrated in Fig. 5. 
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 (a) (b) 

Fig. 5: Phase space distributions under the effect of (a) linear or (b) non-linear forces acting on the beam 

Assuming a generic correlation of the type x′ = Cxn and computing the rms emittance according 
to Eq. (10) we have 

 
2 rms2 2 2 1

rms
rms

1 0
1 0

n n n
C x x x

n
ε

ε
ε

+ = ⇒ =
= −  > ⇒ ≠

 .  (11) 

When n = 1, the line is straight and the rms emittance is εrms = 0. When n > 1 the relationship is non-
linear, the line in phase space is curved, and the rms emittance is, in general, not zero. Both distributions 
have zero area. Therefore, we conclude that even when the phase space area is zero, if the distribution 
is lying on a curved line, its rms emittance is not zero. The rms emittance depends not only on the area 
occupied by the beam in phase space, but also on distortions produced by non-linear forces. 

If the beam is subject to acceleration, it is more convenient to use the rms normalized emittance, 
for which the transverse momentum 0x zp p x m c xβγ′ ′= =  is used instead of the divergence: 

( ) ( )( )22 22 2 2 2 2 2
,rms

0 0

1 1
x xn x p xp x xx p xp x x x x

m c m c
ε σ σ σ βγ βγ′ ′= − = − = −  .  (12) 

The reason for introducing a normalized emittance is that the divergences of the particles x′ = px/p 
are reduced during acceleration as p increases. Thus, acceleration reduces the un-normalized emittance, 
but does not affect the normalized emittance. Assuming a small energy spread within the beam, the 
normalized and un-normalized emittances can be related by the approximated relation rmsβγ ε . This 
approximation, which is often used in conventional accelerators, may be strongly misleading when 
adopted for describing beams with significant energy spread, like those currently produced by plasma 
accelerators. A more careful analysis is reported next [8]. 

When the correlations between the energy and transverse positions are negligible (as in a drift 
without collective effects), Eq. (12) can be written as 
 

2 22 2 2 2 2
,rmsn x x xxε β γ βγ′ ′= −  .  (13) 

Consider now the definition of relative energy spread 

 
22 2

2
2γ

β γ βγ
σ

βγ

−
= , 

which can be inserted into Eq. (13) to give 

 ( )2 22 2 2 2 2 2 2 2
,rmsn x x x x xxγε β γ σ βγ′ ′ ′= + −  .  (14) 
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Assuming relativistic particles (β = 1), we get 
 ( )2 2 2 2 2 2

,rms rmsn x xγε γ σ σ σ ε′= + .  (15) 

If the first term in the parentheses is negligible, we find the conventional approximation of the 
normalized emittance, as rmsγ ε . For a conventional accelerator, this might generally be the case. 
Considering, for example, beam parameters for the SPARC_LAB photoinjector [9]: at 5 MeV the ratio 
between the first and the second term is ~10−3; while at 150 MeV it is ~10−5. Conversely, using typical 
beam parameters at the plasma–vacuum interface, the first term is of the same order of magnitude as for 
conventional accelerators at low energies; however, owing to the rapid increase of the bunch size outside 
the plasma (σx′ ~ mrad) and the large energy spread (σγ > 1%), it becomes predominant compared with 
the second term after a drift of a few millimetres. Therefore, the use of approximated formulas when 
measuring the normalized emittance of plasma accelerated particle beams is inappropriate [10]. 

4 The root mean square envelope equation 
We are now interested in following the evolution of particle distribution during beam transport and 
acceleration. One can use the first collective variable defined in Eq. (6), the second moment of the 
distribution termed rms beam envelope, to derive a differential equation suitable for describing the rms 
beam envelope dynamics [11]. To this end, let us compute the first and second derivative of σx [4]: 

 

( )

2 2

22 2 2 2
2

2 3 3 3

d d 1 d 1 2
d d 2 d 2

d d 1 d 1
d d d

x xx

x x x

xx xx xx xx xx xx

x x x x x x x

x x xx
z z z

xx
x xx

z z z

σ σ
σ σ σ

σσ σ σ σ σ σ
σ σ σ σ σ σ σ

′

′′ ′ ′ ′ ′

′= = = =

′′+
′ ′= = − = + − = −

 . (16) 

Rearranging the second derivative in Eq. (16), we obtain a second-order non-linear differential equation 
for the beam envelope evolution, 

 
2 2 2

3
x x xx

x
x x

xxσ σ σσ
σ σ
′ ′

′′−′′ = +  , (17) 

or, in a more convenient form, using the rms emittance definition Eq. (10), 

 
2
rms

3

1
x

x x

xx εσ
σ σ

′′ ′′− = .  (18) 

In Eq. (18), the emittance term can be interpreted physically as an outward pressure on the beam 
envelope produced by the rms spread in trajectory angle, which is parameterized by the rms emittance. 

Let’s now consider, for example, the simple case with 0xx′′ = , describing a beam drifting in 
free space. The envelope equation reduces to 
 3 2

rmsx xσ σ ε′′ =  . (19) 

With initial conditions σ0, σ′0 at z0, depending on the upstream transport channel, Eq. (19) has a 
hyperbolic solution: 

 ( ) ( )( ) ( )
2

2 2rms
0 0 0 02

0

z z z z zεσ σ σ
σ

′= + − + − .  (20) 
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Considering the case of a beam at waist ( ) with σ′0 = 0, using Eq. (5), the solution 
Eq.~(20) is often written in terms of the β function as 

 ( )
2

0
0

w

1 z zzσ σ
β

 −
= +  

 
 .  (21) 

This relation indicates that without any external focusing element the beam envelope increases 
from the beam waist by a factor √2 with a characteristic length 2

0 rmswβ σ ε= , as shown in Fig 6. 

 
Fig. 6: Schematic representation of the beam envelope behaviour near the beam waist 

At the waist, the relation ε2
rms = σ2

0,xσ2
0,x′ also holds, which can be inserted into Eq. (20) to give 

σ2
x(z) = σ2

0x′(z − z0)2. Under this condition, Eq. (15) can be written as 

 ( ) ( )( )22 2 2 4 2
,rms 0 rmsn xz z zγε γ σ σ ε′= − +  

showing that beams with large energy spread and divergence undergo a significant normalized emittance 
growth even in a drift of length (z − z0) [8, 12]. 

Notice also that the solution Eq. (21) is exactly analogous to that of a Gaussian light beam for 
which the beam width w = 2σph increases away from its minimum value at the waist w0 with 
characteristic length 2

R 0πZ w λ=  (Rayleigh length) [4]. This analogy suggests that we can identify an 

effective emittance of a photon beam as . 

For the effective transport of a beam with finite emittance, it is mandatory to make use of some 
external force providing beam confinement in the transport or accelerating line. The term xx′′  accounts 
for external forces when we know x″, given by the single particle equation of motion: 

 
d
d

x
x

p F
t
=  .  (22) 

Under the paraxial approximation px   p = βγmc, the transverse momentum px can be written as 
px~=~px′ = βγm0cx′, so that 

 ( ) ( )d d d
d d d

x
x

p px c px F
t t z

β′ ′= = =  ,  (23) 

and the transverse acceleration results in 

ph 4πε λ=
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 xFpx x
p cpβ
′

′′ ′= − +   .  (24) 

It follows that 

 x x
xx

xF xFp pxx xx
p cp p cp

σ
β β′

′ ′
′′ ′= − + = +  .  (25) 

Inserting Eq. (25) into Eq. (18) and recalling Eq. (16), x xx xσ σ σ′′ = , the complete rms envelope 
equation is 

 
2
,rms

2 3

1 nx
x x

x x

xFp
p cp

ε
σ σ

σ β γ σ
′

′′ ′+ − =  ,  (26) 

where we have included the normalized emittance εn,rms = γεrms. Notice that the effect of longitudinal 
accelerations appears in the rms envelope equation as an oscillation damping term, called ‘adiabatic 
damping’, proportional to p′/p. The term xxF  represents the moment of any external transverse force 
acting on the beam, such as that produced by a focusing magnetic channel. 

5 External forces 

Let’s now consider the case of an external linear force acting on the beam in the form xF kx=  . It can 
be focusing or defocusing, according to the sign. The moment of the force is 
 2 2

x xxF k x kσ= =    (27) 

and the envelope equation becomes 

 
2
,rms2

ext 2 3
n

x x x
x

k
εγσ σ σ

γ γ σ
′

′′ ′+ =  ,  (28) 

where we have explicitly used the momentum definition p = γmc for a relativistic particle with β ≈ 1 and 
defined the wavenumber 

 2
ext 2

0

kk
m cγ

=  . 

Typical focusing elements are quadrupoles and solenoids [3]. The magnetic quadrupole field is 
given in Cartesian coordinates by 

 
0 0

0 0

x

y

yB B B y
d
xB B B x
d

 ′= =

 ′= =


 ,  (29) 

where d is the pole distance and 0B′  is the field gradient. The force acting on the beam is 

( )0
ˆ ˆ

zF qv B yj xi⊥ ′= −


 and, when B0 is positive, is focusing in the x direction and defocusing in the y 

direction. The focusing strength is 
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 20
quad ext

0

qBk k
m cγ
′

= =  . 

In a solenoid the focusing strength is given by 

 
2

20
sol ext

02
qBk k

m cγ
 

= = 
 

 . 

Notice that the solenoid is always focusing in both directions, an important property when the cylindrical 
symmetry of the beam must be preserved. However, being a second-order quantity in γ, it is more 
effective at low energy. 

It is interesting to consider the case of a uniform focusing channel without acceleration described 
by the rms envelope equation 

 
2

2 rms
ext 3x x

x

k εσ σ
σ

′′ + =  .  (30) 

By substituting rmsx xσ β ε=  into Eq. (30) one obtains an equation for the ‘betatron function’ βx(z) 
that is independent of the emittance term: 

 
2

2
ext

22
2

x
x x

x x

k ββ β
β β

′
′′+ = +  .  (31) 

Equation (31) contains just the transport channel focusing strength and, being independent of the 
beam parameters, suggests that the meaning of the betatron function is to describe the transport line 
characteristic by itself. The betatron function reflects exterior forces from focusing magnets, and is 
highly dependent on the particular arrangement of the quadrupole magnets. The equilibrium, or 
matched, solution of Eq. (31) is given by 

 eq
ext

1
2πk
βλβ = =  , 

as can be easily verified. This result shows that the matched βx function is simply the inverse of the 
focusing wave number or, equivalently, is proportional to the ‘betatron wavelength’ λβ. 

6 Space charge forces 
Another important force acting on the beam is the one produced by the beam itself due to the internal 
coulomb forces. The net effect of the coulomb interaction in a multiparticle system can be classified 
into two regimes [3]: 

i) collisional regime, dominated by binary collisions caused by close particle encounters; 

ii) collective regime or space charge regime, dominated by the self-field produced by the 
particles’ distribution, which varies appreciably only over large distances compared with the 
average separation of the particles. 

A measure for the relative importance of collisional versus collective effects in a beam with particle 
density n is the relativistic Debye length, 
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2

0 B b
D 2

k T
e n

ε γλ =  ,  (32) 

where the transverse beam temperature Tb is defined as 2
B b 0k T m vγ ⊥= , and kB is the Boltzmann 

constant. As long as the Debye length remains small compared with the particle bunch transverse size, 
the beam is in the space charge dominated regime and is not sensitive to binary collisions. Smooth 
functions for the charge and field distributions can be used in this case, and the space charge force can 
be treated as an external applied force. The space charge field can be separated into linear and non-linear 
terms as a function of displacement from the beam axis. The linear space charge term defocuses the 
beam and leads to an increase in beam size. The non-linear space charge terms also increase the rms 
emittance by distorting the phase space distribution. Under the paraxial approximation of particle 
motion, we can consider the linear component alone. We shall see next that the linear component of the 
space charge field can also induce emittance growth when correlations along the bunch are taken into 
account. 

For a bunched beam of uniform charge distribution in a cylinder of radius R and length L, carrying 
a current Ȋ and moving with longitudinal velocity vz = βc, the linear component of the longitudinal and 
transverse space charge field are given approximately by [13] 

 ( ) ( )2
0

ˆ

2πz
ILE h
R c

ζ
ε β

ζ=  ,  (33) 

 ( ) ( )r 2
0

ˆ

2
,

π
r IrE g

R c
ζ

β
ζ

ε
=  .  (34) 

The field form factor is described by the functions
 

 ( ) ( ) ( )221 2 1h A Aζ ζ ζ ζ= + − − ++ −  , (35) 

 ( ) ( )
( )2 22

1

22 1
g

AA

ζ ζζ
ζζ

−
= +

++ −
 ,  (36) 

where ζ = z/L is the normalized longitudinal coordinate along the bunch and A = R/γL is the beam aspect 
ratio. The field form factors account for the variation of the fields along the bunch. As γ increases, 
( ) 1g ζ →  and ( ) 0h ζ → , thus showing that space charge fields mainly affect transverse beam 

dynamics. It shows also that an energy increase corresponds to a bunch lengthening in the moving frame 
L′ = γL, leading to a vanishing longitudinal field component, as in the case of a continuous beam in the 
laboratory frame.

 To evaluate the force acting on the beam, one must also account for the azimuthal magnetic field 
associated with the beam current, which, in cylindrical symmetry, is given by 

 rB E
cϑ
β

= . 

Thus, the Lorentz force acting on each single particle is given by 

 2
2( ) (1 ) r

r r r
eEF e E cB e Eϑβ β
γ

= − = − = .  (37) 
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The attractive magnetic force, which becomes significant at high velocities, tends to compensate for the 
repulsive electric force. Therefore, space charge defocusing is primarily a non-relativistic effect and 
decreases as γ−2. 

To include space charge forces in the envelope equation, let us start by writing the space charge 
forces produced by the previous fields in Cartesian coordinates: 

 ( )2 2
0

ˆ

2πx
x

eIxF g
cγ ε σ

ζ
β

=  . (38) 

Then, computing the moment of the force, we need 

 
( )

( )
sc

33 3 3 2 2
0 02π

x

x x

kF eIxx
cp m cβ ε

ζ
γ β σ βγ σ

′′ = = =    (39) 

where we have introduced the generalized beam perveance, 

 ( ) ( )sc
A

ˆ2Ik g
I

ζ ζ=  , (40) 

normalized to the Alfven current IA = 4πε0m0c3/e = 17 kA for electrons. Notice that in this case the 
perveance in Eq. (40) explicitly depends on the slice coordinate ζ. We can now calculate the term that 
enters the envelope equation for a relativistic beam, 

 2sc sc
3 2 3

x

k kxx x
γ σ γ

′′ = =  , (41) 

leading to the complete envelope equation 

 
2
,rms2 sc

ext 2 3 3
n

x x x
x x

kk
εγσ σ σ

γ γ σ γ σ
′

′′ ′+ + = +  . (42) 

From the envelope equation Eq. (42), we can identify two regimes of beam propagation: space 
charge dominated and emittance dominated. A beam is space charge dominated as long as the space 
charge collective forces are largely dominant over the emittance pressure. In this regime, the linear 
component of the space charge force produces a quasi-laminar propagation of the beam, as one can see 
by integrating one time Eq. (39) under the paraxial ray approximation x′   1. A measure of the relative 
importance of space charge effects versus emittance pressure is given by the laminarity parameter, 
defined as the ratio between the space charge term and the emittance term: 

 
2

2
A

ˆ

2 n

I
I

σρ
γ ε

=  . (43) 

When ρ greatly exceeds unity, the beam behaves as a laminar flow (all beam particles move on 
trajectories that do not cross), and transport and acceleration require a careful tuning of focusing and 
accelerating elements to keep laminarity. Correlated emittance growth is typical in this regime, which 
can be made reversible if proper beam matching conditions are fulfilled, as discussed next. When ρ < 1, 
the beam is emittance dominated (thermal regime) and space charge effects can be neglected. The 
transition to the thermal regime occurs when ρ ≈ 1, corresponding to the transition energy 

 
2

tr 2
A

ˆ

2 n

I
I

σγ
ε

=  . (44) 
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For example, a beam with Ȋ = 100 A, εn = 1 µm, and σ = 300 µm is leaving the space charge dominated 
regime and is entering the thermal regime at the transition energy of 131 MeV. From this example, one 
may conclude that the space charge dominated regime is typical of low-energy beams. Actually, for 
such applications as linac-driven free electron lasers, peak currents exceeding kiloamperes are required. 
Space charge effects may recur if bunch compressors are active at higher energies and a new energy 
threshold with higher Ȋ must be considered. 

7 Correlated emittance oscillations 
When longitudinal correlations within the bunch are important, like that induced by space charge effects, 
beam envelope evolution is generally also dependent on the bunch coordinate ζ. In this case, the bunch 
should be considered as an ensemble of n longitudinal slices of envelope ( )s ,zσ ζ , whose evolution can 
be computed from n slice envelope equations equivalent to Eq. (42), provided that the bunch parameters 
refer to each single slice: γs, γ′s, ksc,s = kscg(ζ). Correlations within the bunch may cause emittance 
oscillations that can be evaluated, once an analytical or numerical solution [13] of the slice envelope 
equation is known, by using the following correlated emittance definition: 

 
22 2

rms,cor s s s sε σ σ σ σ′ ′= −  , (45) 

where the average is performed over the entire slice ensemble. In the simplest case of a two-slice model, 
the previous definition reduces to 
 rms,cor 1 2 2 1ε σ σ σ σ′ ′= −  , (46) 

which represents a simple and useful formula for an estimation of the emittance scaling [14]. 

The total normalized rms emittance is given by the superposition of the correlated and 
uncorrelated terms as 

 2 2
rms,cor rms rms,corε γ ε ε= +  . (47) 

An interesting example to consider here, showing the consequences of non-perfect beam 
matching, is the propagation of a beam in the space charge dominated regime nearly matched to an 
external focusing channel (kext = ksol), as illustrated in Fig. 7. To simplify our computations, we can 
neglect acceleration, as in the case of a simple beam transport line. The envelope equation for each slice, 
indicated as σs, reduces to 

 sc,s2
s ext s 3

s

k
kσ σ

γ σ
′′+ =  . (48) 
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Fig. 7: Schematic representation of a nearly matched beam in a long solenoid. The dashed line represents the 
reference slice envelope fully matched to the Brillouin flow condition. The other slice envelopes are oscillating 
around the equilibrium solution. 

A stationary solution, called the Brillouin flow, is given by 

 
( )

s,B 2 3
ext A

ˆ1
2
Ig

k I
ζ

σ
γ

=  , (49) 

where the local dependence of the current Ȋs = Ȋg(ζ) within the bunch has been explicitly indicated. This 
solution represents the matching conditions for which the external focusing completely balances the 
internal space charge force. Unfortunately, since kext has a slice-independent constant value, the Brillouin 
matching condition cannot be achieved at the same time for all of the bunch slices. Assuming that there 
is a reference slice perfectly matched with an envelope σr,B, the matching condition for the other slices 
can be written as 

 rB s
sB rB ˆ2

I
I

σ δσ σ  = +  
 

 , (50) 

with respect to the reference slice. Considering a small perturbation δs from the equilibrium in the form 
 s s,B sσ σ δ= +  , (51) 

and substituting into Eq. (48), we can obtain a linearized equation for the slice offset 
 2

s ext s2 0kδ δ′′+ =  , (52) 

which has a solution given by 
 ( )s 0 extcos 2k zδ δ=  , (53) 

where δ0 = σ − σsB is the amplitude of the initial slice mismatch, which we assume, for convenience, is 
the same for all slices. Inserting Eq. (53) into Eq. (51) we get the perturbed solution: 
 ( )s s,B 0 extcos 2k zσ σ δ= + . (54) 

Equation (54) shows that slice envelopes oscillate together around the equilibrium solution with 
the same frequency for all slices (√2kext, often called the plasma frequency) dependent only on the 
external focusing forces. This solution represents a collective behaviour of the bunch, similar to that of 
the electrons subject to the restoring force of ions in a plasma. Using the two-slice model and Eq. (54), 
the emittance evolution Eq. (46) results in 
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 ( )rms,cor sol rB 0 ext
1 Δ sin 2ˆ4

Ik k z
I

ε σ δ=  , (55) 

where ∆I= Ȋ1 − Ȋ2. Notice that, in this simple case, envelope oscillations of the mismatched slices induce 
correlated emittance oscillations that periodically return to zero, showing the reversible nature of the 
correlated emittance growth. It is, in fact, the coupling between transverse and longitudinal motion 
induced by the space charge fields that allows reversibility. With proper tuning of the transport line 
length or of the focusing field, one can compensate for the transverse emittance growth at the expense 
of the longitudinal emittance. 

At first, it may seem surprising that a beam with a single charge species can exhibit plasma 
oscillations, which are characteristic of plasmas composed of two-charge species. However, the effect 
of the external focusing force can play the role of the other charge species, providing the necessary 
restoring force that is the cause of such collective oscillations, as shown in Fig. 8. The beam can actually 
be considered as a single-component, relativistic, cold plasma. 

 
Fig. 8: The restoring force produced by the ions (green dots) in a plasma may cause electron (red dots) oscillations 
around the equilibrium distribution. In a similar way, the restoring force produced by a magnetic field may cause 
beam envelope oscillations around the matched envelope equilibrium. 

It is important to bear in mind that beams in linacs are also different from plasmas in some 
important respects [5]. One is that beam transit time through a linac is too short for the beam to reach 
thermal equilibrium. Also, unlike a plasma, the Debye length of the beam may be larger than, or 
comparable to, the beam radius, so shielding effects may be incomplete. 
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Introduction to Landau Damping*
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Abstract
The mechanism of Landau damping is observed in various systems from plasma
oscillations to accelerators. Despite its widespread use, some confusion has
been created, partly because of the different mechanisms producing the damp-
ing but also due to the mathematical subtleties treating the effects. In this arti-
cle the origin of Landau damping is demonstrated for the damping of plasma
oscillations. In the second part it is applied to the damping of coherent oscilla-
tions in particle accelerators. The physical origin, the mathematical treatment
leading to the concept of stability diagrams and the applications are discussed.

Keywords
Landau Damping, oscillations, dispersion integral, stability

1 Introduction and history
Landau damping is referred to as the damping of a collective mode of oscillations in plasmas without
collisions of charged particles. These Langmuir [1] oscillations consist of particles with long-range in-
teractions and cannot be treated with a simple picture involving collisions between charged particles.
The damping of such collisionless oscillations was predicted by Landau [2]. Landau deduced this effect
from a mathematical study without reference to a physical explanation. Although correct, this deriva-
tion is not rigorous from the mathematical point of view and resulted in conceptual problems. Many
publications and lectures have been devoted to this subject [3–5]. In particular, the search for stationary
solutions led to severe problems. This was solved by Case [6] and Van Kampen [7] using normal-mode
expansions. For many theorists Landau’s result is counter-intuitive and the mathematical treatment in
many publications led to some controversy and is still debated. This often makes it difficult to connect
mathematical structures to reality. It took almost 20 years before dedicated experiments were carried
out [8] to demonstrate successfully the reality of Landau damping. In practice, Landau damping plays
a very significant role in plasma physics and can be applied to study and control the stability of charged
beams in particle accelerators [9, 10].

It is the main purpose of this article to present a physical picture together with some basic mathe-
matical derivations, without touching on some of the subtle problems related to this phenomenon.

The plan of this article is the following. First, the Landau damping in plasmas is derived and the
physical picture behind the damping is shown. In the second part it is shown how the concepts are used
to study the stability of particle beams. Some emphasis is put on the derivation of stability diagrams and
beam transfer functions (BTFs) and their use to determine the stability. In an accelerator the decoherence
or filamentation of an oscillating beam due to non-linear fields is often mistaken for Landau damping
and significant confusion in the community of accelerator physicists still persists today. Nevertheless, it
became a standard tool to stabilize particle beams of hadrons. In this article it is not possible to treat all
the possible applications nor the mathematical subtleties and the references should be consulted.
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Fig. 1: Plasma without disturbance (schematic)
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Fig. 2: Plasma with disturbance (schematic)
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Fig. 3: Plasma with disturbance and restoring field (schematic)

2 Landau damping in plasmas
Initially, Landau damping was derived for the damping of oscillations in plasmas. In the next section,
we shall follow the steps of this derivation in some detail.

2.1 Plasma oscillations
We consider an electrically quasi-neutral plasma in equilibrium, consisting of positively charged ions
and negatively charged electrons (Fig. 1). For a small displacement of the electrons with respect to the
ions (Fig. 2), the electric fields act on the electrons as a restoring force (Fig. 3). Due to the restoring
force, standing density waves are possible with a fixed frequency [1] ω2

p = ne2

mε0
, where n is the density of

electrons, e the electric charge, m the effective mass of an electron and ε0 the permittivity of free space.
The individual motion of the electrons is neglected for this standing wave. In what follows, we allow for
a random motion of the electrons with a velocity distribution for the equilibrium state and evaluate under
which condition waves with a wave vector k and a frequency ω are possible.

The oscillating electrons produce fields (modes) of the form

E(x, t) = E0 sin(kx− ωt) (1)

or, rewritten,

E(x, t) = E0ei(kx−ωt). (2)

The corresponding wave (phase) velocity is then v = ω
k . In Fig. 4, we show the electron distribution

together with the produced field. The positive ions are omitted in this figure and are assumed to produce
a stationary, uniform background field. This assumption is valid when we consider the ions to have
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Fig. 4: Plasma with disturbance

infinite mass, which is a good approximation since the ion mass is much larger than the mass of the
oscillating electrons.

2.2 Particle interaction with modes
The oscillating electrons now interact with the field they produce, i.e. individual particles interact with
the field produced by all particles. This in turn changes the behaviour of the particles, which changes
the field producing the forces. Furthermore, the particles may have different velocities. Therefore, a
self-consistent treatment is necessary. If we allow ω to be complex (ω = ωr + iωi), we separate the real
and imaginary parts of the frequency ω and rewrite the fields:

E(x, t) = E0ei(kx−ωt) ⇒ E(x, t) = E0ei(kx−ωrt) · eωit (3)

and we have a damped oscillation for ωi < 0.

If we remember that particles may have different velocities, we can consider a much simplified
picture as follows.

i) If more particles are moving more slowly than the wave:
Net absorption of energy from the wave→ wave is damped.

ii) If more particles are moving faster than the wave:
Net absorption of energy by the wave→ wave is antidamped.

We therefore have to assume that the slope of the particle distribution at the wave velocity is important.
Although this picture is not completely correct, one can imagine a surfer on a wave in the sea, getting
the energy from the wave (antidamping). Particles with very different velocities do not interact with the
mode and cannot contribute to the damping or antidamping.

2.3 Liouville theorem
The basis for the self-consistent treatment of distribution functions is the Liouville theorem. It states
that the phase space distribution function is constant along the trajectories of the system, i.e. the density
of system points in the vicinity of a given system point travelling through phase space is constant with
time, i.e. the density is always conserved. If the density distribution function is described by ψ(~q, ~p, t),
then the probability to find the system in the phase space volume dqndpn is defined by ψ(~q, ~p)dqndpn

with
∫
ψ(~q, ~p, t)dqndpn = N . We have used canonical coordinates qi, i = 1, . . . , n and momenta

pi, i = 1, . . . , n since it is defined for a Hamiltonian system. The evolution in time is described by the
Liouville equation:

dψ

dt
=
∂ψ

∂t
+

n∑

i=1

(
∂ψ

∂qi
q̇i +

∂ψ

∂pi
ṗi

)
= 0. (4)

If the distribution function is stationary (i.e. does not depend on q and t), then ψ(~q, ~p, t) becomes ψ(~p).
Under the influence of non-linear fields the phase space distribution is changing. The shape of the

3

INTRODUCTION TO LANDAU DAMPING

139



distribution function is distorted by the non-linearity, but the local phase space density is conserved.
However, the global density may change, i.e. the (projected) measured beam size. The Liouville equation
will lead us to the Boltzmann and Vlasov equations. We move again to Cartesian coordinates x and v.

2.4 Boltzmann and Vlasov equations
Time evolution of ψ(~x,~v, t) is described by the Boltzmann equation:

dψ

dt
=

∂ψ

∂t︸︷︷︸
time change

+ ~v · ∂ψ
∂~x︸ ︷︷ ︸

space change

+
1

m
~F (~x, t) · ∂ψ

∂~v︸ ︷︷ ︸
v change, force F

+ Ω(ψ)︸ ︷︷ ︸
collision

. (5)

This equation contains a term which describes mutual collisions of charged particles in the distribution
Ω(ψ). To study Landau damping, we ignore collisions and the collisionless Boltzmann equation becomes
the Vlasov equation:

dψ

dt
=
∂ψ

∂t
+ ~v · ∂ψ

∂~x
+

1

m
~F (~x, t) · ∂ψ

∂~v
= 0. (6)

Here ~F (~x, t) is the force of the field (mode) on the particles.

Why is the Vlasov equation useful?

dψ

dt
=
∂ψ

∂t
+ ~v · ∂ψ

∂~x
+

1

m
~F (~x, t) · ∂ψ

∂~v
= 0. (7)

Here ~F (~x, t) can be a force caused by impedances, beam–beam effects etc. From the solution one
can determine whether a disturbance is growing (instability, negative imaginary part of frequency) or
decaying (stability, positive imaginary part of frequency). It is a standard tool to study collective effects.

2.4.1 Vlasov equation for plasma oscillations
For our problem we need the force ~F (depending on field ~E):

~F = e · ~E (8)

and the field ~E (depending on potential Φ):

~E = −∇Φ (9)

for the potential Φ (depending on distribution ψ):

∆Φ = − ρ
ε0

= − e

ε0

∫
ψ dv. (10)

Therefore,

dψ

dt
=
∂ψ

∂t
+ ~v · ∂ψ

∂~x
+

e

m
~E(~x, t) · ∂ψ

∂~v
= 0. (11)

We have obtained a set of coupled equations: the perturbation produces a field which acts back on the
perturbation.

Can we find a solution? Assume a small non-stationary perturbation ψ1 of the stationary distribu-
tion ψ0(~v):

ψ(~x,~v, t) = ψ0(~v) + ψ1(~x,~v, t). (12)

4
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Then we get for the Vlasov equation:

dψ

dt
=
∂ψ1

∂t
+ ~v · ∂ψ1

∂~x
+

e

m
~E(~x, t) · ∂ψ0

∂~v
= 0 (13)

and

∆Φ = − ρ
ε0

= − e

ε0

∫
ψ1 dv. (14)

The density perturbation produces electric fields which act back and change the density perturbation,
which therefore changes with time.

ψ1(~x,~v, t) =⇒ ~E(~x, t) =⇒ ψ′1(~x,~v, t) =⇒ · · · . (15)

How can one treat this quantitatively and find a solution for ψ1? We find two different approaches,
one due to Vlasov and the other due to Landau.

2.4.2 Vlasov solution and dispersion relation
The Vlasov equation is a partial differential equation and we can try to apply standard techniques. Vlasov
expanded the distribution and the potential as a double Fourier transform [11]:

ψ1(~x,~v, t) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
ψ̃1(k,~v, ω)ei(kx−ωt) dk dω, (16)

Φ(~x,~v, t) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
Φ̃(k,~v, ω)ei(kx−ωt) dk dω (17)

and applied these to the Vlasov equation. Since we assumed the field (mode) of the form E(x, t) =
E0ei(kx−ωt), we obtain the condition (after some algebra)

1 +
e2

ε0mk

∫
∂ψ0/∂v

(ω − kv)
dv = 0 (18)

or, rewritten using the plasma frequency ωp,

1 +
ω2

p

k

∫
∂ψ0/∂v

(ω − kv)
dv = 0 (19)

or, slightly re-arranged for later use,

1 +
ω2

p

k2

∫
∂ψ0/∂v

(ω/k − v)
dv = 0. (20)

This is the dispersion relation for plasma waves, i.e. it relates the frequency ω with the wave vector k. For
this relation, waves with frequency ω and wave vector k are possible, answering the previous question.

Looking at this relation, we find the following properties.

i) It depends on the (velocity) distribution ψ.
ii) It depends on the slope of the distribution ∂ψ0/∂v.

iii) The effect is strongest for velocities close to the wave velocity, i.e. v ≈ ω/k.
iv) There seems to be a complication (singularity) at v ≡ ω/k.
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Can we deal with this singularity? Some proposals have been made in the past:

i) Vlasov’s hand-waving argument [11]: in practice ω is never real (collisions).
ii) Optimistic argument [3, 4]: ∂ψ0/∂v = 0, where v ≡ ω

k .
iii) Alternative approach [6, 7]:

a) search for stationary solutions (normal-mode expansion);
b) results in continuous versus discrete modes.

iv) Landau’s argument [2]:

a) Initial-value problem with perturbation ψ1(~x,~v, t) at t = 0 (time-dependent solution with
complex ω).

b) Solution: in time domain use Laplace transformation; in space domain use Fourier transfor-
mation.

2.4.3 Landau’s solution and dispersion relation
Landau recognized the problem as an initial-value problem (in particular for the initial values x = 0, v′ =
0) and accordingly used a different approach, i.e. he used a Fourier transform in the space domain:

ψ̃1(k,~v, t) =
1

2π

∫ +∞

−∞
ψ1(~x,~v, t)ei(kx) dx, (21)

Ẽ(k, t) =
1

2π

∫ +∞

−∞
E(~x, t)ei(kx) dx (22)

and a Laplace transform in the time domain:

Ψ1(k,~v, p) =

∫ +∞

0
ψ̃1(k,~v, t)e(−pt) dt (23)

E(k, p) =

∫ +∞

0
Ẽ(k, t)e(−pt) dt. (24)

Inserted into the Vlasov equation and after some algebra (see references), this leads to the modified
dispersion relation:

1 +
e2

ε0mk

[
P.V.

∫
∂ψ0/∂v

(ω − kv)
dv− iπ

k

(
∂ψ0

∂v

)

v=ω/k

]
= 0 (25)

or, rewritten using the plasma frequency ωp,

1 +
ω2

p

k

[
P.V.

∫
∂ψ0/∂v

(ω − kv)
dv− iπ

k

(
∂ψ0

∂v

)

v=ω/k

]
= 0. (26)

Here P.V. refers to ‘Cauchy principal value’.

It must be noted that the second term appears only in Landau’s treatment as a consequence of the
initial conditions and is responsible for damping. The treatment by Vlasov failed to find this term and
therefore did not lead to a damping of the plasma. Evaluating the term

− iπ

k

(
∂ψ

∂v

)

v=ω/k

, (27)
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Fig. 5: Velocity distribution and damping conditions

We find damping of the oscillations if
(
∂ψ
∂v

)
v=ω/k

< 0. This is the condition for Landau damping. How

the dispersion relations for both cases are evaluated is demonstrated in Appendix A. The Maxwellian
velocity distribution is used for this calculation.

2.5 Damping mechanism in plasmas
Based on these findings, we can give a simplified picture of this condition. In Fig. 5, we show a velocity
distribution (e.g. a Maxwellian velocity distribution). As mentioned earlier, the damping depends on the
number of particles below and above the phase velocity.

i) More ‘slower’ than ‘faster’ particles =⇒ damping.
ii) More ‘faster’ than ‘slower’ particles =⇒ antidamping.

This intuitive picture reflects the damping condition derived above.

3 Landau damping in accelerators
How to apply it to accelerators? Here we do not have a velocity distribution, but a frequency distribution
ρ(ω) (in the transverse plane the tune). It should be mentioned here that ρ(ω) is the distribution of
external focusing frequencies. Since we deal with a distribution, we can introduce a frequency spread
of the distribution and call it ∆ω. The problem can be formally solved using the Vlasov equation, but
the physical interpretation is very fuzzy (and still debated). Here we follow a different (more intuitive)
treatment (following [5, 12, 13]). Although, if not taken with the necessary care, it can lead to a wrong
physical picture, it delivers very useful concepts and tools for the design and operation of an accelerator.
We consider now the following issues.

i) Beam response to excitation.
ii) BTF and stability diagrams.

iii) Phase mixing.
iv) Conditions and tools for stabilization and the related problems.

This treatment will lead again to a dispersion relation. However, the stability of a beam is in general
not studied by directly solving this equation, but by introducing the concept of stability diagrams, which
allow us more directly to evaluate the stability of a beam during the design or operation of an accelerator.

3.1 Beam response to excitation
How does a beam respond to an external excitation?

7
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To study the dynamics in accelerators, we replace the velocity v by ẋ to be consistent with the stan-
dard literature. Consider a harmonic, linear oscillator with frequency ω driven by an external sinusoidal
force f(t) with frequency Ω. The equation of motion is

ẍ+ ω2x = A cos Ωt = f(t). (28)

For initial conditions x(0) = 0 and ẋ(0) = 0, the solution is

x(t) = − A

(Ω2 − ω2)
(cos Ωt − cosωt︸ ︷︷ ︸

x(0)=0,ẋ(0)=0

). (29)

The term − cosωt is needed to satisfy the initial conditions. Its importance will become clear later. The
beam consists of an ensemble of oscillators with different frequencies ω with a distribution ρ(ω) and a
spread ∆ω, schematically shown in Fig. 6.

Recall that for a transverse (betatron) motion ωx is the tune. The number of particles per frequency
band is ρ(ω) = 1

N dN/dω with
∫∞
−∞ ρ(ω)dω = 1. The average beam response (centre of mass) is then

〈x(t)〉 =

∫ ∞

−∞
x(t)ρ(ω) dω, (30)

and re-written using (29)

〈x(t)〉 = −
∫ ∞

−∞

[
A

(Ω2 − ω2)
(cos Ωt− cosωt)

]
ρ(ω) dω. (31)

For a narrow beam spectrum around a frequency ωx (tune) and the driving force near this frequency
(Ω ≈ ωx),

〈x(t)〉 = − A

2ωx

∫ ∞

−∞

[
1

(Ω− ω)
(cos Ωt− cosωt)

]
ρ(ω)dω. (32)

For the further evaluation, we transform variables from ω to u = ω − Ω (see Ref. [12]) and assume that
Ω is complex: Ω = Ωr + iΩi where

〈x(t)〉 = − A

2ωx
cos(Ωt)

∫ ∞

−∞
duρ(u+ Ω)

1− cos(ut)

u
(33)

+
A

2ωx
sin(Ωt)

∫ ∞

−∞
duρ(u+ Ω)

sin(ut)

u
. (34)
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This avoids singularities for u = 0.

We are interested in long-term behaviour, i.e. t→∞, so we use

lim
t→∞

sin(ut)

u
= πδ(u), (35)

lim
t→∞

1− cos(ut)

u
= P.V.

(
1

u

)
, (36)

〈x(t)〉 =
A

2ωx

[
πρ(Ω) sin(Ωt) + cos(Ωt)P.V.

∫ ∞

−∞
dω

ρ(ω)

(ω − Ω)

]
. (37)

This response or BTF has two parts as follows.

i) Resistive part, the first term in the expression is in phase with the excitation: absorbs energy from
oscillation =⇒ damping (would not be there without the term − cosωt in (29)).

ii) Reactive part, the second term in the expression is out of phase with the excitation.

Assuming Ω is complex, we integrate around the pole and obtain a P.V. and a ‘residuum’ (Sokhotski–
Plemelj formula), a standard technique in complex analysis.

We can discuss this expression and find

i) the ‘damping’ part only appeared because of the initial conditions;
ii) with other initial conditions, we get additional terms in the beam response;

iii) that is, for x(0) 6= 0 and ẋ(0) 6= 0 we may add

x(0)

∫
dω ρ(ω) cos(ωt) + ẋ(0)

∫
dω ρ(ω)

sin(ωt)

ω
. (38)

With these initial conditions, we do not obtain Landau damping and the dynamics is very different. We
have again:

i) oscillation of particles with different frequencies (tunes);
ii) now with different initial conditions, x(0) 6= 0 and ẋ(0) = 0 or x(0) = 0 and ẋ(0) 6= 0;

iii) again we average over particles to obtain the centre of mass motion.

We obtain Figs. 8–10. Figure 8 shows the oscillation of individual particles where all particles have the
initial conditions x(0) = 0 and ẋ(0) 6= 0. In Fig. 8, we plot again Fig. 7 but add the average beam
response. We observe that although the individual particles continue their oscillations, the average is
‘damped’ to zero. The equivalent for the initial conditions x(0) 6= 0 and ẋ(0) = 0 is shown in Fig. 9.
With a frequency (tune) spread the average motion, which can be detected by a position monitor, damps
out. However, this is not Landau damping, rather filamentation or decoherence. Contrary to Landau
damping, it leads to emittance growth.

3.2 Interpretation of Landau damping
Compared with the previous case of Landau damping in a plasma, the interpretation of the mechanism is
quite different. The initial conditions of the beams are important and also the spread of external focusing
frequencies. For the initial conditions x(0) = 0 and ẋ(0) = 0, the beam is quiet and a spread of
frequencies ρ(ω) is present. When an excitation is applied:

i) particles cannot organize into collective response (phase mixing);
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Fig. 8: Motion of particles with frequency spread and total beam response. Initial conditions: x(0) = 0 and
ẋ(0) 6= 0.

ii) average response is zero;
iii) the beam is kept stable, i.e. stabilized.

In the case of accelerators the mechanism is therefore not a dissipative damping but a mechanism for
stabilization. Landau damping should be considered as an ‘absence of instability’. In the next step this
is discussed quantitatively and the dispersion relations are derived.

3.3 Dispersion relations
We rewrite (simplify) the response in complex notation:

〈x(t)〉 =
A

2ωx

[
πρ(Ω) sin(Ωt) + cos(Ωt)P.V.

∫ ∞

−∞
dω

ρ(ω)

(ω − Ω)

]
(39)

becomes

〈x(t)〉 =
A

2ωx
e−iΩt

[
P.V.

∫
dω

ρ(ω)

(ω − Ω)
+ iπρ(Ω)

]
. (40)

The first part describes an oscillation with complex frequency Ω.

Since we know that the collective motion is described as e(−iΩt), an oscillating solution Ω must
fulfil the relation

1 +
1

2ωx

[
P.V.

∫
dω

ρ(ω)

(ω − Ω)
+ iπρ(Ω)

]
= 0. (41)
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Fig. 9: Motion of particles with frequency spread and total beam response. Initial conditions x(0) 6= 0 and
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This is again a dispersion relation, i.e. the condition for the oscillating solution. What do we do with
that? We could look where Ωi < 0 provides damping. Note that no contribution to damping is possible
when Ω is outside the spectrum. In the following sections, we introduce BTFs and stability diagrams
which allow us to determine the stability of a beam.

3.4 Normalized parametrization and BTFs
We can simplify the calculations by moving to normalized parametrization. Following Chao’s pro-
posal [12], in the expression

〈x(t)〉 =
A

2ωx
e−iΩt

[
P.V.

∫
dω

ρ(ω)

(ω − Ω)
+ iπρ(Ω)

]
(42)

we use again u, but normalized to frequency spread ∆ω. We have

u = (ωx − Ω) =⇒ u =
(ωx − Ω)

∆ω
(43)

and introduce two functions f(u) and g(u):

f(u) = ∆ωP.V.

∫
dω

ρ(ω)

ω − Ω
, (44)

g(u) = π∆ωρ(ωx − u∆ω) = π∆ωρ(Ω). (45)

The response with the driving force discussed above is now

〈x(t)〉 =
A

2ωx∆ω
e−iΩt [f(u) + i · g(u)] , (46)

where ∆ω is the frequency spread of the distribution. The expression f(u)+i·g(u) is the BTF. With this,
it is easier to evaluate the different cases and examples. For important distributions ρ(ω) the analytical
functions f(u) and g(u) exist (see e.g. [14]) and will lead us to stability diagrams.

3.5 Example: response in the presence of wake fields
The driving force comes from the displacement of the beam as a whole, i.e. 〈x〉 = X0, for example driven
by a wake field or impedance (see Fig. 10). The equation of motion for a particle is then something like
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Fig. 10: Bunch with offset in a cavity-like object

ẍ+ ω2x = f(t) = K · 〈x〉, (47)

where K is a ‘coupling coefficient’. The coupling coefficient K depends on the nature of the wake field.

i) If K is purely real: the force is in phase with the displacement, e.g. image space charge in perfect
conductor.

ii) For purely imaginary K: the force is in phase with the velocity and out of phase with the displace-
ment.

iii) In practice, we have both and we can write

K = 2ωx(U − iV ). (48)

Interpretation:

a) a beam travelling off centre through an impedance induces transverse fields;
b) transverse fields act back on all particles in the beam, via

ẍ+ ω2x = f(t) = K · 〈x〉; (49)

c) if the beam moves as a whole (in phase, collectively), this can grow for V > 0;
d) the coherent frequency Ω becomes complex and is shifted by (Ω− ωx).

3.5.1 Beam without frequency spread
For a beam without frequency spread (i.e. ρ(ω) = δ(ω − ωx)), we can easily sum over all particles and
for the centre of mass motion 〈x〉 we get

¨〈x〉+ Ω2〈x〉 = f(t) = −2ωx(U − iV ) · 〈x〉. (50)

For the original coherent motion with frequency Ω, this means that:

i) in-phase component U changes the frequency;
ii) out-of-phase component V creates growth (V > 0) or damping (V < 0).

For any V > 0, the beam is unstable (even if very small).

3.5.2 Beam with frequency spread
What happens for a beam with a frequency spread?

The response (and therefore the driving force) was

〈x(t)〉 =
A

2ωx∆ω
e−iΩt [f(u) + i · g(u)] . (51)
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The (complex) frequency Ω is now determined by the condition

−(Ω− ωx)

∆ω
=

1

(f(u) + ig(u))
. (52)

All information about the stability is contained in this relation.

i) The (complex) frequency difference (Ω − ωx) contains the effects of impedance, intensity, γ etc.
(see the article by G. Rumolo [15]).

ii) The right-hand side contains information about the frequency spectrum (see definitions for f(u)
and g(u) in (44) and (45)).

Without Landau damping (no frequency spread):

i) if Im(Ω− ωx) < 0, the beam is stable;
ii) if Im(Ω− ωx) > 0, the beam is unstable (growth rate τ−1).

With a frequency spread, we have a condition for stability (Landau damping)

−(Ω− ωx)

∆ω
=

1

(f(u) + ig(u))
. (53)

How do we proceed to find the limits?

We could try to find the complex Ω at the edge of stability (τ−1 = 0). In the next section, we
develop a more powerful tool to assess the stability of a dynamic system.

4 Stability diagrams
To study the stability of a particle beam, it is necessary to develop easy to use tools to relate the condition
for stability with the complex tune shift due to, e.g., impedances. We consider the right-hand side first
and call it D1. Both D1 and the tune shift are complex and should be analysed in the complex plane.

Using the (real) parameter u in

D1 =
1

(f(u) + ig(u))
, (54)

if we know f(u) and g(u) we can scan u from −∞ to +∞ and plot the real and imaginary parts of D1

in a complex plane.

Why is this formulation interesting? The expression

(f(u) + ig(u)) (55)

is actually the BTF, i.e. it can be measured. With its knowledge (more precisely: its inverse), we have
conditions on (Ω− ωx) for stability and the limits for intensities and impedances.

4.1 Examples for bunched beams
As an example, we use a rectangular distribution function for the frequencies (tunes), i.e.

ρ(ω) =

{
1

2∆ω for|ω − ωx| ≤ ∆ω,
0 otherwise.

(56)

We now follow some standard steps.
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Fig. 11: Stability diagram for rectangular frequency distribution
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Fig. 12: Stability diagrams for rectangular distribution together with examples for complex tune shifts (left); stable
and unstable points are indicated (right).

Step 1. Compute f(u) and g(u) (or look it up, e.g. [14]): we get for the rectangular distribution function

f(u) =
1

2
ln

∣∣∣∣
u+ 1

u− 1

∣∣∣∣ , g(u) =
π

2
·H(1− |u|). (57)

Step 2. Plot the real and imaginary parts of D1.

The result of this procedure is shown in Fig. 11 and the interpretation is as follows.

• We plot Re(D1) versus Im(D1) for a rectangular distribution ρ(ω).
• This is a stability boundary diagram.
• It separates stable from unstable regions (stability limit).

Now we plot the complex expression of − (Ω−ωx)
∆ω in the same plane as a point (this point depends on

impedances, intensities, etc.). In Fig. 12, we show the same stability diagram together with examples of
complex tune shifts. The stable and unstable points in the stability diagram are indicated in the right-hand
side of Fig. 12.

We can use other types of frequency distributions, for example a bi-Lorentz distribution ρ(ω). We
follow the same procedure as above and the result is shown in Fig. 13. It can be shown that in all cases
half of the complex plane is stable without Landau damping, as indicated in Fig. 13.
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Fig. 13: Stability diagram for bi-Lorentz frequency distribution. Stable and unstable regions are indicated

4.2 Examples for unbunched beams
A similar treatment can be applied to unbunched beams, although some care has to be taken, in particular
in the case of longitudinal stability.

4.2.1 Transverse unbunched beams
The technique applies directly. Frequency (tune) spread is from:

i) change of revolution frequency with energy spread (momentum compaction);
ii) change of betatron frequency with energy spread (chromaticity).

The oscillation depends on the mode number n (number of oscillations around the circumference C):

∝ exp(−iΩt+in(s/C)) (58)

and the variable u should be written

u = (ωx + n · ω0 − Ω)/∆ω. (59)

The rest has the same treatment. Transverse collective modes in an unbunched beam for mode numbers
4 and 6 are shown in Fig. 14.

4.2.2 Longitudinal unbunched beams
What about longitudinal instability of unbunched beams? This is a special case since there is no external
focusing, therefore also no spread ∆ω of focusing frequencies. However, we have a spread in revolution
frequency, which is directly related to energy, and energy excitations directly affect the frequency spread:

∆ωrev

ω0
= − η

β2

∆E

E0
. (60)

The frequency distribution is described by

ρ(ωrev) and ∆ωrev. (61)

Since there is no external focusing (ωx = 0), we have to modify the definition of our parameters:

u =
(ωx + n · ω0 − Ω)

∆ω
=⇒ u =

(n · ω0 − Ω)

n ·∆ω (62)
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Fig. 14: Transverse collective mode with mode index n = 4 and n = 6

and introduce two new functions F (u) and G(u): the variable n is the mode number.

F (u) = n ·∆ω2P.V.

∫
dω0

ρ′(ω0)

n · ω0 − Ω
, (63)

G(u) = π∆ω2ρ′(Ω/n) (64)

to obtain

−(Ω− n · ω0)2

n2∆ω2
=

1

(F (u) + iG(u))
= D1. (65)

As an important consequence, the impedance is now related to the square of the complex frequency shift
(Ω− n · ω0)2. This has rather severe implications.

i) Consequence: no more stable region in one half of the plane.
ii) Landau damping is always required to ensure stability.

As an illustration, we show some stability diagrams derived from the new D1. The stability diagram
for unbunched beams, for the longitudinal motion, and without spread, is shown in Fig. 15. The stable
region is just an infinitely narrow line for Im(D1) = 0 and positive Re(D1).

Introducing a frequency spread for a parabolic distribution, we have the stability diagram shown in
Fig. 16. The locus of the diagram is now the stable region. As in the previous example, we treat again a
Lorentz distribution ρ(ω) and we show both in Fig. 17. The stable region from the Lorentz distribution is
significantly larger. We can investigate this by studying the distributions. Both distributions (normalized)
are displayed in Fig. 18. With a little imagination, we can assume that the difference is due to the very
different populations of the tails of the distribution.

A particular problem we encounter is when we do not know the shape of the distribution. In
Fig. 19, we show the stability diagrams again together with a circle inscribed inside both distributions.
This is a simplified (and pessimistic) criterion for the longitudinal stability of unbunched beams [17].
Since D1 is directly related to the machine impedance Z, we obtain a criterion which can be readily
applied for estimating the beam stability. For longitudinal stability/instability, we have the condition

|Z‖|
n
≤ F β

2E0|ηc|
qI

(
∆p

p

)2

. (66)
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Fig. 15: Re(D1) versus Im(D1) for unbunched beam without spread
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Fig. 16: Re(D1) versus Im(D1) for parabolic distribution ρ(ω) and unbunched beam
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Fig. 17: Re(D1) versus Im(D1) for parabolic and Lorentz distributions ρ(ω) and unbunched beam

This is the Keil–Schnell criterion [17] applicable to other types of distributions and frequently used for an
estimate of the maximum allowed impedance. We have the frequency spread from momentum spread and
momentum compaction ηc related to the machine impedance. For given beam parameters, this defines
the maximum allowed impedance

|Z‖|
n .

5 Effect of simplifications
We have used a few simplifications in the derivation.
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Fig. 19: Stability diagrams for parabolic and Lorentz distributions, a circle inscribed

i) Oscillators are linear.
ii) Movement of the beam is rigid (i.e. beam shape and size do not change).

What if we consider the ‘real’ cases, i.e. non-linear oscillators? Consider now a bunched beam; because
of the synchrotron oscillation, revolution frequency and betatron spread (from chromaticity) average out.
As sources for the frequency spread we have non-linear forces, such as the following examples.

i) Longitudinal: sinusoidal RF wave.
ii) Transverse: octupolar or high multipolar field components.

Can we use the same considerations as for an ensemble of linear oscillators?

The excited betatron oscillation will change the frequency distribution ρ(ω) (frequency depends
now on the oscillation amplitude). An oscillating bunch changes the tune (and ρ(ω)) due to the detuning
in the non-linear fields.

A complete derivation can be done through the Vlasov equation [5], but this is well beyond the
scope of this article. The equation

〈x(t)〉 =
A

2ωx
e−iΩt

[
P.V.

∫
dω

ρ(ω)

(ω − Ω)
+ iπρ(Ω)

]
(67)

becomes

〈x(t)〉 =
A

2ωx
e−iΩt

[
P.V.

∫
dω

∂ρ(ω)/∂ω

(ω − Ω)
+ iπ∂ρ(Ω)/∂Ω

]
. (68)
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The distribution function ρ(ω) has to be replaced by the derivative ∂ρ(ω)/∂ω. We evaluate now
this configuration for instabilities in the transverse plane.
Since the frequency ω depends now on the particle’s amplitudes Jx and Jy (see [16]), the expression

ωx(Jx, Jy) =
∂H

∂Jx
(69)

is the amplitude-dependent betatron tune (similar for ωy).

We then have to write

ρ(ω) =⇒ ρ(Jx, Jy). (70)

Assuming a periodic force in the horizontal (x) plane and using now the tune (normalized frequency)
Q = ω/ω0,

Fx = A · exp(−iω0Qt), (71)

the dispersion integral can be written as (see also [25] and references therein)

1 = −∆Qcoh

∫ ∞

0
dJx

∫ ∞

0
dJy

Jx
∂ρ(Jx,Jy)

∂Jx

Q−Qx(Jx, Jy)
. (72)

Then we proceed as before to get the stability diagram.

If the particle distribution changes (often as a function of time), obviously the frequency distribu-
tion ρ(ω) changes as well.

i) Examples: higher-order modes; coherent beam–beam modes.
ii) Treatment requires solving the Vlasov equation (perturbation theory or numerical integration).

iii) Instead, we use a pragmatic approach: unperturbed stability region and perturbed complex tune
shift.

6 Landau damping as a cure
If the boundary of

D1 =
1

(f(u) + ig(u))
(73)

determines the stability, can we increase the stable region by either of the following methods?

i) Modifying the frequency distribution Qx(ω), i.e. the distribution of the amplitudes Qx(Jx, Jy)
(see definition of f(u) and g(u))?

ii) Introducing tune spread artificially (octupoles, other high-order fields)?

The tune dependence of an octupole (k3) can be written as [16]

Qx(Jx, Jy) = Q0 + a · k3 · Jx + b · k3 · Jy. (74)

Other sources to introduce tune spread are for example:

i) space charge;
ii) chromaticity;

iii) high-order multipole fields;
iv) beam–beam effects (colliders only).
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Fig. 20: Stability diagrams for an octupolar field (left) and together with the complex tune shifts for a stable and
an unstable mode (right).

6.1 Landau damping in the presence of non-linear fields
The recipe for ‘generating’ Landau damping is:

i) for a multipole field, compute detuning Q(Jx, Jy);
ii) given the distribution ρ(Jx, Jy);

iii) compute the stability diagram by scanning frequency, i.e. the amplitudes.

6.2 Stabilization with octupoles
Figure 21 (left) shows the stability diagram we can get for an octupole. In Fig. 21 (right), we have added
to complex tune shift for a stable and an unstable mode. The point is inside the region and the beam is
stable. An unstable mode (e.g. after increase of intensity or impedance) is shown in Fig. 20 (right); it
lies outside the stable region.

Theoretically, we can increase the octupolar strength to increase the stable region. However, can
we increase the octupole strength as we like? There are some downsides as follows.

i) Octupoles introduce strong non-linearities at large amplitudes and may lead to reduced dynamic
aperture and bad lifetime.

ii) We do not have many particles at large amplitudes; this requires large strengths of the octupoles.
iii) Can cause reduction of dynamic aperture and lifetime.
iv) They change the chromaticity via feed-down effects!
v) The lesson: use them if you have no other choice.

We see [16] that the contribution from octupoles to the stability region mainly comes from large-amplitude
particles, i.e. the population of tails. This has some frightening consequences: changes in the distribu-
tion of the tails can significantly change the stable region. It is rather doubtful whether tails can be easily
reproduced. Furthermore, in accelerators requiring small losses and long lifetimes (e.g. colliders) the tail
particles are unwanted and often caught by the collimation system to protect the machine. A reliable
calculation of the stability becomes a gamble. Proposals to artificially increase tails in a hadron collider
are a bad choice although it had been proposed for fast-cycling machines since they have no need for a
long beam lifetime.

6.3 Example: head–tail modes
We now apply the scheme to the explicit example of head–tail modes. They can be due to short-range
wake fields or broadband impedance, etc.
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Fig. 21: Stability diagrams for an octupolar field and m = 0 head–tail mode with Q′ = 0
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Fig. 22: Stability diagrams for an octupolar field and m = 0 head–tail mode with negative chromaticity Q′ = −3

(left) and in the right-hand figure as well a head–tail mode with positive chromaticity Q′ = +3.

The growth and damping times of head–tail modes are usually controlled with chromaticity Q′:

i) some modes need positive Q′;
ii) some modes need negative Q′;

iii) some modes can be damped by feedback (m = 0).

In Figs. 22–24, the stability diagrams are shown for different head–tail modes and different values of
the chromaticity Q′. For a zero chromaticity Q′ = 0, the m = 0 mode is unstable (Fig. 21). The
positive chromaticity stabilizes the m = 0 mode by shifting it into the stable area Fig. 22. A negative
chromaticity makes the beam more unstable by shifting the tune shift further into the unstable region.
However, too large positive chromaticity moves higher order head–tail modes to larger imaginary values,
until they may become unstable (Fig. 23). Increasing the chromaticity further than in Fig. 23, the mode
m = −1 becomes unstable. Landau damping is required in this case, but with the necessary care to avoid
detrimental effects if this is achieved with octupoles.

6.4 Stabilization with other non-linear elements
Can we always stabilize the beam with strong octupole fields?

i) Would need very large octupole strength for stabilization.
ii) The known problems:

a) can cause reduction of dynamic aperture and lifetime;
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Fig. 23: Stability diagrams for an octupolar field and m = 0 and m = −1 head–tail modes with positive chro-
maticity Q′ = +3.
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Fig. 24: Stability diagrams for an octupolar field and head–tail modes (Fig. 23) and stability diagram from beam–
beam effects.

b) lifetime important when beam stays in the machine for a long time;
c) colliders, lifetime more than 10–20 h needed.

iii) Is there another option?

In the case of colliders, the beam–beam effects provide a large tune spread that can be used for
Landau damping (Fig. 24). Even when the tune spread is comparable, the stability region from a head-on
beam–beam interaction is much increased [18]. We observe a large difference between the two stability
diagrams. Where does this difference come from? The tune dependence of an octupole can be written as

Qx(Jx, Jy) = Q0 + aJx + bJy (75)

and is linear in the action J (for coefficients, see Appendix B).

The tune dependence of a head-on beam–beam collision can be written [19, 20] as follows: with
α = x/σ∗, we get ∆Q/ξ = (4/α2)

[
1− I0(α2/4) · e−α2/4

]
. As a demonstration, we show in Fig. 25

the tune spread from octupoles, long-range beam–beam effects [19] and head-on beam–beam effects.
The parameters are adjusted such that the overall tune spread is always the same for the three cases.
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Fig. 25: Tune spread in two dimensions for octupoles, long-range beam–beam and head-on beam–beam. Tune
spread adjusted to be the same for all cases.

Fig. 26: Stability diagrams for octupoles, long-range beam–beam and head-on beam–beam. Tune spread adjusted
to be the same for all cases.

However, the head-on beam–beam tune spread has the largest effect for small amplitudes, i.e. where
the particle density is largest and the contribution to the stability is strong. For the tune spreads shown
in Fig. 25, we have computed the corresponding stability diagrams [21]. Although the tune spread is
the same, the stability region shown in Fig. 26 is significantly larger. As another and most important
advantage, since the stability is ensured by small-amplitude particles, the stable region is very insensitive
to the presence of tails or the exact distribution function. Special cases such as collisions of ‘hollow
beams’ are not noteworthy in this overview.
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Fig. 27: Coherent beam–beam modes with π-mode inside and outside the incoherent tune spread due to beam–
beam effects. Decoupling is due to intensity difference between the two beams.

6.4.1 Conditions for Landau damping
A tune spread is not sufficient to ensure Landau damping. To summarize, we need:

i) presence of incoherent frequency (tune) spread;
ii) coherent mode must be inside this spread;

iii) the same particles must be involved in the oscillation and the spread.

The last item requires some explanation. When the tune spread is not provided by the particles actually
involved in the coherent motion, it is not sufficient and results in no damping. For example, this is the
case for coherent beam–beam modes where the eigenmodes of coherent beam–beam modes driven either
by head-on effects or long range interactions are very different [22–24]. For modes driven by the head-
on interactions, mainly particles at small amplitudes are participating in the oscillation. The tune spread
produced by long range interactions produces little damping in this case.

Another option to damp coherent beam–beam modes is shown in Fig. 27. It shows the results
of a simulation for the main coherent beam–beam modes (0-mode and π-mode) for slightly different
intensities.

The difference is sufficient to decouple the two beams and they cannot maintain the correct phase.
We have:

i) coherent mode inside or outside the incoherent spectrum, depending on the intensity difference;
ii) Landau damping restored when the symmetry is sufficiently broken.

6.5 Landau damping with non-linear fields: are there any side effects?
Introducing non-linear fields into an accelerator is not always a desirable procedure. It may have impli-
cations for the beam dynamics and we separate them into three categories.

i) Good:

a) stability region increased.

ii) Bad:

a) non-linear fields introduced (resonances);
b) changes optical properties, e.g. chromaticity (feed-down).

iii) Special cases:
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a) non-linear effects for large amplitudes (octupoles);
b) much better: head-on beam–beam (but only in colliders).

Landau damping with non-linear fields is a very powerful tool, but the side effects and implications have
to be taken into account.

7 Summary
The collisionless damping of coherent oscillations as predicted by Landau in 1946 is an important con-
cept in plasma physics as well as in other applications such as hydrodynamics, astrophysics and bio-
physics to mention a few. It is used extensively in particle accelerators to avoid coherent oscillations of
the beams and the instabilities. Despite its intensive use, it is not a simple phenomenon and the interpre-
tation of the physics behind the mathematical structures is a challenge. Even after many decades after
its discovery, there is (increasing) interest in this phenomenon and work on the theory (and extensions of
the theory) continues.
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Appendices
A Solving the dispersion relation
A.1 Dispersion relation from Vlasov’s calculation
Starting with the dispersion relation derived using Vlasov’s approach (20):

1 +
ω2

p

k2

∫
∂ψ0/∂v

(ωk − v)
dv = 0, (A.1)

we have to make a few assumptions. We assume that we can restrict ourselves to waves with ω/k � v or
ω/k � v. The latter case cannot occur in Langmuir waves and we can assume the case with ω/k � v.
Then we can integrate the integral by parts and get

1 +
ω2

p

k2

∫
ψ0

(ω/k − v)2
dv = 0 (A.2)

or, rewritten for the next step,

1 +
ω2

p

ω2

∫
ψ0

(1− vk/ω)2
dv = 0. (A.3)

With the assumption ω/k � v, we can expand the denominator in series of vkω and obtain

1 +
ω2

p

ω2

∫
ψ0dv ·

(
1 + 2 ·

(
vk

ω

)
+ 3 ·

(
vk

ω

)2
)

= 0. (A.4)

For the next step as an explicit example we use a Maxwellian velocity distribution, i.e.

ψ(v) =
1√
2π

1

vp
e−v

2/2v2p . (A.5)

The individual integrals are then
∫
ψ(v) dv = 1,

∫
ψ(v) · v dv = 0,

∫
ψ(v) · v2 dv = v2

p =
ω2

p

k2
(A.6)

to obtain finally

1−
ω2

p

ω2
−

3k2v2
pω

2
p

ω4
= 0. (A.7)

This dispersion relation can now be solved for ω and we get two solutions:

ω2 =
1

2
ω2

p ±
1

2
ω2

p

(
1 +

12k2v2
p

ω2
p

)1/2

. (A.8)

Rewritten, we obtain the well-known dispersion relation for Langmuir waves:

ω2 = ω2
p

(
1 + 3k2λ2

)
(λ = vp/ωp). (A.9)

The frequency is real and there is no damping.
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A.2 Dispersion relation from Landau’s approach
Here we solve the dispersion relation using the result obtained by Landau (26):

1 +
ω2

p

k

[
P.V.

∫
∂ψ0/∂v

(ω − kv)
dv− iπ

k

(
∂ψ0

∂v

)

v=ω/k

]
= 0. (A.10)

This should lead to a damping.

Integration by parts leads now to

1−
ω2

p

ω2
−

3k2v2
pω

2
p

ω4
− iπ

k

(
∂ψ0

∂v

)

v=ω/k

= 0. (A.11)

For the real part, we can use the same reasoning as for Vlasov’s calculation and find again

1−
ω2

p

ω2
r

−
3k2v2

pω
2
p

ω4
r

= 0. (A.12)

Now we have used ωr to indicate that we computed the real part of the complex frequency

ω = ωr + i · ωi. (A.13)

We assume ‘weak damping’, i.e. ωi � ωr. This leads us to ω2 ' ωr + 2iωrωi. With the solution (A.9)
and kλ� 1, we find for the imaginary part ωi

ωi =
π · ω3

p

2 · k2
·
(
∂ψ0

∂v

)

v=ω/k

. (A.14)

Using the Maxwell velocity distribution as an example:

ψ(v) =
1√
2π

1

vp
e−v

2/2v2p , (A.15)

we get for the derivative

∂ψ(v)

∂v
= − 1√

2π

1

v3
p

e−v
2/2v2p . (A.16)

Using again λ = vp/ωp to simplify the expression, we can expand in a series (because ω/k � v) and
arrive at

ωi = −ωp ·
1

k3λ3

√
π

2
· exp

(
− 1

2k2λ2
− 3

2

)
. (A.17)

This is the damping term we obtain using Landau’s result for plasma oscillations.

B Detuning with octupoles
The tune dependence of an octupole can be written as [16]

Qx(Jx, Jy) = Q0 + aJx + bJy (B.1)

for the coefficients:

∆Qx =

[
3

8π

∫
β2
x

K3

Bρ
ds

]
Jx −

[
3

8π

∫
2βxβy

K3

Bρ
ds

]
Jy (B.2)

and

∆Qy =

[
3

8π

∫
β2
y

K3

Bρ
ds

]
Jy −

[
3

8π

∫
2βxβy

K3

Bρ
ds

]
Jx. (B.3)
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Beam Instabilities in Linear Machines: Wakefields Effects1 

M. Ferrario, M. Migliorati, and L. Palumbo 
INFN-LNF and Università di Roma ‘La Sapienza’ 

Abstract 
When a charged particle travels across the vacuum chamber of an accelerator, 
it induces electromagnetic fields, which are left mainly behind the generating 
particle. These electromagnetic fields act back on the beam and influence its 
motion. Such an interaction of the beam with its surroundings results in beam 
energy losses, alters the shape of the bunches, and shifts the betatron and 
synchrotron frequencies. At high beam current the fields can even lead to 
instabilities, thus limiting the performance of the accelerator in terms of beam 
quality and current intensity. We discuss in this lecture the general features of 
the electromagnetic fields, introducing the concepts of wakefields and giving 
a few simple examples in cylindrical geometry. We then show the effect of 
the wakefields on the dynamics of a beam in a linac, dealing in particular with 
the beam breakup instability and how to cure it. 

Keywords  
Wakefields; instabilities; Linac; beam breakup; BNS damping; coupling 
impedance. 

1 Introduction 
Self-induced electromagnetic (e.m.) forces in an accelerator are generated by a charged particle beam 
which interacts with all the components of the vacuum chamber. These components may have a complex 
geometry: kickers, bellows, RF cavities, diagnostics components, special devices, etc. The study of the 
fields generally requires the solution of Maxwell’s equations in a given structure, taking the beam 
current as the source of the fields. This could be a quite complicated task, and therefore several dedicated 
computer codes, used to study and design accelerator devices, which solve the e.m. problem in the 
frequency or time domain, have been developed. These include, for example, CST Studio Suite [1], 
GDFIDL [2], ACE3P [3], ABCI [4], and others. 

In this lecture, we discuss some general features of the self-induced e.m. forces and introduce the 
concepts of wakefields and coupling impedances [5–12], and we present some simple examples in 
cylindrical geometry. Although the space charge forces have been studied separately [13], they can be 
seen as a particular case of wakefields.  

In the second part of the lecture we study the effects of the wakefields on the dynamics of a beam 
in a linac, such as energy loss and energy spread. Finally, we deal with the beam breakup (BBU) 
instability [14], and the way to cure it [15]. 

                                                      
1 This article has already been published in the Proceedings of the CAS-CERN Accelerator School on Advanced Accelerator 
Physics, CERN-2014-009 (CERN, Geneva, 2014). https://doi.org/10.5170/CERN-2014-009.357 

Proceedings of the CAS-CERN Accelerator School: Intensity Limitations in Particle Beams, Geneva, Switzerland, 2–11 November 2015,
edited by W. Herr, CERN Yellow Reports: School Proceedings, Vol. 3/2017, CERN-2017-006-SP (CERN, Geneva, 2017)

2519-8041 – c© CERN, 2017. Published by CERN under the Creative Common Attribution CC BY 4.0 Licence.
https://doi.org/10.23730/CYRSP-2017-003.165
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2 Wake fields and potentials 

2.1 Longitudinal and transverse wakefields 

The self-induced e.m. fields acting on a particle inside a beam depend on the whole charge distribution. 
However, if we know the fields in a given structure that are created by a single charge (i.e. we obtain 
the Green function of the structure), by using the superposition principle we can easily reconstruct the 
fields produced by any charge distribution.  

The e.m. fields created by a point charge act back on the charge itself, and on any other charge of 
the beam. Referring to the coordinate system of Fig. 1, let us call q0(s0, r0) the source charge, travelling 
with constant longitudinal velocity v = c (ultrarelativistic limit) along a trajectory parallel to the axis of 
a given accelerator structure. Let us consider a test charge q, in a position (s = s0 − z, r), which is moving 
with the same constant velocity on a parallel trajectory inside the structure. 

 
Fig. 1: Reference coordinate system 

Let E and B be the electric and magnetic fields generated by q0 inside the structure. Since the 
velocity of both charges is along z, the Lorentz force acting on q has the following components: 
  ( ) ( )ˆ ˆˆz x y y xq E z E vB x E vB y ⊥

 = + − + + ≡ + F F F


. (1) 

From Eq. (1) we see that there can be two effects on the test charge: a longitudinal force, which 
changes its energy, and a transverse force, which deflects its trajectory. If we consider a device of length 
L, the energy change (in joule) of q due to this force is given by  

 ( )0
0

, ,  d
L

U z F s= ∫r r


,  (2) 

and the transverse deflecting kick (expressed in Newton metres), is given by 

 ( )0
0

, ,  d
L

z s⊥= ∫M r r F . (3) 

Note that the integration is performed over a given path of the trajectory. The quantities given by 
Eqs. (2) and (3), normalized to the two charges q0 and q, are called the longitudinal and transverse 
wakefields, respectively. In many cases, we deal with structures having particular symmetric shapes, 
generally cylindrical. It is possible to demonstrate that, with a multipole expansion of the wakefields, 
the dominant term in the longitudinal wakefield depends only on the distance z between the two charges, 
while the dominant one in the transverse wakefield, although still a function of the distance z, is also 
linear with the transverse position of the source charge r0. If we then divide the transverse wakefield by 
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r0, we obtain the transverse dipole wakefield, that is the transverse wake per unit of transverse 
displacement, depending only on z. 

Longitudinal wakefield [V/C]:                 ( )
0

Uw z
q q

= −


 ;                                                               (4) 

Transverse dipole wakefield [V/C·m]:     ( )
0 0

1z
r q q⊥ =

Mw .                                                              (5) 

The minus sign in the definition of the longitudinal wakefield means that the test charge loses 
energy when the wake is positive. A positive transverse wake means that the transverse force is 
defocusing. The wakefields are properties of the vacuum chamber and the beam environment, but they 
are independent of the beam parameters (bunch size, bunch length, etc.). 

To study the effect of wakefields on the beam dynamics, it is convenient to distinguish between 
short-range wakefields, which are generated by the particles at the head of the bunch affecting trailing 
particles in the same bunch, and those that influence the multibunch (or multiturn) beam dynamics, 
which are generally resonant modes trapped inside a structure, and are called long-range wakefields. 

As a first example of wakefields, let us consider the longitudinal wakefield of ‘space charge’. 
Even if in the ultrarelativistic limit with γ → ∞ , and there is no space charge effect, we can still define 
a wakefield by considering a moderately relativistic beam with 1γ   but not infinite. It turns out that 
the space charge forces can fit into the definition of a wakefield, and when that is done we find that the 
wake depends on the beam properties such as the transverse beam radius a and the beam energy γ. In 
Appendix A we show an example of such an interpretation. Let us consider here a relativistic beam with 
cylindrical symmetry and uniform transverse distribution of radius a. The longitudinal force acting on 
a charge q of the beam travelling inside a cylindrical pipe of radius b is given by [13] 

 
2

2 2
0

( )( , ) 1 2ln  
4

q r b zF r z
a a z

∂λ
πε γ ∂

 −
= − + 

 


, (6) 

with λ(z) the longitudinal distribution (z > 0 at the bunch head). Note that, since the space charge forces 
move together with the beam, they are constant along the accelerator if the beam pipe cross-section 
remains constant. We can therefore define the longitudinal wakefield per unit length [V/C·m]. To obtain 
the longitudinal wakefield of a piece of pipe, we just multiply by the pipe length. Assuming r → 0 
(particle on-axis), and a charge line density given by 0( ) ( )z q zλ δ= , we obtain 

 2
0

d ( ) 1  1 2ln ( )
d 4

w z b z
s a z

∂ δ
πε γ ∂

 = + 
 

 , (7) 

which has the peculiarity of being also dependent on the beam size a. 

Another interesting case is the longitudinal wake potential of a resonant higher-order mode 
(HOM) in an RF cavity, which is an example of long-range wakefield. When a charge crosses a resonant 
structure, as an RF cavity, it excites the fundamental mode and HOMs. Each mode can be treated as an 
electric RLC circuit loaded by an impulsive current, as shown in Fig. 2. 
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Fig. 2: RF cavity and the equivalent RLC parallel circuit model driven by a current generator 

Just after the charge passage, the capacitor is charged with a voltage 0(0) /V q C= , and the 

longitudinal electric field is /zE V l= , where l is the length of the cavity. The time evolution of the 
electric field is then governed by the same differential equation of the voltage, which can be written as 
follows: 

 . (8) 

The passage of the impulsive current charges only the capacitor, which changes its potential by 
an amount Vc(0). This potential will oscillate and decay, producing a current flow in the resistor and 
inductance. After the charge passage, for t > 0 the potential satisfies the following equation and 
boundary conditions: 

  (9) 

which has the following solution: 

 0

2 2 2
r

( ) e cos( ) sin( ) ,

,

tV t V t tω ω
ω

ω ω

−Γ Γ = −  
= − Γ

 (10) 

where 2
r 1 LCω =  and 1 2RCΓ = . For the HOM it is also convenient to define the quality factor

r 2Q ω= Γ , from which we can write rC Q Rω= . 

Putting z = ct (z is positive behind the source charge), we obtain the longitudinal wakefield shown 
in Fig. 3: 

 /r

0

( )( ) e cos( / ) sin( / )z cRV zw z z c z c
q Q

ω ω ω
ω

−Γ Γ = = −  


. (11) 
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Fig. 3: Qualitative behaviour of a resonant mode wakefield 

In an analogous way, it is possible to obtain the transverse wakefield of a HOM, 

 /r( ) e sin( / )z cRw z z c
Q
ω ω−Γ⊥

⊥ = , (12) 

with R⊥  expressed in ohm per metre. 

We conclude this section by giving the longitudinal and transverse short-range wakefields of a 
rectangular cell, as shown in Fig. 4, under the hypothesis that the bunch length is much smaller than the 
pipe radius b. Its expression can be useful in studying the effects of the short-range wakefields of an 
accelerating structure in a linac.  

 
Fig. 4: Geometry of a single cell of a linac accelerating structure 

The model considers each cell as a pillbox cavity. When a bunch reaches the edge of the cavity, 
the e.m. field it creates is simply the one that would occur when a plane wave passes through a hole; 
using this hypothesis, it is possible to use the classical diffraction theory of optics to calculate the fields 
[7]. If the condition g < (d − b)2/(2σ) is satisfied, where g is the cell gap, d is the cell radius, and σ is the 
rms bunch length of a Gaussian bunch, the longitudinal and transverse wakefields can be written, 
respectively, as: 

 

0
2

3/2
0

2 3

( ) ,
2

2( ) .

Z c gw z
zb

Z cw z gz
b

π

π⊥

=

=



 (13) 

For a collection of cavities, Eqs. (13) cannot be used because the wakefields along the cells do 
not sum in phase and the result would be an overestimation of the effects. An asymptotic wakefield for 
a periodic collection of cavities of period p, obtained numerically at SLAC [16] and then fitted to a 
simple function, is used instead. Such wakefields are thus valid after a certain number of cavities given 
by 
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2

cr 22

bN
bg σ

γ

=
 

+ 
 

. (14) 

Under these assumptions, the wakefields of Eqs. (13) are modified to 

 

1

2

/0
2

/0 2
4

2

( ) e ,

4( ) 1 1 e ,

z s

z s

Z cpw z
b
Z cps zw z

b s

π

π

−

−
⊥

=

  
= − +      



 (15) 

with 

 

1.8 1.6

1 2.4

1.79 0.38

2 1.17

0.41 ,

0.17 .

b gs
p

b gs
p

=

=
  (16) 

2.2 Loss factor and beam loading theorem 

A useful quantity for the effects of the longitudinal wakefield on the beam dynamics is the loss factor, 
defined as the normalized energy lost by the source charge q0: 

 2
0

( 0)U zk
q

=
= − . (17) 

For charges travelling at the velocity of light, there is the problem that the longitudinal wakefield 
is discontinuous at z = 0, as shown in Fig. 5, leading to an ambiguity in the evaluation of the loss factor. 
Indeed, when the source charge travels at the velocity of light, it leaves the e.m. fields in its wake, hence 
the reason why we call these fields ‘wakefields’. Any e.m. perturbation produced by the charge cannot 
overtake the charge itself. This means that the longitudinal wakefield vanishes in the region z < 0. This 
property is a consequence of the causality principle. It is the causality that requires that the longitudinal 
wakefield of a charge travelling at the velocity of light to be discontinuous at the origin. 

 
Fig. 5: Examples of longitudinal wakefields: left β < 1, right β = 1 

The exact relationship between k and ( 0)w z →


 is, in this case, given by the beam loading 
theorem [17], which states that 
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( 0)

2
w z

k
→

=  . (18) 

As an example of verification of the beam loading theorem, let us consider the wakefield of the 
resonant mode given by Eq. (11). The energy lost by the charge q0 loading the capacitor is 

2 2
0 02 2U CV q C= = , giving 1 2k C= , compared with ( 0) 1w z C→ =



. 

2.3 Relationship between transverse and longitudinal forces 

Another important feature worth mentioning here is the differential relationship existing between 
longitudinal and transverse forces and the corresponding wakefields: the transverse gradient of the 
longitudinal force/wake is equal to the longitudinal gradient of the transverse force/wake, that is 

 
,

.

F
z

w
z

∂
∂
∂
∂

⊥ ⊥

⊥ ⊥

∇ =

∇ =

F

w





 (19) 

The above relations are known as the Panofsky–Wenzel theorem [18]. 

2.4 Coupling impedance 

The wakefields are generally used to study the beam dynamics in the time domain. If we take the 
equations of motion in the frequency domain, we need the Fourier transform of the wakefields. Since 
these quantities have units of ohm, they are called coupling impedances. 
Longitudinal impedance [Ω]: 

 ( ) ( )
i1 e  d

z
vZ w z z

v

ω

ω
∞

−∞

= ∫ 

; (20) 

Transverse dipole impedance [Ω/m]: 

 ( ) ( )
i

e  d
z

vi z z
v

ω

ω
∞

⊥ ⊥
−∞

= − ∫Z w . (21) 

The longitudinal coupling impedance of the space charge wake given by Eq. (7) [Ω/m] is given 
by 

 
( ) ( ) ( )i i

2
0

1 2 ln1 de  d ( )e  d
4 d

z z
v v

Z w z b a
z z z

s v s v z

ω ω∂ ω ∂
δ

∂ ∂ πε γ

∞ ∞

−∞ −∞

+
= =∫ ∫  ; (22) 

since '( ) ( )d '(0)z f z z fδ
∞

−∞
=∫ , we get 

 
( ) 0

2 2

 1 2 ln
4

Z i Z b
s c a

∂ ω ω
∂ π β γ

 = + 
 

 . (23) 

The longitudinal coupling impedance of a resonant HOM, corresponding to the Fourier transform 
of Eq. (11), is given by 
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 ( )
r

r

1 i

RZ
Q

ω
ω ω
ω ω

=
 

+ − 
 



, (24) 

where R is also called the shunt impedance of the longitudinal HOM. Note that the loss factor can be 
written as r 2k R Qω= . 

The transverse impedance obtained from Eq. (12) is given by 

 ( )
r

r

1 i

RZ
Q

ωω
ω ω ω

ω ω

⊥
⊥ =

 
+ − 

 

, (25) 

where R⊥  is called the transverse shunt impedance. 

2.5 Wake potential and energy loss of a bunched distribution 

When we have a bunch with total charge q0 and longitudinal distribution λ(z), such that 

0 ( ')d 'q z zλ
∞

−∞
= ∫ , we can obtain the amount of energy lost or gained by a single charge q in the beam 

by using the superposition principle. 

To this end, we calculate the effect on the charge by the whole bunch, as shown in Fig. 6, with 
the superposition principle, which gives the convolution integral: 

 ( )( ) ' ( ')d 'U z q w z z z zλ
∞

−∞

= − −∫ 

. (26) 

 
Fig. 6: Convolution integral for a charge distribution to obtain the energy loss of a particle due to the whole bunch 

Equation (26) allows us to define the longitudinal wake potential of a distribution: 

 ( )
0 0

( ) 1( ) ' ( ')d 'U zW z w z z z z
qq q

λ
∞

−∞

= − = −∫ 

. (27) 

The total energy lost by the bunch is computed by summing the energy loss of all the particles: 

 ( ) ( ) ( ) ( )bunch 0
1 d dU U z z z q W z z z
q

λ λ
∞ ∞

−∞ −∞

′ ′ ′ ′ ′ ′= = −∫ ∫ 

. (28) 
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3 Wakefield effects in linear accelerators 

3.1 Energy spread 

The longitudinal wake forces change the energy of individual particles depending on their position in 
the beam, as given by Eq. (26). As a consequence, the short-range wakefield can induce an energy 
spread in the beam.  

For example, the energy spread induced by the space charge force in a Gaussian bunch is given 
by 

 
( ) 2 2( /2 )0

2 3
0

d 'd ( ) ( ')d ' 1 2 ln  e
d d 4 2

zz

z

w z z qqU z bq z z z
s s a

σλ
πε γ πσ

∞
−

−∞

−  = − = + 
 ∫  . (29) 

The bunch head gains energy (z > 0), and the tail loses energy. The total energy lost by the bunch, 
Ubunch, is zero. 

In a similar way, one can show that the energy loss induced by a resonant HOM inside a 
rectangular uniform bunch of length l0 when  is given by 

 

0r

0 r

r 0

sin
2( )

2
2

l z
cqq RU z

lQ
c

ω
ω

ω

  −  −   =
 
 
 

, (30) 

and the total energy loss obtained with Eq. (28) is 

 
2 2

20 r 0
bunch 2

r 0

2 sin
2

q Rc lU
l Q c

ω
ω

 = −  
 

. (31) 

3.2 Single-bunch beam breakup: two-particle model 

A beam injected off-centre in a linac, for example due to misalignments of the focusing quadrupoles, 
executes betatron oscillations. The bunch displacement produces a transverse wakefield in all the 
devices crossed during the flight, which deflects the trailing charges (single-bunch BBU), or other 
bunches following the first one in a multibunch regime (multibunch BBU). The first observation of 
BBU was made at SLAC in 1966 [19]. 

To understand the effect, we consider, as a first example, a simple model with only two charges, 
q1 = q0/2 (leading = half bunch) and q2 = q (trailing = single charge), travelling with β = 1. 

The leading charge executes free betatron oscillations of the following kind: 

 1 1ˆ( ) cos yy s y s
c

ω 
=  

 
. (32) 

The trailing charge, a distance z behind, experiences over a length Lw an average deflecting force 
that is proportional to the displacement y1 and dependent on the distance z. From the definition of the 
transverse dipole wakefield, this force is given by 

 0
1 1

w

( , ) ( ) ( )
2y
qqF z y w z y s
L ⊥= . (33) 
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Note that Lw is the length of the device for which the transverse wake has been computed. For 
example, in the case of a cavity cell, Lw is the length of the cell. This force drives the motion of the 
trailing charge: 

 
2

0
2 2 1

o w

( ) ˆ cos
2

y yqq w zy y y s
c E L c

ω ω
⊥   

′ + =   
   

. (34) 

This is a typical equation for a resonator driven at the resonant frequency. 

The solution is given by the superposition of the ‘free’ and the ‘forced’ oscillations, which, being 
driven at the resonant frequency, grow linearly with s, as shown in Fig. 7: 

 forced
2 2 2ˆ( ) cos yy s y s y

c
ω 

= + 
 

, (35) 

 forced 0
2 1

o w

( ) ˆ sin
4

y

y

cqq w z sy y s
E L c

ω
ω

⊥  
=  

 
. (36) 

 
Fig. 7: HOMDYN [20] simulation of a typical BBU instability, 50 µm initial offset, no energy spread 

At the end of a linac of length LL, the oscillation amplitude will have grown by 1 2ˆ ˆ( )y y=   

 2 L

2 o wmax

ˆ ( )
ˆ 4 ( / )y

y cNew z L
y E e Lω

⊥ ∆
= 

 
. (37) 

If the transverse wake is given per cell, the relative displacement of the tail with respect to the 
head of the bunch depends on the number of cells. Of course, it also depends on the focusing strength 
through the betatron frequency ωy.  

3.3 BNS damping 

The BBU instability is quite harmful and hard to control even at high energy with strong focusing, and 
after careful injection and steering. A simple cure has been proposed after observing that the strong 
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oscillation amplitude of the bunch tail is mainly due to the ‘resonant’ driving head. If the tail and the 
head move with different frequencies, this effect can be significantly reduced [15]. 

Let us assume that the tail oscillates with a frequency ωy +∆ωy, so that Eq. (34) becomes 

 
2 2

2 2 1
o w

( ) ˆ cos
2

y y yNe w zy y y s
c E L c

ω ω ω
⊥

+ ∆   
′ + =   

   
, (38) 

the solution of which is given by 

 
2 2

2 2 1
o w

( )ˆ ˆ( ) cos cos cos
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y y y y y

y y

c Ne w zy s y s y s s
c E L c c

ω ω ω ω ω
ω ω

⊥
+ ∆  + ∆      

= − −      ∆      
. (39) 

In this case, we observe that the amplitude of the oscillation is limited and no longer grows 
linearly with s. Furthermore, by making a suitable choice for ∆ωy, it is possible to suppress fully the 
oscillations of the tail. Indeed, by setting 

 
2 2

o w

( )Δ
4y

y

c Ne w z
E L

ω
ω

⊥=  (40) 

if 2 1ˆ ˆy y= , from Eq. (39) we obtain  

 2 1ˆ( ) cos yy s y s
c

ω 
=  

 
; (41) 

that is, the tail oscillates with the same amplitude as the head and with the same betatron frequency. 
This method of curing the single-bunch BBU instability is called BNS damping, after the names of the 
authors Balakin, Novokhatsky, and Smirnov who proposed it [15]. 

To have BNS damping, Eq. (40) imposes an extra focusing at the tail, which must have a higher 
betatron frequency than the head. This extra focusing can be obtained by: (1) using a Radiofrequency 
Quadrupole (RFQ), where the head and tail see a different focusing strength, (2) creating a correlated 
energy spread across the bunch, which, because of the chromaticity, induces a spread in the betatron 
frequency. An energy spread correlated with position is attainable with the external accelerating voltage 
or with wakefields. 

In Fig. 8, we show the betatron oscillation corresponding to Fig. 7, but with a 2% energy spread.  

 
Fig. 8: HOMDYN simulation of a typical BNS damping, 50 µm initial offset, 2% energy spread 

BEAM INSTABILITIES IN LINEAR MACHINES: WAKEFIELDS EFFECTS

175



3.4 Single-bunch beam breakup: general distribution 

To extend the analysis carried out in Section 3.2 to a particle distribution, we write the transverse 
equation of motion of a single charge q with the inclusion of the transverse wakefield effects as follows 
[14]: 

 2
2

0 w

( , )( ) ( ) ( ) ( , ) ( , ') ( ' ) ( ')d 'y
z

y z s qs k s s y z s y s z w z z z z
s s m c L

γ γ λ
∞

⊥

∂ ∂  + = − ∂ ∂  ∫ , (42) 

where ( )sγ  is the relativistic parameter, which varies along the linac, and 1/ ( )yk s  is the betatron 

function. We recall that the integral of the longitudinal distribution function ( )zλ  is the total charge of 
the bunch, q0. 

The solution of the equation in the general case is unknown. We can, however, apply a 
perturbation method to obtain the solution at any order in the wakefield intensity. Indeed, we write 
 ( )( , ) ( , )n

n
y z s y z s= ∑ , (43) 

where n represents the nth-order solution. The first-order solution is found without the wakefield effect 
from the following equation: 

 
(0)

2 (0)( , )( ) ( ) ( ) ( , ) 0y
y z ss k s s y z s

s s
γ γ

 ∂ ∂
+ = ∂ ∂ 

. (44) 

It is important to note that the above equation no longer depends on z. This means that the bunch 
distribution remains constant along the structure. 

If the s-dependence of ( )sγ  and 2 ( ) ( )yk s sγ  is moderate, we can use the Wentzel–Kramers–
Brillouin (WKB) approximation [5], and the solution of the above equation with the starting conditions 

ˆ(0)y y= , yʹ(0) = 0 is 

 [ ]0 0(0) ˆ( ) cos ( )
( ) ( )

y

y

k
y s y s

s k s
γ

ψ
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= , (45) 

where 

 
0

( ) ( ')d '
s

ys k s sψ = ∫ . (46) 

Equation (45) represents the unperturbed transverse motion of the bunch in a linac. 

The differential equation of the second-order solution is obtained by substituting the first-order 
solution (45) into the right-hand side of Eq. (42), yielding 

 
(1)

2 (1) (0)
2

0 w
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∫ . (47) 

We are interested in the forced solution of the above equation that can be written in the form 

 0 0(1)
2
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where  
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The first integral undergoes several oscillations with s, and if ( )sγ  and ( )yk s  do not vary much 
it is negligible, so that we can finally write 

 [ ]0 0(1)
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y y z
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⊥= −∫ ∫ . (50) 

Note that the last integral in Eq. (50) is proportional to the transverse wake potential produced by 
the whole bunch, defined in a similar way to Eq. (27). This solution can then be substituted again into 
the right-hand side of Eq. (42) to obtain a third-order solution, and so on. If we consider constant ( )sγ  
and ( )yk s , Eq. (50) gives the same result as for the two-particle model of Eq. (36) when we substitute 

( )zλ  with q0/2 representing the leading half bunch affecting a trailing charge q. 

If the BBU effect is strong, it is necessary to include higher-order terms in the perturbation 
expansion. Under the following assumptions: 

i) rectangular bunch distribution 0 0( ) /z q lλ = , −l0 / 2 < z < l0 / 2, where l0 is the bunch length; 

ii) monoenergetic beam; 

iii) constant acceleration gradient, dE0 /ds = const.; 

iv) constant beta function; 

v) linear wake function inside the bunch, 0 0( ) /w z w z l⊥ ⊥= , 

the sum of Eq. (43) can be written in terms of powers of the adimensional parameter , also called the 
BBU strength, 

 
( )

0 0 f

0 w i

ln ,
d / dy

qq w
k E s L

γη
γ

⊥  
=  

 
 (51) 

where iγ  and fγ  are the initial and final relativistic parameter, respectively. 

By using the method of steepest descent [8], it is possible to obtain the asymptotic expression of 
y(z,s) thus finding, at the end of the linac, 

 1/6 1/3 1/3i
L m L

f

3 3 3( ) exp cos
6 4 4 12yy L y k Lγ πη η η
πγ

−    = − +     
, (52) 

which, unlike the two-particle model and that from the first-order solution, gives a tail displacement 
growing exponentially with η . 

3.5 Multibunch beam breakup 

We have seen in the previous sections that when a bunch passes off-axis (due, for example, to betatron 
oscillations) in an axis-symmetric accelerating structure, it excites transverse wakefields which may 
cause the tail of the bunch to oscillate with increasing amplitude as the bunch goes along the linac. In 
the same way, the whole bunch may excite deflecting trapped modes in the RF cavities of the linac that 
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may cause trailing bunches to be deflected, whether they are on-axis or not. These angular deflections 
are transformed into transverse displacements through the transfer matrices of the focusing system, and 
the displaced bunches will themselves create similar wakefields in the downstream accelerating 
structures of a linac. The subsequent bunches will be further deflected leading to beam blow-up. Due to 
the long-range wakefields, there is a coupling in the motion of the bunches that are increasingly 
deflected as they proceed along the linac in a process called multibunch BBU. Even if the bunches are 
not lost, the transverse beam emittance ￼ can be greatly increased, leading to a significant luminosity 
reduction. 

We summarize here the analytical study of multibunch BBU performed with the formalism used 
in [14]. All the bunches are considered to be rigid macro-particles, such as delta-functions, separated by 
period T, and we assume all bunches to be injected with the same initial offset x0. We consider the 
transverse equation of motion of a bunch as a whole, ignoring internal structures; the beam is therefore 
made of a train of bunches with the same charge (Qb) evenly spaced by period T, which is an integer 
number of the RF period of the accelerating mode. 

We also consider all the cells of the linac accelerating structure to be identical and with the same 
dipole trapped mode in each cell of length Lw. Rigorously, the analytical approach requires that many 
betatron oscillations are performed in the linac, and the BBU remains moderate within a betatron 
oscillation. Moreover, the theory is valid if the beam energy does not change too much in a betatron 
wavelength. This last hypothesis is also called adiabatic acceleration. 

The transverse wakefield force experienced by the kth bunch, spaced kT from the first bunch, 
depends on the transverse wakefield generated by the preceding bunches (and thus by their transverse 
displacement). The dipole long-range wakefield is produced by a high-order deflecting mode, identical 
in all the cavities of the structure, and it is described in terms of its resonant frequency ωr, the quality 
factor Q, and the dipole shunt resistance R⊥ (expressed in ohm per meter). 

The equations of motion are then written in terms of the Z-transform (see, e.g., Ref. [21]) since 
the displacement x(kT, s) of the kth bunch at the position s is a discrete function of time. The solution 
can be retrieved with a perturbation method, which considers its expansion as a series of the driving 
wakefield force. 

The zeroth-order solution is given for a vanishing driving force, i.e. a pure betatron oscillation 
(unperturbed motion). It represents the motion of the first bunch, which is not affected by any wakefield 
because of the causality principle (the wakefield cannot travel ahead of the bunch itself). The nth-order 
solution is driven by the wakefield excited by the solution of the order n − 1. Thus the first-order solution 
is computed from the motion of the first bunch, and it affects all the bunches, except the first one; it 
means that the nth-order solution affects only bunches of index larger then n. Therefore the summation 
of the series can be stopped at the Mth order of a train of M bunches. The nth-order solution in the Z-
domain can be written as follows [14]: 
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0
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where a(s) is the so-called dimensionless BBU strength given, in case of constant ky(s), by 
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where G is the accelerating gradient [V/m], and 
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with 

  (56) 

and 
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TQz

ω
ω

−
±= . (57) 

The inverse Z-transform of xn(z,s), i.e. xn(kT,s), can then be summed to get the transverse 
displacement of the kth bunch as 

 ( ) ( )
0

, ,n
n

x kT s x kT s
∞

=

= ∑ . (58) 

We recall that the sum can be stopped at the Mth term for a beam containing M bunches. 

For a(s)≪ 1 the series expansion can be stopped at the first-order term, although, if the BBU 
strength parameter a is moderate, it is sufficient to keep only a few terms of the summation. 

In the Z-domain, the nth-order solution, given by Eq. (53), has been determined analytically, and 
the same is possible with its infinite sum, but its inverse Z-transform, Eq. (58), is, in general, not possible 
to write in a closed analytical form. It is, however, possible to compute the exact solution for the nth 
bunch as a sum of n terms if the BBU instability is moderate in a betatron period. Moreover, it is possible 
to use an asymptotic technique, valid when the blow-up is strong, to have an expression of the transverse 
displacement that puts in evidence the main parameters playing an important role in the instability.  

The asymptotic transverse displacement of the kth bunch, expressed in terms of the oscillation 
amplitude only, is [14] 
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 (59) 

where x∞(s) is the steady state solution that is reached when long (rigorously infinite) trains of bunches 
are accelerated. 

In Fig. 9, we show a comparison between the analytical solution obtained by numerically solving 
Eq. (58) and a simple tracking code that considers the bunches in the train as rigid macro-particles, but 
which can also take into account the contribution of several resonant modes, along with different initial 
offsets and displacements of the bunches. The parameters used for the calculations are given in Table 
1. They refer to a C-band linac with the BBU effect produced by a HOM. In the vertical axis the 
normalized transverse position, evaluated at the exit of the linac, is defined as follows: 

 
( ) ( ) ( )

0 0 0

, y

y

s k sx kT s
x k

γ
γ

. (60) 
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Fig. 9: Normalized transverse position as a function of the bunch number: comparison between the analytical 
solution and a tracking code. 

Table 1: Beam parameters used for comparing the analytical solution of multibunch BBU with the results of a 
tracking code. 

Linac length 30 m 

Initial energy 80 MeV 

Energy gradient 30 MeV/m 

Betatron function, 1/ky 1 m 

Bunch spacing, T 15 ns 

Bunch charge 1 nC 

HOM resonant frequency, fr 8.4 GHz 

HOM transverse impedance, R⊥ 50 MΩ/m 

HOM quality factor 11 000 

Cell length 17.5 cm 

From Eq. (53), we see that one possible way to reduce the BBU instability is to act on the 
dimensionless BBU strength given by Eq. (54). For example, we can reduce the bunch charge Qb or the 
betatron function, i.e. increase the focusing strength. A better approach is to remove the source of the 
instability by damping the transverse dipole mode, for example with an improved electromagnetic 
design of the accelerating cells.  

The other main approach to BBU instability suppression is to detune the cell frequencies to 
introduce a spread in the resonance frequency of the dangerous mode so that it will no longer be excited 
coherently by the beam. Indeed, by properly detuning each cell, a damping of the BBU instability is 
produced via a decoherence of the various cell wakefields. It has been demonstrated [22] that a Gaussian 
distribution of the cell frequencies, which provides a rapid drop in the wakefield for a given total 
frequency spread, would be optimal. The analytical approach to determine the effectiveness of this 
detuning technique for the BBU multibunch instability can be found in Ref. [14], where it is also shown 
that the damping increases with the amplitude of the frequency spread. 
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Appendix A: Power radiated by a bunch passing through a taper 
In the case of a uniform charge distribution, and γ → ∞, the electric field lines of a beam passing inside 
a perfectly conducting circular pipe are perpendicular to the direction of motion and travel together with 
the charge [9], as shown in Fig. A.1. In other words, the field map does not change during the charge 
flight, as long as the trajectory is parallel to the pipe axis. Under this condition, the transverse field’s 
intensity can be computed as in the static case, applying Gauss’s and Ampere’s laws: 
  (A.1) 

Let us consider a cylindrical beam of radius a and current I, with uniform charge density 
2I a vρ π=  and current density 2J I aπ= , propagating with relativistic speed v cβ=  along the axis 

of a cylindrical perfectly conducting pipe of radius b, as shown in Fig. A.1. 

 
Fig. A.1: Cylindrical bunch of radius a propagating inside a cylindrical perfectly conducting pipe of radius b 

By applying Eqs. (A.1), one obtains for the radial component of the electric field: 
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The electrostatic potential satisfying the boundary condition ( ) 0bϕ =  is given by 
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How can a perturbation of the boundary conditions affect the beam dynamics? Let us consider 
the following example: a smooth transition of length L (taper) from a beam pipe of radius b to a larger 
beam pipe of radius d is experienced by the beam [9]. To satisfy the boundary condition of a perfectly 
conducting pipe also in the tapered region, the field lines are bent, as shown in Fig. A.2. Therefore there 
must be a longitudinal electric field Ez(r,z) in the transition region. 

A test particle moving outside the beam charge distribution will experience along the transition 
of length L a voltage difference given by (e.g. see Ref. [21]): 

( ) ( ) ( )
0

, d , , ln
2

z L

z
z

I dV E r z z r z L r z
v b

ϕ ϕ
πε

+

′ ′= − = − + − = −  ∫ , 

which is decelerating if d > b. The power lost by the beam to sustain the induced voltage is given by 
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Fig. A.2: Smooth transition of length L (taper) from a beam pipe of radius b to a larger beam pipe of radius d 

This means that for d > b the power is deposited into the energy of the fields: moving from left 
to right of the transition, the beam induces the fields in the additional space around the bunch (i.e. in the 
region b < r < d, 0 < z < l0) at the expense of the only available energy source, which is the kinetic 
energy of the beam itself. 

 
Fig. A.3: During the beam propagation in the taper, additional e.m. power flow is required to fill the new available 
space. 

To verify this interpretation, let us now compute the e.m. power radiated by the beam to fill the 
additional space available around the bunch, as shown in Fig. A.3. On integrating the Poynting vector 
through the surface 2 2( )S d bπ∆ = −  representing the additional power passing through the right part 
of the beam pipe, one obtains 
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∫ ∫E B n , 

which is exactly the same expression as in Eq. (A.2). Note that if d < b the beam gains energy. If 
d → ∞ , the power goes to infinity. Such an unphysical result is nevertheless consistent with the 
original assumption of an infinite energy beam ( γ → ∞ ). 
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Beam–Beam Effects

W. Herr and T. Pieloni
CERN, Geneva, Switzerland

Abstract
One of the most severe limitations in high-intensity particle colliders is the
beam–beam interaction, i.e., the perturbation of the beams as they cross the
opposing beams. This introduction to beam–beam effects concentrates on a
description of the phenomena that are present in modern colliding beam facil-
ities.

Keywords
Collider; beam-beam; non-linear dynamics; tune shift; Hamiltonian.

1 Introduction
The problem of the beam–beam interaction has been the subject of many studies since the introduction
of the first particle colliders. It has been and will be one of the most important limits to performance
and therefore attracts interest at the design stage of a new colliding beam facility. A particle beam is a
collection of a large number of charges and represents an electromagnetic potential for other charges.
It will therefore exert forces on itself and other beams. The forces are most important for high-density
beams, i.e., high intensities and small beam sizes, which are the key to high luminosity.

The electromagnetic forces from particle beams are very non-linear and result in a wide spectrum
of consequences for the beam dynamics. Furthermore, as a result of the interaction, the charge distri-
bution creating the disturbing fields can change as well. This has to be taken into account in the evaluation
of beam–beam effects and, in general, a self-consistent treatment is required.

Although we now have a good qualitative understanding of the various phenomena, a complete
theory does not exist and exact predictions are still difficult. Numerical techniques, such as computer
simulations, have been used with great success to improve the picture of some aspects of the beam–beam
interaction, while for other problems the available models are not fully satisfactory in their predictive
power.

2 Beam–beam force
In the rest frame of a beam, we have only electrostatic fields and, to find the forces on other moving
charges, we have to transform the fields into the moving frame and to calculate the Lorentz forces (see
Refs. [1–5] and references therein).

The fields are obtained by integrating over the charge distributions. The forces can be defocusing or
focusing, since the test particle can have the same or opposite charge with respect to the beam producing
the forces.

The distribution of particles producing the fields can follow various functions, leading to different
fields and forces. It is not always possible to integrate the distribution to arrive at an analytical expression
for the forces, in which case either an approximation or numerical methods have to be used. This is in
particular true for hadron beams, which usually do not experience significant synchrotron radiation and
damping. For e−e+ colliders, the distribution functions are most likely Gaussian with truncated tails.

In the two-dimensional case of a beam with bi-Gaussian beam density distributions in the trans-
verse planes, i.e., ρ(x, y) = ρx(x) · ρy(y) with r.m.s. of σx and σy,

ρu(u) =
1

σu
√

2π
exp

(
− u2

2σ2
u

)
, where u = x, y , (1)
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one can give the two-dimensional potential U(x, y, σx, σy) as a closed expression:

U(x, y, σx, σy) =
ne

4πε0

∫ ∞

0

exp(− x2

2σ2
x+q
− y2

2σ2
y+q

)
√

(2σ2
x + q)(2σ2

y + q)
dq , (2)

where n is the line density of particles in the beam, e the elementary charge, and ε0 the permittivity of
free space [6]. From the potential, one can derive the transverse fields ~E by taking the gradient ~E =
−∇U(x, y, σx, σy).

2.1 Elliptical beams
For the case of bi-Gaussian distributions (i.e., elliptical beams with σx 6= σy), the fields can be derived
and, for the case of σx > σy, we have [7]

Ex =
ne

2ε0
√

2π(σ2
x − σ2

y)
Im


erf


 x+ iy√

2(σ2
x − σ2

y)


− e

(
− x2

2σ2x
+ y2

2σ2y

)

erf


 x

σy
σx

+ iy σxσy√
2(σ2

x − σ2
y)




 , (3)

Ey =
ne

2ε0
√

2π(σ2
x − σ2

y)
Re


erf


 x+ iy√

2(σ2
x − σ2

y)


− e

(
− x2

2σ2x
+ y2

2σ2y

)

erf


 x

σy
σx

+ iy σxσy√
2(σ2

x − σ2
y)




 . (4)

The function erf(t) is the complex error function:

erf(t) = e−t
2

[
1 +

2i√
π

∫ t

0
ez

2
dz

]
. (5)

The magnetic field components follow from

By = −βrEx/c and Bx = βrEy/c . (6)

The Lorentz force acting on a particle with charge q is, finally,

~F = q
(
~E + ~v × ~B

)
. (7)

2.2 Round beams
With the simplifying assumption of round beams (σx = σy = σ), one can re-write Eq. (7) in cylindrical
co-ordinates:

~F = q (Er + βcBΦ)× ~r . (8)

From Eq. (2), and with r2 = x2 + y2, one can immediately write the fields from Eq. (8) as

Er = − ne

4πε0
· δ
δr

∫ ∞

0

exp
(
− r2

(2σ2+q)

)

(2σ2 + q)
dq , (9)

and

BΦ = −neβcµ0

4π
· δ
δr

∫ ∞

0

exp
(
− r2

(2σ2+q)

)

(2σ2 + q)
dq . (10)

We find from Eqs. (9) and (10) that the force of Eq. (8) has only a radial component. Equations (9) and
(10) can easily be evaluated when the derivative is done first and 1/(2σ2 + q) is used as the integration
variable. We can now express the radial force in a closed form (using ε0µ0 = c−2):

Fr(r) = −ne
2(1 + β2)

2πε0
· 1

r
·
[
1− exp

(
− r2

2σ2

)]
(11)
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and, for the Cartesian components in the two transverse planes, we get

Fx(r) = −ne
2(1 + β2)

2πε0
· x
r2
·
[
1− exp

(
− r2

2σ2

)]
(12)

and

Fy(r) = −ne
2(1 + β2)

2πε0
· y
r2
·
[
1− exp

(
− r2

2σ2

)]
. (13)

The forces of Eqs. (12) and (13) are computed when the charges of the test particle and the op-
posing beam have opposite signs. For equally charged beams, the forces change sign. The shape of the
force as a function of the amplitude is given in Fig. 1.
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Fig. 1: Beam–beam force for round beams: force in arbitrary units, amplitude in units of r.m.s. beam size

For small amplitudes the force is approximately linear and a particle crossing a beam at small
amplitudes will experience a linear field. This results in a change of the tune as in a quadrupole. At larger
amplitudes (i.e. above ≈ 1σ) the force deviates strongly from this linear behaviour. Particles at larger
amplitudes will also experience a tune change; however, this tune change will depend on the amplitude.
From the analytical form of Eq. (13), one can see that the beam–beam force includes higher multipoles.

3 Incoherent effects—single-particle effects
The force we have derived is the force of a beam on a single test particle. It can be used to study single-
particle or incoherent effects. For that, we treat a particle crossing a beam as if it were moving through
a static electromagnetic lens. A static field is an approximation that is valid as long as the beam–beam
interaction is small compared with effects of other machine elements. We have to expect all effects that
are known from resonance and non-linear theory, such as:

– unstable or irregular motion;
– beam blow-up or bad lifetime.

4 Beam–beam parameter
We can derive the linear tune shift of a small-amplitude particle crossing a round beam of a finite length.
We use the force to calculate the kick it receives from the opposing beam, i.e., the change of the slope
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of the particle trajectory. Starting from the two-dimensional force and multiplying by the longitudinal
distribution, which depends on both position s and time t, and which we assume has a Gaussian shape
with a width of σs, we obtain

Fr(r, s, t) = −Ne
2(1 + β2)√
(2π)3ε0σs

· 1

r
·
[
1− exp

(
− r2

2σ2

)]
·
[
exp

(
−(s+ vt)2

2σ2
s

)]
. (14)

Here, N is the total number of particles. We make use of Newton’s law and integrate over the collision
to get the radial deflection:

∆r′ =
1

mcβγ

∫ ∞

−∞
Fr(r, s, t)dt . (15)

The radial kick ∆r′ that a particle with a radial distance r from the opposing beam centre receives is then

∆r′ = −2Nr0

γ
· 1

r
·
[
1− exp

(
− r2

2σ2

)]
, (16)

where we have re-written the constants and used the classical particle radius:

r0 = e2/4πε0mc
2 , (17)

where m is the mass of the particle. For small amplitudes r, one can derive the asymptotic limit:

∆r′|r→0 = −Nr0r

γσ2
= −r · f . (18)

This limit is the slope of the force at r = 0 and the force becomes linear with a focal length as the
proportionality factor.

It is well known how the focal length relates to a tune change and one can derive a quantity ξ,
which is known as the linear beam–beam parameter:

ξ =
Nr0β

∗

4πγσ2
. (19)

Here, r0 is the classical particle radius (e.g., re, rp) and β∗ is the optical amplitude function (β-function)
at the interaction point.

For small values of ξ and a tune far enough away from linear resonances, this parameter is equal
to the linear tune shift ∆Q.

The beam–beam parameter can be generalized for the case of non-round beams and becomes

ξx,y =
Nr0β

∗
x,y

2πγσx,y(σx + σy)
. (20)

The beam–beam parameter is often used to quantify the strength of the beam–beam interaction; however,
it does not reflect the non-linear nature.

5 Linear effects
For a small-amplitude linear force, like a quadrupole with focal length f

1

f
=

∆x′

x
=
Nr0

γσ2
=

[
ξ · 4π
β∗

]
. (21)

the transformation matrix over the interaction becomes (like a thin quadrupole):



1 0

1

−f 1


 . (22)
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The full turn matrix including the tune shift ∆Q is computed from the unperturbed full turn matrix (see
other lectures) plus interaction




cos(2π(Q+∆Q)) β∗ sin(2π(Q+∆Q))

− 1

β∗
sin(2π(Q+∆Q)) cos(2π(Q+∆Q))




=




1 0

1

−2f
1


 ◦




cos(2πQ) β∗0 sin(2πQ)

− 1

β∗0
sin(2πQ) cos(2πQ)


 ◦




1 0

1

−2f
1


 . (23)

Solving this equation gives

cos(2π(Q+ ∆Q)) = cos(2πQ)− β∗0
2f

sin(2πQ) , (24)

and
β∗

β∗0
= sin(2πQ)/ sin(2π(Q+ ∆Q)) . (25)

The tune is changed by ∆Q and the β-function is also changed (β-beating) for large values of the tune
change.

The tune change as a function of the unperturbed tune Q is shown in Fig. 2. For small ξ and Q,
not too close to 0.0 and 0.5, we have:

∆Q ≈ ξ , (26)

and
β∗

β∗0
=

sin(2πQ)

sin(2π(Q+ ∆Q))
=

β0√
1 + 4πξ cot(2πQ)− 4π2ξ2

. (27)

Close to tune values of 0.0 and 0.5, the tune change can be significantly smaller or large than ξ, and β
can become smaller or larger at the interaction point. This effect is called dynamic β.
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6 Non-linear effects
Since the beam–beam forces are strongly non-linear, the study of beam–beam effects encompasses the
entire field of non-linear dynamics [8], as well as collective effects.

First, we briefly discuss the immediate effect of the non-linearity of the beam–beam force on a
single particle. It manifests as an amplitude-dependent tune shift and, for a beam with many particles, as
a tune spread. The instantaneous tune shift of a particle when it crosses the other beam is related to the
derivative of the force with respect to the amplitude δF/δx. For a particle performing an oscillation with
a given amplitude, the tune shift is calculated by averaging the slopes of the force over the range (i.e. the
phases) of the particle’s oscillation amplitudes.

The derivative of the beam–beam force from Fig. 1 is plotted for the one-dimensional case in
Fig. 3.
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Fig. 3: Derivative of beam–beam force for round beams. Oscillation range of particles with large and small ampli-
tudes.

The derivation of the detuning is given in Appendix B, using a classical method. An elegant calcu-
lation can be made using the Hamiltonian formalism [3] developed for non-linear dynamics, as discussed
in Ref. [8] using the Lie formalism. It is demonstrated in Appendix C for one and two interaction points
and includes the computation of the invariant Hamiltonian. We get the formula for the non-linear detuning
with the amplitude J :

∆Q(J) = ξ · 2

J
·
(

1− I0(J/2) · e−J/2
)
, (28)

where I0(x) is the modified Bessel function and J = εβ/2σ2 in the usual units. Here,ε is the particle
‘emittance’ and not the beam emittance.

In the two-dimensional case, the tune shifts (∆Qx, ∆Qy) of a particle with amplitudes x and y
depend on both horizontal and vertical amplitudes. The detuning must be computed and presented in a
two-dimensional form, i.e., the amplitude (x, y) is mapped into the tune space (Qx, Qy) or, alternatively,
to the two-dimensional tune change (∆Qx, ∆Qy). Such a presentation is usually called a ‘tune footprint’
and an example is shown in Fig. 4 (right-hand side); it maps the amplitudes into the tune space and each
‘knot’ of the mesh corresponds to a pair of amplitudes. Amplitudes between 0 and 6σ in both planes are
used. The cross indicates the original, unperturbed tunes without the beam–beam interaction.

The maximum tune spread for a single head-on collision is equal to the tune shift of a particle with
small amplitudes and, for small tune shifts, is equal to the beam–beam parameter ξ. In the simple case of
a single head-on collision, the parameter ξ is therefore a measure for the tune spread in the beam.
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7 Beam stability
When the beam–beam interaction becomes too strong, the beam can become unstable or the beam dy-
namics is strongly distorted. One can distinguish different types of distortion; a few examples are:

– non-linear motion can become stochastic and can result in a reduction of the dynamic aperture and
particle loss and bad lifetime;

– distortion of beam optics: dynamic beta (LEP) [2];
– vertical blow-up above the so-called beam–beam limit.

Since the beam–beam force is very non-linear, the motion can become ‘chaotic’. This often leads to a
reduction of the available dynamic aperture. The dynamic aperture is the maximum amplitude where
the beam remains stable. Particles outside the dynamic aperture can eventually get lost. The dynamic
aperture is usually evaluated by tracking particles with a computer program through the machine, where
they experience the fields from the machine elements and other effects, such as wake fields or the beam–
beam interaction.

As an example, we show such a study done for the LHC [9]. The dynamic aperture was evaluated
for different configurations and different angles in the x–y plane. To find a good working point for the
machine, the horizontal and vertical tunes have be varied and the dynamic aperture was computed for
every step. The results of such a tune scan are shown in Fig. 5.

In the horizontal plane we find two regions where the dynamic aperture is reduced to significantly
smaller values and we identify these with resonances near q = 4/13 and q = 5/16 (q is the fractional
part of the tune).

Since the beam–beam interaction is basically a very non-linear lens in the machine, it distorts the
optical properties and it may create a noticeable beating of the β-function around the whole machine and
at the location of the beam–beam interaction itself. This can be approximated by inserting a quadrupole
that produces the same tune shift at the position of the beam–beam interaction. The r.m.s. beam size
at the collision point is now proportional to

√
β∗p, where β∗p is the perturbed β-function, which can be

significantly different from the unperturbed β-function β∗. This, in turn, changes the strength of the
beam–beam interaction and the parameters have to be found in a self-consistent form. This is called the
dynamic beta effect. This is a deviation from our assumption that the beams are static non-linear lenses.
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Fig. 5: Tune scan showing resonances. The dynamic aperture in units of the beam size is plotted as a function of
the horizontal tune and for different angles in the x–y plane.

A strong dynamic beta effect was found in LEP [10], owing to its very large tune shift parameters. The
β∗ was decreased from 5 cm to β∗ = 2.5 cm, leading to a substantial gain of luminosity [10].

Another effect that can be observed, in particular in e+e− colliders, is the blow-up of the emittance,
which naturally limits the reachable beam–beam tune shifts.

8 Beam–beam limit
In e+e− colliders, the beam sizes are usually an equilibrium between the damping due to the synchrotron
radiation and heating mechanisms, such as quantum excitation, intra-beam scattering and, very import-
antly, the beam–beam effect. This leads to a behaviour that is not observed in a hadron collider. When the
luminosity is plotted as a function of the beam intensity, it should increase approximately as the current
squared [11], in agreement with

L =
N2 · kf
4πσxσy

. (29)

Here, k is the number of bunches per beam and f the revolution frequency [11]. At the same time, the
beam–beam parameter ξ should increase linearly with the beam intensity according to Eq. (20):

ξy =
N · reβy

2πγσy(σx + σy)
. (30)

In all e+e− colliders, the observation can be made that above a certain current, the luminosity increases
approximately proportionally to the current, or at least much less than with the second power [12].
Another observation is that, at the same value of the intensity, the beam–beam parameter ξ saturates.
This is shown for three e+e− colliders in Fig. 6 and is schematically illustrated in Fig. 7. This limiting
value of ξ is commonly known as the beam–beam limit.

When we re-write the luminosity as

L =
N2 · kf
4πσxσy

=
N · kf
4πσx

· N
σy

, (31)

we get an idea of what is happening. In e+e− colliders, the horizontal beam size σx is usually much larger
than the vertical beam size σy and changes very little. For the luminosity to increase proportionally to
the number of particles N , the factor N/σy must be constant.

This implies that with increasing current the vertical beam size increases in proportion above the
beam–beam limit. This has been observed in all e+e− colliders and, since the vertical beam size is usually
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Fig. 6: Measurements of luminosity and beam–beam limit in e+e− colliders. Logarithmic scale of the axes to
demonstrate change of exponent.
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Fig. 7: Schematic illustration of beam–beam limit in e+e− colliders

small, this emittance growth can be very substantial before the lifetime of the beam is affected or beam
losses are observed.

The dynamics of machines with high synchrotron radiation are dominated by the damping prop-
erties and the beam–beam limit is not a universal constant, nor can it be predicted. Simulation of beams
with many particles can provide an idea of the order of magnitude [13, 14].

9 Crossing angle
To reach the highest luminosity, it is desirable to operate a collider with as many bunches as possible,
since the luminosity is proportional to their number [11].

In a single-ring collider, such as the SPS, Tevatron, or LEP, the operation with k bunches leads
to 2·k collision points. When k is a large number, most of these are unwanted and must be avoided to
reduce the perturbation due to the beam–beam effects.
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Various schemes have been used to avoid these unwanted ‘parasitic’ interactions. Two prominent
examples are shown in Fig. 8. In the SPS, Tevatron, and LEP, so-called Pretzel schemes were used. When
the bunches are equidistant, this is the most promising method. When two beams of opposite charge
travel in the same beam pipe, they can be moved onto separate orbits using electrostatic separators. In a
well-defined configuration, the two beams cross when the beams are separated (Fig. 8, left-hand side). To
avoid a separation around the whole machine, the bunches can be arranged in so-called trains of bunches,
following each other closely. In that case a separation with electrostatic separators is only needed around
the interaction regions. Such a scheme was used in the LEP in the second phase [15] and is schematically
illustrated in Fig. 8 (right-hand side). Contrary to the majority of the colliders, the LHC collides particles

IP 6
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IP 2

IP 3

IP 4 - UA2

IP 5 - UA 1

antiproton orbit for operation
with 6 * 6 bunches

electrostatic 
separators

electrostatic 
separators

proton orbit for operation 
with 6 * 6 bunches

e

e

+

-

Y

X

unwanted collisions

Fig. 8: Beam separation with: left-hand side, a Pretzel scheme (SPS, Tevatron, LEP); right-hand side, short bunch
trains (LEP).

of the same type, which must therefore travel in separate beam pipes.

At the collision points of the LHC, the two beams are brought together and into collision (Fig. 9).
An arrangement of separation and recombination magnets is used for the purpose of making the beams
cross (Fig. 10).

IP1

beam2beam1

IP3

IP8

IP5

IP6

IP7

IP4

IP2

Fig. 9: Layout of the LHC collision points and beams

During this process it is unavoidable that the beams travel in a common vacuum chamber for more
than 120 m. In the LHC, the time between the bunches is only 25 ns and therefore the bunches will meet
in this region. To avoid the collisions, the bunches collide at a small crossing angle of 285 µrad.
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120 m

Fig. 10: Crossover between inner and outer vacuum chambers in the LHC

The basic principle is shown in Fig. 11: while two bunches collide at a small angle (quasi-head-on)
at the centre, the other bunches are kept separated by the crossing angle. However, since they travel in a
common beam pipe, the bunches still feel the electromagnetic forces from the bunches of the opposite
beam. When the separation is large enough, these so-called long-range interactions should be weak. From
the bunch spacing and the length of the interaction region, one can easily calculate that at each of the
four LHC interaction points we must expect 30 of these long-range encounters, i.e. 120 interactions in
total. The typical separation between the two beams is between 7 and 10 in units of the beam size of the
opposing beam.

Fig. 11: Head-on and long-range interactions in a LHC interaction point

9.1 Long-range beam–beam effects
Although the long-range interactions distort the beams much less than a head-on interaction, their large
number and some particular properties require careful studies.

– They break the symmetry between planes, i.e., odd resonances are also excited.
– While the effect of head-on collisions is strongest for small-amplitude particles, they mostly affect

particles at large amplitudes.
– The tune shift caused by long-range interactions has the opposite sign in the plane of separation

compared with the head-on tune shift.
– They cause changes of the closed orbit.
– They largely enhance the so-called PACMAN effects.

9.1.1 Opposite-sign tune shift
The opposite sign of the tune shift can easily be understood when we come back to the method for
calculating the tune spread, explained with the help of Fig. 3.

We again average the oscillation of a small-amplitude particle as it samples the focusing force of
the beam–beam interaction. Figure 12 shows the range of oscillation for central collisions and for the
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interaction of separated beams, in both cases for particles with small oscillation amplitudes. When the
separation is larger than ≈1.5σ, the focusing (slope of the force as a function of the amplitude) changes
sign and the resulting tune shift assumes the opposite sign.
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Fig. 12: Derivative of beam–beam force for round beams. Oscillation range of particles of centred and separated
beams.

To some extent, this property could be used to partially compensate long-range interactions when
a configuration is used where the beams are separated in the horizontal plane in one interaction region
and in the vertical plane in another one. This is done in the LHC where the main experiments are exactly
opposite in azimuth and therefore have the same interaction schedule. The crossing angles are vertical
and horizontal in these two experiments.

9.1.2 Strength of long-range interactions
The geometry of a single encounter is shown in Fig. 13. The particles in the test bunch receive a kick
(change of slope) ∆x′.

Fig. 13: Long-range interaction

Assuming a separation d in the horizontal plane, the kicks in the two planes can be written as

∆x′ = −2Nr0

γ
· (x+ d)

r2
·
[
1− exp

(
− r2

2σ2

)]
(32)
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with r2 = (x+ d)2 + y2. The equivalent formula for the plane orthogonal to the separation is

∆y′ = −2Nr0

γ
· y
r2
·
[
1− exp

(
− r2

2σ2

)]
. (33)

It is fairly obvious that the effect of long-range interactions must strongly depend on the separation. The
calculation shows that the tune spread ∆Qlr from long-range interactions alone follows an approximate
scaling (for large enough separation, i.e. above ≈ 6σ):

∆Qlr ∝ −
N

d2
, (34)

where N is the bunch intensity and d the separation. Small changes in the separation can therefore result
in significant differences.

9.1.3 Footprint for long-range interactions
Contrary to the head-on interaction, where the small-amplitude particles are mostly affected, now the
large-amplitude particles experience the strongest long-range beam–beam perturbations. This is rather
intuitive, since the large-amplitude particles are the ones that can come closest to the opposing beam as
they perform their oscillations. We must therefore expect a totally different tune footprint.

Such a footprint for only long-range interactions is shown in Fig. 14. Since the symmetry between
the two planes is broken, the resulting footprint shows no symmetry. In fact, the tune shifts have different
signs for x and y, as expected. For large amplitude, one observes a ‘folding’ of the footprint. This occurs
when large-amplitude particles are considered, for which the oscillation amplitudes extend across the
central maximum in Fig. 12, i.e., when the oscillation amplitude is larger than the separation between the
beams.

                                      

Qy

0.312

0.311

0.31

0.309

0.308
0.275 0.276 0.277 0.278 0.279 0.28 0.281

Qx

(0,0)

(20,0)

(0,20)

(20,20)

Fig. 14: Tune footprint for long-range interactions only. Vertical separation and amplitudes between 0 and 20 σ

Such large amplitudes are treated in Fig. 12 to demonstrate this feature. In practice, these ampli-
tudes are usually not important since in real machines no particles reach these amplitudes.

In Fig. 15 (left), we show separately the footprints for two head-on proton–proton collisions, and
long-range interactions with horizontal separation and vertical separation, respectively.

The differences, in particular the different sign of the long-range tune shift, are clearly visible.
The long-range footprints are shifted away from the original tune (0.28, 0.31) in opposite directions.
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Fig. 15: Left-hand side: Footprint for two head-on interactions (proton–proton), long-range interactions in the
horizontal plane, and long-range interactions in the vertical plane. Right-hand side: Combined head-on and long-
range interactions, one horizontal and one vertical crossing.

Amplitudes between 0 and 6σ r are shown in the figure. In the same figure on the right, we show the
combined footprint, i.e., for particles that experience two head-on collisions, long-range interactions in
one interaction point with horizontal separation and a second with vertical separation. A partial compen-
sation can be seen and the footprint is again symmetrical in x and y. In particular, the linear tune shifts
of the central parts are very well compensated.

9.1.4 Dynamic aperture reduction due to long-range interactions
For too small separation, the tune spread induced by long-range interactions can become very large and
resonances can no longer be avoided. The motion can become irregular and, as a result, particles at large
amplitudes can get lost.

This is demonstrated in Fig. 16. The emittance increase of a large-amplitude particle (5σ) is com-
puted for different values of the crossing angle and hence of the beam separation. For large enough
angles, the emittance increase is very small, but it increases over several orders of magnitude when the
crossing angle drops significantly below 300 µrad. These results are obtained by particle tracking [16,17].

Fig. 16: Emittance increase as function of crossing angle
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To evaluate the dynamic aperture in the presence of beam–beam interactions, a simulation of
the complete machine is necessary and the interplay between the beam–beam perturbation and possible
machine imperfections is important [18].

For the current LHC parameters, we consider the minimum crossing angle to be 285 µrad.

10 Beam–beam-induced orbit effects
When two beams do not collide exactly head-on, the force has a constant contribution, which can easily
be seen when the kick ∆x′ (from Eq. (32), for sufficiently large separation) is developed in a series:

∆x′ =
const.

d
·
[
1− x

d
+O

(
x2

d2

)
+ · · ·

]
. (35)

A constant contribution, i.e., more precisely an amplitude-independent contribution, changes the orbit of
the bunch as a whole (Fig. 17).

∆ x’

Fig. 17: Beam–beam deflection leading to orbit changes

When the beam–beam effect is strong enough, i.e., for high intensity or small separation, the orbit
effects are large enough to be observed.

When the orbit of a beam changes, the separation between the beams will change as well, which
will, in turn, lead to a slightly different beam–beam effect, and so on. The orbit effects must therefore
be computed in a self-consistent way [19], in particular when the effects are sizable. The closed orbit of
an accelerator can usually be corrected; however, an additional effect, which is present in some form in
many colliders, sets a limit to the correction possibilities. A particularly important example is the LHC
and we shall therefore use it to illustrate this feature.

11 PACMAN bunches
The bunches in the LHC do not form a continuous train of equidistant bunches spaced by 25 ns, but some
empty space must be provided to allow for the rise time of kickers. These gaps and the number of bunches
per batch are determined by requirements from the LHC injectors (PS, SPS, etc.) and the preparation of
the LHC beam (bunch splitting). The whole LHC bunch pattern is composed of 39 smaller batches (trains
of 72 bunches) separated by gaps of various length followed by a large abort gap for the dump kicker at
the end. Figure 18 shows the actual LHC filling scheme with the various gaps in the train.

In the LHC, only 2808 out of 3564 possible bunches are present with this filling scheme. Owing
to the symmetry, bunches normally meet other bunches at the head-on collision point. For the long-range
interactions this is no longer the case.

This is illustrated in Fig. 19. Bunches at the beginning and end of a small batch will encounter
a hole and, as a result, experience fewer long-range interactions than bunches from the middle of a

15

BEAM–BEAM EFFECTS

199



......

72   bunches

∆ t
3

∆ t
2 

∆ t
1

∆ t
1

∆ t
2 

∆ t
3

∆ t
4

8  bunches  missing

38  bunches missing

119   bunches missing

total number of bunches:   2808

39  bunches missing
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Fig. 18: Bunch filling scheme in the LHC

batch [20]. In the limit, the first bunch of a batch near a large gap encounters no opposing bunch before
the central collision and the full number of bunches after.

Fig. 19: Long-range interactions with missing bunches

Bunches with fewer long-range interactions have a very different integrated beam–beam effect
and different dynamics must be expected. In particular, bunches will have a different tune and occupy
a different area in the working diagram; therefore, they may be susceptible to resonances that can be
avoided for nominal bunches. The overall space needed in the working diagram is therefore largely
increased [20, 21].

Another consequence of reduced long-range interactions is the different effect on the closed orbit
of the bunches. We have to expect a slightly different orbit from bunch to bunch.

This effect is demonstrated in Fig. 20, where we show the horizontal position at one head-on col-
lision point for 432 bunches (out of 2808). The bunches in the middle of a batch have all interactions
and therefore the same orbit while the bunches at the beginning and end of a batch show a structure that
exhibits the decreasing number of long-range interactions. The orbit spread is approximately 10–15% of
the beam size. Since the orbits of the two beams are not the same, it is impossible to make all bunches
collide exactly head-on. A significant fraction will collide with an offset. Although the immediate ef-
fect on the luminosity is small [11], collisions at an offset can potentially affect the dynamics and are
undesirable. The LHC design should try to minimize these offsets [20, 21].

A second effect, the different tunes of the bunches, is shown in Fig. 21. For three batches, it shows
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Fig. 20: Horizontal orbits of the first 432 bunches at IP1

a sizable spread from bunch to bunch; without compensation effects [21], it may be too large for safe
operation. The tune spread between bunches is of the same order as the spread from the beam–beam
effect and reduces the available tune space significantly.

Q
x

Bunch number along bunch train

0.314

0.312

0.31

0.308

0.306

0 50 100 150 200 250

Fig. 21: Tune variation along the LHC bunch pattern

12 Compensation of beam–beam effects
For the case where the beam–beam effects limit the performance of a collider, several schemes have be
proposed to compensate all or part of the detrimental effects. The basic principle is to design correction
devices that act as non-linear ‘lenses’ to counteract the distortions from the non-linear beam–beam ‘lens’.

For both head-on and long-range effects, schemes have been proposed:

– head-on effects:

– electron lenses;
– linear lens to shift tunes;
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– non-linear lens to decrease tune spread.

– long-range effects:

– at large distance: beam–beam force changes like 1/r;
– same force as a wire.

12.1 Electron lenses
The basic principle of a compensation of proton–proton (or proton–antiproton) collisions with an ‘elec-
tron lens’ implies that the proton (antiproton) beam travels through a counter-rotating high-current elec-
tron beam (‘electron lens’) [22, 23]. The negative electron space charge can reduce the effect from the
collision with the other proton beam.

An electron beam with a size much larger than the proton beam can be used to shift the tune of the
proton beam (‘linear lens’). When the current in the electron bunches can be varied quickly enough, the
tune shift can be different for the different proton bunches, thus correcting PACMAN tune shifts.

When the electron charge distribution is chosen to be the same as the counter-rotating proton beam,
the non-linear focusing of this proton beam can be compensated (‘non-linear lens’). When it is correctly
applied, the tune spread in the beam can be strongly reduced.

Such lenses have been constructed at the Tevatron at Fermilab [23] and experiments are in progress.

12.2 Electrostatic wire
To compensate the tune spread from long-range interactions, one needs a non-linear lens that resembles
a separated beam. At large enough separation, the long-range force changes approximately with 1/r and
this can be simulated by a wire parallel to the beam [24].

To compensate PACMAN effects, the wires have to be pulsed according to the bunch filling
scheme. Tests are in progress at the SPS to study the feasibility of such a compensation for the LHC.

12.3 Möbius scheme
The beam profiles of e+e− colliders are usually flat, i.e., the vertical beam size is much smaller than the
horizontal beam size. Some studies indicate that the collision of round beams, even for e+e− colliders,
shows more promise for higher luminosity, since larger beam–beam parameters can be achieved. Round
beams can always be produced by strong coupling between horizontal and vertical planes. A more elegant
way is the so-called Möbius lattice [25,26]. In this lattice, the horizontal and vertical betatron oscillations
are exchanged by an insertion. A horizontal oscillation in one turn becomes a vertical oscillation in the
next turn and vice versa. Tests with such a scheme have been made at CESR at Cornell [26].
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Appendices
A Appendix: Potential of the beam-beam force for a Gaussian beam
In practice, one usually derives the potential U(x, y, z) from the Poisson equation, which relates the
potential to the charge-density distribution ρ(x, y, z):

∆U = − 1

ε0
ρ(x, y, z) (A.1)

and computes the fields from
~E = −∇U(x, y, σx, σy) . (A.2)

The Poisson equation can be solved using e.g., the Green’s function method (e.g., Ref. [27]) since the
Green’s function for this boundary value problem is well known. The formal solution using a Green’s
function G(x, y, z, x0, y0, z0) is

U(x, y, z) =
1

ε0

∫
G(x, y, z, x0, y0, z0) · ρ(x0, y0, z0)dx0dy0dz0 . (A.3)

For the solution of the Poisson equation, we get [28]

U(x, y, z, σx, σy, σz) =
1

4πε0

∫ ∫ ∫
ρ(x0, y0, z0)dx0dy0dz0√

(x− x0)2 + (y − y0)2 + (z − z0)2
. (A.4)

In the case of a beam with Gaussian beam density distributions, we can factorize the density distribution
ρ(x0, y0, z0) = ρ(x0) · ρ(y0) · ρ(z0) with r.m.s. of σx, σy and σz:

ρ(x0, y0, z0) =
Ne

σxσyσz(
√

2π)3
e

(
− x20

2σ2x
− y20

2σ2y
− z20

2σ2z

)

. (A.5)

Here, N is the number of particles in the bunch. We therefore have

U(x, y, z, σx, σy, σz) =
1

4πε0

Ne

σxσyσz(
√

2π)3

∫ ∫ ∫
e

(
− x20

2σ2x
− y20

2σ2y
− z20

2σ2z

)

dx0dy0dz0√
(x− x0)2 + (y − y0)2 + (z − z0)2

. (A.6)

This is difficult to solve; we would rather follow the proposal by Kheifets [6] to solve the diffusion
equation

∆V −A2 · δV
δt

= − 1

ε0
ρ(x, y, z) (for t ≥ 0) (A.7)
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and obtain the potential U by going to the limit A → 0, i.e.,

U = lim
A→0

V . (A.8)

The reason for this manipulation is that the Green’s function to solve the diffusion equation takes a more
appropriate form [28]:

G(x, y, z, t, x0, y0, z0) =
A3

(2
√
πt)3

· e−A2/4t·((x−x0)2+(y−y0)2+(z−z0)2) (A.9)

and we get for V (x, y, z, σx, σy, σz):

Ne

σxσyσz(
√

2π)3ε0

∫ t

0
dτ

∫ ∫ ∫
e

(
− x20

2σ2x
− y20

2σ2y
− z20

2σ2z

)
A3 · e−A2/4τ((x−x0)2+(y−y0)2+(z−z0)2)

(2
√
πτ)3

dx0dy0dz0 .

(A.10)
This allows us to avoid the denominator in the integral and to collect the exponential expressions, which
can then be integrated. Changing the independent variable τ to q = 4τ/A2 and using the formula [28]
for the three integrations,

∫ ∞

−∞
e−(au2+2bu+c)du =

√
π

a
e( b

2−ac
a

) (for u = x0, y0, z0) , (A.11)

we can integrate Eq. (A.3) and with Eq. (A.8) we get the potential U(x, y, z, σx, σy, σz) [6, 29]:

U(x, y, z, σx, σy, σz) =
1

4πε0

Ne√
π

∫ ∞

0

exp
(
− x2

2σ2
x+q
− y2

2σ2
y+q
− z2

2σ2
z+q

)

√
(2σ2

x + q)(2σ2
y + q)(2σ2

z + q)
dq . (A.12)

Since we are interested in the transverse fields, we can work with the two-dimensional potential:

U(x, y, σx, σy) =
ne

4πε0

∫ ∞

0

exp
(
− x2

2σ2
x+q
− y2

2σ2
y+q

)

√
(2σ2

x + q)(2σ2
y + q)

dq , (A.13)

where n is the line density of particles in the beam, e is the elementary charge, and ε0 is the electrostatic
constant. In this case, we do not yet make any assumptions on the longitudinal distribution.

B Appendix: tune shifts and spread due to beam-beam interactions
B.1 Linear tune shift
For the one-dimensional case, we write the betatron motion of a single particle as a simple harmonic
oscillator and use the ‘smooth approximation’:

r = R cos(Φ) (B.1)

and its derivative:
r′ = −R

β
sin(Φ) . (B.2)

After a small kick from the beam–beam interaction, the phase Φ will be shifted and we can calcu-
late dΦ, which is the instantaneous tune change ∆Qi multiplied by 2π (Fig. B.1). We have [30, 31]

2π∆Qi = −dr′ · cos(Φ) · β
R

. (B.3)
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The deflection dr′ was calculated in Eq. (16):

dr′(r) = −2Nr0

γr

[
1− exp

(
− r2

2σ2

)]
; (B.4)

linearized for small amplitudes r, it becomes (see Eq. (18))

δr′|r→0 = −Nr0 · r
γσ2

= −Nr0 ·R cos(Φ)

γσ2
, (B.5)

2π∆Qi = −Nr0 ·R cos(Φ)

γσ2
· cos(Φ)β

R
, (B.6)

∆Qi = − Nr0β

2πγσ2
· cos2(Φ) . (B.7)

After averaging Φ from 0 to 2π:

∆Q =
1

2π

∫ 2π

0
∆QidΦ , (B.8)

we get the linear beam–beam tune shift:

∆Q = ξ = − Nr0β

4πγσ2
. (B.9)

Φ

dΦ

dr’

r’

r

R

Fig. B.1: Phase space before and after the beam–beam kick; change of phase dΦ

B.2 Non-linear tune shift
For the non-linear tune shift, we must not linearize the beam–beam force; we get, for the instantaneous
tune shift:

∆Qi,nl = −Nr0β

πγ
· 1− e

−
R2

2σ2
cos2(Φ)

R2
. (B.10)
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To perform the integral, we first replace the cos2(Φ) term in the exponential with the expression

cos2(Φ) =
1

2
(1 + cos(2Φ)) (B.11)

and then perform the integral using

1

π

∫ π

0
ex cos(Φ)dΦ = I0(x) , (B.12)

where I0(x) is the modified Bessel function, and get the formula for the non-linear detuning with the
amplitude J :

∆Q(J) = ξ · 2

J
·
(

1− I0(J/2) · e−J/2
)
, (B.13)

which is J = εβ/2σ2 in the usual units. Here, ε is the particle ‘emittance’ and not the beam emittance.

C Appendix: Non-linear perturbations due to beam-beam interactions
C.1 Classical approach
A standard treatment to assess non-linear perturbations is the s-dependent Hamiltonian and perturbation
theory:

H = H0 + δ(s)εV , (C.1)

where H0 is the unperturbed part of the Hamiltonian and εV describes the perturbation caused at the
position s, specified by the δ function. The mathematical treatment is rather involved and, in most cases,
cannot be carried beyond leading order in the perturbation. This can easily lead to wrong conclusions,
which can still be found in the literature (e.g., fourth-order resonance cannot be driven by sextupoles)
and one must ask whether this is the most appropriate tool to deal with this problem. In the case of
isolated non-linearities caused by very local beam–beam interactions, we favour a map-based approach,
as promoted by Dragt [32, 33] and described in detail by Forest [34].

C.2 Map-based approach using Lie transforms and invariant
In this approach, the ring is represented by a finite sequence of maps, which describe the individual
elements. Possible representations of these maps are Taylor maps and Lie maps [35].

In this study, we shall use the Lie maps, which are always symplectic; other advantages will
become obvious [9]. This technique allows us to derive invariants of the motion in a straightforward
way; in particular, the extension of the results to multiple beam–beam interactions becomes an easy task.

To answer the initial question, this is particularly relevant, since we want to investigate the effect
of the number of interaction points and the relative phase advance on the beam dynamics.

In the first part, we derive the formulae for a single interaction point and later extend the method
to multiple beam–beam interactions.

C.2.1 Single interaction point
The derivation for a single interaction point can be found in the literature (see a particularly nice deriva-
tion by Chao [35]).

In this simplest case of one beam–beam interaction, we can factorize the machine into a linear
transfer map e:f2: and the beam–beam interaction e:F :, i.e.,

e:f2: · e:F : = e:h: (C.2)
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with

f2 = −µ
2

(
x2

β
+ βp2

x

)
, (C.3)

where µ is the overall phase, i.e., the tune Q multiplied by 2π, and β is the β-function at the interaction
point. The function F (x) corresponds to the beam–beam potential1

F (x) =

∫ x

0
dx′f(x′) . (C.4)

For a Gaussian beam, we use for f(x) the well-known expression for round beams:

f(x) =
2Nr0

γx

(
1− e

−x2
2σ2

)
. (C.5)

Here, N is the number of particles per bunch, r0 is the classical particle radius, γ is the relativistic
parameter, and σ is the transverse beam size.

For the analysis, we examine the invariant h, which determines the one-turn map written as a Lie
transformation e:h:. The invariant h is the effective Hamiltonian for this problem.

As usual we transform to action and angle variables A and Φ, related to the variables x and px
through the transformations

x =
√

2Aβsin(Φ) , px =

√
2A

β
cos(Φ) . (C.6)

With this transformation, we get a simple representation for the linear transfer map f2:

f2 = −µA . (C.7)

The function F (x) we write as a Fourier series:

F (x)⇒
∞∑

n=−∞
cn(A)einΦ (C.8)

with the coefficients cn(A):

cn(A) =
1

2π

∫ 2π

0
e−inΦF (x)dΦ . (C.9)

For an evaluation of Eq. (C.9), see [35]. We take some useful properties of Lie operators (see any text-
book, e.g., Refs. [34, 35]):

: f2 : g(A) = 0 , : f2 : einΦ = inµeinΦ , g(: f2 :)einΦ = g(inµ)einΦ (C.10)

and the CBH formula for the concatenation of the maps (see any textbook, e.g., Ref.s [34, 35]):

e:f2:e:F : = e:h: = exp

[
: f2 +

(
: f2 :

1− e−:f2:

)
F +O(F 2) :

]
, (C.11)

which gives immediately for h

h = −µA+
∑

n

cn(A)
inµ

1− e−inµ
einΦ

1For a discussion of the Lie representation as a generalized kick map, see Ref. [35].
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and h = −µA+
∑

n

cn(A)
nµ

2sin(nµ2 )
e(inΦ+inµ

2
) . (C.12)

Away from resonances, a normal-form transformation gives

h = −µA+ c0(A) = const. (C.13)

On resonance, i.e., for the condition
Q =

p

n
=

µ

2π
(C.14)

and, with cn 6= 0, we have

sin
(nπp
n

)
= sin(pπ) ≡ 0 for all integers p

and the invariant h diverges. This is a well-known result and not surprising.

C.2.2 Non-linear beam–beam tune shift
Having derived the effective Hamiltonian,

h = −µA+ c0(A) = const. , (C.15)

we can now easily write an expression for the non-linear beam–beam tune shift derived earlier:

∆Q =
dc0(A)

dA
. (C.16)

Using the force for a round Gaussian beam and action-angle variables, we write the beam–beam potential
F (x) as

F (x) =
Nr0

γ

∫ Aβ/2σ2

0

(
1− e−2α sin2(Φ)

) dα

α
. (C.17)

The coefficients cn(A) become

cn(A) =
Nr0

γ

∫ Aβ/2σ2

0

dα

α

1

2π

∫ 2π

0
dΦe−inΦ

(
1− e−2α sin2(Φ)

)
. (C.18)

With the coefficient c0(A), we get for the tune shift as a function of the amplitude:

∆Q =
1

2π

Nr0

γ

d

dA

∫ Aβ/2σ2

0

dα

α

(
1− e−αI0(α)

)
(C.19)

=
1

2π

Nr0

γA

(
1− I0

(
Aβ/2σ2

)
· e−Aβ/2σ2

)
, (C.20)

which, for J = Aβ/σ2, is the result we obtained earlier.

C.2.3 Two interaction points
To study two interaction points we use a configuration as shown in Fig. C.1 and extend the treatment of
a single beam–beam interaction in Ref. [36] to any number of beam–beam interactions. Following the
LHC conventions, we label the interaction points IP1 and IP5. The phase advance between IP1 and IP5
is µ1; from IP5 to IP1 it is µ2; and the overall phase advance for one turn is µ = µ1 + µ2.

For the computation, we have now two transfers f1
2 , f

2
2 and two beam–beam kicks F 1, F 2, as-

suming the first interaction point (IP5) at µ1 and the second (IP1) at µ [37]. The one-turn map with the
four transforms is then

= e:f12 :e:F 1:e:f22 :e:F 2: = e:h2: . (C.21)
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Fig. C.1: Two collision points with unequal phase advance

This we can easily re-write using the properties of Lie operators as

= e:f12 :e:F 1:e−:f12 :e:f12 :e:f22 :e:F 2: = e:h2:

= e:f12 :e:F 1:e−:f12 :e:f2:e:F 2:e−:f2:e:f2: = e:h2:

= e:e−:f12 :F 1:e:e−:f2:F 2:e:f2: = e:h2: .

Assuming now the simplification

f2 = −µA , f1
2 = −µ1A , and f2

2 = −µ2A (C.22)

and, remembering that g(: f2 :)einΦ = g(inµ)einΦ, we have

e:f12 :einΦ = einµ1einΦ = ein(µ1+Φ) (C.23)

and we find that the Lie transforms of the perturbations are phase-shifted (see e.g., Ref. [34]). Therefore,

e:e−:f12 :F 1:e:e−:f2:F 2:e:f2: = e:h2: (C.24)

becomes simpler with substitutions of Φ1 → Φ + µ1 and Φ→ Φ + µ in the functions G1 and G:

e:G1(Φ1):e:G(Φ):e:f2: ⇒ e:G1(Φ1)+G(Φ):e:f2: (C.25)

This reflects the phase-shifted distortions and we get for h2

h2 = −µA+

∞∑

n=−∞

nµcn(A)

2sin(nµ2 )

[
e−in(Φ+µ/2+µ1) + e−in(Φ+µ/2)

]
(C.26)

or, re-written,2

h2 = −µA+ 2c0(A) +
∞∑

n=2

2nµcn(A)

sin
(
nµ2
) cos

[
n(Φ +

µ

2
+
µ1

2
)
]

cos
(
n
µ1

2

)

︸ ︷︷ ︸
interesting part

. (C.27)

Note well, because
e:F (Φ):e:f2: → e:G1(Φ1)+G(Φ):e:f2: , (C.28)

2For head-on collisions only cn(A), for even orders in n are non-zero and the sum needs to be done only for even terms.
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that the above treatment can be generalized to more interaction points, in particular including long-range
interactions.

In practice, Eq. (C.27) is evaluated to a maximum order N , in our case up to order 40. We get

h2 = −µA+ 2c0(A) +

N∑

n=2

2nµcn(A)

sin(nµ2 )
cos
[
n
(

Φ +
µ

2
+
µ1

2

)]
cos
(
n
µ1

2

)

︸ ︷︷ ︸
interesting part

(C.29)

with N = 40.

C.2.4 Comparison with numerical model
To test our result, we compare the invariant h with the results of a particle-tracking program [37].

The model we use in the program is rather simple:

– linear transfer between interactions;
– beam–beam kick for round beams;

– compute action I = β∗

2σ2

(
x2

β∗ + p2
xβ
∗
)

;

– compute phase Φ = arctan
(px
x

)
;

– compare I with h as a function of the phase Φ.

The evaluation of the invariant of Eq. (C.12) is done numerically using Mathematica.

The comparison between the tracking results and the invariant h from the analytical calculation
is shown in Fig. C.2 in the (I , Φ) space. Only one interaction point is used in this comparison and the
particles are tracked for 1024 turns. The symbols are the results from the tracking and the solid lines are
the invariants, computed as before. The two figures are computed for amplitudes of 5σ and 10σ. The
agreement between the models is excellent. The analytical calculation was again made up to the order
N = 40. Using a lower number, the analytical model can reproduce the envelope of the tracking results,
but not the details.
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I/h

µ/2π = 0.31

−1.5 −1 −0.5 0.5 1 1.5
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50.2

I/h

Φ + π/2

µ/2π = 0.31

Fig. C.2: Comparison: numerical and analytical models for one interaction point. Shown for 5σx and 10σx. Full
symbols from numerical model and solid lines from invariant of Eq. (C.12).

Another comparison is made in Fig. C.3 for the case of two interaction points. The symbols are
again from the simulation and the solid lines from the computation. For comparison, the invariant for a
single interaction point is included to demonstrate the difference. Again, the agreement is excellent and
shows the validity of the results.

C.3 Behaviour near a resonance
To show the behaviour of the system near a resonance, we show the invariant together with the tracking
results near the third-order resonance in Fig. C.4.
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Fig. C.3: Comparison: numerical and analytical models for two interaction points. Shown for 5σx and 10σx. Full
symbols from numerical model and solid lines from invariant. Shown here are the invariant for one (Eq. (C.12),
blue line, not passing through the full symbols) and two (Eq. (C.27), red line, passing through the full symbols)
interactions to demonstrate the difference and the agreement with the tracking program.
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Fig. C.4: Comparison: numerical and analytical models for two interaction points on a resonance (third-order)

It is clearly demonstrated that the simulation differs quantitatively from the computed invariant at
resonant tunes.
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Some Effects Near Transition

E. Métral
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Abstract
This paper discusses some general longitudinal and transverse beam dynamics
effects that occur near the transition energy and when it is crossed, with
application to the particular cases of the CERN Proton Synchrotron and Super
Proton Synchrotron machines.

Keywords
Transition energy; transition crossing; non-adiabatic motion; quadrupolar
oscillation; transverse instability; gamma transition.

1 Transition energy
The momentum compaction factor ap is a parameter which arises from the accelerator lattice (i.e., the
transverse beam optics) and plays a major role in the longitudinal beam dynamics. It is given by [1, 2]

0

( )d / 1 d ,
d / ( )

C
x

p
D sC C s

p p C s
a

r
= = ò (1)

where C is the circumference of the machine (the length of the particle trajectory), p is the beam
momentum, Dx is the horizontal dispersion, r is the bending radius, and s is the azimuthal coordinate
around the machine. For most circular machines ap > 0, and the relativistic mass factor at transition
(called ‘gamma transition’ and written gt) is given by [2]

t
1 .

p

g
a

= (2)

However, ap < 0 is also possible (e.g., as in the LEAR machine at CERN in the past [3]), in which case
the lattice is called a Negative Momentum Compaction (NMC) lattice or imaginary-gt lattice. Assuming
a positive momentum compaction factor, it can be deduced from Eq. (1) that an increase in the beam
momentum leads to an increase in the circumference. However, an increase in the beam momentum also
leads to an increase in the beam velocity. Depending on the beam energy, the increase in the
circumference may be either larger or smaller than the increase in the beam velocity, and the revolution
frequency may either decrease or increase. At very high energy, the beam velocity is close to the velocity
of light (c) and remains about constant, which leads to a decrease in the revolution frequency. At low
energy, the beam velocity increases faster than the circumference and the revolution frequency
increases. There is an energy at which the velocity variation is compensated by the circumference
variation, i.e., dfrev = 0 (where frev is the revolution frequency), and this energy is called the transition
energy.

In fact, the important parameter for the longitudinal beam dynamics is the slip factor h, which is
a measure of the distance from the transition energy and is given by [2]
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rev rev
p 2 2 2

t

d / 1 1 1 ,
d /
f f

p p
h a

g g g
= - = - = - (3)

where g is the relativistic mass factor of the beam. The slip factor is negative below transition, equal to
zero at transition (this is called the isochronous condition), and positive above transition.

2 Longitudinal beam dynamics ‘far’ below or above transition
This is the usual (classical or adiabatic) case. The bucket separatrices are recalled in Fig. 1 for several
values of the synchronous phase fs below and above transition [2], using the RF phase f and its time
derivative (a dot denotes the derivative with respect to time) as variables, where Ws is the angular
synchrotron frequency, given by

RF,peak s
s rev 2

total

cos
.

2π
eV h

E
h f

b
W =W - (4)

Here, Wrev is the angular frequency of revolution, e is the elementary charge, VRF,peak is the peak RF
voltage, h is the RF harmonic number, b is the relativistic velocity factor, and Etotal is the total beam
energy. As the term under the square root sign in Eq. (4) has to be positive (for stable particle motion),
the synchronous phase fs has to be shifted to p − fs above transition. Some examples of particle
trajectories are shown in Fig. 2.

Fig. 1: RF bucket separatrices. Left, below transition for several synchronous phases: 0° (red), 30° (blue), 60°
(green), 85° (black). Right, above transition for several synchronous phases: 180° (red), 150° (blue), 120° (green),
95° (black).

Fig. 2: Examples of particle trajectories (black) below transition, inside and outside the bucket separatrices (red),
for two synchronous phases: 0° (left) and 30° (right).
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3 Transition crossing
The case ‘far’ below or above transition discussed in Section 2 corresponds to the case where the
adiabaticity condition

s
2
s

d1 1
dt
W

W
= (5)

is satisfied. ‘Close’ to transition, the adiabaticity condition is not satisfied any more and a non-adiabatic
description of the synchrotron motion is necessary, as the particles will not be able to catch up with the
rapid modification of the bucket shape [1, 4]. To describe the synchrotron motion close to transition, a
non-adiabatic (characteristic) time Tc is defined by

(6)

where Erest is the beam rest energy. In the particular case of the bunch used for the nTOF facility [5] in
the CERN Proton Synchrotron (PS), whose main parameters are reported in Table 1, the non-adiabatic
time is ~2 ms.

Table 1: Relevant parameters for the CERN PS and the nTOF bunch [5]

Parameter Symbol (units) Value

Average machine radius R (m) 100

Bending dipole radius r (m) 70

Variation of the magnetic field dB/dt (T/s) 2.2

Peak RF voltage VRF,peak (kV) 200

RF harmonic number h 8

Momentum compaction factor
(gamma transition)

ap

(gt)
0.027
(6.1)

Longitudinal (total) emittance eL (eV s) 2

Number of protons/bunch Nb (1010 p/b) 800

Normalized r.m.s. transverse emittance e*x,y (mm) 5

Transverse average betatron function bx,y (m) 16

Beam pipe half-gaps bx,y (cm) 3.5, 7.0

Transverse tunes Qx,y 6.25

The general variation of the bunch length, normalized by the value at transition, and of the
momentum spread, obtained using a non-adiabatic theory (neglecting intensity effects for the moment),
is depicted in Fig. 3, where several interesting features can be observed. First, contrary to the adiabatic
theory, the bunch length does not decrease to zero at transition but reaches a minimum value. Second,
the values of the bunch length and momentum spread below and above transition are symmetric with
respect to the transition. Third, the product of the bunch length and the momentum spread is not constant,
which means that the particle trajectory (which is an ellipse for small synchrotron amplitudes) is not
always upright. The variation of the angle of the tilted ellipse around transition is shown on the left in
Fig. 4, and the shape of the ellipse (using time and energy as variables) at transition is shown on the
right.
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Fig. 3: General variation of the bunch length (normalized by the value at transition) and momentum spread close
to transition obtained using the non-adiabatic theory [1, 4].

Fig. 4: Left, variation of the angle of the tilted ellipse (particle trajectory for small synchrotron amplitudes) around
transition. Right, shape of the ellipse at transition.

As the bunch intensity increases, the effects of intensity (such as the longitudinal space charge
effect and the interaction with the longitudinal impedance) cannot be neglected any more [4, 6, 7].
Considering first only the longitudinal space charge effect, as it is defocusing below transition, the final
bunch length below transition will be longer than predicted above. Furthermore, as the longitudinal
space charge effect is focusing above transition, the final bunch length above transition will be shorter
than predicted above. This means that, because of the longitudinal space charge effect, an intensity-
dependent step (i.e., a longitudinal mismatch) will thus appear at transition, as can be seen in Fig. 5 for
the static case (i.e., when the transition is not crossed). In the dynamic case (i.e., when the transition is
crossed), because of the longitudinal mismatch introduced by the intensity-dependent step at transition,
the bunch length will oscillate, as can be seen in Fig. 6. Considering now, instead of the longitudinal
space charge effect, the interaction with the inductive part of the longitudinal broadband impedance, the
situation is similar but the bunch length is shorter below (and larger above) transition owing to the
focusing (or defocusing) effect of the impedance (see Fig. 7). Detailed measurements (which can be
used to estimate the imaginary part of the longitudinal impedance) on the CERN PS can be found in
Ref. [8].

There are two main remedies for overcoming these intensity effects (and some other remedies,
which will also be discussed below):

– Avoid crossing the transition in the design phase, i.e., use ap < 0.
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– If transition crossing cannot be avoided, use a ‘gt jump’, which consists in an artificial increase in
the transition-crossing speed by means of fast pulsed quadrupoles (at locations of non-zero
dispersion) [1].

Fig. 5: Evolution of the full (4s) bunch length versus time near transition (occurring at time 0) in the case of the
adiabatic theory without Space Charge (SC), and in the case of the non-adiabatic theory with and without SC in
the static case (i.e., without crossing the transition), applied to the CERN PS nTOF bunch (see Table 1).

Fig. 6: Evolution of the full (4s) bunch length versus time near transition (occurring at time 0) in the case of the
non-adiabatic theory with and without space charge in the dynamic case (i.e., crossing the transition), applied to
the CERN PS nTOF bunch (see Table 1).

The gt jump in the PS is shown in Fig. 8, where the effective crossing speed is increased by a
factor ~50. As can be seen from Fig. 6, the idea of the gt jump is to switch, as fast as possible, from a
certain bunch length below transition to the same bunch length above transition to avoid longitudinal
quadrupolar oscillations (which ultimately lead to longitudinal-emittance blow-up through
filamentation). One possibility could be to start the gt jump exactly at transition (see the dashed blue line
in Fig. 6), which would lead to the smallest jump, but in this case we would move from a tilted to a non-
tilted ellipse (see Fig. 4), which would still lead to some mismatch. It is cleaner to start the gt jump
earlier, say at ~ −2Tc (see Fig. 6), to avoid the effect of the tilted ellipse; this leads to a larger jump (see
the dashed brown line in Fig. 6). In both cases, owing to the asymmetry introduced by intensity effects
below and above transition, the optimum gt jump is asymmetric.

As discussed above, the important parameter for the longitudinal beam dynamics is the slip
factor h, whose variation around transition is shown in Fig. 9. As can be seen, in the presence of the gt

jump, the absolute value of the slip factor is kept above a certain value (which has to be defined
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depending on the machine parameters and the issues observed) for most of the time, except for a very
short time (~500 ms) close to transition.

Fig. 7: Evolution of the full (4s) bunch length versus time near transition (occurring at time 0) in the case of the
non-adiabatic theory with (only) and without an inductive broadband (BB) impedance in the dynamic case (i.e.,
crossing the transition), applied to the CERN PS nTOF bunch (see Table 1). Here, a broadband impedance with
an inductive part of 20 Ω has been used.

Fig. 8: Evolution of the relativistic mass factor g (with dg/dt = 49.9 s−1) for the CERN PS nTOF bunch (see Table 1)
around transition (occurring at time 0) and of gt, without (i.e., unperturbed) and with a jump.

Fig. 9: Left, evolution of the slip factor h around transition (corresponding to Fig. 8) without and with the gt jump.
Right, zoom close to transition, which reveals that the absolute value of the slip factor is ‘small’ for only a very
short time (~500 ms).

4 Transverse (slow) head–tail instability
If the sign of the chromaticities (which are of order −1 for an uncorrected machine such as the CERN
PS) is not changed (in both transverse planes) above transition, a (single-bunch) head–tail instability

x = t / Tc
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may develop. This occurs only above a certain intensity in practice, even though this kind of instability
has no threshold, owing to its rise time and to intrinsic non-linearities, which provide some Landau
damping. This (slow) instability can be damped through Landau damping [6] using octupoles, which
introduce some amplitude detunings. This method was used in the past to stabilize the PS beam.
However, the better method of changing the sign of the chromaticities (and keeping them at small
positive values) by acting on the optics with sextupoles was then adopted, and this has been a routine
operation at the PS for many years. The transverse chromatic frequencies should be (slightly) positive
to prevent the head–tail mode 0 (the most critical) from developing [1]:

,

,
, rev 0 ,

x y

x y
x yf Q fx

x
h

= > (7)

where xx,y are the transverse chromaticities. An example of a transverse head–tail instability observed
in the PS at injection (below transition) is shown in Fig. 10 (top), where several consecutive traces from
a pick-up are superimposed and a clear ‘standing-wave’ pattern (with four nodes, called ‘mode 4’) can
be observed. A comparison with an analytical prediction (for a bunch passing through the centre of the
pick-up) is shown in Fig. 10 (bottom). The difference is mainly due to the fact that the measured bunch
did not pass through the centre of the pick-up.

Fig. 10: Top, example of a transverse (slow) head–tail instability observed in the CERN PS at injection (below
transition), with several consecutive traces from a pick-up superimposed; a clear ‘standing-wave’ pattern (with
four nodes, called ‘mode 4’) can be observed. Bottom, comparison with an analytical prediction (for a bunch
passing through the centre of the pick-up).
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5 Fast (vertical) single-bunch instability
As the bunch intensity increases, the different head–tail modes can no longer be treated separately. In
this regime, the wake fields couple the modes together and a wave pattern travelling along the bunch is
created: this is the Transverse Mode-Coupling Instability (TMCI). A simple formula can be obtained
from five seemingly diverse formalisms (in the absence of space charge and transverse feedback),
assuming a broadband impedance and the long-bunch regime (two assumptions which are discussed
below): (i) the coasting-beam approach with peak values, (ii) fast blow-up, (iii) beam break-up, (iv)
post-head–tail, and (v) TMCI [1]. An example of a (simulated) TMCI for the case of the CERN Super
Proton Synchrotron (SPS), assuming a broadband impedance and without taking into account the effects
of both space charge and transverse damper, is shown in Fig. 11 (versus the bunch current Ib) [9], where
the HEADTAIL tracking code [10] and MOSES calculations [11] are compared. Good agreement was
observed between the two codes, which both showed a coupling between the (azimuthal) modes −2 and
−3. Figure 11 (bottom) shows the imaginary part of the normalized tune shift, which is equal to

s

instab

,
2π

T
t

(8)

where Ts is the synchrotron period and tinstab the rise time of the instability. Figure 11 (top) shows why
the TMCI is more critical close to the transition energy, as the various azimuthal modes are spaced by
the synchrotron tune Qs, which tends to zero as the transition is approached.

Fig. 11: Example of a simulated TMCI in the CERN SPS [9]: (top) real part and (bottom) imaginary part of the
normalized tune shift versus the bunch current.
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An example of a broadband impedance (i.e., a resonator impedance with a quality factor Q = 1),
the first assumption discussed above, is shown in Fig. 12 for a case similar to that of the CERN SPS.
The threshold for the TMCI long-bunch regime, the second assumption discussed above, is shown in
Fig. 13: the long-bunch regime corresponds to the case where the product of the bunch length and the
broadband resonance frequency fr is much greater than ½.

Fig. 12: Example of a (vertical) broadband impedance for a case similar to that of the CERN SPS: (left) real and
imaginary parts versus frequency, (right) the corresponding wake function (or Green function) versus time.

Fig. 13: TMCI threshold (number of particles per bunch) versus the product of the total (4s) bunch length and the
broadband resonance frequency.

Assuming that the two assumptions above are valid, a simple formula giving the threshold number
of particles per bunch can be written as follows:
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(9)

where various means to increase the intensity threshold are also mentioned. Note that there is no
dependence on Qs in Eq. (9): what is important is the distance from transition, expressed through the
slip factor. Equation (9) also shows that the TMCI does not disappear at high energy (even though the
beam becomes increasingly stiff) but the intensity threshold saturates with the slip factor, as has been
checked with the HEADTAIL code [12].

In the CERN PS, even in the presence of a γt jump together with a change in the sign of both
chromaticities when the transition is crossed, a fast vertical single-bunch instability is observed (with
the nTOF bunch) when no longitudinal-emittance blow-up is applied before the transition. An example
of such an instability is shown in Fig. 14. The instability was suppressed by increasing the longitudinal
emittance [13].

Fig. 14: Single-turn signals from a wideband pick-up in the CERN PS observed in 2000 with an nTOF bunch.
From top to bottom: Σ (sum signal), ΔR (radial/horizontal signal), and ΔV (vertical signal). Time scale: 10 ns/div.

In the CERN SPS, a fast vertical single-bunch instability was first observed when the longitudinal
emittance of the bunch was too small, an example of which is shown in Fig. 15 [14]. The instability was
first stabilized by increasing the chromaticities, but high values of chromaticities can also have
detrimental effects on the beam lifetime (in particular for the nominal multibunch beam in the LHC). In
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contrast to the standing-wave pattern observed in the case of the (slow) head–tail instability shown in
Fig. 10, this instability exhibited a ‘travelling-wave’ pattern at low chromaticity (see Fig. 16 (top); this
can be seen better in the movie available with the slides for this course). The instability was suppressed
at high chromaticity (see Fig. 16 (bottom); the movie shows clearly how a high chromaticity prevents
the instability from developing).

Fig. 15: Normalized bunch intensity (red curve) versus time after injection in the CERN SPS with (left)
chromaticity ~0 and (right) chromaticity ~0.8.

Following Eq. (9), the value of gt for the SPS has recently been modified to increase the TMCI
intensity threshold above the intensities foreseen in future upgrades. For a machine made of simple
FODO cells, the following simple estimates of the horizontal dispersion and gt can be derived
(approximating the machine radius by the bending radius):

Dx »
r

Qx
2

, t .xQg » (10)

Therefore, if one wants to modify gt (i.e., increase or decrease its value), one needs to modify the
horizontal tune. This is what has been done in the SPS, where the integer tune was decreased from 26
(in the nominal optics, known as the Q26 optics) to 20 (in the new optics, known as the Q20 optics) [15].
In the case of the Q26 optics, gt = 22.8 and |h| Qy = 0.62 × 10−3 × 26.13 ≈ 0.0162 (at SPS injection at
26 GeV/c), while in the case of the Q20 optics, gt = 18 and |h| Qy = 1.80 × 10−3 × 20.13 ≈ 0.0362.
Therefore, according to Eq. (9), the intensity threshold should be increased by a factor of
0.0362/0.0162 ≈ 2.2. As the TMCI intensity threshold with the Q26 optics was measured to be
~1.7 × 1011 p/b [9], the expected intensity threshold with the Q20 optics was ~3.7 × 1011 p/b.
Measurements performed with the Q20 optics showed good agreement with Eq. (9), as the measured
intensity threshold was ~4.5 × 1011 p/b, i.e., a gain by a factor of ~2.6 was achieved instead of the ~2.2
foreseen, as can be seen from Fig. 17 [15]. A detailed comparison of measurements and HEADTAIL
simulations showed even better agreement, as can be seen from Fig. 18. It can be concluded that with
the new Q20 optics, the predicted and measured intensity thresholds are ~4.5 × 1011 p/b, i.e., well above
the maximum value discussed for future upgrades.
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Fig. 16: Top, travelling-wave pattern along the bunch (which can be seen better in the movie available with the
slides for this course) during an instability observed at low (~0.14) chromaticity. Bottom, a high chromaticity
(~2.04) prevents the instability from developing.

1st trace (in red) = turn 2 Last trace = turn 150 Every turn shown

Head Tail
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Fig. 17: Number of protons per bunch versus time after injection into the SPS at 26 GeV/c: (left) with the old Q26
optics, showing a threshold at ~1.7 × 1011 p/b [9], and (right) with the new Q20 optics, showing a threshold at
~4.5 × 1011 p/b [15].

Fig. 18: Detailed comparison between (left) measurements and (right) HEADTAIL simulations of the longitudinal
emittance required to reach stability, versus bunch intensity [15].

6 Conclusion
Many intricate beam dynamics effects are observed near the transition energy and when it is crossed.
To ensure single-particle longitudinal phase stability, the first thing to be done when the transition is
crossed is to shift the synchronous phase from fs below transition to p − fs above transition. Then, to
avoid the most critical instability, namely the (slow) head–tail instability of (azimuthal) mode 0, the
chromatic frequency should be kept positive, i.e., the signs of the two transverse chromaticities should
be changed from negative below transition to positive above transition. Furthermore, above a certain
intensity, a TMCI might develop. A simple approximate formula, valid in the presence of a broadband
impedance and in the long-bunch regime (the effects of space charge and transverse feedback are still
under discussion), shows that the various possible remedies for this are: (i) an impedance reduction
campaign; (ii) an increase in the longitudinal emittance (as in the CERN PS); (iii) an increase in the
absolute value of the slip factor (as in the SPS) and/or the tune; (iv) an increase in the chromatic
frequency (below or above transition); and (v) a ‘chromaticity jump’ when the transition is crossed, i.e.,
not only do the signs of the transverse chromaticities need to be changed (because of the head–tail
instability) but also the shape could be optimized (because of the possibility of a TMCI).

Furthermore, increasing the absolute value of the slip factor also helps in dealing with the
longitudinal mode-coupling instability [16–18] and the fast single-bunch electron cloud instability [12,
15, 19]. Therefore, in most cases a very efficient way to push the performance of a machine near
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transition to higher levels is either to go further away from the transition or to cross it as fast as possible
(fast compared with the relevant instability rise times).

Finally, as was seen at the beginning of this paper, the operation of a synchrotron under
isochronous or quasi-isochronous conditions can be attractive as it (naturally) achieves very short
bunches, and for this reason it has been considered in several projects. This requires accurate control of
the first high-order component a1 of the momentum compaction factor (to provide the necessary
momentum acceptance, with

( ) ( )2
0 0 1 21 1 ,C Cd a d a d a dé ù= + + + +ë ûK (11)

where C0 is the on-momentum circumference and d = Dp/p), as well as effective ways to damp all the
collective instabilities.
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Observations and Diagnostics in High Brightness Beams

A. Cianchi
University of Rome Tor Vergata, Rome, Italy

Abstract
Brightness is a figure of merit largely used in light sources, such as free-
electron lasers, but it is also fundamental in several other applications, for
instance, Compton back-scattering sources, beam-driven plasma accelerators
and terahertz sources. Advanced diagnostics is mandatory for the development
of high brightness beams. 6D electron-beam diagnostics will be reviewed, with
emphasis on emittance measurement.

Keywords
Electron beam diagnostics; emittance.

1 Introduction
Nowadays, a constant improvement of the characteristics of standard accelerators together with the
development of new accelerators, techniques are opening completely new scenarios, paving the way
to a complete revolution in the field of the accelerators.

The concept of electron-beam brightness was adopted from conventional optics, where beam
brightness characterizes the quality of light sources. Electron-beam brightness is defined as current
density per unit solid angle in the axial direction. While it is used for any kind of electron beam, from
electron microscopes to free-electron lasers, it is very difficult to find a unique definition in the litera-
ture, especially because it is often confused with brilliance (see, for instance, Refs. [1], [2, p. 255], [3,
p. 20], [4, p. 61], [5, p. 410], and [6, p. 73]). We follow the definition reported in Ref. [3]

Bn =
2I

π2εnxεny
(1)

where I is the beam current, and εnx, εny are the transverse normalized emittance in the x- and y-
directions, respectively. Brightness is measured in amps per square metre. Typical values of high
brightness beams range between 1014 and 1016 A/m2. This definition is sometimes called 5D bright-
ness; when this quantity is divided by the energy spread, it is called 6D brightness, see, for instance,
Ref. [7]. Although brightness is a figure of merit largely used in light sources, like free-electron lasers,
it is, however, fundamental in several other applications, for instance Compton back-scattering sources,
beam-driven plasma accelerators, and terahertz sources.

It is difficult to define high brightness from the point of view of diagnostics. It is important to focus
on how the brightness is determined. Since brightness is the ratio between current and emittance, high
values can be obtained by increasing the current or reducing the emittance or by combining these effects
in different proportions. In addition, the meaning of ‘brightness’ has changed during the years. The
LCLS, an X-ray free-electron laser, was planned to use bunches with a charge of about 1 nC, but today
operates with bunch charges of 250 pC and sometimes as little as 20 pC, while the beam still preserves
high brightness. The charge reduction, keeping charge density constant, decreases the emittance, and
permits shorter bunches with higher currents. Using a 1 nC beam with a 1–2 mm-mrad normalized
emittance means that conventional intercepting diagnostics can be difficult, especially if the beam is
tightly focused. The beam can deposit enough energy on the device to destroy or severely damage it.

However, reducing the charge and squeezing the bunch down to 100 fs or even shorter opens new
problems in the resolution of longitudinal diagnostics. So high brightness diagnostics covers a wide
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Fig. 1: Optical transition radiation emission. Emission is in both forward and backward directions

range of very different scenarios. In recent years, the growing interest for acceleration schemes based on
plasma acceleration has even increased this range. In fact, in some of the proposed schemes there are two
beams to be characterized at the same time: the beam injected into the plasma (in the case of external
injection, the input beam) and the one leaving the plasma (the output beam, present in all of the schemes
for diagnostics of self- [8] and external injection [9]).

2 Measuring beam size
Measurement of the beam dimensions is fundamental, to retrieve the value of the transverse emittance
and to check proper beam matching through the machine. We are focusing here on high brightness
machines, mainly linacs. Being single-passage devices they allow the use of intercepting diagnostics.
Later, we will discuss the limits of using intercepting devices, but for most applications they are adequate.

A beam does not have a sharp edge, so it is quite difficult to define a clear boundary. To overcome
this problem, the r.m.s. (root mean square) dimension is usually adopted. Let us assume a 1D intensity
distribution, which can represent the projection of the beam profile on one axis, with i points each of
intensity Ii. The definition of the second momentum of the distribution is

⟨
x2

⟩
=

∑
i

Ii (xi − x̄)2

∑
i

Ii
. (2)

Be aware that a point with x = x̄ gives no contribution, even if its intensity is very large, while a point
very far away from x̄ gives a huge contribution, even for a small intensity. In Ref. [10], the reader can
find several approaches to data processing in order to discriminate the beam from the surrounding halo.

We consider here only three types of monitor. A more exhaustive review of monitors for transverse
profiles can be found in Ref. [11]. A metallic foil, or often a silicon aluminized wafer, placed at 45◦ with
respect to the beam direction, is used as source of OTR (optical transition radiation), see Fig. 1.

The transition radiation is produced when a charge passes through the interface between two media
with different refractive indices and is emitted in a narrow cone, with an angle of about 1/γ, making this
diagnostics unsuitable for low energy beams (less than tens of megaelectronvolts for electrons, for in-
stance) where the radiation emission angle is too large to be efficiently collected by imaging optics. Also
the intensity of the radiation is weak, with an efficiency of conversion between electrons and photons
between 10−3 and 10−4 in the visible wavelengths. However, the prompt and linear emission, mainly
arising because it is a surface effect, makes this device the best choice for longitudinal and transverse
measurements, with high energy and bunch charges higher than several tens of picocoulombs.

It is worth mentioning that OTR diagnostics might fail even for high-energy electron beams, owing
to coherence effects in the emission process (coherent transition radiation (COTR); see, for instance.
Ref. [12]), i.e., when the bunch length (even locally, owing to some microbunching) is of the order of the
observed wavelength, or shorter than it.
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Fig. 2: Blurring due to transparent scintillator. The effect is highly exaggerated. The radiation is emitted all along
the material, resulting in an apparent increase of the beam size.

Inorganic scintillators are widely used, owing to their large photon yield, even for low charges,
and their high threshold radiation damage. Reference [13] provides an extensive review of their principal
characteristics. While the resolution of the OTR monitor is mainly dominated by the radiation collection
optics [14], in this case, the material itself presents a structure with grains that limits its value to the order
of a few micrometres. Moreover this kind of radiator is transparent to its own radiation, resulting in an
unwanted blurring effect that leads to an overestimation of the beam size (Fig. 2).

For this reason, the scintillators must be as thin as possible, of the order of 100 µm or even less.
They can be used for beams of all energies, even with low charge. However, they experience saturation
problems at high charges and their resolution is limited to the crystal grain size. Even scintillators can
have trouble with COTR emission. It has only recently become possible to overcome this problem, using
a new geometry [15] and playing with the difference between the isotropic emission of the crystal and
the directional emission of the COTR.

Both OTR and scintillator screens are easy to implement and offer a 2D map of the charge distri-
bution in a single shot. They are often called view screens. However, being intercepting devices, they
scatter the beam all around, causing some problems, especially when high radiation levels are dangerous
for the surrounding equipment. Also high-power density beams can seriously damage them, depositing
too much energy.

To overcome these problems, a wire scanner is the popular solution. It is used in both circular and
linear machines. It is basically a floating wire, moving transversally with respect to the beam orbit. When
the beam hits the wire, a surrounding system of photomultiplier tubes detects a signal coming from the
bremsstrahlung inside the wire material. By moving the wire scanner step by step, and recording signals
in the photomultiplier tube, it is possible to correlate the beam intensity for every different spatial position
of the wire. The wire enables the beam transverse size to be measured in the direction orthogonal to the
wire itself, so the measurement is 1D and in multi-shots.

The main concerns in the design of wire scanners are mechanical stability of the mover and pos-
sible damage to the wire, see for instance, Ref. [16].

3 Emittance
The main parameter to be measured is the emittance.

Figure 3 shows two trace space diagrams. Remember that phase space diagrams have momentum
on the y-axis, while the trace space diagram has the transverse angle. The area in the phase space is the
Liouville invariant emittance, while the area in the trace space is just the geometrical emittance. This is
the quantity that we measure. Because the beams do not have sharp edges and are very diffuse, the r.m.s.
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Fig. 3: Linear and quadratic correlation. Both figures have null area

emittance is used [17]. In both plots of Fig. 3 the area is zero, while the r.m.s. emittance is not always
zero. The square of geometrical emittance is defined as

ε2
rms =

⟨
x2

⟩ ⟨
x′2⟩ −

⟨
xx′⟩2

, (3)

and assuming a general correlation between x and x′ such as x = Cx′n, where C is a constant, the
geometrical emittance can be rewritten as

ε2
rms = C

⟨
x2

⟩ ⟨
x2n

⟩
−

⟨
xn+1

⟩2
. (4)

It is clear that if n = 1, even the r.m.s. emittance is zero, while this is not true for n > 1. So the
r.m.s. emittance is more a figure of merit of the beam quality than the area of the trace space. For pure
monochromatic beams, the normalized emittance is just βγ times the geometrical emittance, where γ is
the relativistic factor and β is the ratio between the particle speed and the speed of the light. Otherwise
(see, for instance, Refs. [18] and [19]), there is also a contribution from the energy spread and the beam
divergence. In fact, the Liouville invariant is the normalized emittance, defined as

ε2
n =

⟨
x2

⟩ ⟨
β2γ2x′2⟩ −

⟨
xβγx′⟩ . (5)

It has been demonstrated in Ref. [19] that this formula can be rewritten as

ε2
n = ⟨γ⟩2 σ2

ε

⟨
x2

⟩ ⟨
x′2⟩ + ⟨βγ⟩2

(⟨
x2

⟩ ⟨
x′2⟩ −

⟨
xx′⟩2

)
, (6)

where σε is the relative energy spread and the second term is the geometrical emittance multiplied by
βγ. The first term is usually negligible in conventional accelerators, but it could be the leading one in
some scenarios, such as in plasma-based accelerators. In such a case, both energy spread and angular
divergence are needed, to measure the normalized emittance.

3.1 Emittance measurement with space charge
The envelope equation [4] in a drift space is

σ′′
x =

ε2
n

γ2σ3
x

+
I

γ3I0 (σx + σy)
, (7)

where εn is the normalized emittance, σx and σy are the beam dimensions, I is the beam current and I0

is the Alfvén current. When the term representing the space charge, the second term in this equation, is
greater than the emittance term, the dynamic regime is said to be space charge dominated. Because the
space charge contribution decreases as γ2, this term is relevant only at low energies. However, as it arises
from an internal pressure inside the beam, this term must be kept negligible to measure the emittance.

The most common technique is called the pepperpot technique. The principle is shown in Fig. 4.
The beam is stopped or heavily scattered by a mask of a material of high atomic number, usually tungsten,
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Fig. 4: Pepperpot technique: the beamlets emerging from the mask are emittance dominated

while some parts of the beam, called beamlets, pass through small holes or apertures. Since the charge
is significantly suppressed, the beamlets are emittance dominated. After a proper drift, a scintillator
screen produces an image of the beamlets. The relative intensity of each beamlet image is a direct
measurement of the transverse beam distribution,

⟨
x2

⟩
. In fact, it is a measurement of how much charge

is entering any single hole; if the mask geometry is well known, it is a sampling of the beam transverse
charge distribution. The width of each single spot gives a measurement of the beam divergence

⟨
x′2⟩.

A perfectly parallel beam produces images with dimensions equal to the hole size. The increase of this
dimension is only due to the beam angular divergence, if the space charge contribution is negligible.
Finally the mapping of the angular spread in different transverse positions allows the reconstruction of
the correlation term between position and divergence,⟨xx′⟩. In this way, we can measure the second term
in Eq. (6), i.e., the geometrical emittance.

In implementing this diagnostic technique, there are some constrains to keep in mind. First of all,
the hole dimensions must be large enough to allow some beam to pass through, to improve the signal-to-
noise ratio, but at the same time they must ensure that the beamlets are emittance and not space charge
dominated. The ratio between the two terms in the envelope equation is

R0 =
Iσ2

x

2γI0ε2
n

. (8)

Assuming a uniform beam charge distribution in the holes, the r.m.s. is σx = d/
√

12, where d is the
diameter of the hole. To ensure that the beamlets are emittance dominated, R0 ≪ 1. This constrains the
value of d. In photoinjectors, the value of d is usually about 50 − 100 µm.

The length L of the drift between the mask and the screen is another important parameter, in order
to give to the beamlets enough space to develop a dimension greater than the hole size. The beam size at
a distance L from the mask is

σx =

√
(L · σ′

x)2 +
d2

12
. (9)

Since σ′
x is the parameter to measure, the first term in the square root must be much greater than the

second one, setting the limit of the shorter acceptable drift L. In addition, the thickness l of the mask
material is very important. It must be large enough to stop or heavily scatter the beam at a large angle (a
critical issue at high energies), but a large thickness can limit the angular acceptance of the hole, which
cannot be smaller than the expected angular divergence of the beam, i.e., l ≪ d/2σ′

x.

It is worth mentioning that this technique not only enables the emittance and the Twiss parameters
to be measured but can also be used to reconstruct the entire trace space. The holes are the sampling of
the properties of such a space in different transverse positions. Figure 5 shows a comparison between
simulated and measured trace spaces [20], demonstrating the effectiveness of this system.
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Fig. 5: Comparison between measured (left) and simulated (right) trace space [20]

3.1.1 Limits of this technique
Since the pepperpot technique is a sampling of the trace space, it can be affected by undersampling.
Consider Fig. 6, in which two different trace spaces are compared [21].

Fig. 6: Comparison between a typical trace space emerging from an RF photoinjector (left) and a possible trace
space of a plasma-accelerated beam (right) [21].

The pepperpot measurement is a single-shot measurement and so is quite appealing from plasma-
accelerated beams, where shot-to-shot instabilities makes a multi-shot technique unfeasible. However,
the highly correlated trace space, proper to such beam types, severely affects the measurement resolution.
The sampling error in the geometrical emittance has been established [22] is

εerr =
2

π

(
xmax∆x′ + x′

max∆x
)

, (10)

where xmax is the beam size, x′
max is the maximum angular spread, ∆x and ∆x′ are the sampling

intervals in position and angle. While in a conventional accelerated beam, as the energy increases,
adiabatic damping decreases the values of the x and x′, in a plasma-accelerated beam a significant angular
spread could be present, even at high energy. In such a case, this error is larger than the measured
emittance.

3.2 Emittance measurement without space charge
It has been demonstrated [23], both theoretically and experimentally, that when the space charge regime
dominates, the pepperpot technique is the only method that can reliably measure the emittance. However,
if the emittance term is the leading one in Eq. (7), another approach is followed.

The quadrupole scan [24] is the most used technique for measuring the emittance in such a regime.
It relies on the measurement of the beam spot varying the strength of one or more quadrupoles. It
is intrinsically a multi-shot measurement and, because it involves the use of magnetic elements, a large
energy spread can spoil the emittance value [25]. There is an extensive treatment of this point in Ref. [26].
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Fig. 7: Transverse trace space. The projection on the horizontal axis is the beam transverse size

Here, we want to focus on the main concepts. Consider two points in the transverse space, in
different longitudinal positions along the machine, x and x 0, with their relative transverse momenta, x ′

and x ′
0. The Courant–Snyder invariant must be the same in the two positions.

γx2 + 2αxx′ + βx′2 = ε = γ0x
2
0 + 2α0x0x

′
0 + β0x

′2
0 , (11)

where α, β and γ are the Twiss parameters in x and α0, β0 and γ0 in x0 and M is a transport matrix
between the two positions x and x0 with the following elements:

M (x, x0) =

(
C S
C ′ S′

)
. (12)

It has been demonstrated [27] that, using Eq. (12) in Eq. (11), the transport matrix for the Twiss
parameters is 


β
α
γ


 =




C2 −2SC S2

−CC ′ S′C + SC ′ −SS′

C ′2 −2S′C ′ S′2







β0

α0

γ0


 . (13)

Let us define a so-called σ matrix:

σ =

(
σ11 σ12

σ21 σ22

)
= ε

(
β −α

−α γ

)
. (14)

Knowledge of the elements of this matrix allows a complete definition of the beam trace space.
We focus on the σ11 element. It is equal to εβ. From Fig. 7 it is clear that it is just the square of the
projection of the trace ellipse on the transverse axis. So this is a measurable quantity, being the beam
size dimension, which can be retrieved using a view screen.

It is possible to demonstrate that the Courant–Snyder invariant in Eq. (11) can be rewritten as

σ11x
2 + 2σ12xx′ + σ22x

′2 = 1 . (15)

Using Eq. (13), the transformation for the sigma matrix between x and x 0 can be written as

σ1 = Mσ0M
T . (16)

Following this transformation, the first element of the sigma matrix in the x position, i.e., σ1
11, can be

expanded as
σ1

11 = C2σ0
11 + 2SCσ0

12 + S2σ0
22 . (17)
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Fig. 8: Laser wire set-up. There is only a production of Compton photons when the electron beam intercepts the
laser beams.

The square of the beam size is a linear combination of several elements, some of them well known, like
the elements of the transport matrix C and S, and others unknown, as σ0

11, σ0
12 and σ0

22, i.e., the elements
of the beam matrix at the position where we want to know the beam trace space.

Three measurements in three different positions are sufficient to determine the unknown quantities,
or alternatively at least three measurements changing the values of the beam transport matrix are needed,
for instance, varying the field of a quadrupole to change the values of the elements of the transport matrix.

While there are examples of measurements in different positions (sometimes called multiscreen
methods) and the reader can find interesting details about this technique in Ref. [28], the quadrupole scan
method is widely used.

Between theory and practice, there is always a gap. In this scheme, sometimes the use of more
than one quadrupole, to avoid strong defocalization of the beam in one plane, is necessary. However, it
must be remembered that the more chromatic elements are used, the larger the effect on the emittance
dilution will be [25]. The main error comes from the determination of the beam size [10]. The reader
can find an excellent paper about the experimental uncertainties in such a measurement in Ref. [29].

While the pepperpot technique gives not only an emittance measurement but also a picture of
the trace space, it is not the same for a quadrupole scan. To reconstruct the full trace space, more
sophisticated strategies must be applied. The most common is tomography reconstruction, based on the
reconstruction of an n-dimensional object starting from its (n − 1)th dimensional projections. Several
quadrupoles are needed to have a complete rotation of the trace space, so a dedicated beamline must be
designed for such a task. This is why this system is rarely used. More details can be found in Ref. [30].

3.3 Non-intercepting diagnostics
The intercepting nature of this measurement could be a problem in the case of high repetition rate ma-
chines, or high charge beams, or if a shot-to-shot correlation between input and output beams in plasma
wakefield accelerators is needed. Non-intercepting beam size measurements are not yet state of the art.
Here, we report briefly three examples of promising techniques: laser wire, beam position monitor and
diffraction radiation.

The laser wire [31] is a non-intercepting version of the wire scanner. Basically a tiny but intense
laser wire is moved with respect to a beam, as shown in Fig. 8.

The Compton-scattered photons produced in the overlap between the laser wire and the electron
beam, are collected by scintillators surrounding the vacuum chamber. Some tests are still ongoing but it
a resolution in the submicrometre scale has already been demonstrated [32]. The main drawback of this
technique is the intrinsic multi-shot nature and the stability of the laser wire alignment. Often, the whole
chamber hosting the laser cavity is moved in front of the beam.
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Fig. 9: Left: optical diffraction radiation interference (ODRI) set-up; right: angular distribution comparison be-
tween optical diffraction radiation (ODR) and ODRI.

It is possible to extract much more than the position of the beam from the signal emerging from
a beam position monitor. It has been demonstrated that, by using a combination of signals coming from
the different electrodes, it is also possible to retrieve the beam size [33]. A nice follow-up [34] demon-
strated that this system is really interesting in circular machines, where there is a high repetition rate.
Furthermore, Ref. [35] presents a refinement of this method, in which a beam position monitor is moved
with a stepper motor at the micrometre scale. A recent paper [36] claimed that beam emittance could
be measured using such a method. However, because the signal-to-noise ratio is very small, both the
electromagnetic design of the electrodes and the mathematical treatment of the signal are fundamental.

When a charged particle passes through an aperture on a boundary between two media with differ-
ent refraction indices, diffraction radiation is emitted in both the forward and backward directions. The
diffraction radiation is emitted only when the dimension of the transverse electromagnetic field, at a
given wavelength and beam energy, is larger than the aperture size. Since the beam passes through a
hole, diffraction radiation provides a non-intercepting diagnostics tool, and is therefore well suited for
measuring parameters of high charge density beams in a parasitic way.

The use of the angular distribution of the diffraction radiation as beam size monitor from a rect-
angular aperture was introduced in Ref. [37], while other authors have proposed a similar technique by
using a circular aperture [38]. The choice of a rectangular slit shape has many advantages, e.g., mechan-
ical machining and mathematical treatment, that were at the basis of the success of the first observation
of diffraction radiation [39] as a diagnostics tool.

However, this result has also indicated some difficulties related to the experimental set-up; in
particular, the low signal-to-noise ratio, mainly affected by the unavoidable synchrotron radiation back-
ground produced by the same beam in the upstream magnetic elements of the transport line and the
requirement of an accurate and non-trivial control of the beam trajectory, owing to the ambiguity pro-
duced by a beam passing off-centre of the aperture.

The use of optical diffraction radiation interference (ODRI) [40], i.e. a two-slit system placed well
inside the formation length (Fig. 9), can solve both of these problems; this technique was successfully
used to measure the beam emittance [41].

4 Longitudinal parameters
Longitudinal measurements for high brightness beams are more established than transverse ones, except
for the single-shot spectroscopic technique, as explained in the following. The main challenge of longi-
tudinal diagnostics of high brightness beam is time resolution. Nowadays, we work with bunch lengths
shorter than 100 fs, down to a few femtoseconds.
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Fig. 10: Principle of operation of RF deflector. The longitudinal structure is mapped on the transverse profile
because different longitudinal positions experience different transverse kicks.

4.1 Transverse deflecting structure
Transverse deflecting structures [42,43], sometimes also called RF deflectors, are powerful devices, able
to attain resolutions of even a few femtoseconds in the X-ray band [44]. They are single-shot intercepting
devices (for the measurement, but they need to be calibrated in multi-shot scenarios, as we’ll see later),
with the advantages of an inherent self-calibrating nature, simple implementation, and usage.

The working principle is shown in Fig. 10. A time-dependent transverse deflecting voltage is
present in a standing or traveling wave structure. Different parts of the beam, in different longitudinal
positions, explore a correlated force that imprints a transverse momentum on the bunch. After a drift, the
imaging on a screen returns the longitudinal charge distribution. The change in the transverse momentum
is ∆y′ = qV/pc, where V is the deflecting voltage, q is the charge, p is the momentum, and c is the speed
of light. Assuming that the deflecting voltage is of the form V = V0 sin(kz + φ), where k = 2π/λ
and λ is the RF wavelength, and considering that the bunch length is usually much smaller than such a
wavelength (i.e., kz ≪ 1), it is possible to expand the expression

sin(kz + φ) = sin(kz) cos(φ) + cos(kz) sin(φ) ≃ kz cos(φ) + sin(φ) .

The expression of the change in the transverse momentum given by the structure is

∆y′ =
qV0

pc
[kz cos(φ) + sin(φ)] . (18)

Using a phase value like φ = 0 or φ = π nulls the second term, and the kick has a simple
proportionality to the longitudinal position of the charge. Using a general expression of the transport
matrix in terms of the Twiss parameter (see Ref. [45]) the value of the vertical displacement as a function
of the longitudinal position is

y(z) = y0 +
(√

ββ0 sin ∆
)

y′
0 ± qV0

pc
kz

(√
ββ0 sin∆

)
(19)

where β0 and β are the Twiss parameters on the RF deflector and on the screen, respectively, y0 is the
displacement of the charge with respect the axis of the cavity, and ∆ is the betatron phase advance
between the RF deflector and the screen. The ± sign depends on which zero of the RF phase is chosen,
sin(φ) = 0 for both φ = 0 or φ = π. The second momentum of the distribution on the screen is given
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Fig. 11: Longitudinal trace space

by ⟨
(y − ⟨y⟩)2

⟩±
=

⟨
y2
0

⟩
+ ββ0 sin2 ∆

⟨
y0

′2⟩ − ⟨y0⟩2 + ββ0 sin2 ∆
(

qV0

pc k
)2 ⟨

z2
⟩
+

−ββ0 sin2 ∆ ⟨y′
0⟩2 − ββ0

(
qV0

pc k
)2

sin2 ∆ ⟨z⟩2 +

+2
√

ββ0 sin∆ ⟨y0y
′
0⟩ ± 2

√
ββ0 sin∆

(
qV0

pc k
)

⟨y0z⟩ − 2
√

ββ0 sin∆ ⟨y0⟩ ⟨y′
0⟩ +

∓2
√

ββ0 sin∆
(

qV0

pc k
)

⟨y0⟩ ⟨z⟩ ± 2ββ0 sin2 ∆
(

qV0

pc k
)

⟨y′
0z⟩ +

∓2ββ0 sin2 ∆
(

qV0

pc k
)

⟨y′
0⟩ ⟨z⟩

(20)

Usually ⟨y0⟩ = ⟨z⟩ = ⟨y′
0⟩ = 0.

When there is no power in the RFD, and using the former condition, we get

σ2
0 =

⟨
y2
0

⟩
+ ββ0 sin2 ∆

⟨
y′2
0

⟩
+ 2

√
ββ0 sin∆

⟨
y0y

′
0

⟩
(21)

It represents the dimension of the beam on the screen without any power in the RFD.

Several terms appear in 20 with different sign for a different choice of the phase φ. An average
of the measurements of the second momentum with the two opposite phases φ=0 and φ=π is required in
order to cancel them. Finally the dimension measured is

σ =
√

σ2
0 + σ2

z (22)

where σ2
z = ββ0 sin2 ∆

(
qV0

pc k
)2 ⟨

z2
⟩

To increase the resolution of the device the term σ2
0 must be much smaller than σ2

z , so the spot on
the screen with RFD off must be the smallest achievable. Looking at formula Eq. (19), we can see that
other ways to improve the resolution are to increase the deflecting voltage (it is the value of the integrated
voltage along the structure so, to some extent, increasing the device length can also work) or to decrease
the RF wavelength.

One of the most interesting features of the RF deflector is its inherent self-calibrating nature.
Basically, simply changing the phase by a precise amount and recording the variation in the centre-of-
mass position on a view screen gives the conversion scale between pixels and phase, and thus also time.

The use of a dipole (i.e., a energy dispersive element) together with the RF deflector (i.e., a time-
dispersive element) allows measurement of the longitudinal trace space in a single shot (Fig. 11).
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Fig. 12: Coordinate system

However, owing to the Panofsky–Wenzel theorem [46] the RF deflector introduces an energy
spread that must be evaluated, to understand whether it is comparable or not with the slice energy
spread [47].

4.2 Coherent radiation based measurement
A bunch charge can emit coherent radiation at a wavelength longer than its length. The characteristics
of this radiation depend on the physical phenomena involved, such as synchrotron radiation, transition
radiation, Smith–Purcell, and so on. Consider an electron bunch whose centre of mass is the origin of a
coordinate system G , see Fig. 12.

Let us write R as the distance from the source to the detector and n̂j the unit vector that selects
the observation direction for the jth particle, r⃗ being the position vector of the jth electron relative to its
bunch centre. We can express the electric field generated by the jth electron as

Ej = ei 2π
λ

(ct−n̂i·r⃗j) .

If the distance from the source to the detector is much larger than the extent of the bunch σz , i.e.,
R ≫ σz , the total field is given by the sum of the fields of each of the N particles and the total intensity
can be written, in the limit of the Fraunhofer scalar theory, as

Itot (ω) = Isp (ω)
∑

j,k

EjE
∗
k , (23)

where Isp(ω) is the spectrum produced by a single particle. The analysis of the spectrum of such radiation
can reveal the bunch longitudinal structure. Expanding the former equation, the spectrum intensity is
given by

Itot (ω) = Isp (ω) [N + N (N − 1)F (ω)] , (24)

where Isp(ω) is the spectrum produced by a single particle, N is the number of particles and F (ω)
is the so-called form factor. The physics of the emitting process is contained inside Isp(ω), while the
information about the bunch is in F (ω). The first term in the square bracket corresponds to incoherent
emission and scales as the number of the particles, while the second term scales as N2 and comes from
the coherent emission. The form factor can be expressed as a function of the charge distribution ρ(z), as

F (ω) =

∣∣∣∣∣∣

∞∫

−∞

ρ (z)eiω
c
zdz

∣∣∣∣∣∣

2

. (25)

The inverse transformation gives the searched value of ρ (z)

ρ (z) =
1

πc

∞∫

0

√
F (ω) cos

(ω

c
z
)

. (26)
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Being an even transformation, the odd terms in the longitudinal distribution are not considered
and a phase reconstruction technique must be used to retrieve phase information [48]. So the infor-
mation about the longitudinal parameter is inside the form factor, which can be obtained from the power
spectrum. The principles of Fourier transform spectroscopy [49, 50] were discovered by Michelson
and Rayleigh, who identified that the interference pattern from a two-beam interferometer, obtained by
altering the path difference between the two beams, is the Fourier transform of the radiation passing
through the interferometer,

I (ω) ∝
∞∫

−∞

I (δ) cos

(
ωδ

c

)
dδ , (27)

where δ is the path length difference between the two interferometer arms: I(δ) is called the interfero-
gram. So to estimate the bunch length we need to measure the spectrum of the coherent radiation, and to
do this we have to record the intensity of the radiation on a detector in an interferometer, varying the path
difference between two arms of this device. Since the bunch lengths for high brightness beams are of the
order of picoseconds or even shorter, the coherent radiation is usually in the terahertz frequency range.
For such frequencies, the most used detectors are thermal detectors, like Golay cells and pyroelectric
detectors.

A Golay cell [51] is a thermo-acoustic detector consisting of a small cell filled with a gas, typically
xenon because of its low thermal conductivity, and a sensitive heat-absorbing film with low thermal
capacity, which ensures a flat response to different frequencies. The frequency dependence is given, in
principle, only by the properties of the window material used.

Radiation goes through the window and is absorbed by the film, warming it and the contained
gas up. The gas therefore expands and the resulting pressure change modifies the shape of a flexible
aluminized membrane at the back of the cell, which acts as a mirror. To convert the membrane movement
into an electrical signal, a light-emitting diode illuminates the back of the flexible mirror. The reflected
light is then focused onto a photocell.

Pyroelectric detectors produce a signal in response to a change in their temperature. Below a
temperature Tc, known as the Curie point, ferroelectric materials (triglycine sulfate, lithium, tantalate)
exhibit a large spontaneous electrical polarization. If the temperature is altered by an incident radiation,
the polarization changes; if electrodes are placed on opposite faces of a thin dielectric, forming a capac-
itor, the change in polarization can be observed as an electrical signal. The process is independent of the
wavelength of the incident radiation, resulting in a flat response over a wide spectral range.

The main advantages of Golay cells are high sensitivity and wide bandwidth in the millimetre
range, while the main drawback is the slow temporal response (decay time of the order of tens of milli-
seconds). However, pyroelectric detectors, even exhibiting less sensitivity, have a faster response time;
they are more robust and reliable than Golay cells and they are more widely used.

One of the main issues in this kind of measurement is the precise reconstruction of the entire
spectrum, as there is a low frequency cut-off, owing to the vacuum pipe, the interferometer components
and the detector acceptance. The overall transfer function of the whole system must be known, including
the transfer function of the vacuum window and the transport line.

For all these reasons, a practical approach to these measurement is not to make the inverse Fourier
transform the experimental data, but to fit the spectrum directly to guessed and well known distribu-
tions [52].

Longitudinal diagnostics with this technique began about 20 years ago and are is now widespread,
but they have the big disadvantage of being multi-shot methods. However, some groups already per-
formed single-shot measurements. In Ref. [53], Wesch et al. used a multi-stage spectrometer with a
series of blazed reflection gratings. In any stage, wavelengths shorter than a threshold are dispersed
while the longer wavelengths are reflected. With every grating focused on an array of detectors, it is
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Fig. 13: Index ellipse for electro optic crystal. Without external field the index of refraction is the same in every
direction. It is not true anymore with an external field.

possible to acquire in a single shot the whole spectrum for terahertz and infrared spectroscopy. The main
challenge of such a device is the alignment of the various stages. To overcome this problem, in [54]
Maxwell et al. used a single-stage single-shot device, based on a KRS-5 (thallium bromoiodide) prism.
This material is quite interesting, even if it is hygroscopic, because it has a quite flat response between 0.8
and 40 µm. The radiation is dispersed and then sent to 128 lead zirconate titanate pyroelectric elements
with 100 µm spacing line array.

The major advantage of these techniques based on the coherent radiation is the time resolution.
The emitted wavelength scales as the bunch length. So the only requirement is a device sensitive to such
wavelengths. For instance, 1 ps means 300 µm, while 1 fs needs a wavelength sensitivity of 300 nm,
where a lot of detectors are available.

4.3 Electro-optic sampling
The electro-optic diagnostics technique is a non-destructive and single-shot method.

Large electric fields (of the order of megavolts per metre) applied to optically active crystals lead to
the linear electro-optic effect (the Pockels effect), which is the basis of electro-optic detection techniques.
In an isotropic medium, the polarization induced by an electric field is always parallel and linear with
the electric field vector and related to the field by a scalar factor, the susceptibility. If the medium is
anisotropic, the induced polarization is still linear but not necessarily parallel to the electric field, so
the susceptibility is a tensor. In such a case, the crystal becomes birefringent, with different refraction
indices along its principal axes.

The Coulomb electric field co-propagating with the relativistic electron bunch induces a time-
dependent birefringence in an optically active crystal. A near infrared laser propagates along the crystal.
Figure 13 shows the so-called ellipse index.

Without any external applied field, the crystal is isotropic and the refraction indices are equal
along both axes. However, when the field is applied, the ellipse is distorted and the indices are different.
The polarization of the external laser is in between these axes. Owing to the different refraction indices,
the propagation speeds along these different axes are different, and this results in a rotation in the laser
polarization. If we place an orthogonal polarizer before the crystal and another after it, we can observe the
laser transmission only when there is an applied electric field. So the rotation angle encodes information
about the field strength, which reflects the amount of the charge in the beam bunch that produces such a
field.

There are mainly three schemes to obtain this information. The first is called spectral decod-
ing [55].

As shown in Fig. 14, a femtosecond laser pulse is stretched in a picosecond long stretcher and
linearly chirped, i.e., different wavelengths are placed in different longitudinal positions. A first polar-
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Fig. 14: Electro Optic Sampling spectral decoding scheme. A short pulse is stretched and sent in an electro optic
crystal. The two polarizers P1 and P2 are orthogonal. Without any beam passing near the crystal there is no output
through the second polarizer. Otherwise there is a polarization rotation and the longitudinal profile is encoded in
the spectrum.

Fig. 15: Electro-optic sampling temporal decoding scheme [56]. BBO, barium borate; EO, electro-optic crystal;
P1,P2, polarizers.

izer (P) selects a polarization. The laser crosses a non-linear crystal, in this case gallium phosphide,
which is one of the most used for its large bandwidth. A second polarizer (A), orthogonal to the first one,
allows the signal to cross it only when the polarization is rotated, which happens when the beam passes
close (of the order of a few millimetres) to the crystal. A quarter-wave plate removes residual birefrin-
gence of the electro-optic crystal by minimizing transmitted light through the analyzer in the absence of
an electron bunch. Owing to the linear chirp, different longitudinal positions in the probe laser pulse are
rotated in different ways in the crystal, since refractive index is wavelength dependent. The information
of the longitudinal beam profile is encoded into the spectrum and can be retrieved by a grating spectrom-
eter. While this was the first implemented scheme, the time resolution is limited, owing to frequency
mixing of the Fourier components of the electric field and it is about Tlim ≈ 2.6

√
T0Tc [57], a value in

the range of some hundreds of femtoseconds.

The problem of frequency mixing is solved in the electro-optic temporal decoding scheme shown
in Fig. 15. It is similar to spectral decoding but the reconstruction of the beam longitudinal profile is
different. The intensity-modulated long laser pulse is measured in a single shot using a second short laser
probe, realizing a cross-correlation with the principal pulse. The technique is based on the generation
of second-harmonic light by crossing the two laser pulses in a non-linear crystal (e.g., barium borate) at
an angle. The short gate pulse overlaps different temporal slices of the electro-optic pulse at different
spatial positions of the barium borate crystal. Thus the temporal modulation of the electro-optic pulse is
transferred to a spatial distribution of the second-harmonic light. The resolution of such a device can be
about 40–50 fs, being limited mainly by the crystal absorption bands and the length of the laser probe.
The main drawback is the low-efficiency second-harmonic process, requiring ≈1 mJ laser pulse energy.

Another single-shot technique is based on non-collinear propagation of the electric pulse and the
laser pulse onto the electro-optic crystal, bending the crystal with respect to the beam axis propagation;
this is called spatial decoding [58]. At any moment in time, the field in the electro-optic crystal overlaps
with only a spatial fraction of the laser pulse. There is a direct correlation with the transverse spatial
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position within the laser beam and the relative time delay between both pulses because different points
across the transverse profile of the probe beam experiences an electric field at different instances in time,
and the temporal image of the electric pulse can be impressed on the transverse spatial variation of the
probe beam.

While the temporal resolution is, in principle, the same as temporal decoding, the advantages of
this system lie in the simpler set-up and the possibility of avoiding a second-order harmonic generation.
However, a very high surface uniformity of the crystal is required because in such a scheme the laser
cannot be focused on the crystal, as in the other schemes, since the spatial size is proportional to the
temporal window. This fact could be crucial in the future development of crystals with larger bandwidth,
up to 20 THz, as well as better time resolution, like diethylaminosulfur trifluoride crystals [59], which so
far appear to have too rough surfaces to be used for such a task.
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Numerical Methods I & II

K. Li
CERN, Geneva, Switzerland

Abstract
Numerical methods are a fundamental field of research and application in ac-
celerator physics and beam dynamics. They are widely used to study inten-
sity effects and limitations in accelerators and become more important still in
regimes where simple analytical models break down and experiments cannot
be easily conducted. In this course we will introduce some basic concepts of
numerical methods used to study collective effects in circular accelerators. The
course covers macroparticle models, the implementation of the beam dynamics
and applications relevant to intensity effects and limitations. This includes ba-
sic tracking in the transverse and longitudinal planes, modelling of impedance
effects and finally two-stream effects such as electron clouds.

Keywords
Collective effects; instabilities; macroparticle models; numerical methods; sim-
ulation.

1 Introduction and concepts
Numerical methods are a fundamental field of research and application in accelerator physics and beam
dynamics. They are a very powerful tool to overcome limitations from simplifications inherent to most
analytical approaches or the complications connected to many experimental studies.

The advantage of numerical modelling over analytical solutions is that it can usually be done with
far fewer approximations in order to study problems which include many of the complications present in
the physical reality. For these, usually analytical models are so complicated that they cannot be solved by
analytical means or they fail to correctly model the physical reality in the first place. In comparison with
experiments, numerical modelling allows full flexibility in parameters and set-up since basically anything
that can be modelled can also be studied even beyond practical or technical limitations. Moreover, the
level of diagnostics can be arbitrarily accurate, since nearly any observable can be exposed.

The main drawback of numerical models is that they have to be executed on computers and,
depending on the complexity of the problem, they need to run for a long time in order for them to
produce meaningful results. Therefore, the goal of a good numerical model is to capture as much of
the physical reality that is necessary to understand the problem under investigation. At the same time
the algorithms should be sufficiently easy and fast to provide solutions within a reasonable amount of
time. If implemented correctly, numerical models are able to capture the majority of physical effects
and allow for a vast range of diagnostics and data analysis to understand the underlying mechanisms that
pose intensity limitations.

There are several different ways of numerically modelling beam dynamics and intensity effects.
These range from time-domain or frequency-domain Vlasov solvers (MOSES [1] and DELPHI [2]), cir-
culant matrix models (BimBim [3]) or beam envelope tracking algorithms (HOMDYN [4]), for example.
In these lectures, we will investigate and focus on macroparticle models. Examples of modern imple-
mentations of macroparticle models are ECLOUD [5] or HEADTAIL [6], which was among the first to
treat two-stream effects in a strong–strong manner. As we will see, macroparticle models are the most
natural way of mapping the model of a physical particle beam onto a computer system. They gener-
ally provide an easy and straightforward platform for implementing almost any known physical effect
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in beam dynamics without having to move to a great level of abstraction. In that sense, they are ideally
suited to tackle most of the problems encountered in beam dynamics and collective effects and also to
introduce some of the basic concepts of numerical methods.

1.1 Macroparticle models and computer systems
Macroparticle models, obviously, make use of macroparticles. A macroparticle is a numerical repre-
sentation of an ensemble of physical particles clustered together within a representative region in space.
This is sketched in Fig. 1. Typical systems of physical particles such as a particle beam in the Large
Hadron Collider (LHC) at CERN, for example, consist of more than 1 × 1014 particles. These cannot
be practically represented on modern computer systems due to memory limitations. To overcome this
limitation, physical particles are grouped together into a single macroparticle in such a way that one is
left with roughly of the order of 1 × 107 macroparticles. This is the dimensionality of systems that can
be easily solved on conventional computer systems. In clustering physical particles into a discrete set of
macroparticles, one of course has to take care about noise issues. Many effects are now less averaged
out and therefore enhanced (consider a single macroparticle representing a cluster of 1 × 106 physical
particles receiving a kick by some element or device—all particles now receive the same kick and move
in exactly the same manner, where in reality there would be some finite spread in the motion of each
individual physical particle). To make sure the results are still physically relevant and not dominated
by numerical noise, one has to perform convergence studies. For this, a numerical parameter is varied,
in our example the total number of macroparticles, which essentially is a measure of the granularity of
our system, and the results are checked. Obviously, the results should not depend on the choice of the
numerical parameter. In this case we say that the result is converged and we accept it as output from a
numerical simulation. The results may still be wrong but the error should not originate from numerical
noise issues but rather from a systematically wrong modelling of the physical reality.

Fig. 1: Macroparticles (green) representing clusters of neighbouring physical particles (yellow)

Macroparticle models naturally map an accelerator–beam system onto modern computer systems.
If we look at the main components of an accelerator–beam system we identify the physical particle
beam and the accelerator with its elements and devices. If we think of some of the most fundamental
components of computer hardware we can identify the main memory (RAM) and the CPU.

To fully describe the dynamics of a charged particle system, such as our physical particle beam,
we need to know the generalized coordinates and the canonically conjugate momenta (i.e., the six phase-
space variables) of each individual particle along with its charge and mass. In addition, we need to know
the action of the different machine elements and devices on the particles, i.e., we need to know how
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they modify the coordinates and momenta upon interaction of the particles with the machine elements.
Numerically, the physical particles are represented by macroparticles and the machine elements are de-
scribed by functions that update the coordinates and momenta of the macroparticles in a specific manner.
Mapping this to the computer hardware, we recognize that the macroparticle system, which basically
consists of a set of coordinates and momenta along with charges and masses for each macroparticle, can
be represented by some allocated memory block in the main memory which contains and stores these
numbers. The machine elements can be represented by functions that pass instructions to the CPU to
update the numbers stored in this allocated memory block, thus generating an evolution of the coordi-
nates and momenta of the macroparticle system and, hence, finally, describing beam dynamics. This
correspondence is conceptually illustrated in Fig. 2.

Fig. 2: The mapping of an accelerator–beam system onto the fundamental components of modern computer system
hardware (display of the topological map of the system as obtained from lstopo).
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1.2 Coordinate system and initialization
In a synchrotron the reference orbit curvature ρ and the reference momentum p0 are related according to
the synchronous condition via the dipole magnetic field B as

Bρ =
p0
e
, (1)

where e is the unit charge. In these lectures, we will choose generalized coordinates and canonically
conjugate momenta to describe the dynamics of a charged particle system as illustrated in Fig. 3. These
are, in the transverse plane, the horizontal and vertical positions x and y in metres with respect to the
reference orbit of the machine and the respective angles x′ and y′. In the longitudinal plane it is the
position z in metres with respect to a position equivalent to the zero crossing of the RF fields (i.e.,
synchronous to an external RF clock) and the relative momentum offset δ with respect to the reference
momentum. We name the phase space Γ; then this results in a set of six phase-space variables for every
particle: ((

x
x′

)

i

,

(
y
y′

)

i

,

(
z
δ

)

i

)
∈ Γ, i ∈ [1, . . . , particle number] . (2)

Fig. 3: The coordinate system used in these lectures

The first step in running a macroparticle simulation is to initialize a macroparticle system. For
this we allocate a memory block in the main memory which is sufficiently large to accommodate all the
relevant quantities of the macroparticle system, i.e., generalized coordinates and canonically conjugate
momenta, charges and masses. Table 1 shows an example memory layout of a macroparticle system in
the main memory where each of the six phase-space variables is allocated as an array of length equal to
the macroparticle number which contains the corresponding values for every macroparticle. Then we fill
this memory block randomly with numbers. Of course we do not do this entirely randomly. Typically,
our macroparticle system will represent a particle bunch in a machine. As such, it should mimic the
macroscopic statistical properties of the particle bunch such as the particle distribution function or the
bunch size. A macroparticle system is therefore generated in a three-stage approach—first, we generate
a distribution according to the particle distribution function, then we scale the distribution to match the
bunch size and finally we distort the distribution without changing its r.m.s. size to match the local
machine optics.

The particle bunch’s intrinsic size is basically fully characterized by its emittance in the three
planes, horizontal, vertical and longitudinal. The transverse and longitudinal emittances are defined as

εu = γβ

√
σ2u σ

2
u′ − (σu σu′)

2 , u = x, y , (3)

εz = 4π
p0
e

√
σ2z σ

2
δ − (σzσδ)

2 , (4)

respectively, with
σ2b =

〈
(b− 〈b〉)2

〉
. (5)
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Table 1: Example memory layout of a macroparticle system in the main memory. Each of the six phase-space
variables is allocated as an array of length equal to the macroparticle number N .

Count 0 1 2 . . . N

x . . . . . . . . . . . . . . .
x′ . . . . . . . . . . . . . . .
y . . . . . . . . . . . . . . .
y′ . . . . . . . . . . . . . . .
z . . . . . . . . . . . . . . .
δ . . . . . . . . . . . . . . .

As a simple example we generate a Gaussian distribution in the horizontal plane with a given
emittance. For this we simply need to create a Gaussian distribution using a Gaussian distribution random
number generator, available in most standard libraries, in (x, x′) with parameters 1

σx =

√
εx
γβ
, (6)

σx′ =

√
εx
γβ
, (7)

such that εx = γβσxσx′ . The resulting distribution is plotted in Fig. 4.

Fig. 4: Bi-Gaussian distribution in (x, x′) with a normalized emittance of 2 µm

The distribution can now be matched to the local machine optics described by the optics functions
(αx, βx) by scaling and correlating the coordinates and momenta according to

xmatched =
√
βx x , (8)

1The careful reader will realize an apparent mismatch in the dimensions in Eq. (8). In reality, this transformation emerges
from the application of a matching section and there is another factor

√
1 [m] involved, which solves the dimension mismatch.
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x′matched =
1√
βx

x′ − αx√
βx

x . (9)

We will not go into further details of creating non-linearly matched distributions such as for an RF bucket
here.

Once all numbers have been generated, we are left with a numerical representation of the particle
bunch as a macroparticle system. This manifests in the main memory as six individual arrays each with
the length equal to the number of macroparticles in the macroparticle system. We will assume the charge
and mass of all macroparticles to be identical such that they can each be described by two single floating
point numbers. The particle bunch is now fully described by (6 × macroparticle number + 2) floating
point numbers.

So far, we are able to generate a numerical representation of a particle bunch as a macroparticle
system residing in the main memory in six arrays and two floating point numbers. No dynamics has been
included yet. For this, we need to provide functions that modify the entries in each array in accordance
with the machine elements that these functions are supposed to represent. This will be discussed in the
following sections.

2 Modelling beam dynamics in absence of collective effects
The goal in the previous section was to abstract a physical particle system such that it can be numerically
modelled. We implemented this by moving to a macroparticle system and representing it in the main
memory as a set of arrays and numbers. Now we need to propagate this macroparticle system through
the machine. For this, we need to identify machine elements and assign to them actions that they are
to apply to the macroparticle system. This will be implemented as functions that update the entries of
each of the respective arrays in accordance with the machine element that this function is supposed to
represent.

As a first step we need to formalize this action so that we understand the beam dynamics and can
come up with an algorithm that can be implemented on a computer. We can work in the framework of
classical mechanics where we know that the entire dynamics of a particle system is fully contained in a
single function, the Hamiltonian H , which is a function of the generalized coordinates and canonically
conjugate momenta [(x, x′), (y, y′), (z, δ)] and an independent variable s along which the evolution is
generated: ((

x
x′

)
,

(
y
y′

)
,

(
z
δ

))
∈ Γ, H(x, x′, y, y′, z, δ; s) ∈ f : Γ→ R. (10)

This takes place according to the Hamilton equations of motion

dx

ds
=
∂H

∂x′
,

dx′

ds
= −∂H

∂x
,

dy

ds
=
∂H

∂y′
,

dy′

ds
= −∂H

∂y
,

dz

ds
=
∂H

∂δ
,

dδ

ds
= −∂H

∂z
.

(11)

We will now treat two simple Hamiltonians that generate betatron and synchrotron motion, which
will allow us to propagate our macroparticle system along a circular accelerator in the absence of collec-
tive effects.

2.1 Transverse tracking
The basic elements in a circular accelerator that control the transverse motion are the dipoles to keep
the beam on a circular orbit and the quadrupoles that provide focusing for off-orbit particles. The orbit
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defined by the dipoles is given by the synchronous condition in Eq. (1). The focusing of the quadrupoles
is described by the Hamiltonian

H(x, x′) =
1

2
x′2 +

1

2
K(s)x2 , K(s) = K(s+ C) . (12)

The corresponding equation of motion is Hill’s equation given as

x′′ +K(s)x2 = 0 . (13)

Equation (13) has the complication that it contains an s-dependent coefficientK(s). Fortunately, this co-
efficient comes with the periodicity condition given in Eq. (12), which makes Eq. (13) actually solvable.
An excellent treatment of this problem together with non-linear terms can be found in Ref. [7]. Here, we
will focus on solving the linear problem.

The solution of any linear second order differential equation of the form (13) is uniquely deter-
mined by the initial values of x and its derivative x′:

x(s) = a x(s0) + b x′(s0),

x′(s) = c x(s0) + d x′(s0).
(14)

In matrix notation, this can be written as
(
x
x′

)∣∣∣∣
s

=

(
a b
c d

) (
x
x′

)∣∣∣∣
s0

= M(s|s0)
(
x
x′

)∣∣∣∣
s0

. (15)

The matrix formulation is useful because it separates the properties of the general solution from those due
to a specific initial condition. The matrix depends only on K(s) and the length of the interval (s − s0).
In addition, the matrix for any interval made up of subintervals is just the product of the matrices for the
subintervals, that is,

M(s2|s0) = M(s2|s1)M(s1|s0). (16)

Using the transfer matrix method together with the conditions of periodicity, stability and boundedness,
one discovers that the eigenvalues of M are given as

λ = exp (±iµ) . (17)

The matrix M satisfies (by construction, as it ultimately emerged from the Hamiltonian in Eq. (12))

MTJM = J, (18)

where J is the symplectic structure matrix

J =

(
0 1
−1 0

)
. (19)

Hence, the matrix M may be written in a form which exhibits the eigenvalues explicitly:

M = I cos(µ) + JA sin(µ), (20)

where I is the identity matrix and A is a symmetric parameterized matrix

A =

(
γ α
α β

)
. (21)
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The parameters (α, β, γ) are the Courant–Snyder parameters [8] and correspond to the optics functions.
They are s-dependent in general and play a major role in determining the details of the motion. In
particular, β determines the maximum local amplitude of transverse oscillations.

In applying Floquet’s theorem, we insert a solution

x(s) = w(s) exp (iψ(s)) ≡
√

2Jxβx(s) cos(ψx(s) + ψx,0), (22)

which again exhibits the eigenvalues of M explicitly, into (13) and find that the transfer matrix that
propagates the coordinates and momenta (x, x′) from one point s0 with local optics function (α0, β0, γ0)
to another point s1 with local optics function (α1, β1, γ1) in the ring is written as

M(s1|s0) =

( √
β1 0

− α1√
β1

1√
β1

)(
cos(∆µ0→1) sin(∆µ0→1)
− sin(∆µ0→1) cos(∆µ0→1)

)( 1√
β0

0
α0√
β0

√
β0

)
. (23)

Coming back to our original problem of numerically implementing linear transverse (betatron)
motion, we can now see that this reduces basically to implementing a simple matrix multiplication func-
tion. The betatron motion is fully characterized by the machine optics functions. These need to be
provided as an external input, either explicitly as a table obtained from an optics calculation (e.g. MAD-
X) or, which is often done for simplification, using the smooth approximation where

α = 0, β =
R

Q
= constant . (24)

Here, R is the ring radius and Q is the tune defined as the number of betatron oscillations per ring
revolution:

Q =
1

2π

∮
µ(s) ds =

1

2π

∮
ds

β(s)
. (25)

Once the optics functions are known, we can split the ring into segments and build the set of transfer
matrices M(sj |si) that propagate macroparticles through subsequent segments (si, sj) along the ring, as
indicated for the two points s0 and s1 in Fig. 5. The numerical propagation of the macroparticle system
through the machine is then performed by executing

(
xk
x′k

)∣∣∣∣
si+1

= Mx(si+1|si)
(
xk
x′k

)∣∣∣∣
si

,

(
yk
y′k

)∣∣∣∣
si+1

= My(si+1|si)
(
yk
y′k

)∣∣∣∣
si

,

i ∈ [0, . . . , segment number− 1] ,

k ∈ [0, . . . ,macroparticle number− 1] ,

(26)

repetitively for every segment and for every macroparticle in both the horizontal and the vertical planes.

In implementing linear, periodic and uncoupled betatron motion we simply need to generate and
store the transfer matrices for every segment in the horizontal and the vertical planes, which amounts to
a total of (4 × segment number × 2) constant floating point numbers. The betatron propagation of the
macroparticle system is computationally cheap and fast.

2.2 Longitudinal tracking
Longitudinal motion is a little more involved than the linear betatron motion described in the previous
subsection. Longitudinal motion in circular accelerators, or synchrotron motion, has some peculiari-
ties such as the presence of transition or the intrinsic non-linearities important particularly for hadron
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Fig. 5: A segment from a point s0 to another point s1 along the ring for which the betatron motion is described by
the transfer matrix in Eq. (23).

machines where bunch lengths are comparable to the RF period of the accelerating cavities. A good
introduction into the longitudinal dynamics can be found in Ref. [9].

Transition is a phenomenon that occurs in circular accelerators as a result of two competing ef-
fects. At low energies the relation between energy and momentum is nearly linear such that particles
with slightly higher energy travel faster and hence for these particles the revolution period decreases,
as one would naively expect. For high energies another effect becomes important, which results from
the momentum compaction present in any circular machine with dispersion. What happens is that par-
ticles at high energies no longer gain in speed. However, due to dispersion along the machine they take
longer paths and hence for these particles the revolution period increases. This effect is governed by the
momentum compaction factor of the machine

αc =
1

C

∮
D(s)

ρ
ds , (27)

where C is the machine circumference, D(s) the dispersion function and ρ the orbit curvature. The
energy at which this behaviour switches, from lower to higher revolution periods with an increase in
energy, is called the transition energy, defined by

γtransition =
1√
αc

. (28)

At transition itself all synchrotron motion is frozen.

Since a particle bunch in a circular machine naturally has a spread in energy it consequently also
has a spread in revolution period. If simply left to drift, the particle bunch will eventually de-bunch along
the machine. What is needed to keep particles bunched is some mechanism of focusing similar to the
one that is provided in the transverse plane by the quadrupoles. This is accomplished in the longitudinal
plane by the RF cavities. At each revolution, particles experience a kick from the integrated fields in
the RF cavities. Depending on the delay of particles arriving at the RF cavities, they will gain more or
less energy from the RF cavities. In that way the RF cavities keep the revolution periods close and thus
provide focusing around what is called the synchronous phase ϕs.

Finally, the RF cavities also provide the necessary energy for acceleration. When ramping up the
magnetic dipole fields, the revolution period of the entire particle bunch changes resulting in a shift of the
synchronous phase. This leads to a net energy gain of the entire particle bunch and thus to acceleration.

The synchrotron motion together with all the resulting effects mentioned above are described by
the Hamiltonian

H = −1

2
ηβc δ2 +

e

p0C
VRF(z) , (29)

9

NUMERICAL METHODS I AND II

255



and VRF usually takes the form

VRF =
∑

i

ViR

hi

(
hiz

R
+ ϕi

)
+

∆E

e
z . (30)

Here, η is the slippage factor

η =
1

γ2tr
− 1

γ2
, (31)

which we will discuss further below, β = v/c is the velocity in units of the speed of light, p0 is the
reference momentum (1) and C is the ring circumference. Also, V is the integrated voltage along the
RF cavities (this includes the transit-time factor), h = ωRF/ω0 the harmonic number, which is the RF
frequency in units of the revolution frequency, and ∆E the mean energy gain per turn.

If we assume a single harmonic RF system, from Eqs. (29) and (30) together with Eq. (11) the
longitudinal equations of motion are derived as

dz

ds
= −ηβc δ, (32)

dδ

ds
=

eV

p0C

(
sin

(
hz

R

)
− ∆E

eV

)
. (33)

Equation (32) contains the slippage factor from Eq. (31) and exhibits the phenomenon of transition.
Particles below the transition energy (η < 0) with positive momentum offset have a positive velocity,
whereas above the transition energy (η > 0) a positive momentum offset leads to a negative velocity with
respect to the direction of flight.

For small phases close to the synchronous phase, we may linearize the kick in Eq. (33) around the
synchronous phase ϕs such that we obtain the linearized longitudinal equations of motion 2

z′′ +
eV ηh

p0βcCR
cos(ϕs)

︸ ︷︷ ︸
(
ωs
βc

)2

z = 0 . (34)

From Eq. (34), we identify the synchrotron tune as

Qs =
ωs

ω0
=

√
eV ηh

2πE0β2
cos(ϕs) . (35)

Defining

αs = 0 , βz =
|η|R
Qs

= constant , (36)

we can apply the same concept as for the linear betatron motion in the transverse plane, obtaining the
one-turn transfer matrix

M =

(√
βz 0
0 1√

βz

)(
cos(2πQs) sin(2πQs)
− sin(2πQs) cos(2πQs)

)( 1√
βz

0

0
√
βz

)
, (37)

and propagating the longitudinal phase-space variables (z, δ) of the macroparticle system by applying a
simple matrix multiplication as in Eq. (26).

For modelling the general non-linear longitudinal motion we need to solve the system of equations
(32) and (33) via a numerical integration algorithm. There are several numerical integration schemes

2Note that via this linearization, z is now the distance from the synchronous phase.
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available (e.g., Runge–Kutta methods). In order to respect the Hamiltonian nature of the problem, it is
important that we choose a symplectic integrator. We will not go into the details of symplectic integrators
here but rather refer the reader to Refs. [10, 11]. An example of a reasonably simple and fast symplectic
integrator of second order in the time step is the velocity-Verlet algorithm

zk,i+1/2 = zk,i −
ηC

2
δk,i,

δk,i+1 = δk,i +
eVRF

mγβ2c2
sin

(
2πh

C
zk,i+1/2

)
,

zk,i+1 = zk,i+1/2 −
ηC

2
δk,i+1,

i ∈ [0, . . . , turn number− 1],

k ∈ [0, . . . ,macroparticle number− 1].

(38)

The integration of the longitudinal equations of motion (32) and (33) for modelling the synchrotron
motion is then applied once per turn for the full revolution as depicted in Fig. 6.

Fig. 6: The integration for the synchrotron motion according to Eqs. (38) is applied once per turn for the full ring

Once this algorithm has been implemented as a function, the numerical propagation of the macropar-
ticle system through the machine is then performed by an iterative turn-by-turn application of Eqs. (38)
for every macroparticle.

Figure 7 shows a simulation of a macroparticle bunch which is propagated through a ring applying
both betatron and synchrotron motion. The horizontal (top) and longitudinal (bottom) phase spaces are
shown. The non-linearity of the synchrotron motion leads to different tunes for different macroparticles
depending on their longitudinal action. As a result, a filamentation of the longitudinal phase space takes
place, which can be observed as the originally aligned colours spiral around the synchronous phase.

2.3 Modelling chromaticity and detuning with amplitude
We are now able to advance a macroparticle system through the machine by transverse and longitudinal
tracking of the individual single macroparticles. The transverse tracking implemented so far models the
linear betatron motion. For collective effects certain aspects of the non-linear transverse motion also
have an important impact. These can appear in the form of chromaticity or detuning with amplitude, for
example.

Chromaticity leads to a shift of the coherent beam spectrum and modifies the way the beam in-
teracts with the machine impedance. This significantly impacts the behaviour of head–tail modes and
instabilities as well as the transverse mode coupling instability (TMCI) (see Ref. [12]). Chromatic-
ity results from different focusing of off-momentum particles. Thus, the quadrupole magnets, needed
to provide the betatron focusing, introduce a natural chromaticity in the machine. Sextupole magnets
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Fig. 7: A macroparticle bunch tracked through a ring applying betatron and synchrotron motion. The figure
shows the horizontal (top left) and longitudinal (bottom left) phase spaces after several turns. Filamentation of
the longitudinal phase space is clearly observable as the originally aligned colours spiral around the synchronous
phase. The horizontal and longitudinal bunch sizes remain constant, as can be seen in the plots on the right,
indicating that the bunch was well matched upon initialization to the machine optics.

placed in dispersive regions can then be used to control the chromaticity. Chromaticity is defined as

Q′ =
d(∆Q)

dδ
, (39)

and can be easily calculated by writing down the (non-linear) Hamiltonian in action–angle variables as
done in Ref. [7], for example. It may be written as

Q′x = − 1

4π

∮
βx(s) (K1(s)−K2(s)D(s)) ds,

Q′y = +
1

4π

∮
βy(s) (K1(s)−K2(s)D(s)) ds.

(40)

Here, Ki = Bi/(Bρ) are the effective (normalized) magnetic field strengths of the quadrupole (i = 1)
and sextupole (i = 2) magnets, respectively.

Detuning with amplitude leads to a transverse tune spread within the beam, which can result in the
suppression of instabilities via Landau damping. This is achieved for example with octupole magnets
which provide a different focusing depending on the transverse offset of particles from the centre of the
octupoles (which are usually placed on the reference orbit). Detuning with amplitude is described by the
anharmonicities of the machine, which are defined as

(
∆Qx
∆Qy

)
=

(
αxx αxy
αyx αyy

)(
Jx
Jy

)
, (41)
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or consequently

αxx =
d∆Qx
dJx

, αxy =
d∆Qx
dJy

,

αyy =
d∆Qy
dJy

, αyx =
d∆Qy
dJx

. (42)

As for chromaticity, the anharmonicities can be easily calculated by writing down the (non-linear) Hamil-
tonian, now also containing octupole fields, in action–angle variables. They may be written as

αxx = +
3

8π

∮
K3(s)βx(s)2 ds,

αxy = − 3

4π

∮
K3(s)βx(s)βy(s) ds = αyx,

αyy = +
3

8π

∮
K3(s)βy(s)

2 ds.

(43)

Here, K3 = B3/(Bρ) is the effective (normalized) octupole field strength.

Chromaticity and detuning with amplitude can be implemented rather easily if we recollect that
for a certain particle with momentum offset δ and transverse actions Jx and Jy, the detuning resulting
from chromaticity and anharmonicities of the machine integrated over one turn is calculated as

∆Qx = Q′xδ + αxxJx + αxyJy ,

∆Qy = Q′yδ + αyxJx + αyyJy .
(44)

Hence, for a given segment (i, j) along the ring, the proportional detuning becomes

∆Qx,i→j =
(
Q′xδ + αxxJx + αxyJy

) ∆µx,i→j
2πQx

,

∆Qy,i→j =
(
Q′yδ + αyxJx + αyyJy

) ∆µy,i→j
2πQy

.
(45)

We can pick up the transfer matrix in Eq. (23), which, when we include detuning effects from chro-
maticity and detuning with amplitude, becomes a separate transfer matrix for every individual single
macroparticle:

Mk(s1|s0) =

( √
β1 0

− α1√
β1

1√
β1

)(
cos(∆µk,0→1) sin(∆µk,0→1)
− sin(∆µk,0→1) cos(∆µk,0→1)

)( 1√
β0

0
α0√
β0

√
β0

)
,

∆µk,0→1 = ∆µk,0→1(δk, Jk) =
(
Q′δk + αJk

) ∆µi→j
Q

,

k ∈ [0, . . . ,macroparticle number− 1].

(46)

Chromaticity and detuning with amplitude already lead to some macroscopic effects which are
not yet collective effects (the potential does not depend on the particle distribution) but are nevertheless
distinct for multiparticle systems. Examples are the decoherence from chromaticity or emittance blow-
up due to filamentation from detuning with amplitude. These effects can be easily simulated with the
tools we have implemented so far. An example of a simulation of decoherence and emittance blow-up in
the presence of anharmonicities is shown in Fig. 8. It can be clearly seen how macroparticles with larger
transverse actions have a smaller tune and thus start lagging behind in transverse phase space. This results
in the characteristic spiralling of the macroparticle distribution in phase space, which translates into the
observed decoherence and emittance blow-up. From the signal of the mean position in Fig. 8, we can
compute the coherent spectrum, which is plotted in Fig. 9. The spectrum clearly features a finite spread
around the tune, which in this case was at 20.13. Because we are running a macroparticle simulation we
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have full access to all six phase-space variables of every macroparticle at any time. Equipped with the
data for each individual macroparticle we are now even able to produce the incoherent spectrum. For
this we perform a fast Fourier transform (FFT) analysis for each macroparticle to obtain their individual
tunes in the horizontal and the vertical planes. We plot the obtained points in tune space (Qx, Qy) for
every macroparticle to obtain the tune footprint of the macroparticle system. This is shown in Fig. 10.
The tune footprint is an essential piece of information for the characterization of Landau damping, which
will not be treated in further detail here. The interested reader is referred to Refs. [13–15].

Fig. 8: Filamentation in the transverse phase space as a result of anharmonicities when the bunch enters with an
initial offset (left). The mean position decoheres accompanied by an emittance blow-up, as can be seen in the plot
on the right.

Fig. 9: The coherent spectrum obtained from the signal of the mean position. The spectrum features a finite spread
around the tune (20.13).
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Fig. 10: The incoherent (fractional tune) spectrum obtained from the signal of each macroparticle. The nominal
tune in this case was at (20.13, 20.18). The darker points correspond to macroparticles with larger actions. The
triangular shape of the tune footprint is characteristic for the detuning generated by octupoles, which were used for
this simulation.

3 Modelling beam dynamics in the presence of wake fields
We have learned how to initialize a macroparticle system in accordance with the macroscopic statistical
properties of a physical particle bunch and how to track this macroparticle system both transversely
and longitudinally through a circular machine in absence of collective effects. So far, all propagation
of the macroparticle system took place independently, i.e., macroparticles were tracked individually and
independently from other macroparticles. Adding collective effects, tracking can no longer be performed
in this manner. Collective effects add dependences to the macroparticle system such that macroparticles
have to be tracked taking into account all other macroparticles present in the macroparticle system.

Physically, collective effects originate from machine elements and devices that store electromag-
netic fields which have been excited by particles travelling through these elements or devices. The net
electromagnetic field excited will depend on the exact distribution of the particles travelling through an
element or device. Examples of these types of collective effects are the resistive wall effect coming from
the resistivity of the walls of a vacuum chamber or trapped modes excited in a cavity-like structure. In all
cases, particles passing through these objects leave back electromagnetic fields which then affect trailing
particles. To model these effects one employs the concept of wake fields (or impedances).

Wake fields are the electromagnetic fields left behind a source particle travelling through an object
and felt by a trailing or target particle. A such, they are functions of the distance between the source
and the target particle. The concept of wake fields is illustrated in Fig. 11. Formally, a wake field is the
electromagnetic response function of an object. This can be computed independently for any individ-
ual object either by analytical means for simple objects or by numerical means for more sophisticated
structures. The wake function is an intrinsic property of any such object.
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Fig. 11: The concept of wake fields. Wake fields are the integrated force from the electromagnetic fields left by a
source particle (blue) and felt by a trailing or target particle (orange).

In the formalism to follow, we will restrict ourselves to the horizontal plane, but it is equally valid
for both the horizontal and the vertical planes. Both planes must be included of course when one wishes
to add coupling effects. The wake function w is defined via the integrated force along the effective length
of a given object: ∫ L/2

−L/2
F (z, s) ds = qqtw(z). (47)

Here, q and qt are the charges of the source and target particles, respectively. The wake function in
general is a function of the transverse positions of both the source and the target particles as well as of
the distance between the two, so that

w(z)→ w(x, xs, z − zs). (48)

Here, x and z denote the positions of the target particle. With the linearity of Maxwell’s equations in the
fields, the superposition principle holds and the integrated force generated not by a single particle but by
a particle distribution travelling through an object is given as the convolution

∫ L/2

−L/2
F (x, z, s) ds = qqt

∫
ρ(xs, zs)w(x, xs, z − zs) dxs dzs

≡ −∇V (x, z).

(49)

We are now ready to write down the Hamiltonian for the simple betatron motion together with
wake fields:

H =
1

2
x′2 +

1

2
K(s)x2 +

∑

k

e2

mγβ2c2C

∫∫
ρ(xs, zs)w(x, xs, z − zs − kC) dxs dzs +Hs(z, δ)

(50a)

= . . .+
∑

k

e2

mγβ2c2C

∫∫
ρ(xs, zs)

∑

mn

xnxms Wmn(z − zs − kC) dxs dzs +Hs(z, δ) (50b)

= . . .+
∑

k

e2

mγβ2c2C

∑

mn

xn
∫
λm(zs)Wmn(z − zs − kC) dzs +Hs(z, δ), (50c)

where
λm(zs) =

∫
ρ(xs, zs)x

m
s dxs (51)
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is the transverse moment of order m of the source distribution at zs. We included multiturn wakes in the
Hamiltonian above, where k is the turn number and C the ring circumference. Since the wake function
is a function of the longitudinal coordinates we of course needed to include the longitudinal dynamics
via the Hamiltonian Hs(z, δ) to obtain a complete and self-consistent picture. In Eq. (50b), we made a
Taylor expansion around the reference orbit and obtained the wake function of order mn. Here, m gives
the order of the transverse moment of the source distribution and n gives the order of the resulting kick
from the wake applied to the target particles. For most objects in practice, the wake functions that play a
role are

W01 : constant wake,

W11 : dipole (driving) wake,

W02 : quadrupole (detuning) wake.

(52)

For these wakes, and omitting multiturn effects, the Hamiltonian simplifies to

H =
1

2
x′2 (53a)

+A

(∫
[ρ(zs)]W01(z − zs) dzs +

∫
[ρ(zs) 〈xs〉 (zs)]W11(z − zs) dzs

)
x (53b)

+

(
1

2
K(s) +A

∫
[ρ(zs)]W02(z − zs)

)
x2 +Hs(z, δ), (53c)

where we setA = e2/(mγβ2c2C) and 〈xs〉 (zs) is the mean horizontal position of the source distribution
located at zs. From this set of equations we can readily identify the effect of the different types of wakes
on the beam dynamics. The term (53b) is linear in x and thus describes dipolar kicks changing the
particle orbit. We can see that a constant wake produces a change of orbit depending on the source
charge, whereas a dipolar wake creates an orbit distortion that depends on the mean source orbit offset.
This feature of the dipolar wake is actually what enables it to drive beam instabilities, which is why it
is sometimes also called the driving wake. The term (53c) produces a change in tune depending on the
source charge. For this reason quadrupolar wakes are sometimes also called detuning wakes. We will
discuss the different wakes and their impact on beam dynamics further below in parallel with simulations.
But first we will move to the numerical implementation of wake field effects.

Going back to the definition of the wake fields in Eq. (49), we see that for a macroparticle system,
which is essentially a collection of discrete individual macroparticles, the wake field kick, i.e., the change
in momentum, from a constant, dipole or quadrupole wake field for an individual macroparticle is easily
calculated via the sum over all macroparticles:

∆x′k =





− e2

mγβ2c2

∑

j

W01(zk − zj),

− e2

mγβ2c2

∑

j

W11(zk − zj)xj ,

− e2

mγβ2c2

∑

j

W02(zk − zj)xk,

j, k ∈ [0, . . . ,macroparticle number – 1].

(54)

If we denote by N the macroparticle number, this results in N2 operations and in particular in N2 wake
function evaluations, which can be computationally very expensive.

The computation can be made much faster by a simple numerical trick, which is similar to the
concept of macroparticle models itself. As long as the wake function is sufficiently smooth and does not
vary strongly within a given interval [zi, zk], we can further discretize a macroparticle system into a set
of longitudinal slices. We assume the wake function to be constant within a given slice. In this case, it
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is sufficient to evaluate the wake function only once for all macroparticles within this slice. Instead of
having to do a macroparticle-to-macroparticle evaluation we now only need to perform a slice-to-slice
evaluation of the wake function. Equations (54) thus become

∆x′k[i] =





− e2

mγβ2c2

∑

j

N [j]W01(z[i]− z[j]),

− e2

mγβ2c2

∑

j

N [j]W11(z[i]− z[j]) 〈x〉[j],

− e2

mγβ2c2

∑

j

N [j]W02(z[i]− z[j])xk[i],

i, j ∈ [0, . . . , slice number – 1],

k ∈ [0, . . . ,macroparticle number – 1].

(55)

Here, ∆x′k[i] is the change in momentum for a macroparticle in slice i, N [j] is the number of macropar-
ticles in slice j, z[i] is the centre longitudinal position of slice i, 〈x〉[j] is the mean horizontal offset of
slice j and xk[i] is the horizontal position of a macroparticle in slice i.

If we denote by n the slice number, the number of evaluations now reduces to n2. If we consider
that typically we have of the order of several thousand macroparticles per slice, this means that the num-
ber of evaluations is reduced by six orders of magnitude compared to the macroparticle-to-macroparticle
evaluation. Furthermore, if the discretization of the macroparticle system is done longitudinally uni-
formly such that all slices have the same width, the number of slice-to-slice distances, and therefore the
necessary wake field evaluations, reduces to 2 × n − 1. The wake function can be pre-calculated for
all those distances and the values can be stored in an array. In this case the numerical algorithm to be
performed for applying wake field kicks to a macroparticle system would look as illustrated in Fig. 12.

Figure 12 assumes a macroparticle bunch encountering a constant horizontal wake function WCx

(i.e., aW01-type wake function in Eq. (55)). Axis A) shows the macroparticle bunch and axis B) the wake
function as it will be seen by the individual slices. Axis C) plots the number of macroparticles in each
slice and axis D) finally depicts the wake field kicks that will be applied to each slice. The longitudinal
slices are rendered on all axes as the coloured bars, where each coloured bar corresponds to a slice. The
colours in axes C) and D) match in the sense that each coloured slice on axis C) will receive the wake
kick from the corresponding coloured slice on axis D).

The formula at the bottom of Fig. 12 demonstrates how a function that models wake field kicks
would have to be implemented. The number of macroparticles per slice N for the n slices and the wake
function WCx for each of the 2 × n − 1 slice-to-slice distances from [−L,+L] are pre-computed and
stored in two arrays. The wake field kicks are then computed according to this formula (or, similarly, to
Eq. (55)) for all macroparticles in a slice by updating all the angles of those macroparticles.

We will now go through some examples of numerically modelled wake field effects.

3.1 Constant wake fields
Constant wake fields are generated by structures with left–right or top–bottom symmetry. They create
a closed orbit distortion similar to the potential well distortion that exists in the longitudinal plane. The
Hamiltonian which includes constant wake fields WCx is given as

H =
1

2
x′2i +

1

2
K(s)x2i −

e2

mγβ2c2C

n−1∑

j=0

N(zj)WCx(zi − zj)xi +Hs(z, δ). (56)

Here, xi is a macroparticle in slice i, N(zj) is the number of macroparticles in slice j, zj is the centre
longitudinal position of slice j and n is the number of slices. The wake field term in the Hamiltonian is
linear in xi. Thus, it generates an orbit shift (like dipoles would).
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Fig. 12: Sketch of the algorithm to compute and apply wake field kicks. The coloured bars correspond to, and
identify via their colour, the individual longitudinal slices. A) shows the macroparticle bunch. Axis B) shows the
wake function (marker value) as it will be seen by the colour-corresponding slices. Axis C) plots the number of
macroparticles in each slice and axis D) finally depicts the wake field kicks (marker value) that will be applied to
each colour-corresponding slice. The arrows highlight which wake field kick will be applied to which slice. The
wake field kick itself is evaluated for each slice according to the formula rendered below the plot.

From the Hamiltonian in Eq. (56), we can evaluate, apart from the betatron motion, which we
already solved in Section 3, the corresponding additional kick from the wake fields as

∆x′i = − e2

mγβ2c2

Slice-dependent orbit shift
(if line density does not change)︷ ︸︸ ︷
n−1∑

j=0

N(zj)WCx(zi − zj)
︸ ︷︷ ︸

Dipolar term→ orbit kick

. (57)

We can see from Eqs. (56) or (57) that a constant wake field generates a slice-dependent orbit shift. This
results in a closed orbit distortion.

Equipped with the possibility of initializing and tracking macroparticle systems and having now
also included wake field kicks, we can run a simulation that includes constant wake field effects. Fig-
ure 13 shows an example of such a simulation. A macroparticle bunch is initialized on the design orbit.
The constant wake field shifts the orbit along the bunch. As a result, the bunch oscillates around the
distorted orbit. Depending on the line density of the bunch and the shape of the constant wake field, this
distortion may look different. In the example above, the distortion is pronounced towards the tail of the
bunch. The bunch takes on a banana-like shape and the tail of the bunch flaps around the distorted orbit.
For more information on the effects of constant wakes, the reader is referred to Ref. [16].
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Fig. 13: Macroparticle simulation of the effects of a constant wake field. The initialization of the macroparticle
bunch is outlined by the yellow rectangle. The distorted orbit is sketched by the dashed line. As a consequence of
the constant wake field the tail of the macroparticle bunch will oscillate around the distorted orbit. The plot on the
right shows the resulting oscillation in the mean bunch position and emittance. The motion remains bounded and
the beam is stable.

3.2 Dipole wake fields
Dipole wake fields are the type of wake fields that generate instabilities. The kind of instability depends
on the machine configuration. We will discuss three different forms of instabilities with simulations
below. The Hamiltonian which includes dipole wake fields WDx is given as

H =
1

2
x′2i +

1

2
K(s)x2i −

e2

mγβ2c2C

n−1∑

j=0

N(zj) 〈xj〉WDx(zi − zj)xi +Hs(z, δ). (58)

Here, xi is a macroparticle in slice i, N(zj) is the number of macroparticles in slice j, zj is the centre
longitudinal position of slice j and n is the number of slices. The wake field term in the Hamiltonian is
linear in xi. Thus, it generates an orbit shift (like dipoles would). However, in contrast to the constant
wake field case we see that the Hamiltonian now contains an additional dependency on 〈xj〉. Thus,
different slices within the bunch get coupled. One can already imagine that this coupling of slices can
lead to peculiar effects.

From the Hamiltonian in Eq. (58), we can evaluate, again apart from the betatron motion, the
corresponding additional kick from the wake fields as

∆x′i = − e2

mγβ2c2

Slice-dependent orbit shift︷ ︸︸ ︷
n−1∑

j=0

N(zj) 〈xj〉WDx(zi − zj)
︸ ︷︷ ︸

Dipolar term→ orbit kick

. (59)

We can see from Eqs. (58) or (59) that a dipole wake field generates a slice-dependent orbit shift. This
shift in orbit is now not only dependent on the charge of a given slice but it is dependent on the weighted
mean horizontal offset of the slice. Thus, the dynamics of the individual slices enters back into the
equation. One can imagine that there are stationary solutions to the system described by the Hamiltonian
in Eq. (58) and characterized by the kick in Eq. (59). Indeed, such solutions can be found analytically
for simple cases by employing the Vlasov equation in a perturbation approach, as done in Ref. [12].

3.2.1 Beam break-up instability
Having learned how to implement dipolar wake fields, we can study the beam dynamics numerically. As
the first case, we will investigate the behaviour of a bunch subject to a dipolar wake field in the absence of
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synchrotron motion. In this configuration, the head of the bunch will generate dipolar wake fields, which
will shift the orbit of the following slices in the bunch. This will trigger a mean dipole motion of these
slices, which consequently will generate stronger dipolar wake fields for the slices in the bunch still to
follow. This process builds up turn by turn causing the tail of the bunch to oscillate increasingly violently
and rendering the bunch unstable. This type of instability is the beam break-up instability and can occur
in linear accelerators or in circular accelerators at transition where the synchrotron motion is frozen. The
beam is inherently unstable and will grow exponentially if no additional means of stabilization is put
in place. Figure 14 shows a simulation of a macroparticle bunch subject to a dipolar wake field. The
synchrotron motion was turned off. The build-up of the oscillation towards the tail of the bunch is clearly
visible. This is accompanied by a fast exponential growth of the motion and the emittance of the bunch.

Fig. 14: Macroparticle simulation of the effects of a dipolar wake field. The synchrotron motion was turned off.
The build-up of the oscillation towards the tail of the bunch is clearly visible in the left-hand plot. The exponential
growth of the mean position and emittance of the bunch is shown in the right-hand plot.

3.2.2 Transverse mode coupling instability
We repeat the simulation from above investigating the behaviour of a bunch subject to a dipolar wake
field; however, now we include synchrotron motion. We keep the chromaticity at zero. In this config-
uration, the head of the bunch will still generate dipolar wake fields, which will shift the orbit of the
following slices in the bunch, triggering a mean dipole motion of these slices. Due to the synchrotron
motion, eventually, the head and tail slices will exchange their positions. This will prevent the motion
of the tail slices from building up coherently. In fact, in absence of chromaticity, gradually, this motion
that builds up within a certain fraction of a synchrotron period gets washed out again at a later stage.
Synchrotron motion acts as a stabilizing mechanism and the larger the synchrotron tune the more effec-
tive this washing-out of the coherent dipole motion is. This is true as long as the beam intensity remains
below the TMCI threshold. At this point, the beam intensity is so high that the dipole motion builds up
coherently before it can be cleared away via the synchrotron motion. A particularly violent instability
emerges from this, which in many aspects is similar to the beam break-up instability discussed above.
Figure 15 shows an example of a simulation of a TMCI. The macroparticle bunch is heavily distorted
and the motion and the emittance of the bunch grow exponentially.

We can run several simulations at different intensities to gain more insight into this mechanism.
For each simulation, at a given intensity, we do a spectral analysis of the coherent motion. We obtain
spectra similar to the ones shown in Fig. 16. Below the TMCI threshold we can distinguish several
spikes in the spectrum which correspond to different azimuthal and radial modes which arise from the
interaction of the macroparticle bunch with the dipolar wake fields in combination with the synchrotron
motion. These are in fact the stationary solutions, which were already mentioned earlier and discussed
in more detail in Ref. [12]. What can be observed is that, as the intensity increases, certain modes tend
to approach each other. This is indicated in the left-hand plot in Fig. 16. At a certain intensity these
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Fig. 15: Macroparticle simulation of the effects of a dipolar wake field. The synchrotron motion in turned on.
The bunch intensity is above the TMCI threshold. The macroparticle bunch is heavily distorted. The exponential
growth of the mean position and emittance of the bunch is shown in the right-hand plot.

modes merge or couple, as shown in the right-hand plot in Fig. 16. This is exactly the TMCI threshold
at which the beam becomes violently unstable. The TMCI is a threshold effect. The beam is entirely
stable below the intensity threshold and becomes inherently unstable above this threshold. Therefore,
the TMCI threshold is often a hard limit for most machines.

Fig. 16: Bunch spectra obtained from the mean position for a simulation below (left) and above (right) the intensity
threshold for TMCI. Several spikes are distinguishable below the threshold. Two of the spikes (modes A and B)
approach each other as the intensity increases until they finally merge as shown in the right-hand plot. At this point
the bunch becomes violently unstable.

One of the strategies employed to raise the TMCI threshold is to increase the synchrotron tune.
This was implemented recently in the CERN Super Proton Synchrotron (SPS) [17]. In changing the
machine optics, the transition energy could be lowered such that the injection energy of the beam actually
ended up farther away from the transition energy. This leads to an increase in the synchrotron tune.
Figure 17 shows two plots in the way they are typically presented to visualize TMCI. The plots feature the
bunch spectra (mode number on the y axis vs. marker colour and size) laid out against the bunch intensity.
The mode number is given as the betatron tune shift in units of the synchrotron tunem = (Qx−Qx0)/Qs.
The left-hand plot in Fig. 17 displays the coherent tune shifts with intensity and highlights a mode
coupling of modes –2 and –3 taking place at an intensity of 1.5 × 1011 ppb. Increasing the synchrotron
tune leads to a larger separation of the individual mode lines causing them to couple only at a later stage
at 4× 1011 ppb, as illustrated in the right-hand plot in Fig. 17.
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Fig. 17: TMCI spectra in the SPS for the two different optics (Q26 & Q20). The bunch spectra are plotted against
the intensity. The spectral power is indicated by the markers and scales with the marker size and colour according
to the legend. Mode coupling occurs between modes –2 and –3 at an intensity of 1.5× 1−11 ppb in the left-hand
plot for which Qs = 0.0059 and at an intensity of 4× 1011 ppb in the right-hand plot for which Qs = 0.017.

3.2.3 Head–tail instability
Finally, we study the case of a bunch subject to a dipolar wake field including synchrotron motion and
now also including chromaticity. In this configuration, the head of the bunch will generate dipolar wake
fields shifting the orbit of the following slices in the bunch while the synchrotron motion will periodically
exchange head and tail slices within the bunch. As long as we are below the TMCI threshold, the bunch
would be stable due to the synchrotron motion clearing away the dipole motion before it can build up
coherently. This is true at zero chromaticity. Chromaticity, however, correlates the transverse motion of
slices with their longitudinal position and thus incorporates a form of temporal interrelationship between
the transverse and the longitudinal motions. This introduces a synchronicity mechanism which can
lead to the synchrotron motion no longer clearing away the coherent dipole motion, but, instead, may
cause it to actually seed a new form of coherent dipole motion. Finite chromaticity in combination with
synchrotron motion (of course, otherwise chromaticity has no effect) and dipolar wake fields, in this
case, generate head–tail instabilities. These are usually much less violent, i.e., they feature slower rise
times, than the TMCI discussed in the previous section. On the other hand, head–tail instabilities are
not a threshold effect. At finite chromaticity a bunch is inherently unstable, which would lead to an
exponential growth of the head–tail mode if no additional means of stabilization is put in place. Head–
tail modes are, again, stationary solutions of the accelerator–beam system. The imaginary part of their
complex tune shift is given essentially by the overlap of the mode spectrum with the impedance. At zero
chromaticity this overlap vanishes. At finite chromaticity certain modes are damped while others grow.
Head–tail modes feature distinct patterns when observed in a pickup.

Figure 18 shows simulations of a head–tail instability for two sets of chromaticities compared to
measurements in the LHC. The modes clearly exhibit their time-stationary nature. The different head–
tail modes can be characterized by the number of nodes seen along the waveform. This number in fact
corresponds to the radial mode number when performing the analytical analysis.

In summary, dipole wake fields generate instabilities that can be effectively investigated by nu-
merical methods using macroparticle models. We looked at three different types of instabilities, which
can be classified as shown in Table 2.
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Fig. 18: Macroparticle simulation of a head–tail instability compared with measurements in the LHC. The left-
hand plot shows a (radial) mode 2 instability occurring at a chromaticity of Q′ = 10. The right-hand plot shows a
(radial) mode 3 instability occurring at a chromaticity of Q′ = 15.

Table 2: Classification of different types of instabilities generated by dipolar wake fields along with their condi-
tions.

Synchrotron motion Chromaticity Threshold effect Rise time
Beam break-up No Irrelevant No Fast
TMCI Yes No Yes Fast
Head–tail instability Yes Yes No Slow

3.3 Quadrupole wake fields
Quadrupole wake fields are the highest order wake fields in the target coordinates that are commonly
still considered. They do not usually generate instabilities. The Hamiltonian which includes quadrupole
wake fields WQx is given as

H =
1

2
x′2i +

1

2
K(s)x2i −

e2

mγβ2c2C

n−1∑

j=0

N(zj)WQx(zi − zj)x2i +Hs(z, δ). (60)

Here, xi is a macroparticle in slice i, N(zj) is the number of macroparticles in slice j, zj is the centre
longitudinal position of slice j and n is the number of slices. The wake field term in the Hamiltonian is
quadratic in x. Thus, it generates a tune shift (like quadrupoles would).
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From the Hamiltonian in Eq. (60), we can evaluate, again apart from the betatron motion, the
corresponding additional kick from the wake fields as

∆x′i = − e2

mγβ2c2

Slice-dependent tune shift
(if line density does not change)︷ ︸︸ ︷
n−1∑

j=0

N(zj)WQx(zi − zj)
︸ ︷︷ ︸

Quadrupolar term→ tune kick

xi. (61)

We can see from Eqs. (60) or (61) that a quadrupole wake field generates a slice-dependent tune shift.
This results in an additional coherent tune shift, which in combination with dipole wake fields may
expedite or hinder mode coupling. In addition it introduces a tune spread within the bunch combined
with all the consequences such as potential resonance crossing or in principle even Landau damping.

Having learned how to implement quadrupolar wake fields, we can study the beam dynamics
numerically. We find that a bunch subject to a quadrupolar wake field remains stable. We can perform a
spectral analysis of each individual macroparticle to obtain the tune footprint of the macroparticle system.
The resulting footprint is shown in Fig. 19. It is clearly visible how the footprint is grouped according
to the slices of the bunch. Each coloured marker is actually a group of macroparticles within a given
slice. The slice-dependent tune shift reflects the convolution with the quadrupolar wake field according
to Eq. (61).

Fig. 19: Tune footprint of a macroparticle bunch subject to a quadrupolar wake field

This concludes our investigation of the numerical modelling of wake fields. This was the first
truly collective effect we implemented which had to be treated taking the full macroparticle system self-
consistently into account. We introduced wake fields as the electromagnetic response function of an
object and learned that the net wake field kick is obtained via the convolution of the wake function with
the macroparticle distribution. We studied constant, dipole and quadrupole wake fields with simulations
and learned about the different types of instabilities. In the final part of the lectures we will examine
another type of collective effect. This will consist of a second macroparticle system to interact with our
macroparticle bunch. Being a dynamical system itself, this macroparticle system cannot be modelled via
an electromagnetic response function as done for a rigid object via the wake fields. This will make the
problem quite a bit more involved.
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4 Modelling beam dynamics together with electron clouds
In the previous sections we learned how to initialize a macroparticle system representing a physical par-
ticle beam and how to track this macroparticle system through a circular machine transversely and lon-
gitudinally given the machine optics and RF configuration. Finally, we learned how to include and treat
collective effects via wake fields to interact self-consistently with this macroparticle system. A feature
of wake fields—being the electromagnetic response function of an object—is that they are a stationary
property of the object that generates them. Unless the object changes its geometry or electromagnetic
properties the wake function will not change. It can be computed once for an object and can then be used
turn after turn. Figure 20 summarizes the numerical treatment of beam dynamics under the influence of
collective effects via macroparticle models developed so far.

Fig. 20: Figurative summary of beam dynamics components treated so far. These include macroparticle system
initialization, single-macroparticle tracking in the transverse and the longitudinal planes and collective interaction
among macroparticles via wake fields.

In this section we will investigate another form of collective effects introduced not by a static
object but by either the charged particle beam itself or also by another charged particle system. This
can be a second beam which brings about the beam–beam interaction. This is a phenomenon that needs
to be studied around the collision point of particle colliders. Instead of another beam it can also be a
different form of charged particle distribution even with different particle species and energies such as
for example electron clouds. We will use the example of the electron cloud throughout the rest of this
section to illustrate the numerical concepts and methods used to treat these types of collective effects.

Electron clouds are a phenomenon that develops in accelerators of high-intensity positively charged
beams. Primary electrons get released through residual gas ionization or synchrotron radiation. These
electrons are accelerated in the electromagnetic fields generated by the positively charged circulating
beam. At some point they will hit the vacuum chamber walls and depending on their energy and impact
angle as well as on the surface properties—characterized by the secondary electron yield (SEY)—they
will release a certain amount of secondary electrons. These will again be accelerated by the circulating
beam and will also hit the vacuum chamber walls releasing yet more secondary electrons. Depending
on the configuration of the circulating beam (intensity, bunch spacing etc) this can lead to an avalanche
effect in generating an increasing amount of electrons, which we call multipacting. This generation of
electrons will saturate when the electron density has reached a value such that the resulting space-charge
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force repels secondary electrons sufficiently to suppress any further multipacting. At the end of this
electron cloud build-up process one is left with stationary distributions of electrons at different locations
around the ring. We call these stationary distributions electron clouds. Of course, one can imagine that
these electron clouds are able to generate fields that can substantially perturb the motion of the circulating
beam.

Electron clouds contain their own dynamics and macroscopic properties. In contrast to the static
objects treated via wake fields in the previous section, electron clouds dynamically change their macro-
scopic properties. As such, if one were to calculate the electromagnetic response function of electron
clouds, this would continuously change. In addition, the electromagnetic fields generated by electron
clouds are highly non-linear, so the linear treatment using dipole and quadrupole wake fields would no
longer be appropriate and higher order wake fields would have to be included. Most of the advantages
gained from the wake field concept would no longer apply for electron clouds. Other strategies are re-
quired for an efficient numerical treatment of the interaction of charged particle beams with electron
clouds.

4.1 Electron clouds as additional macroparticle systems
To numerically treat the electron cloud effects, the electron cloud has to be modelled as a macroparticle
system in itself. This makes beam dynamics simulations with electron clouds much more involved, as
one now needs to treat not only the macroparticle system resembling the physical particle beam but also
one or several macroparticle systems resembling the electron clouds.

The same reasoning that was applied earlier for a physical particle beam also applies for the elec-
tron clouds. We can handle the electron clouds numerically by clustering the physical electrons into a
discrete set of macroparticles while at the same time taking care about noise issues. We need to know the
generalized coordinates and the canonically conjugate momenta of each individual macroparticle along
with its charge and mass. For reasons that will be discussed further below, the electron cloud macropar-
ticle system can be treated purely transversely. As such, it will be fully characterized by the generalized
coordinates, given as the horizontal and vertical positions (x, y) in metres with respect to the centre of
the vacuum chamber (usually) and the canonically conjugate momenta, given as the corresponding hori-
zontal and vertical velocities (ẋ, ẏ). Initialization will usually take place as import of a distribution from
an electron cloud build-up simulation. The electron cloud build-up simulations are treated in detail in
Refs. [18, 19] and will not be further discussed here. If a distribution from an electron cloud build-up
simulation is not available, one often chooses to start from a distribution that uniformly fills the vacuum
chamber (or a part of it) with a given electron density.

As done earlier for the charged particle beam, the electron cloud macroparticle system can be rep-
resented by some allocated memory block in the main memory which is sufficiently large to accommo-
date all the relevant quantities of the macroparticle system, i.e., generalized coordinates and canonically
conjugate momenta, charges and masses. Table 3 shows an example memory layout of an electron cloud
macroparticle system in the main memory where each of the four phase-space variables is allocated as
an array of length equal to the macroparticle number which contains the corresponding values for every
macroparticle.

Table 3: Example memory layout of an electron cloud macroparticle system in the main memory. Each of the four
phase-space variables is allocated as an array of length equal to the macroparticle number N .

Count 0 1 2 . . . N

x . . . . . . . . . . . . . . .
ẋ . . . . . . . . . . . . . . .
y . . . . . . . . . . . . . . .
ẏ . . . . . . . . . . . . . . .

27

NUMERICAL METHODS I AND II

273



The action of the electron cloud on a charged particle beam will apply via the electromagnetic
fields generated by the electron cloud and impacting the charged particle beam. On the other hand, the
charged particle beam acts back onto the electron cloud as it also generates electromagnetic fields which
in turn will cause electrons to be accelerated towards the positively charged particle beam. It follows that
we will now have to handle the dynamics of the two macroparticle systems self-consistently.

During the beam passage, the electrons are accelerated, which causes the electron cloud to reform
and, therefore, changes its macroscopic distribution. The electromagnetic fields generated by the elec-
tron cloud are thus strongly modified and consequently highly dynamic already during a single bunch
passage. The resulting electromagnetic fields in the vicinity of the passing beam will perturb the beam
motion and eventually lead to a distortion of the particle distribution within the beam. Then, again, the
electromagnetic fields generated by the passing beam are changed, which in turn affects the electron dy-
namics and electron cloud reformation (and thus also the electromagnetic fields generated by the electron
cloud) during the beam passage.

In frozen models, the distortion of the particle distribution within the beam is not taken into ac-
count and the electromagnetic fields are computed only for one beam passage. The electromagnetic fields
generated by the electron cloud during this beam passage are stored as a field map and are then re-applied
to the beam at every passage. Fully self-consistent models, on the other hand, do a full re-computation
of the electromagnetic fields taking into account the current distributions of both the electron cloud and
the charged particle beam at every iteration. It is clear that this becomes a strongly coupled system of
many subsystems where each of the subsystems already contains highly complex dynamics of their own.

The motions of the electrons and the charged particles in the beam take place at very different
time-scales due to their very different energy scales (the electrons are nearly at rest while the beam is
moving at relativistic speeds). The electron motion takes place within fractions of the bunch length
whereas the charged particle motion takes place within fractions of a revolution period. We will discuss
the modelling and implementation of the electron cloud and charged particle beam interaction in the next
sections.

4.2 Numerical treatment and computation of fields
The modelling of the accelerator–beam system now needs to include electron clouds as part of the accel-
erator, with these, at the same time, being independent macroparticle systems with their own dynamics.
Figure 21 shows a sketch of a model machine layout. At each interaction the electromagnetic fields need
to be computed for both the electron cloud and the charged particle beam. These fields then need to be
applied to the two macroparticle systems and the macroparticles need to be propagated. The computation
of the electromagnetic fields for the, in principle, arbitrary macroparticle distributions is, in general, a
non-trivial task. Fortunately, we can employ a few basic assumptions which will simplify this exercise.

The electron cloud is assumed to be distributed over a considerable length L along the vacuum
chamber much larger than its transverse dimensions b such that is has a low aspect ratio A = b/L � 1.
In this case we can assume the electric fields of the electron cloud to be purely transverse. Since the
electrons are also nearly at rest just before the beam passage we have for the electron velocity v � c
and the magnetic fields of the electron cloud can be practically neglected. The charged particle beam
is assumed to be close to relativistic. For these types of beams we know that the electric field in the
laboratory frame is strongly enhanced in the direction perpendicular to the direction of flight, i.e. it is
also almost purely transverse. As mentioned already we can now see that the electromagnetic interaction
between the electron cloud and the charged particle beam can be treated purely transversely and as an
electrostatic problem.

Hence, what we need to do is to numerically solve the 2D Poisson equation at every encounter.
Using the electric fields obtained from the solution, we then need to kick and propagate both the electrons
and the charged particles in the beam. Since the electron motion happens very fast—on the time-scale of
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Fig. 21: Machine layout for a machine containing electron clouds. The electron clouds are placed at several
locations along the ring. At each location, an electron cloud with charged particle beam interaction takes place.

fractions of a bunch length—the electrons receive a kick and then have to be propagated within this time
frame, while the charged particles in the beam receive just the kick and are propagated through the ring
via the betatron motion. For this reason, a macroparticle bunch is discretized into a set of longitudinal
slices, as was done for the wake field interactions. The slice width will determine the maximum time
frame in which the electrons will be linearly propagated. This situation is depicted in Fig. 22.

Fig. 22: Discretization of the incoming charged particle beam into a set of longitudinal slices. The interaction
takes place slice-by-slice and the electrons are propagated on the time-scale of a single slice.

The motion of the charged particle beam on the other hand takes place on a much larger time-
scale. Hence, the impact of the electron cloud is treated as an integrated effective force and the total kick
is applied after the passage of a slice through the electron cloud. As such, since the kicks from each
segment of the electron cloud will just linearly add up, the electron cloud can be longitudinally projected
and treated for each slice in a 2D plane.

The overview of the numerical treatment of beam dynamics under the influence of electron clouds
is now slightly adapted in comparison with Fig. 20 and is pictured in Fig. 23.

For each slice at each iteration the following steps are performed. First, one needs to compute
the electric fields of the respective slice and of the projected electron cloud by numerically solving the
Poisson equation

∆φe−(x, y) = −ρe−(x, y)

ε0
,

∆φp+(x, y) = −ρp+(x, y)

ε0
,

(62)

where φe− and φp+ and ρe− and ρp+ are the potentials and densities of the electrons and the charged
particles of the beam, respectively. There are several means of numerically solving the 2D Poisson
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Fig. 23: Figurative summary of beam dynamics with electron clouds. The single- macroparticle tracking in the
transverse and the longitudinal planes is included as earlier. In addition, several electron clouds are placed along
the ring. The momenta of the electrons and the charged particles in the beam are updated according to the self-
generated electric fields and any potential external magnetic field.

equation. One of the rather widely used methods for solving electron cloud problems is the particle-in-
cell (PIC) algorithm—this will be discussed in more detail in the Appendices.

Having obtained the electric field of the electron cloud, we apply the corresponding kick to all
macroparticles in the slices as already indicated in Fig. 23,

∆x′k[i] =
e2

mγβ2c2
Ex(xk, yk)[i]L,

∆y′k[i] =
e2

mγβ2c2
Ey(xk, yk)[i]L,

i ∈ [0, . . . , slice number – 1],

k ∈ [0, . . . ,macroparticle number – 1].

(63)

Here, L is the length of the electron cloud and Ex and Ey the generated horizontal and vertical electric
fields during the passage of slice i.

In the final step we need to update the velocities and positions of the electrons in the electron
cloud. This is a multiscale problem and requires careful treatment. As already seen in Fig. 23, we will
need to solve the system of equations

~̇x = ~v,

~̇v =
e

m

(
~Ep+ +

~v × ~Bext.

c

)
,

(64)

where now, to be general, we set ~x, ~v, ~E, ~B to be vectors. Looking at Eq. (64), we realize that the
equations of motion contain a magnetic field term.
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The majority of segments of a circular accelerator actually consist of regions encompassed by
magnetic fields. If these regions are occupied by electron clouds, which is usually the case, then there
will be a significant impact of these external magnetic fields on the electron dynamics, which needs to
be taken into account. To numerically solve the set of equations in (64), these are discretized in time to

xk+1 − xk
∆t

= vk+1,

vk+1 − vk
∆t

=
e

m

(
Ek +

(vk+1 + vk)×Bk

2c

)
.

(65)

From Eq. (65), the multiscale nature of the problem now becomes evident (slow guiding drift from
electric fields with fast cyclotron motion from magnetic fields). For a correct treatment of the electron
motion, the cyclotron motion needs to be well resolved. The cyclotron period can be as short as fractions
of a slice length such that a single time step has to be split into even smaller subintervals. The special,
apparently implicit form of the velocity equation in Eq. (65), using the average velocity at a time k+1/2,
ensures that the algorithm conserves the phase-space volume, i.e. it is volume-preserving 3. This is
important as electrons can perform several cyclotron oscillations during one slice passage and the motion
is required to remain stable. Because it is implicit, the numerical solution of Eq. (65) is rather expensive.
Fortunately, there is another slightly adapted algorithm that is very well suited to treat these kinds of
problems. This is the Boris algorithm which is borrowed from plasma physics where it is the de facto
standard for particle pushing (see Refs. [20, 21]). While Eq. (65) appears to be implicit, it can actually
be made manifest explicit by writing

v− = vk +
e

m
Ek

∆t

2
, (66a)

v+ − v−

∆t
=

e

2mc

((
v+ + v−

)
×Bk

)
, (66b)

vk+1 = v+ +
e

m
Ek

∆t

2
. (66c)

Equations (66a) and (66c) eliminate the electric field. Then Eq. (66b) can in fact be solved by basic
geometric means. In assuming this form, the algorithm—although it is not strictly symplectic—becomes
explicit (efficiency), time centred (local accuracy) and the energy error is globally bound (preservation
of phase-space volume).

With this final step in updating the velocities and positions of the electrons, we have completed
the cycle for one slice and can now take on the following slice. By propagating the electrons in this
way, in a slice-by-slice manner, during the beam passage, electrons will be attracted towards the passing
beam. We call this process the pinch of the electron cloud, as electrons are pinched towards the beam. A
schematic of this slice-by-slice interaction during a beam passage is shown in Fig. 24.

Depending on the configuration of the external magnetic fields the electrons will form different
structures in electron density and exhibit different locations where the electrons will be concentrated
into hot spots. Fig. 25 shows electron cloud pinches for a field-free region compared to a dipole and a
quadrupole magnetic field region. The simulation uses an LHC-type vacuum chamber. Regions of high
electron density are light coloured. The different patterns in electron cloud density are clearly visible.
In the field-free region the electrons are free to propagate towards the passing beam. In regions with
magnetic fields the electrons are trapped to circulate around and follow the magnetic field lines. In
dipoles, this leads to the formation of the characteristic stripes of high electron density. In quadrupoles,
the magnetic field can even form a magnetic bottle causing electrons to be reflected and preventing
further impact into the vacuum chamber but forcing them around the beam. Figure 25 also highlights the
multipacting that takes place on the inner surface of the vacuum chamber.

3In fact, Eq. (65) resembles a leap-frog scheme, which is one of the most simple symplectic integrators. It is not strictly a
leap-frog scheme, though, because in a leap-frog scheme the accelerating force cannot depend on velocity.

31

NUMERICAL METHODS I AND II

277



Fig. 24: The slice-by-slice interaction of an electron cloud with a passing bunch. Each plane pictures a snapshot
of the current projected electron density distribution on the grid which is used for the field computation.

4.3 Combining build-up and instability simulations
Fully self-consistent electron cloud simulations require both build-up and instability simulation. Build-
up simulations accurately model the electron dynamics and usually use a coarser model for the passing
beam, making a weak–strong approximation, i.e., the beam is rigid and remains unaffected by the elec-
tron clouds. As we have just learned, in reality, this is not true and after several revolutions the beam may
have significantly changed its original profile, which in turn changes the originally simulated build-up
process and hence the stationary electron cloud distributions that evolve from this. The instability simu-
lation, on the other hand, in addition to the electron dynamics also takes the detailed beam dynamics into
account. Therefore, the correct approach would be to combine the two simulations in a way as outlined
in Fig. 26.

The problem is that the two simulations cover entirely different time-scales. The electron cloud
build-up is usually completed within a single turn but requires multiple bunches for the multipacting to
take place. The electron cloud instability, although it is relatively fast, can require several thousands
of turns to grow. During this time, for a self-consistent description, multiple electron clouds together
with multiple bunches would need to be stored and propagated at every time step. This cannot be easily
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(a) Field-free region

(b) Dipole magnet

(c) Quadrupole magnet

Fig. 25: Electron cloud pinch during the passage of a charged particle beam within different magnetic field con-
figurations. Sketched is the electron density evolution within an LHC-type beam screen. High-density regions are
coloured light. The multipacting which takes place upon impact on the boundaries is well recognizable.

done in an efficient way and would require highly optimized code with parallel capabilities. Efforts
are ongoing to overcome this limitation. To date, most of the instability simulations are carried out by
assuming a given stationary electron cloud distribution at every bunch passage.

4.4 Application of electron cloud instability simulations
Electron clouds pose serious intensity limitations especially for circular machines with high brightness
and closely spaced bunches. They deposit a considerable amount of heat onto the beam screens, which
becomes a big issue especially for superconducting machines like the LHC. They reduce the dynamic
aperture, which leads to beam quality degradation and poor lifetime. Finally, electron clouds also gen-
erate coherent instabilities. Whereas the heat loads can be evaluated by means of build-up simulations,
the incoherent losses and coherent instabilities require instability simulations. These are mostly used
to determine threshold values on the electron cloud density before beams go unstable due to electron
clouds. Figure 27 shows an example of a typical electron cloud instability simulation. Electron clouds
are initialized at different densities. For each density a separate simulation is run to evaluate the inter-
action of the electron cloud with the circulating beam. The emittance evolution of the circulating beam
is observed for each case and the density threshold is set to the lowest value for which an exponential
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Fig. 26: Scheme for a simulation strategy combining build-up (e.g. PyECLOUD) and instability (e.g. PyHEAD-
TAIL) simulations. Of course this requires a good and modular code design.

growth of the emittance is observed for the first time. As the density is increased further the emittance
grows more rapidly. For high densities the emittance tends to saturate. This is understood to be a com-
bination of several effects linked to the strong growth in the beam size. In combination with the strong
non-linearities of the electron cloud fields, the large beam accumulates a large tune spread causing it to
strongly decohere and also at some point to be Landau damped, which is understood to be one of the
reasons why the beam stabilizes. On the other hand, the large beam reduces the strength of the electron
cloud pinch, which also renders the beam more stable. This can be seen for the orange curve in Fig. 27.
Figure 28 shows the corresponding BPM signal that would be observed. There is a strong intrabunch mo-
tion that looks similar to what would be expected from a TMCI. After more turns this initially coherent
signal decoheres, as can be seen more clearly in the 3D representation of the BPM signal in Fig. 28.

The instability threshold density can be compared to the multipacting threshold density expected
for a given SEY. From this the beam stability can be inferred as well as its dependence on different
SEYs. This technique was used for example to identify the most critical vacuum chambers in the SPS
and prioritize them accordingly for potential amorphous carbon coating which can significantly lower
the SEY of the inner surface of the vacuum chamber.

Another application which combines the build-up with the instability simulations is the investi-
gation of single-bunch instabilities for multibunch batches in the LHC. This was studied in detail in
Ref. [22]. From build-up simulations strong electron clouds are expected for the injection of batches
with multiple bunches at a bunch spacing of 25 ns. Observations with the pickups from the transverse
damper feature strong transverse instabilities towards the end of the batches. This is usually a clear
indication for electron cloud activity, which is increased towards the end of a batch. To reproduce and
confirm this effect with simulations, a build-up simulation is run for the injection of a single batch. The
electron distribution is recorded just before each bunch’s passage. This distribution is then imported into
an instability simulation which is then performed for each of the corresponding bunches, respectively.
Figure 29 shows the computed electron cloud line density as obtained by the build-up simulation. The
red dots indicate the line density of the snapshots of the distribution loaded into the instability simulation.
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Fig. 27: Electron cloud instability simulation to determine the density threshold. The curves show the trans-
verse emittance evolution for different electron cloud densities. The threshold is the lowest density for which an
exponential growth of the emittance is observed over the given number of turns (here at ρe ≈ 8.5× 1011 m−3).

Fig. 28: The charge-weighted transverse offset as would be measured in a BPM pickup is shown for the case of
ρe ≈ 14×1011m−3. A strong coherent motion can be seen towards the tail of the bunch similar to what is observed
for a TMCI. The motion decoheres, combined with an emittance blow-up after approximately 128 turns.

Figure 30 shows the comparison of the measurements and the simulations of the observed electron cloud
instability. The instability occurs for exactly the same bunches in the measurement as in the simulations
and the overall behaviour of the beam is well captured. This helped a lot in the understanding of both the
the electron cloud build-up and instabilities in the LHC.

Appendix A: Brief introduction to the particle-in-cell algorithm
This section introduces briefly some of the basic concepts of the PIC algorithm. Essentially, it follows
the same philosophy that we already encountered when introducing macroparticle models themselves.
The physical particle systems were significantly reduced in the number of degrees of freedom by moving
to macroparticle systems. This was done by clustering physical particles within a representative region
in space into single macroparticles to obtain a numerical representation of the original physical particle
system as a macroparticle system. The PIC algorithm now, instead of physical systems of discrete parti-
cles, targets physical systems of continuous fields. In the framework of the algorithm, the physical space
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Fig. 29: Snapshots of the electron distributions are taken from a build-up simulation (blue) just before each bunch
passage. The snapshots are then imported into an instability simulation (red) for each of the 48 corresponding
bunches, respectively.

Fig. 30: Transverse oscillations measured with the pickups of the transverse feedback for 73 turns just before the
beam dump (left). Bunch-by-bunch oscillations in the vertical plane as obtained from an instability simulation
(right). In both cases the second half of the batch is rendered unstable by the electron cloud.

on which the fields are defined is now discretized into a set of regularly or irregularly distributed space
points which is imbued with a topology by assigning to each space point the connectivity information to
other space points. The set of space points together with the connectivity information forms a mesh. The
space points are then called mesh nodes and the areas surrounded by connected sets of mesh nodes form
mesh cells. Figure A.1 shows some examples of different discretizations of space with different types of
meshes. The choice of the mesh type depends strongly on the problem to be analysed.

Computationally often even macroparticle systems are too big to efficiently handle the particle-
to-particle interactions induced, for example, by electrostatic fields. One way to deal with this, then,
is to perform a further step of discretization according to the PIC algorithm. In this particular case, of
course, a computational gain is only made if the resulting number of space points is less than the number
of macroparticles. It is then interesting to think about the gain that one can expect from computing the
electrostatic forces particle-to-particle in comparison with computing them via a mesh. The electrostatic
fields at the macroparticle positions xk can be computed in a rather straightforward manner by summing
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(a) Uniform (b) Rectangular (c) Structured (d) Unstructured

Fig. A.1: Different basic types of mesh commonly used to computationally represent domains in space (taken from
Ref. [24]).

all forces from all other macroparticle positions xl,

∆xk =
∑

l 6=k

e2

2πε0

1

|xk − xl|
,

k ∈ [0, . . . ,macroparticle number].

(A1)

This sum needs to be evaluated for every macroparticle, which makes the algorithm scale as

1

2

(
N2

macroparticle −Nmacroparticle
)
.

Here, Nmacroparticle is the macroparticle number, which can be of the order of a few millions. Introducing
mesh nodes and computing the forces on the mesh nodes instead reduces the number of operations
according to the number of mesh nodes Nmesh nodes proportionally. If we assume a macroparticle system
of 1 × 106 macroparticles and compare this to a mesh of dimensions 128 × 128 then the number of
operations reduces from∼ 500×109 to∼ 0.1×109 when moving from a particle-to-particle (p2p)- to a
mesh node-to-mesh node (m2m)-based computation. Of course, for the latter there will be some overhead
from the scattering and gathering of the macroparticles to the mesh nodes and vice versa. However, even
this large reduction factor is often not enough to achieve satisfactory results, especially as the dimensions
of the mesh increase. In addition, sometimes regions in space need to be computed that do not contain
any macroparticles but still provide an important contribution to the electromagnetic fields. Here, the
goal is not to reduce the number of mesh nodes compared to the number of macroparticles but rather to
obtain a well-resolved discrete sampling of the regions of interest. And, finally, introducing boundary
conditions makes the situation a lot more complicated. To satisfy the boundary conditions for arbitrarily
shaped boundaries, in principle, an infinite number of image charges would need to be placed iteratively.
For these reasons, other more efficient methods are used instead for solving the field equations.

The PIC algorithm basically consists of three main steps.

– Macroparticles are scattered to the grid. This is done by depositing charges via an interpolation
algorithm from the macroparticle positions to the locations of the mesh nodes.

– A potential is computed by solving the field equations on the mesh. There are many different ways
for solving partial differential equations (PDEs) on a mesh and we will mention just a few below.
Once the potential is known, the differential on the mesh yields the force fields.

– The force fields are then gathered from the mesh node locations back to the macroparticle posi-
tions. This must be done via the same interpolation that was used to scatter macroparticles to the
mesh, otherwise the conservation of momentum will be violated.

We will discuss these steps briefly below using the example of solving the 2D Poisson equation
on a rectangular mesh with dimensions Nx×Ny within a bounded domain Ω and some given (Dirichlet)
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(a) Macroparticles (b) Charge density

(c) Electrostatic potential (d) Magnitude of the electric field

Fig. A.2: The different stages of the PIC algorithm, here for computation of the magnitude of the electrostatic
fields from a given charge distribution in open space.

boundary conditions on ∂Ω

∆ϕ = − ρ

ε0
in Ω,

ϕ = b on ∂Ω.
(A2)

An excellent reference that explains all parts of the algorithm in detail is Ref. [23]. As an example, we
may consider Fig. A.2, which shows the results of the different stages of the space-charge calculation for
a rather arbitrary given charge distribution.

A.5 Macroparticle and field interpolation
To solve the Poisson equation on the mesh one first needs to know the charge density on the mesh. For
this, the macroparticle charges are distributed (scattered) to the mesh nodes. There are several ways
of doing this. One way is to assign the full macroparticle charge to the nearest mesh node. This is the
nearest grid point (NGP) scheme, which is computationally very efficient but lacks resolution and suffers
from high noise. A more refined variant is to assign weighted fractions of the macroparticle charge to all
the surrounding mesh nodes within a given cell. This results in a linear interpolation of the macroparticle
charge density to the mesh and is the cloud-in-cell (CIC) scheme. It offers a good compromise between
computational effort and resolution and is often employed in many standard PIC codes. Higher order
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interpolation schemes can be systematically constructed depending on the constraints (i.e. long-range
constraint, smoothness constraint or momentum conservation constraint) imposed on them. Generally,
these interpolation schemes are characterized by a shape function S and the charge weighting is then
generally given as (see Ref. [23], Section 5-3-4)

Wi(x) =

∫ xi+h/2

xi−h/2
S(x− x′) dx′ =

∫
Π

(
x′

h

)
S(x− x′) dx′, (A3)

with h the mesh spacing and Π the ‘top-hat’ function

Π(x) =





0, |x| > 1
2 ,

1
2 , |x| = 1

2 ,

1, |x| < 1
2 .

We will look at an example for a 2D CIC scheme charge assignment on a regular rectangular mesh with
constant mesh spacing hx and hy. The shape function for this scheme is given as

S(x) =
1

H
Π
( x
H

)
.

The charge of each macroparticle is distributed to the four neighbouring nodes of the mesh according
to the CIC scheme to obtain a discrete representation of the charge distribution. In particular, for a
macroparticle at the location (x, y) carrying charge q, the indices of the neighbouring grid nodes can be
easily computed by means of a floor division (see Fig. A.3)

i = floor
[
x− x0
hx

]
, j = floor

[
y − y0
hy

]
, (A4)

where x0, y0 is the bottom left corner of the grid. Then the fractional normalized distances are given as
(see Fig. A.3)

fx =
x− x0
hx

− i, fy =
y − y0
hy

− j, (A5)

and the charge density matrix is updated as

ρ̃i,j = ρi,j +
q

hx hy
(1− fx)(1− fy),

ρ̃i+1,j = ρi+1,j +
q

hx hy
fx(1− fy),

ρ̃i,j+1 = ρi,j+1 +
q

hx hy
(1− fx)fy,

ρ̃i+1,j+1 = ρi+1,j+1 +
q

hx hy
fx fy.

(A6)

Once the fields have been obtained on the mesh, the inverse operation is performed in the same
manner as the fields are gathered back to the macroparticle positions:

E(x, y) = Ei,j (1− fx)(1− fy) + Ei+1,j fx(1− fy) + Ei,j+1 (1− fx)fy + Ei+1,j+1 fxfy. (A7)

A.6 Field computation
Poisson solvers on discretized grids exist in many variants.

Finite-difference methods are used on structured grids where the continuous domain in space is
replaced by a discrete set of points on a grid on which the electric and magnetic fields are computed.
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Fig. A.3: Nodes and distances involved in the macroparticle scatter and field gather stages of the space charge field
calculation.

Derivatives are then approximated with differences between neighbouring grid point values. Thus, the
differential Poisson equation is turned into an algebraic equation. We assume again a 2D rectangular
grid, not necessarily uniform, that discretizes a domain Ω in the x and in the y directions into Nx and Ny

subintervals, respectively, as

[hx,0, hx,1, . . . , hx,Nx ] ,
[
hy,0, hy,1, . . . , hy,Ny

]
. (A8)

Furthermore, we introduce what is known in the finite integration technique (FIT), which has been intro-
duced by Weiland (see Ref. [25]), as the mesh spacing (edges) on the dual grid

ĥx,i =





hx,i−1 + hx,i
2

, 0 < i < Nx,

hx,i
2
, i = 0, Nx

(A9)

and equally for the y direction. The discretization of the second-order derivative with second-order finite
differences in the general case gives

∂2ϕ(xi, yj)

∂x2
≈ ϕ(xi−1, yi)

ĥx,ihx,i−1
+

2ϕ(xi, yi)

hx,i−1hx,i
+
ϕ(xi+1, yi)

ĥx,ihx,i
. (A10)

Consequently, it follows that the discretization of the Poisson equation with second-order finite differ-
ences on the above-described non-equidistant grid leads to the following system of equations:

ĥj

(
1

hi−1
ϕi−1,j −

(
1

hi−1
+

1

hi

)
ϕi,j +

1

hi
ϕi+1,j

)

+ ĥi

(
1

hj−1
ϕi,j−1 −

(
1

hj−1
+

1

hj

)
ϕi,j +

1

hj
ϕi,j+1

)

=− ĥiĥj
ρi,j
ε0
,

(A11)

where we now set ϕ(xi, yj) = ϕi,j and hx,i = hi. The same system of equations is obtained with the
application of the FIT. More details along with a generalization to higher dimensions and the treatment
of boundaries—also refined, using the Shortley–Weller star—can be found in Ref. [26].
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The grid spacings define the coefficients of the potential. These can be assembled in a matrix such
that Eq. (A11) can be written in matrix form as

A~ϕ = − 1

ε0
~ρ. (A12)

Here, A is the discrete Laplace operator, which is an NxNy ×NxNy (usually sparse) matrix, and ~ϕ and
~ρ are vectors with entries ordered along the grid nodes according to the lexicographical rule

{v1,1, v2,1, . . . , vNx,1, v1,2, v2,2, . . . , vNx,2, . . . , v1,Ny , v2,Ny , . . . , vNx,Ny}, v = ϕ, ρ.

By solving this system of linear equations it is possible to obtain the electrostatic potential at the nodes
of the grid. The electric fields at the internal nodes of the grid can then be computed easily using the
central difference formula

(Ex)i,j = −
(

1

2hi
ϕi+1,j +

(
1

2hi−1
− 1

2hi

)
ϕi −

1

2hi−1
ϕi−1,j

)
,

(Ey)i,j = −
(

1

2hj
ϕi,j+1 +

(
1

2hj−1
− 1

2hj

)
ϕj −

1

2hj−1
ϕi,j−1

)
.

(A13)

For boundary nodes, a forward difference formula is adopted.

There are many different types of solvers available to solve Eq. (A11) and the optimal solver to be
employed depends mostly on the structure of the Laplace matrix A. If the matrix is very sparse and if the
geometry and the grid do not change in time, a LU decomposition (where ’LU’ stands for ’lower upper’,
and also called LU factorization, see e.g., Ref. [27]), which is a direct solver, can be very efficient. This
decomposition needs to be done only once for the Laplace matrix A and the potential can be found from
there on for any charge density by forward and backward substitution.

Iterative solvers can become interesting for very large scale problems. They use less memory and
are often well suited for parallelization. Iterative solvers start with an initial guess solution and con-
tinue iterations until a stopping criterion is satisfied (typically that the error or residual is less than a
given tolerance). They then return the final guess solution. For the fast iterative solution of the system
there are many alternative algorithms depending on the properties of the Laplace matrix A (primarily
symmetry and definiteness). The most straightforward iterative methods are the relaxation-type meth-
ods. Typical examples are the Jacobi, Gauss–Seidel and SOR (successive over relaxation) algorithms.
These classical iteration methods, also known as stationary methods, however, lack speed in comparison
with the more modern non-stationary methods such as the Krylov-subspace methods like CG (conju-
gate gradient), BiCG (bi-conjugate gradient) and its derivatives, the minimal residual algorithms like the
GMRES (generalized minimal residual) or hybrid methods like the BiCGSTAB (bi-conjugate gradient
stabilized) [28].

Another often employed and very efficient way of solving the Poisson equation for open bound-
aries, in particular, employs Green’s functions in combination with the fast Fourier transform (FFT)
algorithm. This method becomes interesting for situations where boundaries are far away from any
source charge distributions up to the limit where open boundaries can be assumed. The 2D electrostatic
potential of a point charge in open space is simply given by the Green’s function of the 2D Laplacian

G(x− x0, y − y0) =
1

2π

(
(x− x0)2 + (y − y0)2

)1/2
. (A14)

Then the electrostatic potential can be computed at any point (i, j) on the grid by means of the sum

ϕij =
e

ε0

∑

m,n 6=i,j
ρi,j G(xi − xm, yj − yn),

i, j,m, n ∈ [0, . . . , grid point number− 1].

(A15)
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Equation (A15), which runs over all grid points, is computationally often already significantly cheaper
compared to Eq. (A1), which, instead, runs over all macroparticles (both are of order O(N2), where N
is the grid point number or the macroparticle number, respectively). Nevertheless, also the number of
grid points can be high and the computation of the potential can be made yet more efficient by using
another algorithm. This makes use of the convolution theorem, which states that a convolution in the
time domain reduces to a product in the frequency domain, where Eq. (A15), instead, reads

ϕ̂ij =
e2

2πε0
ρ̂i,j · Ĝi,j ,

i, j ∈ [0, . . . , grid point number− 1].

(A16)

Equation (A16) scales linearly with the number of grid points (i.e. O(N)). A Fourier transform still
needs to be performed on the charge density ρ and the Green’s function G as well as an inverse Fourier
transform to obtain the potential ϕ in the time domain. This produces some overhead, which, finally,
when employing the FFT, leads to a scaling of the algorithm as O(N logN).

The algorithm produces the correct potential for open boundaries by exploiting certain properties
of the FFT algorithm. To implement the algorithm correctly, therefore, the computational domain needs
to be extended to double its original size along each dimension, i.e. in 2D the area is fourfold. The charge
density is left as it is in its original quadrant and set to zero in all other quadrants. The Green’s function
is mirrored from one quadrant to another—this is required due to the particular way the FFT algorithm
works. The multiplication is then done in the frequency domain and the inverse FFT is made to obtain
the potential on the extended grid. The potential in the original quadrant is the potential generated by the
given charge distribution in an open space whereas the potential in all other quadrants is unphysical, but
also not of interest and can, hence, be discarded. This algorithm was first proposed by Hockney [23] and
has since then been used for many problems in accelerator physics, e.g. [29].

As a final remark, we mention that using the Green’s function for a point charge in open space can
be problematic for grids featuring large aspect ratios. The Green’s function for a point charge in this case
does not well combine with the charge interpolation to the grid points using the commonly employed
CIC method. While the Green’s function takes the perspective of point-centred charges, the CIC method
assumes uniformly distributed charges over one grid cell. Combining the two perspectives will lead to a
poor representation of the forces within the grid cells. Especially, along the dimension sampled at lower
frequency, the short-range nature of the point-charge Green’s function will cause the resulting forces to
decay rapidly, when the averaged force within one grid cell would actually not do so. For this reason,
a more robust way of computing the forces is to use the integrated Green’s function, which essentially
is the point-charge Green’s function integrated over one grid cell [29]. In 2D the integrated Green’s
function reads

G(x, y) = − 1

4π

(
−3xy + xy log(x2 + y2) + x2 arctan

(y
x

)
+ y2 arctan

(
x

y

))
. (A17)

Other means of solving the Poisson equation (or more complex PDEs) include finite-element meth-
ods which are used preferably on unstructured grids for complicated geometries where the continuous
domain is divided into a discrete mesh of elements. The Poisson equation is treated as an eigenvalue
problem and initially a trial solution is calculated using basis functions that are localized in each ele-
ment. The final solution is then obtained by optimization until the required accuracy is reached. We
will not discuss this method further here. There is a lot of literature available for the interested reader to
embark further into these types of numerical methods.

Acknowledgments
I would like to thank L.R. Carver, G. Iadarola, G. Rumolo and M. Schenk for their help and their valuable
input as well as for checking the material. Also, I would like to thank L. Mether, G. Rumolo and
M. Schenk for proofreading this document.

42

K. LI

288



References
[1] Y.H. Chin, User’s guide for new MOSES version 2.0, CERN/LEP-TH/88-05 (1988).
[2] N. Mounet, DELPHI: an analytic Vlasov solver for impedance-driven modes, HSC Section Meet-

ing, May 2014.
[3] X. Buffat, Transverse beams stability studies at the Large Hadron Collider, CERN-THESIS-2014-

246 (2015).
[4] M. Ferrario, HOMDYN (higher order modes dynamics), Workshop on High Average Power & High

Brightness Beams, Working Group A, Injector Design, November 2004.
[5] G. Rumolo and F. Zimmermann, Practical user guide for ECLOUD, SL-Note-2002-016-AP (2002).
[6] G. Rumolo and F. Zimmermann, Practical user guide for HEADTAIL, SL-Note-2002-036-AP

(2002).
[7] R.D. Ruth, Single particle dynamics in circular accelerators, SLAC-PUB-4104 (1986).
[8] E.D. Courant and H.S. Snyder, Ann. Phys. 3 (1958) 1. http://dx.doi.org/10.1016/0003-

4916(58)90012-5
[9] S.Y. Lee, Accelerator Physics, 3rd ed. (London: World Scientific, 2011).

http://dx.doi.org/10.1142/8335.
[10] W. Herr, Tools for Non-linear Dynamics (CAS, Poland, 2015).
[11] E. Forest, Beam Dynamics, A New Attitude and Framework (Sydney: Harwood, 1998).
[12] A.W. Chao, Physics of Collective Beam Instabilities in High Energy Accelerators, 1st ed. (Wiley-

VCH, 1993).
[13] S. Berg and F. Ruggiero, Landau damping with two-dimensional betatron tune spread, CERN-SL-

AP-96-71-AP (1996).
[14] S. Berg and F. Ruggiero, Stability diagrams for Landau damping, LHC Project Report 121 (1997).
[15] W. Herr, in Proceedings of the CAS-CERN Accelerator School: Advanced Accelerator Physics

Course, Trondheim, Norway, 18-29 August 2013, edited by W. Herr, CERN-2014-009 (CERN,
Geneva, 2014), pp. 377-404, http://dx.doi.org/10.5170/CERN-2014-009.377

[16] C. Zannini et al., Effects of an asymmetric chamber on the beam coupling impedance, Proc.
IPAC2012, 2012.

[17] H. Bartosik, Beam dynamics and optics studies for the LHC injectors upgrade, CERN-THESIS-
2013-257 (2013).

[18] G. Iadarola, Electron cloud studies for CERN particle accelerators and simulation code develop-
ment, CERN-THESIS-2014-047 (2014).

[19] G. Rumolo, Electron cloud, these proceedings, 2016.
[20] C. Birdsall and A. Langdon, Plasma Physics Via Computer Simulation (McGraw-Hill, New York,

1985).
[21] H. Qin et al., Phys. Plasmas 20 (2013) 084503.
[22] H. Bartosik et al., Benchmarking HEADTAIL with electron cloud instabilities observed in the LHC,

Proc. Fifth Electron-cloud Workshop, 2012.
[23] R.W. Hockney and J.W. Eastwood, Computer Simulation using Particles (CRC Press, 1988).

http://dx.doi.org/10.1887/0852743920
[24] Kitware Inc., The Visualization Toolkit (VTK) data model, 2016, http://www.vtk.org/data-model/.
[25] T. Weiland, Archiv für Elektronik und Übertragungstechnik 31 (1977) 116.
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Intrabeam Scattering: Anatomy of the Theory

M. Martini
CERN, Geneva, Switzerland

Abstract
This paper starts with an introduction to some elements of physical kinetics rel-
evant to microscopic interactions in gas or plasma systems. The aim is to pro-
vide the necessary background for understanding charged particle beams. Em-
phasis is placed on the important role played by collisions in plasmas. We then
give a detailed, albeit non-exhaustive, review of intrabeam scattering (IBS),
which consists of the study of diffusion effects caused by multiple Coulomb
scattering on charged particle beams, in both the transverse and the longitudi-
nal beam dimensions. Finally, applications to the large hadron collider 7 TeV
stored proton beam and the ’Extra Low Energy Antiproton’ (ELENA) 100 keV
decelerated antiproton beam are used to illustrate the behaviour of the IBS
growth rates, for a high-energy storage ring well above the transition energy
and an ultra-low-energy decelerator ring below the transition energy.

Keywords
Plasma kinetic; IBS paradigms; Piwinski framework; Bjorken-Mtingwa ap-
proach; IBS applications.

1 Introduction
Consider a system of N particles described by a ‘density distribution’ in a 6N -dimensional phase space.
In this space, the whole collection of N particles is represented by a single point. Under a stability
condition, the particles occupy a finite volume in phase space. The density function behaves like an
incompressible fluid when observed along the phase space trajectories, provided that all forces driving the
system are conservative (i.e. derived from a potential): this is the crux of the matter. In practice, instead of
using the full 6N -dimensional space, it is more convenient to view the phase trajectories of all particles
in the same six-dimensional phase space, which allows for better visualization of the particle density
distribution. In the process of this reduction, however, difficulties could arise with interactions between
the particles. In the presence of inter-particle collisions driven by non-conservative forces, the phase
space volume containing the N particles does not remain incompressible; some particles may escape
from it and others may enter it. Liouville’s formula, modified by adding a ‘collision term’, becomes the
collision Boltzmann’s equation, which is still an active area of research. The reader may find it helpful to
review the topic of particle collisions in plasmas and ionized gases, which are basically quasi-stationary,
when we consider the case of a charged particle beam in a storage ring.

In what way is intrabeam scattering (IBS) in charged particle beams different from Coulomb
scattering of plasma or gas particles in a ‘closed box’? In storage rings, due to the curvature of the
orbit, IBS can increase the beam density in phase space as a whole (i.e. transverse beam emittances and
momentum spread can grow simultaneously) to above the ring transition energy, because of the coupling
between the radial and longitudinal motions. While revisiting the methods used in IBS, our interest was
drawn to the logical structure at the core of the subject, so we have decided to base our study on the
theoretical framework of A. Piwinsky [1]. His original paper gives a clear presentation of the kinematics
of the classical interaction process involved in multiple Coulomb scattering in charged particle beams,
assuming weak-focusing accelerator or storage rings. His methodical approach makes all his papers
fairly easy to grasp. Equipped with this framework, the essential features of IBS can be understood
quite well. The alternative approach of J. Bjorken and S. Mtingwa [2] is based on the scattering matrix
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formalism from quantum electrodynamics, and the theory is applicable to strong-focusing machines.
Both of these approaches are presented here, to provide a thorough grounding for the study of many
aspects of IBS. However, Monte Carlo simulations of IBS based on a binary collision model [3–5] are
not covered in this paper; nor are IBS models that implement the linear coupling between transverse
betatron oscillations [6, 7].

2 Overview of the kinetics of gases and plasmas
The classical mechanics branch of dynamics is sometimes divided into kinematics and kinetics. Kinemat-
ics is the study of the properties of motion—i.e. the masses or forces which may be involved—without
considering the causes, whereas kinetics aims to explain the change in motion as a result of the forces
and torques applied. Kinetics refers also to the study of gases and plasmas, relating their macroscopic
properties (such as pressure and temperature) to a microscopic model of which the constituents are many
small particles. A plasma is a fully or partially ionized gas, i.e. an ensemble of particles made up of
electrons, ions and neutrals moving under the influence of electromagnetic or gravity forces and particle
interactions such as ionization or Coulomb scattering. Gases and plasmas are mostly non-relativistic.
Unlike plasmas, a plasma beam is a directed stream of charged particles, generally relativistic, in which
the motion depends on applied external fields; in a plasma beam the individual particles make small
angles with the beam axis, and the particle energy spread is small relative to the total energy (typical of
beams in accelerators and storage rings).

2.1 The Liouville (collisionless Boltzmann) equation
2.1.1 The many-particle phase space joint probability density
The dynamic state of a plasma is completely determined once given the instantaneous positions ri(t) and
momenta pi(t) at time t for all particles in the 6N -dimensional phase space {r = ri(t), p = pi(t) : i =
1, . . . , N}, called Γ-space, where N is the number of plasma particles. The state of a plasma is a single
point moving along a 6N -dimensional trajectory {r(t),p(t)} as time evolves; Γ-space is a many-particle
phase space for the whole system of particles, often used in statistical mechanics and kinetic theory [8].
To simplify the notation, we assume that all particles in a plasma are of the same species (e.g. protons,
electrons or ions). In a Cartesian frame we have {ri(t) = xix̂+yiŷ+ziẑ, pi(t) = px,ix̂+py,iŷ+pz,iẑ}
where x̂, ŷ and ẑ are unit vectors along the x-, y- and z-axes. The representative single point M(t) =∏N
i=1{ri(t),pi(t)} of the N particles in Γ-space is called the microstate. Such a detailed model requires

knowledge of 6N functions of time with initial conditions that are known only to a certain degree of
precision and whose complete description cannot be achieved. When N is very large, say N = 6× 1023

for one atom-gram of hydrogen, it makes sense to describe the plasma statistically instead.

To this end, we conceptualize a large number N of independent replicas of the same microstate
of an N -particle system, each virtual replica being described by a different representative point M(t)
in Γ-space (N does not have to equal N ). The abstract set of identical systems is called a statistical
ensemble. Let d 6NN (r,p, t) denote the number of representative points inside a infinitesimal phase
space volume element dΓ = d3Nr d3Np =

∏N
i=1 d3ri d3pi about a point (r,p) at time t, i.e. in the

range {(r, r + dr), (p,p + dp)} about (r,p). Therefore, a normalized phase space probability density
function ρ(r,p, t) can be formally specified by

ρ(r,p, t) = lim
N→∞

d 6NN (r,p, t)

N dΓ
,

∫
dΓ ρ(r,p, t) = 1 , (1)

where dΓ is a 6N -dimensional hypercube of ‘hypersides’ d3Nr and d3Np.

Comment: As ρ−1(r,p, t) has the dimension of a reciprocal ‘action’, [(J s)−1], and because ρ−1

is proportional to dΓ = (dr dp)3N it is evocative to attach a Planck constant h = 2π~ to each pair dr dp
so that dΓ = (dr dp/2π~)3N , where h3N ≈ ∆r∆p is the smallest possible phase space cell size by
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virtue of the Heisenberg uncertainty relation. However, this is ill-suited to the framework of classical
physics!

This means that ρ(r,p, t) dΓ is the probability of finding a non-specific microstate in the volume
dΓ = d3Nr d3Np about (r,p) at time t; that is, ρ(r,p, t) d3Nr d3Np is the probability that particle 1 is
in the volume d3r1 d3p1 about the point (r1,p1), particle 2 is in the volume d3r2 d3p2 about (r2,p2),
and so on, up to particle N located in the volume d3rN d3pN about (rN ,pN ) at time t. Then ρ is the
N -particle joint probability density function for the plasma system. It is assumed that the density of
microstates in Γ-space does not change too fast from one volume element to the next, so that ρ(r,p, t)
can be regarded as a continuous function. For a finite number N , a so-called coarse-grained density
is obtained which disregards the variations of ρ below some small resolution in Γ-space: ρ(r,p, t) =
d 6NN (r,p, t)/N dΓ.

Properly normalized, ρ(r,p, t) can be used to compute macroscopic values for various functions
O(r,p):

〈O〉 =

∫
dΓ ρ(r,p, t)O(r,p) . (2)

A key property of an ensemble is that the microstate trajectories never intersect in Γ-space, because
each trajectory is uniquely specified by 6N initial conditions {r(0),p(0)}. (In case trajectories might
be crossed, a phase space configuration situated at the intersection would have multiple trajectories; but
this is forbidden in classical physics!). Figure 1 shows two snapshots of the state of an ensemble of
d6NN (r,p, t) microstate points in Γ-space at times t and t + dt. It illustrates the evolution over the
time interval dt of these microstates which occupy a tiny volume element dΓ(t) =

∏N
i=1 d3ri d3pi with

borderC(t) around (r,p) at time t. Meanwhile, the volume element dΓ(t) can become distorted in shape
as a consequence of the particle motion and will occupy a new volume element dΓ(t + dt) with border
C(t+ dt) at time t+ dt. Likewise, each microstate represented by a point M(t) =

∏N
i=1{ri(t),pi(t)}

transforms gradually, to first order in time, into another point M ′(t+ dt):

M ′(t+ dt) =

N∏

i=1

{
r′i(t+ dt) = ri(t) + ṙi(t) dt, p′i(t+ dt) = pi(t) + ṗi(t) dt

}
. (3)

Fig. 1: Depiction of the motion during the time interval dt of a volume element dΓ(t) = d3r(t) d3v(t) about
(r(t),v(t)) in Γ-space.

2.1.2 The single-particle phase space probability density
A simpler way to describe a plasma ofN identical particles is to use the phase space for a single particle,
called µ-space, in contrast to the Γ-space for the overall particle ensemble; this is the method typically
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used in plasma physics, with Cartesian coordinates r and velocities v in place of the momenta p, since
plasma motion is often non-relativistic. When a particle moves, its representative point µ(t) traces out
a trajectory in six-dimensional phase space such that at each instant the dynamic state of the N plasma
particles is represented by N points in the phase space [9]. Likewise, a one-particle probability density
function ρ1(r,v, t) can be defined such that d6N(r,v, t) is the number of plasma particles contained
in an infinitesimal phase volume element dµ = d3r d3v (a hypercube of sides d3r and d3v) about one
unspecified representative ‘point particle’ µ(t) = (r,v) = {(x, y, z), (vx, vy, vz)} among N in µ-space:

ρ1(r,v, t) = lim
N→∞

d6N(r,v, t)

N dµ
,

∫
dµρ1(r,v, t) = 1 . (4)

Comment: Here, with ρ1(r,v, t), every ‘phase’ volume element (dr dv)3 could be replaced by dµ =
(dr dv/2π~)3.

Like Eq. (2), the distribution function ρ1(r,v, t) enables one to compute macroscopic values of
functions O(r,v):

〈O〉 =

∫
dµρ1(r,v, t)O(r,v) . (5)

For instance, let us formulate the horizontal beam emittance in terms of the single-particle emittance
given by the Courant–Snyder invariant

εx = γxx
2
β + 2αxxβx

′
β + βxx

′2
β =

x2
β

βx
+βx

(
x′β−

β′x
2βx

xβ

)2

,

xβ = x−Dx
∆p

p0
, x′β = x′−D′x

∆p

p0
, (6)

where 2αx = −β′x, γx = (1 + α2
x)/βx, Dx is the momentum dispersion function and x′ = px/|p|. To

write down the overall horizontal beam emittance, we switch back to the momentum variable (since a
charge particle beam is mostly relativistic), p = mγv with γ = (1−v2/c2)−1/2. Hence, upon averaging
Eq. (6) over N particles we obtain, using the notation 〈 · · · 〉 =

∑N
i=1( · · · )/N ,

εx =

∫
dµρ1(x, p, t)

(
x2
β

βx
+ βx

[
x′β−

β′x
2βx

xβ

]2
)

=

〈
x2
β

βx

〉(
1 +

β′2x
4

)
− β′x〈x′βxβ〉+ βx〈x′2β 〉 . (7)

The equation that governs the evolution of the phase space probability density function under
specified initial conditions is generally known as the Boltzmann equation. Suppose that each particle of
the plasma is subjected to an external force F(t). In the absence of particle interactions, a particle with
coordinates around {r,v} at time t will be found after a time interval dt around the new coordinates
{r′,v′} so that, to first order in t, we obtain

r′(t+ dt) = r(t) + v(t) dt , v′(t+ dt) = v(t) + a(t) dt , (8)

where v = ṙ and a = v̇ = F/m (with a being the acceleration of the particle and m its mass).

All the particles inside the phase space volume element dµ(t) = d3r d3v with border C(t) about
(r,v) at time t will occupy a new volume element d3r′d3v′ with border C ′(t + dt) about (r′,v′) after
the time interval dt. Figure 2 displays the state of d6N(r,v, t) particles of plasma in µ-space at times t
and t + dt. Since we are considering the same particles at t and at t + dt, the following equality holds,
provided there are no inter-particle collisions or dissipative forces leading to non-conservation of phase
space volume:

ρ1(r′,v′, t+ dt) d3r′ d3v′

≡ ρ1(r,v, t) d3r d3v .
(9)
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Fig. 2: Depiction of the motion during the time interval dt of a volume element dµ(t) = d3r(t) d3v(t) about
(r(t),v(t)) in µ-space.

The shape of the volume dµ(t) = d3r d3v may change into dµ(t + dt) = d3r′ d3v′ during the particle
motion over the time interval dt. The new phase volume dµ(t+ dt) and the initial one dµ(t) are related
by the determinant of the 6× 6 Jacobian matrix J of the transformation (8):

d3r′d3v′ = |det J|d3r d3v, (10)

where

J =
∂(r′,v′)
∂(r,v)

=




∂x′/∂x ∂y′/∂x · · · ∂v′z/∂x
∂x′/∂y ∂y′/∂y · · · ∂v′z/∂y

...
...

. . .
...

∂x′/∂vz ∂y′/∂vz · · · ∂v′z/∂vz


 . (11)

We split the external force F into (i) a velocity-independent force F̃ (e.g. an external force constraining
the particles inside a box or an external electric field force eE accelerating charged particles) and (ii) a
velocity-dependent force, customarily the Lorentz force due to an external magnetic field B confining
the particles inside a torus. Thus, leaving F̃ not fully specified at this stage, we get F = F̃ + e(v ×B).
Using Eq. (8) the partial derivatives in the Jacobian matrix can be written in the form

∂x′u=x,y,z

∂xw=x,y,z
= δu,w,

∂v′u=x,y,z

∂xw=x,y,z
=

dt

m

∂F̃u
∂xw

=
dt

m



∂F̃x/∂x ∂F̃y/∂x ∂F̃z/∂x

∂F̃x/∂y ∂F̃y/∂y ∂F̃z/∂y

∂F̃x/∂z ∂F̃y/∂z ∂F̃z/∂z


 ,

(12)
∂x′u=x,y,z

∂vw=x,y,z
= δu,w dt,

∂v′u=x,y,z

∂vw=x,y,z
= δu,w +

e dt

m

∂(v ×B)û=x̂,ŷ,ẑ

∂vw
,

where δu,w is the Kronecker delta with the subscripts u and w alternately representing the coordinates
x, y and z. For clarity, the Lorentz force term in the fourth part of (12) is explicitly written below as a
submatrix of the Jacobian:

∂(v ×B)û=x̂,ŷ,ẑ

∂vw=x,y,z
=

∂

∂vw

∣∣∣∣∣∣

x̂ ŷ ẑ
vx vy vz
Bx By Bz

∣∣∣∣∣∣
û

=
∂

∂vw=x,y,z

[(
vyBz − vzBy

)
x̂ +

(
vzBx − vxBz

)
ŷ

+
(
vxBy − vyBx

)
ẑ

]

û=x̂,ŷ,ẑ
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=




0 −Bz By
Bz 0 −Bx
−By Bx 0


 .

The full Jacobian matrix with its determinant |det J| (up to second order in dt) are shown in Eqs. (13)
and (14) below:

J =




1 0 0
0 1 0
0 0 1

(dt/m) ∂F̃x/∂x (dt/m) ∂F̃y/∂x (dt/m) ∂F̃z/∂x

(dt/m) ∂F̃x/∂y (dt/m) ∂F̃y/∂y (dt/m) ∂F̃z/∂y

(dt/m) ∂F̃x/∂z (dt/m) ∂F̃y/∂z (dt/m) ∂F̃z/∂z
dt 0 0
0 dt 0
0 0 dt

1 −Bz edt/m By edt/m
Bz e dt/m 1 −Bx edt/m
−By e dt/m Bx e dt/m 1



, (13)

|det J| = 1 + dt2(e2/m2)(B2
x + B2

y + B2
z)−

(
∂F̃x/∂x + (∂F̃y/∂y)(∂F̃z/∂z)

)
/m +O(dt3) . (14)

It follows that |det J| = 1 to first order in dt, and so (10) and (9) become

(d3r′ d3v′)(t+ dt) = (d3r d3v)(t),
[
ρ1(r′,v′, t+ dt)− ρ1(r,v, t)

]
d3r d3v = 0 ; (15)

that is, volume elements in µ-space are invariants. This is Liouville’s theorem, which states that the phase
space probability density ρ1(r,v, t) behaves like an incompressible fluid. Using (8), Liouville’s theorem
(the second equation in (15)) can be rewritten as

ρ1(r + v dt, v + a dt, t+ dt) = ρ1(r,v, t). (16)

With these results, the incompressibility condition of Liouville’s theorem can be cast in differential form
by expanding the left-hand side of (16) in a Taylor series for ρ1 with respect to the variables (r,v, t),
yielding to first order in dt,

ρ1(r + v dt, v + a dt, t+ dt)

= ρ1(r,v, t) +

[
∂ρ1(r,v, t)

∂t
+

dr

dt
· ∂ρ1(r,v, t)

∂r
+

dr

dt
· ∂ρ1(r,v, t)

∂v

]
dt

= ρ1(r,v, t) +

[
∂ρ1(r,v, t)

∂t
+ v · ∂ρ1(r,v, t)

∂r
+ a · ∂ρ1(r,v, t)

∂v

]
dt

= ρ1(r,v, t) +

[
∂ρ1(r,v, t)

∂t
+ v · ∇rρ1(r,v, t) + a · ∇vρ1(r,v, t)

]
dt , (17)

where notation similar to ∂
∂u = ∇u (for u = r,v) has been used for the del operators ∇r = x̂ ∂

∂x +

ŷ ∂
∂y + ẑ ∂

∂z and ∇v = x̂ ∂
∂vx

+ ŷ ∂
∂vy

+ ẑ ∂
∂vz

. Substituting the right-hand side of (16) into the left-hand
side of (17) gives the so-called Liouville’s formula

∂ρ1(r,v, t)

∂t
+ v · ∇rρ1(r,v, t) + a · ∇vρ1(r,v, t) = 0 . (18)

Liouville’s formula can also be written in terms of the total derivative dρ1/dt for the evolution of a
volume element as it moves in µ-space (different from ∂ρ1/∂t, which refers to the change in a volume
element at a specific µ-space location):

dρ1(r,v, t)

dt
≡ ∂ρ1(r,v, t)

∂t
+ v · ∇rρ1(r,v, t) + a · ∇vρ1(r,v, t) = 0 . (19)

This means that ρ1(r,v, t) is constant along a system phase space trajectory; Eq. (19) is also called the
collisionless Boltzmann equation.
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2.2 The Boltzmann collision integral
The collisionless Boltzmann equation is an equation of motion for a one-particle probability density
function ρ1(r,v, t), which is especially suitable for describing dilute gas. In the absence of interactions,
the particles are mutually independent and ρ1 obeys the one-particle Liouville’s equation. So far we
have introduced the normalized probability density ρ(r,v, t) in Γ-space, Eq. (1), and the reduced one-
particle probability density ρ1(r,v, t) in µ-space, Eq. (4). Another useful interpretation of the one-
particle probability density is obtained when one multiplies ρ1 by the number of particles N inside a
phase space domain in µ-space; this is the one-particle density distribution in phase space, denoted by
f1 (see [9]):

f1(r,v, t) =
d6N(r,v, t)

d3r d3v
,

∫
d3r d3v f1(r,v, t) = N . (20)

Here d6N(r,v, t) is the number of particles contained within the phase volume dµ(t) = d3r d3v around
(r,v) at time t. Liouville’s equation says that if during the time interval dt, we move along with a
representative particle in the phase volume element d3r d3v (enclosing N particles) and observe the net
number δ6N of particles that enter this volume element, we will find that δ6N ≡ 0 (note the difference
in meaning of ‘d’ and ‘δ’). Thus, we get

δ6N =

[
∂f1(r,v, t)

∂t
+ v · ∇rf1(r,v, t) + a · ∇vf1(r,v, t)

]
d3r d3v dt ≡ 0 (21)

or, in analogy to (19),

df1(r,v, t)

dt
≡ ∂f1(r,v, t)

∂t
+ v · ∇rf1(r,v, t) + a · ∇vf1(r,v, t) = 0

(where, as before, a = F/m is the particle acceleration, with m being the mass of the particle and F an
externally supported force).

The collisionless Boltzmann equation has to be adapted to handle the effects arising from inter-
actions between particles. The Boltzmann collision term discussed below considers only binary elastic
collisions. For short-range interactions, two-particle collisions are defined in terms of the pair correlation
function f2(r,v, r1,v1, t). The two colliding particles become dependent, and their density functions
f1(r,v, t) and f1(r1,v1, t) before collision must be replaced by the two-particle density distribution f2,
which is no longer constant along the phase space trajectories; Eq. (19) needs to be modified by

df2(r,v, r1,v1, t)

dt
=

[
δf2(r,v, r1,v1, t)

δt

]

coll
. (22)

The right-hand side of (22), [δf2(r,v, r1,v1, t)/δt]coll, is called the ‘collision integral’, and designates
symbolically the rate of change of the distribution due to the two-particle collisions, which is still to be
worked out. A heuristic validation of the Boltzmann equation including collisions in gases and plasmas
will be carried out. In the end, this heuristic approach will give the same result as more fundamental
derivations. The binary collisions occur in charged and neutral plasmas and involve atoms or molecules
in a dilute gas. Multiple coulomb interactions in a plasma, although they may be as important as binary
collisions, are ignored here. For binary collisions in the time interval dt, the interaction result is charac-
terized by the net rate at which collisions either decrease or increase the number of particles in a µ-space
volume element d3r d3v (cf. [9, 10]).

Figure 3 shows the numbers of particles d6N1 and d6N2 that, at two instants t and t+dt, are within
a phase space volume element dµ = d3r d3v, possibly distorted by the particle motion. It illustrates
particles entering and leaving the phase volume by virtue of collisions during the interval dt. Some of
the particles that were at first in d3r d3v may be removed from it, and particles originally outside this
volume element may end up inside it.
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Fig. 3: Evolution of the number of particles in a volume element d3r(t) d3v(t) over a time interval dt in µ-space

The net loss or gain of particles resulting from collisions in the time interval dt is, by (19) and (22),

δ6N =

[
δf2(r,v, r1,v1, t)

δt

]

coll
d3r d3v dt, δ6N = δ6N+ − δ6N− . (23)

Here, δ6N− is the loss part, due to collisions for which a particle within d3r of r has a velocity before
collision that is within d3v of v; similarly, δ6N+ is the gain part, caused by collisions for which a
particle within d3r of r has a velocity after collision that is within d3v of v.

For δ6N−, the velocities of the particles may be split into two groups: one contains velocities
in the slice d3v about v, and the other includes all other velocities, referred to as v1. The number of
particles removed from the phase volume element d3r d3v in time dt is the total number of collisions
that the particles v have with all the other particles v1 during the time interval dt. To compute δ6N−,
each collision between a pair of particles must satisfy the following: one particle of the first group (called
the v-particle) in the phase volume d3r d3v about (r,v) is scattered out of the velocity slice d3v in the
time dt as a result of a collision with a particle of the second group (a v1-particle), which has a velocity
in d3v1 about v1 and a location in d3r1 about r1 (a priori not necessarily the same as d3v). Then

δ 6N− =

(∫

(r1,v1)
f2(r,v, r1,v1, t) d3r1 d3v1

)
d3r d3v . (24)

Recall that d3r1 must be such that during δt, the v1-particles in d3r1 experience a collision with
the v-particles inside d3r. We set up d3r1 by considering a scattering event in the frame of the single v-
particle, as shown in Fig. 4. The particles inside d3r1 d3v1 about (r1,v1) may be viewed as a v1-particle
flux incident on this v-particle. Figure 4 illustrates the scattering where the v1-particle flux approaches
the v-particle from the right at a velocity of |v1 − v| with an impact parameter between b and b + db,
in a collision plane lying between the angles φ and φ + dφ. Accordingly, all v1-particles in the volume
of the cylinder of length |v1 − v|dt and base area bdbdφ experience a collision with the v-particles in
time dt. So

d3r1 = bdbdφ |v1 − v|dt . (25)

Substituting (25) into (24) transforms the equation into

δ6N− =

(∫

(v1, b, φ)
f2(r,v, r1,v1, t) d3v1 |v1 − v| bdbdφ

)
d3r d3v dt . (26)

For δ6N+, consider all particle-pair collisions that send one particle into the velocity slice d3v
about v in the time interval dt, which is the inverse of the original collision (v,v1) � (v′,v′1). The
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Fig. 4: Sketch of scattering for δ6N− in the v-particle frame, where a v1-particle moves from the right towards
the v particle sitting in the vertical collision plane.

primed variables represent the inverse collision of the unprimed ones in (26). In analogy to (24), δ6N+

can be written as

δ6N+ =

(∫

(r′1,v
′
1)
f2(r′,v′, r′1,v

′
1, t) d3r′1 d3v′1

)
d3r′ d3v′ . (27)

Equivalently, from the conservation of momentum and energy for elastic collisions between identical
particles, i.e.

v + v1 = v′ + v′1, v2 + v2
1 = v′2 + v′1

2
=⇒ |v − v1| = |v′ − v′1| ,

we obtain

δ6N+ =

(∫

(v′1, b, φ)
f2(r′,v′, r′1,v

′
1, t) d3v′1 |v′1 − v′| b dbdφ

)
d3r′ d3v′ dt . (28)

In order to combine Eqs. (26)–(28) and express δ6N as a single integral with variables of inte-
gration v1, b and φ, the integrands of δ6N+ and δ6N− have to be compatible. To verify this, one can
use the phase volume-invariant techniques based on change of variables involving unit Jacobian determi-
nants (see [10] and the above proof of Liouville’s theorem, for example). In particular, the phase volume
d3r d3v d3r1 d3v1 is a collisional invariant:

d3r d3v d3r1 d3v1 = d3r′ d3v′ d3r′1 d3v′1 .

It follows that

δ 6N =

(∫

(v1, b, φ)

[
f2(r′,v′, r′1,v

′
1, t)− f2(r,v, r1,v1, t)

]
d3v1 |v1 − v| bdbdφ

)
d3r d3v dt , (29)

where there is no extra integration over v′1 thanks to the above collisional invariant. Substituting (29)
into (21) and cancelling the products d3r d3v dt, the total time-derivative df1/dt turns into

df1(r,v, t)

dt
≡ ∂f1(r,v, t)

∂t
+ v · ∇rf1(r,v, t) + a · ∇vf1(r,v, t)

=

∫

(v1, b, φ)

[
f2(r′,v′, r′1,v

′
1, t)− f2(r,v, r1,v1, t)

]
d3v1 |v1 − v| bdbdφ ,

(30)
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where the unprimed and primed distributions refer to the states before and after collision, respectively.

Finally, to deduce the Boltzmann equation from Eq. (30) we need a physical approximation en-
abling us to write f2 and f ′2 in terms of f1 and f ′1, so that (30) will reduce to an expression involving
a single integro-differential equation for f1(r,v, t). A conventional derivation of the Boltzmann equa-
tion might be considered too heuristic and does not provide a suitable basis for accurate investigation.
A better formal derivation of (30) could start out from knowledge of the N -particle joint probability
density ρN = ρ in the 6N -dimensional Γ-space (see Eq. (1)), in which the particle velocity v replaces
the momentum p. As the description of a system determined by a full phase density distribution is not
feasible, one could instead consider a subset of particles defining a reduced s-particle density function
fs. A particularly ingenious method for dealing with such a reduced density function fs (though not
pursued here) is the BBGKY hierarchy. In this formalism, f1, f2 and fs are shown without proof as they
will not be used hereafter (notice our way of numbering the N particles {r,v, ri,vi}i=1,...,N−1, rather
than using the usual order {ri,vi}i=1,...,N ):

f1(r,v, t) = N

∫ N−1∏

i=1

d3ri d3vi ρ(r,v, r1,v1, . . . , rN−1,vN−1, t),

f2(r,v, r1,v1, t) = N(N − 1)

∫ N−1∏

i=2

d3ri d3vi ρ(r,v, r1,v1, . . . , rN−1,vN−1, t),

fs(r,v, r1,v1, . . . , rs−1,vs−1, t)

=
N !

(N − s+ 1)!

∫ N−1∏

i=s

d3ri d3vi ρ(r,v, r1,v1, . . . , rN−1,vN−1, t) . (31)

Even so, this way of proceeding is not fully effective in practice. The one-particle density distribution
f1(r,v, t) in this sequence is important as it governs the evolution of the collision Boltzmann equa-
tion, provided that manageable approximate forms are available for the two-particle density distributions
f2(r,v, r,v1, t) and f2(r′,v′, r′,v′1, t). Many attempts have been made to derive the Boltzmann equa-
tion from first principles without resorting to approximations. However, a number of assumptions come
into play in all these derivations, which renders even the more formal analyses (e.g. the BBGKY hierar-
chy) somewhat ad hoc (see [8, 10–14]).

To find approximate closed-form solutions to Eq. (30) in terms of expressions relating f1(r,v, t)
and f2(r,v, r,v1, t), again consider a collision between v- and v1-particles, which emerge with veloc-
ities v′ and v′1 from the collision. Suppose that the v-particle is located at (r,v) in the phase volume
d3r d3v and the v1-particle at (r,v1) in the phase volume d3r1 d3v1. This means that collisions are
local in space and that the two particles are located at the same point; since r and r′ can be any points in
the respective phase volume elements, we must have d3r1 ≡ d3r. Hence

f2(r,v, r1,v1, t) ≡ f2(r,v, r,v1, t) .

The joint two-particle density distribution f2 is therefore homogeneous over the interaction domain
and may be characterized by a circle of radius rint, considered to be infinitesimal relative to the mean free
path of the particles. Evaluating f2 at the same point r in space, regardless of the velocity, supposes that
the density distribution is below some small resolution in µ-space and does not vary on scales of order
rint. When the particles are sufficiently far away from each other (|r| > |rint|), the interaction vanishes.
When the particles enter the interaction domain (|r| ≤ |rint|), they experience a collision. Figures 5 and
6 illustrate the geometry of a particle-pair scattering event involving two particles of velocities v and v1,
viewed from a coordinate system in which the v-particle is at rest.

As the simplest and most drastic approximation that bypasses all the transformations related to
the BBGKY hierarchy, we adopt the ‘molecular chaos assumption’, which postulates the statistical inde-
pendence of colliding particles in the derivation of the Boltzmann collision integral. This means that the
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Fig. 5: Particle-pair elastic scattering: the path r(ϕ) of the v1-particle of mass m relative to the path of the v-
particle of the same mass in a frame where the origin of the v-particle is fixed (equivalent to the centre-of-mass
frame, in which the relative velocity of the v1-particle is v1 − v and that of the v-particle is zero). The position
vectors r1 and r2 mark the entry and exit points of the v1-particle into and out of the interaction region; rint is the
interaction circle radius; θ is the scattering angle, which depends on the impact parameter b; and rm is the position
of the v1-particle when it is at the distance of ‘closest approach’ from the scatterer (the v-particle). The scattering
angle θ is related to ϕm via the rule θ + 2ϕm = π.

particles are assumed to be uncorrelated outside the effective range of their interaction. Therefore, their
trajectories before and after a collision are rectilinear. These constraints justify the above homogeneous
property, r ≡ r1, of f2 over the interaction range. Moreover, taking into account short-range interac-
tions as well, the pair density distribution f2(r,v, r,v1, t) can be approximated by the product of two
single-particle density distribution functions:

f2(r,v, r,v1, t) = f1(r,v, t)f1(r,v1, t) , (32)

and similarly for f2(r,v′, r,v′1, t), where f2 is evaluated at the same point assuming that r′ ≈ r don’t
vary on scales of order rint.

For example, in an inter-atomic potential the collision duration τc is the time over which two
particles are within the effective range rint of their interaction. For particles of a sufficiently dilute
gas (speed v ≈ 102 m s−1) with short-range interactions rint ≈ 10−10 m (typically an atomic size under
standard conditions), the collision time is τc = rint/v ≈ 10−12 s. From Figs. 5 and 6 we can see that
the initial (relative) velocity v1 − v is transformed to the final velocity v′1 − v′ through the relationship
between the impact parameter b and the scattering and azimuth angles (θ, φ). The expression for v′1(b) =
v′1(θ, φ) is obtained by integration of the equations of motion. In elastic collisions, the relative velocity
|v1−v| (or |v1|) just rotates without changing its magnitude to a final direction v′1−v′ (or v′1) indicated
by the angles (θ, φ) ≡ Ω̂(b) (a unit vector). Equivalently, |v′1| = |v1| and v′1 = |v1| Ω̂(b),

Substituting (32) into (30) results in the closed-form Boltzmann equation for f1, involving inte-
grals and partial derivatives of the distribution function:

df1(r,v, t)

dt

=

∫

(v1, b, φ)

[
f1(r,v′, t)f1(r,v′1, t)− f1(r,v, t)f1(r,v1, t)

]
d3v1 |v1 − v| bdbdφ .
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Fig. 6: Particle-pair elastic scattering (different view): particles that hit the small ring (left part of diagram) between
impact parameter values b and b+ db are scattered by an angle between θ and θ+ dθ into a larger ring on a sphere
(right part of diagram), with a scatterer (the v-particle) at rest in the centre of the sphere (i.e. v = v′ = 0). Note
that the impact parameter r is equal to zero for a head-on collision. The incident v1-particle moves from the left
in the direction of the scatterer. As in Fig. 5, the angle θ represents the scattering angle between the v′1-particle
velocity v′1 and the v1-particle velocity v1; φ is the azimuth (rotational) angle of v′1 − v′ about the vertical axis;
and dΩ is the differential solid angle element of the small area in the large ring of the sphere.

Alternatively, upon expanding the total time-derivative df1/dt,

∂f1(r,v, t)

∂t
+ v · ∇rf1(r,v, t) + a · ∇vf1(r,v, t)

=

∫

(v1, b, φ)

[
f1(r,v′, t)f1(r,v′1, t)− f1(r,v, t)f1(r,v1, t)

]
d3v1 |v1 − v| bdbdφ .

(33)

Consider a particle beam of flux (intensity) I (in units of [particle/(s m2)]) incident on a scatterer
located at the origin. The differential scattering cross-section σ(θ, φ) [m2] is defined as the number
of particles scattered per second per unit incident flux, at a solid angle oriented in the direction of the
outgoing flux after the collision, labelled by the solid angle vector Ω̂. Geometrically, σ(θ, φ) can be
understood as saying that the number of particles scattered into the solid angle element dΩ per unit time
is equal to the number of particles crossing an area equal to σ(θ, φ) dΩ in the incident beam, as illustrated
in Fig. 6, where the differential solid angle element of the small area in the large ring of the sphere is
expressed as

Iσ(θ, φ) dΩ = number of particles scattered per second into the solid angle element dΩ

oriented at Ω̂ with differential solid angle

dΩ = r sin θ dφ(r dθ)/r2 = sin θ dθ dφ [rad2] .

This number of particles is the number traversing the annulus element bdbdφ, so

Iσ(θ, φ) dΩ = Ib dbdφ =⇒ σ(θ, φ) =
b

sin θ

∣∣∣∣
db

dθ

∣∣∣∣ , (34)

where the modulus sign is needed because b and θ may change in opposite directions but the cross-section
σ(θ, φ) is always positive. The detailed form of σ(θ, φ) depends on the inter-particle potential.

Comment: σ(θ, φ) can depend on the azimuth angle φ, but nearly all potentials are spherically
symmetric so that σ = σ(θ) depends only on θ (or on the impact parameter b). Note that the alternative
notation |dσ/dΩ| is often used instead of σ for the differential cross-section.
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To illustrate the meaning of the differential cross-section with a simple example, consider an elastic
collision involving a light point-like particle hitting a heavy hard sphere of radius r. From Fig. 7 it can be
seen that the scattering angle θ is linked to the impact parameter through b = r sinϕm ≡ r sin[(π−θ)/2],
with b ≤ r. The differential cross-section is then calculated from (34) as

σ(θ, φ) =
r

sin θ
sin

[
π

2
− θ

2

] ∣∣∣∣
d

dθ

(
r sin

[
π

2
− θ

2

])∣∣∣∣

=
r2

2 sin θ
sin

[
π

2
− θ

2

]
cos

[
π

2
− θ

2

]

=
r2

2 sin θ

(
1

2
sin

[
2

(
π

2
− θ

2

)])
=

r2

4 sin θ
sin θ

=⇒ σ(θ, φ) =
r2

4
, θ = π − 2 arcsin

(
b

r

)
. (35)

In this example, the cross-section σ=r2/4 does not depend on the scattering angle θ (nor on the azimuth
angle φ). In particular, θ = π for b = 0 (head-on collision) and θ = 0 for b ≥ r.

Fig. 7: Tiny elastic particle scattering from a rigid sphere. Irrespective of the impact parameter value b ≤ r, the
sphere radius r is equal to the distance of ‘closest approach’ of the scattering sphere, and θ + 2ϕm = π.

As another example, illustrated by Figs. 5 and 6, the differential scattering cross-section σ(θ, φ)
for the Coulomb potential U(r) can be cast into the form (see e.g. [9])

U(r) =
1

4πε0

e2

r
, σ(θ) =

b20
4 sin4(θ/2)

, b0 =
e2

2πε0m |v1 − v|2 . (36)

The equation for the scattering angle in a Coulomb potential can be written as

θ = 2 arctan
(b0
b

)
⇐⇒ tan

(θ
2

)
=
b0
b
. (37)

Notice that b0 is the value of the impact parameter b for a π/2 scattering angle (not true for relativistic
elastic particle collisions). Also, for b = 0 we have θ = π.

Replacing bdbdφ by σ(θ, φ) dΩ in Eq. (33), we obtain the following expression for the Boltzmann
collision integral:

∂f1(r,v, t)

∂t
+ v · ∇rf1(r,v, t) + a · ∇vf1(r,v, t)

=

∫

(v1, θ, φ)

[
f1(r,v′, t)f1(r,v′1, t)− f1(r,v, t)f1(r,v1, t)

]
d3v1 |v1 − v|σ(θ, φ) dΩ .

(38)
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The external force F = ma may also include the Lorentz force F = e(E + v × B) due to externally
applied fields. If the force is derived from a potential, i.e. F = −∇rU(r), then (38) can be written in the
following form, using ∂/∂u ≡ ∇u (u = r,v):

[
∂

∂t
+ v · ∂

∂r
− 1

m

∂U

∂r
· ∂
∂v

]
f1(r,v, t)

=

∫

(v1, θ, φ)

[
f1(r,v′, t)f1(r,v′1, t)− f1(r,v, t)f1(r,v1, t)

]
d3v1 |v1 − v|σ(θ, φ) dΩ .

(39)

The Boltzmann equation is a nonlinear integro-differential equation, which is not easy to solve. The
terms on the left-hand side of (39) describe the motion of a single particle in an external potential, while
the right-hand side consists of the collision terms. The equation can be physically interpreted as meaning
that ‘the probability of finding a particle of velocity v at position r suddenly changes if that particle
experiences a collision with another particle of velocity v1’. The probability of a collision depends on the
differential cross-section σ of the incident particle flux, which is proportional to |v1−v|, and on the joint
probability of finding the two particles at r given their velocities, approximated by f1(r,v)f1(r,v1).

To summarize, the ‘heuristic derivation’ of the one-particle Boltzmann equation has required sev-
eral strong assumptions, namely:

– the two-particle density distribution is homogeneous over the range of interaction;
– molecular chaos, i.e. the velocities of two colliding particles are uncorrelated;
– the range of particle interaction over the mean free path is much smaller than unity;
– the particle trajectories are rectilinear before and after collision.

2.2.1 The Maxwell–Boltzmann distribution
For gas molecules in a closed box, the modelling approach consists of establishing the equation(s) de-
termining the evolution of the particle density function at equilibrium [8, 9, 13]. An equilibrium density
distribution function is defined as a solution f1(r,v) of the Boltzmann equation that has no explicit time
dependence and so satisfies ∂f1(r,v)/∂t = 0. Moreover, one assumes the absence of external forces,
i.e. a = F/m ≡ 0, and a uniform particle distribution in space, i.e. f1(r,v) is homogeneous so that the
density distribution is independent of r and thus∇rf1(v) = 0. By Eq. (39), this equilibrium distribution
function, denoted by f eq

1 (v), satisfies

0 =

∫

(v1, θ, φ)

[
f

eq
1 (v′)f eq

1 (v′1)− f eq
1 (v)f

eq
1 (v1)

]
d3v1 |v1 − v|σ(Ω) dΩ , (40)

where v1 is an arbitrary velocity. It follows that f eq
1 (v), known as the Maxwell–Boltzmann distribution

function, satisfies the condition

f
eq
1 (v′)f eq

1 (v′1)− f eq
1 (v)f

eq
1 (v1) = 0 . (41)

Taking the logarithm of (41) yields

ln f
eq
1 (v′) + ln f

eq
1 (v′1) = ln f

eq
1 (v) + ln f

eq
1 (v1) . (42)

This equation is a summation invariant because the doublets {v,v1} and {v′,v′1} are the potential
‘initial’ and ‘final’ velocities of a particle-pair collision process {v,v1} → {v′,v′1}. Thus, ln f

eq
1 (v)

can be formulated by linearly mixing the invariants ‘mass’ m, ‘momentum’ mv, and ‘kinetic energy’
m|v|2/2 ≡ mv2/2 with the constants a0, a2 and a1 = a1,xx̂ + a1,yŷ + a1,zẑ in the form

ln f
eq
1 (v) = m

(
a0 + a1 · v −

a2v
2

2

)
, (43)
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where the minus sign is introduced for later convenience. This equation can be expressed in a compact
form by completing the square on its right-hand side using the formula

ax2 + bx+ c ≡ a
(
x+

b

2a

)2

+

(
c− b2

4a

)
. (44)

Letting x→ v, x2 → v2, a→ −a0/2, b→ a1, c→ a0, the quadratic equation (43) can be written as

ln f
eq
1 (v) = m

(
−a2v

2

2
+ a1 · v + a0

)

= −ma2

2

(
v − a1

a2

)2

+m

(
a0 +

a2
1

2a2

)
= −ma2

2
(v − v0)2 + lnC , (45)

where the extra constants lnC = m(a0 + a2
1/(2a2)) and v0 = a1/a2 have been introduced to simplify

the expression. Taking the exponential of ln f
eq
1 gives

f
eq
1 (v) = C exp

[
−1

2
ma2(v − v0)2

]
, (46)

which is the Maxwell–Boltzmann equilibrium distribution function. Equation (46) contains five constant
coefficients to be determined, namely C, a2 and the three components of v0 = v0,xx̂ + v0,yŷ + v0,zẑ.
These constants can be deduced from observable physical properties of the system, such as the particle
density n, the average velocity 〈v〉, the temperature T and the average kinetic energy 〈mv2/2〉.

For a uniformly distributed system of N particles enclosed in a box of volume V (i.e. f eq
1 is inde-

pendent of r), the particle density n is constant and is expressed according to the following normalization
conditions:

N =

∫

v
f

eq
1 (v) d3r d3v, n =

N

V
=

∫

v
f

eq
1 (v) d3v. (47)

Performing the change of variables w = v − v0 with w = wxx̂ + wyŷ + wzẑ, we find that

n ≡ C
∫

w
exp

[
−1

2
ma2w

2

]
d3w

= C

+∞∫∫∫

−∞

exp

[
−1

2
ma2(w2

x + w2
y + w2

z)

]
dwx dwy dwz = C

(
2π

ma2

)3/2

, (48)

so that C is determined as a function of the constant a2,

C = n
(ma2

2π

)3/2
. (49)

Using (49) and v = w + v0, the average velocity 〈v〉 is similarly evaluated as

〈v〉 =

∫
v vf

eq
1 (v) d3v∫

v f
eq
1 (v) d3v

=
(ma2

2π

)3/2
∫

v
v exp

[
−1

2
ma2(v − v0)2

]
d3v

=
(ma2

2π

)3/2
∫

w
w exp

[
−1

2
ma2w

2

]
d3w +

C

n
v0

∫

w
exp

[
−1

2
ma2w

2

]
d3w

=
(ma2

2π

)3/2
+∞∫∫∫

−∞

(wxx̂ + wyŷ + wzẑ) exp

[
−1

2
ma2

(
w2
x + w2

y + w2
z

)]
dwx dwy dwz
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+
(ma2

2π

)3/2
v0

+∞∫∫∫

−∞

exp

[
−1

2
ma2

(
w2
x + w2

y + w2
z

)]
dwx dwy dwz (50)

=
(ma2

2π

)3/2
v0

(
2π

ma2

)3/2

= v0 ,

where we have used the fact that the integrand w exp[−(ma2/2)w2] in (50) is an odd function of w so
that this integral is equal to zero. Therefore

v0 = 〈v〉.

This shows that the constant v0 represents the mean particle velocity 〈v〉. Indeed, for a stationary box
containing N gas particles moving at random, there is evidently no particle translational motion as a
whole, so v0 ≡ 0.

Finally, let us calculate the average kinetic energy 〈mv2/2〉 where the ‘overall particle drift’ v0 is
set to zero for convenience (i.e. there is no global particle translational motion). Symmetry considerations
suggest that

〈v2
x〉 = 〈v2

y〉 = 〈v2
x〉 =⇒ 〈v2〉 ≡ 〈v2

x + v2
y + v2

z〉 = 3〈v2
x〉,

so it suffices to compute 〈v2
x〉 to obtain 〈v2〉. Using (49),

〈1

2
mv2

〉
=

∫
v
m
2 v2f

eq
1 (v) d3v∫

v f
eq
1 (v) d3v

=
(ma2

2π

)3/2
∫

v

mv2

2
exp

[
−1

2
ma2v

2

]
d3v

=
1

2

(ma2

2π

)3/2
m

+∞∫∫∫

−∞

(
v2
x + v2

y + v2
z

)
exp

[
−ma2

2

(
v2
x + v2

y + v2
z

)]
dvx dvy dvz

=
1

2

(ma2

2π

)3/2
m

+∞∫∫∫

−∞

3v2
x exp

[
−ma2

2

(
v2
x + v2

y + v2
z

)]
dvx dvy dvz

=
3

2

(ma2

2π

)3/2
m

+∞∫

−∞

v2
x exp

[
−ma2

2
v2
x

]
dvx

×
+∞∫

−∞

exp
[
−ma2

2
v2
y

]
dvy

+∞∫

−∞

exp
[
−ma2

2
v2
z

]
dvz

=
3

2

(ma2

2π

)1/2
m

+∞∫

−∞

v2
x exp

[
−ma2

2
v2
x

]
dvx =

3

2a2
. (51)

To quantify the constant a2, we need to introduce some ‘physics’. We use the thermodynamic definition
of temperature T , ‘experimentally’ related to the particle kinetic energy via

3

2
kT =

〈1

2
mv2

〉
≡ 3

2a2
=⇒ a2 =

1

kT
=⇒ C = n

( m

2πkT

)3/2
, (52)

where k is the Boltzmann constant. Substituting the constants C and a2 into Eq. (46) and reinserting
the overall particle drift constant v0 for completeness, the equilibrium distribution function f eq

1 (v) in the
absence of external forcing becomes

f
eq
1 (v) =

n

(2πkT/m)3/2
exp

[
− m

2kT
(v − v0)2

]
. (53)
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3 Intrabeam scattering
3.1 Particle-pair collisions
Intrabeam scattering (IBS), the scattering of particles within a beam, belongs to the category of processes
not governed by Liouville’s theorem. Other such processes include scattering on residual gas in particle
accelerators and storage rings, which leads to a continuous rise in normalized emittance. A related
phenomenon is the cooling of one beam by another mixed with it and travelling at the same velocity
(e.g. the electron cooling of antiproton beams [15]). A characteristic feature of IBS is the rise time or
damping time of the beam dimensions. In some situations IBS leads to the redistribution of partial beam
emittances, which can cause undesirable beam dilution in phase space or could heat the beam as a whole
(i.e. it may increase the partial beam emittances simultaneously).

Here, we follow the ingenious approach of Ya. S. Derbenev [16] and A. H. Sørensen [17] to
studying the self-blowing and damping of a relativistic stored bunch caused by particle-pair collisions.
In this process, the scattering between particles induces an energy exchange between transverse and
longitudinal motions. Small transverse momenta are transformed into amplified longitudinal fluctuations
due to the relativistic Lorentz factor in the transformation.

Comment: If the longitudinal momenta acquired during a single particle-pair collision exceed the
momentum acceptance of the RF bucket that keeps the beam bunched, or if the particles hit the aperture
when displaced by dispersion, the particles will get lost. This process, referred to as the Touschek effect,
results in a finite lifetime for a bunched beam.

In greater detail, let us consider a ‘simple’ Coulomb collision model involving two particles (la-
belled 1 and 2) with initially equal and opposite momenta, px1,2 = ±|px|x̂. As a result of the π/2
scattering angle, the two momenta completely transfer into longitudinal momenta (along the s-axis) par-
allel to the circulating beam. Equilibrium beam conditions at energies below and above the ring transition
energy are assessed. In the ‘laboratory frame’, the transverse components of the two momenta remain
unchanged from their ‘beam frame’ values.

The two opposite post-collision longitudinal momentum components, written as ∆p′‖1,2 =±∆p′‖,
represent the departures from the beam average momentum p0 = |p0|ŝ = γmv0 (in the beam frame
p̄0 = |p̄0|ŝ = 0). Viewed in the laboratory frame, ∆p′‖1 and ∆p′‖2 are both larger by a Lorentz factor

γ= (1 − v2
0/c

2)−1/2 than their transverse momentum components before the collision. The factor γ is
related to the average beam relativistic energy E=γmc2 and momentum p0 =γmv0, as shown in Fig. 8
(see also [16] and [18]). The following equation expresses the preservation of the sum of the squared
momenta in the beam frame after the collision:

|p̄⊥1 |2 + |p̄⊥2 |2 = |p̄′‖1 |
2 + |p̄′‖2 |

2 .

Observe that the momentum deviations in (8) are defined in the two frames (with |px|= |p̄x|=px) as

Beam frame (p̄0 = |p̄0|ŝ def
= 0): p̄⊥1,2 = p̄x1,2 = ∓|p̄x|x̂ ,

p̄′‖1,2 = p̄′s1,2 = ±|p̄x|ŝ ;

Laboratory frame (p0 = γmv0): ∆p⊥1,2

def
= p⊥1,2 = ps1,2 = ∓|px|x̂ ,

∆p′‖1,2
def
= p′‖1,2 = p′s1,2 = ±γ|px|ŝ .

(54)

The horizontal single-particle emittance relates to the Courant–Snyder invariant (see Eq. (6)),
where αx, βx and γx are the Twiss parameters of the lattice, Dx is the momentum dispersion function
and x′ = |px|/|p0| = px/p0:

εx = γxx
2
β + 2αxxβx

′
β + βxx

′2
β =

1 + α2
x

βx
x2
β − β′xxβx′β + βxx

′2
β , xβ = x−Dx

∆p

p0
. (55)
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Fig. 8: Particle-pair elastic Coulomb scattering between two particles with momenta px,1,2 ≡ p⊥,1,2 before col-
lision when viewed in the laboratory frame (LAB), or p̄⊥,1,2 if viewed in the beam frame (BF). After collision
the particles’ initial momenta become longitudinal, ±p′‖,1,2. A bar on top of a momentum indicates the beam
frame, and a prime denotes momentum after collision. The post-collision momenta ∆p′‖1,2 are just the momentum
deviations from the average velocity p0 of the particle stream.

Now, neglecting the derivatives of the lattice parameters βx andDx yields β′x=D′x=0, and the emittance
reduces to

εx =
1

βx

(
x2
β + β2

xx
′2
β

)
. (56)

Assume that the particle interaction point x ≡ x1,2 stays constant during the collision time and
that the scattering angles x′1,2 = px1,2/|p0| vary instantaneously with the momentum change. Then,
the kinematic picture of the particle collision can be cast in terms of the betatron amplitude xβ and its
derivative x′β as follows:

Before collision: xβ1,2 ≡ x, x′β1,2
=
px1,2

p0
= ±px

p0
.

(57)
After collision: xβ1,2 ≡ x1,2 −Dx

∆p

p0
= x∓Dxγ

px
p0
, x′1,2 = x′β1,2

= 0 .

In the above we have used the relations

∆p′s1,2 = ∆p′‖1,2 = ±γ|p⊥1,2 |x̂ = ±γ|px1,2 |x̂ = ±γ|px|x̂, (58)

Dx

|∆p′s1,2 |
|p0|

= ±γDx
|px|
|p0|

. (59)

Using Eqs. (55)–(59), we can evaluate the change in the sum of emittances of the two colliding
particles:

βx∆(εx1 + εx2) = ∆εx1 + ∆εx2 =
(
εaftcoll
x1

− εbefcoll
x1

)
+
(
εaftcoll
x2

− εbefcoll
x2

)

=

{[(
x1 −Dxγ

px1

p0

)2

+ 0

]
−
[
x2

1 + β2
x

(
px1

p0

)2
]}

+

{[(
x2 −Dxγ

px2

p0

)2

+ 0

]
−
[
x2

2 + β2
x

(
px2

p0

)2
]}
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=

{[(
x−Dxγ

px
p0

)2
]
−
[
x2 + β2

x

(
px
p0

)2
]}

+

{[(
x+Dxγ

px
p0

)2
]
−
[
x2

2 + β2
x

(
−px
p0

)2
]}

=

{
−2xDxγ

px
p0

+

(
px
p0

)2 (
D2
xγ

2 − β2
x

)
}

+

{
2xDxγ

px
p0

+

(
px
p0

)2 (
D2
xγ

2 − β2
x

)
}

= 2

(
px
p0

)2 (
D2
xγ

2 − β2
x

)
, (60)

where x1 = x2 ≡ x and ∆(εx1 + εx2) symbolically represents the sum of the two particles’ emittance
variations before and after the collision. Hence

∆(εx1 + εx2) =
2

βx

(
px
p0

)2 (
D2
xγ

2 − β2
x

)
= 2βxγ

2

(
px
p0

)2(D2
x

β2
x

− 1

γ2

)
. (61)

The following approximations for the betatron and momentum dispersion functions, referred to as the
smooth focusing approximation, can be written in the form

〈βx〉 ≈
R

Qx
, 〈Dx〉 ≈

〈βx〉
Qx

=⇒ D2
x

β2
x

≈ 〈Dx〉2
〈βx〉2

≈ 1

Q2
x

. (62)

Here, R is the mean ring radius and Qx is the horizontal tune. Introducing the momentum compaction
factor αp with associated transition energy γtmc2 and slip factor ηt, plus ring curvature radius ρ, we get
(see e.g. [18, 19])

γt
def
=

1
√
αp
, ηt

def
=

1

γ2
t

− 1

γ2
,

αp =
1

2πR

∮
Dx(s)

ρ(s)
ds =

〈
Dx(s)

ρ(s)

〉
=

1

γ2
t

=⇒
〈
Dx(s)

ρ(s)

〉
≈ 〈Dx〉

R
≈ 1

Q2
x

≈ 1

γ2
t

. (63)

Note that the contribution to the integral in (63) vanishes in the straight section of the lattice where
ρ(s) → ∞. The transition energy is therefore the energy for which the slip factor vanishes. Combining
Eq. (61) with the smooth approximations (62) and (63), the change in the sum of the particle emittances
becomes

∆(εx1 + εx2) = 2βxγ
2

(
px
p0

)2(〈Dx〉2
〈βx〉2

− 1

γ2

)
= 2βxγ

2

(
px
p0

)2( 1

γ2
t

− 1

γ2

)

= 2βxγ
2

(
px
p0

)2

ηt . (64)

In summary:

– Above the transition (γ>γt, ηt>0): the collisions lead to increased oscillation amplitudes, giving
rise to horizontal emittance growth, so that the beam cannot reach an equilibrium.

– Below the transition (γ<γt, ηt<0): the collisions lead to decreased oscillation amplitudes, giving
rise to horizontal emittance reduction, and so a beam equilibrium can exist.
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3.2 The original Piwinski IBS model
3.2.1 Introduction
Intrabeam scattering in weak-focusing or smooth ring lattices can be related to scattering of gas molecules
in a closed box, where the walls behave like quadrupole focusing forces and the RF voltage keeps the
particles together. The scattering of the molecules leads to the Maxwell–Boltzmann distribution (53)
of the three velocity components (vx, vz, vs), where m is the molecule mass, T the temperature, k the
Boltzmann’s constant, n the volume density of the gas and f1 the density distribution

f1(vx, vz, vs) =
1

(2πkT/m)3/2
exp
[
−m(v2

x + v2
z + v2

s)/(2kT )
]
. (65)

The original coordinates v = vxx̂ + vyŷ + vzẑ of Eq. (53) have been transformed to the curvilinear
coordinate system vxx̂ + vzẑ + vsŝ, often used to describe particle motion in synchrotrons, where s is
the arc length along the reference orbit. The difference between IBS and scattering of gas molecules
enclosed in a box is due to the curvature of the ring orbit.

Orbit curvature

– The curvature of the reference orbit produces a dispersion, so that a sudden change of energy will
change the betatron amplitudes and initiate a synchro-betatron oscillation coupling.

– The curvature also gives rise to the negative mass instability; that is, when a particle accelerates
above transition it becomes slower and behaves like a particle with negative mass, and so an equi-
librium of particles above the transition energy cannot exist. Additional comment: In a particle
accelerator the transition energy γ2

tmc
2 is attained once γ2 =γ2

t ≡α−1
p =(dp/p)/(dR/R), where

the last term of this formula is the ratio of the relative momentum change to the relative orbit radius
change.

Above transition

– The IBS effect is to increase the three bunch dimensions; that is, there is a continuous emittance
increase in both the transverse and the longitudinal directions.

– For instance, in the LHC at 7 TeV, although γ=7461� γt≈53.8 (ηt≈3.4×10−4), the undesirable
growth of the bunch emittances caused by IBS is counterbalanced by the synchrotron radiation
damping effect.

Below transition

– An equilibrium particle distribution between the partial transverse and longitudinal emittances can
exist, provided the conditions for the smooth focusing approximation hold, i.e. for weak-focusing
accelerators and storage rings or for sufficiently smooth lattices. If these conditions do not hold,
an equilibrium particle distribution may not exist.

– For example, in the strong-focusing compact ring ELENA, to decelerate at 100 keV and cool the
antiprotons sent by the Antiproton Decelerator to give dense beams, a redistribution of partial
emittances due to IBS is anticipated, even though γ ≈ 1.0� γt ≈ 1.9 (ηt ≈ −0.72).

3.2.2 Core intrabeam scattering model
The mathematics of IBS is rather complicated. Calculation of the growth rates in each degree of freedom
involves integration and averaging procedures that cannot be undertaken entirely analytically and may
need to be finished by computer. At present, various IBS computer codes are available which implement
the different models developed so far. The inputs are the lattice parameters of the accelerator or storage
ring (Twiss parameters, momentum dispersion function and its derivative, etc.) and the beam characteris-
tics (e.g. bunched or coasting beam, number of circulating particles, momentum spread and emittances).
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The main outputs are the rise/damping times (or growth/damping rates) for the horizontal, vertical and
longitudinal emittances and the momentum spread.

Here we follow the approach of A. Piwinski [1,20] to work out in some detail the growth or decay
rates of the beam dimensions due to the IBS effect. The strategy can be outlined in six steps as follows.

Step 1: Transform the momenta of the two colliding particles from the laboratory frame to the beam
frame.

Step 2: Calculate the changes in momenta due to an elastic collision.
Step 3: Transform the momenta back to the laboratory frame.
Step 4: Relate the changes in momenta to changes in transverse and longitudinal emittances.
Step 5: Average over the scattering angle distribution using the classical Rutherford cross-section.
Step 6: Average over the distributions of the particle momenta and positions within a bunch.

Steps 1–3: Momentum kinematics
In line with Piwinski’s approach, the relative momentum changes δp1,2/|p| from the average particle
momentum p after a collision between two particles (labelled 1 and 2) can be obtained from the first
three steps listed above (which is a fairly lengthy task). For brevity, we will omit some details of the
calculations.

First of all, the partial longitudinal, horizontal and vertical particle momenta (ps1,2 , px1,2 , pz1,2)
before the collision can be represented in the (s, x, z) coordinate system of the laboratory (or rest) frame
(LAB) attached to the reference orbit of the storage ring (supposing that ps1,2≈p1,2):

p1,2 = ps1,2 ŝ + px1,2 x̂ + pz1,2 ẑ = ps1,2
(
ŝ + x′1,2x̂ + z′1,2ẑ

)
≈ p1,2

(
ŝ + x′1,2x̂ + z′1,2ẑ

)
, (66)

where x′1,2 = px1,2/ps1,2 and z′1,2 = pz1,2/ps1,2 are the betatron angles and ŝ, x̂ and ẑ are unit vectors
parallel to the s, x and z coordinate axes. Then, an extra coordinate system with axes (u, v, w) oriented
along the unit vectors (û, v̂, ẑ) is defined in the LAB frame for an ensuing Lorentz transformation parallel
to p1 + p2 longitudinally, to p1 × p2 horizontally and to (p1 + p2)× (p1 × p2) vertically:

û =
p1 + p2

|p1 + p2|
, v̂ =

p1 × p2

|p1 × p2|
, ŵ = û× v̂ . (67)

The particle momenta can then be represented in this coordinate system as

p1,2 = ps1,2
(
cosα1,2û + 0 v̂ ± sinα1,2ŵ

)
≈ p1,2

(
cosα1,2û + 0 v̂ ± sinα1,2ŵ

)
, (68)

where α1,2 are the angles between the vectors p1 + p2 and p1,2 (see Fig. 9).

Comment: Momentum-Energy Lorentz Transformation. Let a particle moving at velocity
Vuû

def
= βuc û along the u-axis in the LAB frame (u, v) and at V̄u ˆ̄u

def
= β̄uc ˆ̄u in the CM frame (ū, v̄)

(overbars refer to the CM system). The relative velocity parallel to the u-axis between the two inertial
frames is denoted Vrû

def
= βrc û. The subscript on the β’s and γ’s mean β(Vu), γ(Vu) or β(Vr), γ(Vr)

(the relative frame ‘velocity’ Vrû). The total energy and momentum in the LAB frame are E=mγuc
2

and pu=mγuβuc≡Eβu/c, with γu=
(
1−β2

u

)−1/2. The factor γ̄u stated in term of γu and γr is needful
to compute energy Ē = mγūc

2 and momentum p̄u = mγūβūc. Using the formula for the additions of
velocities β̄u=(βu−βr)/(1−βuβr), we compute γū=γuγr(1−βuβr). So, the Lorentz transformations

from the LAB to the CM frame (and vice versa) on the u- and v-directions Vvv̂
def
= βvc v̂ are (cf. [21]):

{p̄u = γr(pu − βrE/c), Ē/c = γr(E/c− βr pu)}, {pu = (γr p̄u + βrĒ/c), E/c = γr(Ē/c− βr p̄u)}
{p̄v=pv, Ē/c=E/c}, {pv= p̄v, E/c= Ē/c}
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Fig. 9: Relationship between the rest coordinate system (ŝ, x̂, ẑ) (i.e. LAB frame) and the overlaid (û, v̂, ŵ)
coordinate system aligned on the centre-of-mass motion. Geometrically we have p1ŵ,2ŵ

= ±p1,2 sinα1,2ŵ,
p1û,2û

= p1,2 cosα1,2û and p1v̂,2v̂
= 0, since v̂ is perpendicular to the plane containing p1,2. Also, p1 · p2 =

p1p2 cos[α1+α2] and p1 sinα1 =p2 sinα2 (cf. Piwinski [1]).

We now perform the Lorentz transformations along the u-axis parallel to the sum of the two
momenta in Fig. 9, pu

def
= p1+p2, and the sum of the two energies, Eu

def
= E1+E2. The velocity of the

CM frame (ˆ̄u, ˆ̄v, ˆ̄w) relative to the LAB frame (ŝ, x̂, ẑ) is βr, with Lorentz factor γr, and β1,2c and γ1,2

are the velocities and Lorentz factors of p1,2 in the LAB frame. Hence, the momentum-energy Lorentz
transformation parallel to the u-axis gives the momentum in the CM frame, with the help of Eq. (68):

p̄1,2ˆ̄u
= γr

(
|p1,2û | − βr

E1,2

c

)
ˆ̄u = γr

(
|p1,2û | − βr

|p1,2|
β1,2

)
ˆ̄u

= γr

(
|p1,2| cosα1,2 − βr

|p1,2|
β1,2

)
ˆ̄u = p1,2γr

(
cosα1,2 −

βr

β1,2

)
ˆ̄u , (69)

where the subscript ˆ̄u on the left-hand side refers to the component p̄1,2 along the ū-axis. The relative
velocity βr of the CM frame is fixed by the necessity that p̄1+p̄2 = 0 (cf. Piwinski [22] Appendix A1).
Using Eq. (69) and with |p1,2|=mγ1,2β1,2c for the two LAB frame particles one get:

|p̄1ˆ̄u
+ p̄2ˆ̄u

| = mγrc(−βr(γ1 + γ2) + β1γ1 cosα1 + β2γ2 cosα2) ≡ 0, solving for βr gives:

βr =
β1γ1 cosα1 + β2γ2 cosα2

γ1 + γ2
≡ |p1 + p2|c

E1 + E2
, γr =

(
1− β2

r
)−1/2

=

(
1 +
|p1 + p2|2c2

(E1 + E2)2

)−1/2

,

γ2
r =
(
1−β2

r
)−1

=
1

2

(γ1+γ2)2

1+γ1γ2−β1γ1β2γ2 cos[α1+α2]
≈ γ2

1+γ2−β2γ2(1−2α2)
=

γ2

1+β2γ2α2
. (70)

which in turn yields the approximate relative velocity of the CM frame βr =
√
γ2

r −1/γr ≈ β(1−α2/2).
Also E1,2 = mc2γ1,2, p1,2c = mc2β1,2γ1,2, cos[α1+α2]=cos 2α, p1·p2 = p1p2 cos 2α, β2γ2 =γ2−1,
assuming ps1,2≈p1,2, x′1,2≈px1,2/p�1, z′1,2≈pz1,2/p�1, and α1≈α2≈α, see Eq. (75), and since:

p1+p2 =
(
p1 cosα1+p2 cosα2

)
û+
(
p1 sinα1−p2 sinα2

)
ŵ=

(
p1 cosα1+p2 cosα2

)
û (Fig. 9),

|p1| sinα1 = |p2| sinα2, |p1+p2|=mc
(
β1γ1 cosα1+β2γ2 cosα2

)
, E1+E2 =mc2(γ1+γ2).

Completing Eq. (69) with the Lorentz transformation on the w-axis using Eq. (68), the component
on the v̄-axis being null, and adding the Lorentz transformation for the energy, we get the three momenta
and the energy expressed in the CM frame (ˆ̄u, ˆ̄v, ˆ̄w) (Eq. (71) will be set in a more operable form below):

p̄1,2 =p1,2

[
γr

(
cosα1,2−

βr

β1,2

)
ˆ̄u + 0 ˆ̄v ± sinα1,2 ˆ̄w

]
, Ē1,2 =γr (1−βrβ1,2 cosα1,2)=

E1+E2

2γr
. (71)
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By symmetry, the changes in momenta of the two colliding particles have the same absolute values but
opposite signs in the CM frame, their directions are described by the two angles ψ̄ and φ̄ (see Fig. 10).

p̄′1,2 = ±
[(
p̄w̄ sin ψ̄ cos φ̄+ p̄ū cos ψ̄

)
ˆ̄u + p̄ sin ψ̄ sin φ̄ ˆ̄v +

(
p̄w̄ cos ψ̄ − p̄ū sin ψ̄ cos φ̄

)
ˆ̄w
]
. (72)

Let us summarize this ‘gymnastic’ back and forth between the rest and centre-of-mass frames:

Fig. 10: Changes of momenta in a particle-pair collision in the centre-of-mass coordinate system (Ref. [1])

Before collision (Fig. 9)

(a) LAB frame coordinate system (ŝ, x̂, ẑ): the three momenta of the two particles are given in (66),

p1,2 = ps1,2 ŝ + px1,2 x̂ + pz1,2 ẑ ≈ p1,2

(
ŝ + x′1,2x̂ + z′1,2ẑ

)
.

(b) LAB frame (û, v̂, ŵ): the three momenta of the two particles reduce to two momenta, which can
be written using the angles α1,2 between the u-axis and the particle momenta as (68),

p1,2 = p1,2

(
cosα1,2û + 0 v̂ ± sinα1,2ŵ

)
.

(c) CM frame (ˆ̄u, ˆ̄v, ˆ̄w): the two particle momenta in the CM frame calculated by way of a Lorentz
transformation parallel to the u-axis can be cast into the form (71) ,

p̄1,2 = p1,2

[
γr

(
cosα1,2 −

βr

β1,2

)
ˆ̄u + 0 ˆ̄v ± sinα1,2 ˆ̄w

]
.

After collision (Fig. 10)

(a) CM frame (ˆ̄u, ˆ̄v, ˆ̄w): the two particle momenta are rotated by the axial and azimuthal scattering
angles (ψ̄, φ̄); they are stated in (72),

p̄′1,2 = ±
[(
p̄w̄ sin ψ̄ cos φ̄+ p̄ū cos ψ̄

)
ˆ̄u + p̄ sin ψ̄ sin φ̄ ˆ̄v +

(
p̄w̄ cos ψ̄ − p̄ū sin ψ̄ cos φ̄

)
ˆ̄w
]
.

(b) LAB frame (û, v̂, ŵ): the two momenta are transformed back to the laboratory coordinate system
after the collision; they can be expressed as

p′1,2 = p1,2

{
γr

[
± sin ψ̄ cos φ̄ sinα1,2 + cos ψ̄γr

(
cosα1,2 −

βr

β1,2

)]
û

+

[
± sin ψ̄ sin φ̄

p

p1,2
− sin ψ̄ cos φ̄

(
cosα1,2 −

βr

β1,2

)]
v̂ +

[
cos φ̄ sinα1,2

]
ŵ

}
. (73)
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Therefore, for the two particles colliding with each other, the change in the particle momenta δp1,2 in
the laboratory frame (û, v̂, ŵ) is obtained immediately by subtracting (68) from (73). The result is

δp1,2 = p′1,2 − p1,2

= p1,2

{
γr

[
± sin ψ̄ cos φ̄ sinα1,2 + (cos ψ̄ − 1)γr

(
cosα1,2 −

βr

β1,2

)]
û

±
[
sin ψ̄ sin φ̄

p

p1,2

]
v̂ −

[
sin ψ̄ cos φ̄

(
cosα1,2 −

βr

β1,2

)
± (cos φ̄− 1) sinα1,2

]
ŵ

}
. (74)

More approximations are needed to progress further. Let us introduce the three angles ξ, θ and ζ,
used as integration variables for the averaging process over the particle distribution inside the bunch. It is
assumed that, in the LAB frame, the angle between the two colliding particle momenta is small, and that
the derivatives x′1,2, z

′
1,2 of x1,2, z1,2 with respect to the longitudinal axis are equal to the small angles

the particles make with this s-axis, that is ps1,2≈p1,2, x′1,2�1 and z′1,2�1, which implies α1≈α2≈α
as seen above (cf. also Fig. 9).

γξ =
p1 − p2

p
, θ =

px1 − px2

p
≡ x′1 − x′2, ζ =

pz1 − pz2
p

≡ z′1 − z′2 ,

2α = α1 + α2 =
√

(x′1 − x′2)2 + (z′1 − z′2)2 =
√
θ2 + ζ2 .

(75)

Comment: The first expression in (75) can also be written as γξ=[(p1−p)−(p2−p)]/p=∆p1/p−∆p2/p.

Using Eqs. (70) and (75) with the above approximations and expanding the cosine and sine func-
tions in power series to second-order, Eq. (71) simplifies (see [6, 22] for more details) supposing that
γ2α2�1, where p= |p| is the average momentum value of all particles in the bunch. One obtain

p̄1,2 = ±p
2

[
ξ
√

1 + β2γ2α2 ˆ̄u + 0ˆ̄v + 2α ˆ̄w
]

≈ ±p
2

[
ξ ˆ̄u + 0ˆ̄v + 2α ˆ̄w

]
≈ ±p

2

[p1 − p2

γp
ˆ̄u + 0ˆ̄v + 2α ˆ̄w

]
. (76)

Finally, it remains to formulate the change of momenta δp1,2 for the two colliding particles (74) in
the laboratory frame (ŝ, x̂, ẑ) of the storage ring coordinate system. After some manipulations the result
can be written in the form (see Piwinski [1])

δp1,2

|p| =
p′1,2 − p1,2

|p| =
δps1,2
p

ŝ +
δpx1,2

p
x̂ +

δpz1,2
p

ẑ =
1

2

[
2γα cos φ̄ sin ψ̄ + γξ(cos ψ̄ − 1)

]
ŝ

+
1

2

[(
ζ

√
1 +

ξ2

4α2
sin φ̄− ξθ

2α
cos φ̄

)
sin ψ̄ + θ(cos ψ̄ − 1)

]
x̂

+
1

2

[(
θ

√
1 +

ξ2

4α2
sin φ̄− ξζ

2α
cos φ̄

)
sin ψ̄ + ζ(cos ψ̄ − 1)

]
ẑ . (77)

Equation (77) captures the essence of the intrabeam collision process.

Step 4: Emittance change induced by momentum change
The change in the particle momenta after collision leads to a parallel change in the particle invariants,
namely the longitudinal and transverse emittances. These changes can be calculated by supposing that
the transverse particle positions are not altered during the interaction time (assumed to be short enough).
From now on we focus the analysis of bunched beams. The radial particle movement from the reference
closed orbit is the sum of the betatron motion xβ and the momentum deviation contribution from the
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product of the momentum dispersion function Dx,z and the relative momentum deviation ∆p/p. To
simplify the notation, we assume that the reference orbit lies in the plane containing the s- and x-axes;
that is, no orbit curvature takes place in the vertical direction z, so that Dz(s) ≡ 0. Then

x = xβ +Dx
∆p

p
, z = zβ and x′ ≡ px

p
= x′β −D′x

∆p

p
, z′ ≡ pz

p
= z′β . (78)

The invariants of the motion are the single-particle transverse emittances εx,z (identified with the
Courant–Snyder invariant) and the longitudinal invariant H for a bunched beam:

εx = γxx
2
β + 2αxxβx

′
β + βxx

′2
β and H =

(
∆p

p

)2

+
1

Ω2

[
d

dt

(
∆p

p

)]2

, (79)

where αx, βx and γx are the Twiss parameters, with βxγx − α2
x = 1 and 2αx = −β′x, and Ω is the

synchrotron frequency.

The change δεx in the invariant εx after collision is given by

δεx = γx
(
2xβδxβ + δx2

β

)
+ 2αx

(
x′βδxβ + xβδx

′
β + δxβδx

′
β

)
+ βx

(
2x′βδx

′
β + δx′2β

)
. (80)

Replace x with z to get δεz .

It has already been assumed that the ring lattice is vertically free of dispersion, i.e. Dz =D′z = 0.
Suppose also that x1,2 and z1,2 stay constant during the short collision time, so that only x′1,2 and z′1,2
vary with the change in momentum. Now δ(∆p/p) = δp/p, as the average (or reference) momentum
ps = |ps| remains constant if the beam is not accelerated.

Comment: Indeed, δ(∆p/p)= δ[(p−ps)/ps]= δp/ps−δps/ps= δp/ps≈ δp/p as ps is constant.
Defining η = ∆p/p gives δη ≈ δp/p.

So the variations δxβ , δx′β and δz′β can be formulated in terms of the betatron amplitudes as

δxβ = −Dx
δp

p
, δx′β =

δpx
p
−D′x

δp

p
, δz′β =

δpz
p

, (81)

where, for instance, we have used the ‘trick’

δx = δxβ +Dx
∆p

p
= δxβ +Dxδ

[
∆p

p

]
= δxβ +Dx

δp

p
≡ 0 =⇒ δxβ = −Dx

δp

p
.

the changes δεx,z and δH of εx,z and H can be written in the form

δεx
βx

= − 2

βx

[
xβ(γxDx + αxD

′
x) + x′βD̃x

]δp
p

+
D2
x + D̃2

x

β2
x

(
δp

p

)2

+ 2

(
x′β +

αx
βx
xβ

)
δpx
p

+

(
δpx
p

)2

− 2D̃x

βx

δp

p

δpx
p

, (82)

δεz
βz

= 2

(
z′β +

αz
βz
zβ

)
δpz
p

+

(
δpz
p

)2

, δH = 2
∆p

p

δp

p
+

(
δp

p

)2

, (83)

where D̃x = αxDx + βxD
′
x and we have neglected possible time variation of the synchrotron frequency

during the collision.

Comment: Likewise, assuming that dη/dt = 0 at the collision time, we have H ≡ η2 and
δH = (η + δη)2 − η2 = 2ηδη + (δη)2 = 2ηδp/p+ (δp/p)2 as δη ≡ δ(∆p/p) ≈ δp/p.

In the presence of radial dispersion, the momentum change δp of the particle during the collision
leads to a change in the horizontal emittance given by Eq. (82). In what follows, the shorthand η1,2

def
=

∆p1,2/p1,2 or η = ∆p/p will be used.
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Step 5: Averaging over the scattering angles
The variation of the beam phase space volume can be calculated by averaging the change of the particle
invariants over all the collisions in accordance with the particle distribution function. Piwinski defined
the time-derivative d〈εx〉/dt̄ of the average radial emittance 〈εx〉 in the CM frame for all particles by
means of a stepwise integration process.

Stated in detail (see [1, 3]): “To calculate the mean value of the emittance and momentum devia-
tion change for one particle we have to average with respect to the second particle betatron angles and
momentum deviations. Thus, to derive the overall mean value of the emittance and momentum devia-
tion change for all particles we have to average further with respect to all betatron angles, momentum
deviations and positions of the first particle. This means that we have to integrate over all phase space
betatron coordinates, momentum spread values and azimuthal locations of two interacting particles, by
means of a probability density function P (in the rest frame) for the betatron amplitudes and angles, the
momentum deviations and the azimuthal positions of the interacting particles. This is done by integrating
P̄ (in the CM frame) over the particle bunch phase space volume V̄ with respect to the differential phase
space volume element dV̄ :

〈
d

dt̄

〈εx1〉
βx

〉
=

∫

V̄
2cβ̄P̄ dV̄

∫ π

ψ̄min

dψ̄

∫ 2π

0
dφ̄ σ̄(ψ̄)

δεx1

βx
sin ψ̄, (84)

where the outer brackets 〈 · 〉 denote the average value over the lattice parameters of the ring. Here σ̄(ψ)
is the differential Coulomb scattering cross-section for the scattering into a solid angle element dΩ̄(ψ̄, φ̄)
in the CM frame, dt̄ and dt are the proper time intervals in the CM and rest LAB frames, such that
dt = γ dt̄, c is the speed of light, and 2cβ̄ is the relative velocity of two interacting particles (labelled 1
and 2) with velocities v̄1 + v̄2 = 0 in the CM frame. The probability density function P is defined by a
product of 12 variables and can be formulated in the LAB frame as

P12var = Pηs(η1, s1)Pηs(η2, s2)Pxβx′β (xβ1 , x
′
β1

)Pxβx′β (xβ2 , x
′
β2

)Pzz′(z1, z
′
1)Pzz′(z2, z

′
2) ,

and the two-particle infinitesimal phase space volume element is

dV12var = dη1 ds1 dη2 ds2 dxβ1 dx′β1
dxβ2 dx′β2

dz1 dz′1 dz2 dz′2 . (85)

Of these 12 partial joint probability density functions, three are dependent, since during the time of
the interaction the positions of the particles are supposed to remain unchanged on account of the short
collision duration (equivalently, this follows from the assumption that the two colliding particles have
the same position). So, the variables s1,2, xβ1,2 and z1,2 satisfy the following conditions if Dz = 0:

s1 = s2, xβ1 +Dxη1 ≡ xβ2 +Dxη2, z1 = zβ1 ≡ z2 = zβ2 . (86)

Then P12var and dV12var can be reduced to 9 variables

P = Pη(η1)Pη(η2)Ps(s1)Pxβ (xβ1)Px′β (x′β1
)Px′β (x′β2

)Pz(z1)Pz′(z
′
1)Pz′(z

′
2) , (87)

dV = dη1 dη2 ds1 dxβ1 dx′β1
dx′β2

dz1 dz′1 dz′2 . (88)

We now investigate the distribution of the scattering angle ψ̄ resulting from the Coulomb inter-
action of two non-relativistic ions (with β̄ � 1) of charge Z and atomic mass A in the CM frame, for
which we can use the ‘classical’ Rutherford differential cross-section formula:

σ̄(ψ̄)=

(
AmZ2e2

4πε0|p̄2−p̄1|2
)2

1

sin4[ψ̄/2]
=

(
Z2r0mc

2

2T̄

)2
1

sin4[ψ̄/2]
=

(
Z2

A

r0

4β̄2

)2
1

sin4[ψ̄/2]
, (89)
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where T̄ = |p̄2−p̄1|2/2Am=2Amβ̄2c2 is the kinetic energy of the ion, 2Amβ̄c is the relative momentum
of the two colliding ions, with p̄1+p̄2 =0 in the CM frame as the collision is elastic, and

r0 =
e2

4πε0mc2
and ri =

r0Z
2

A
(90)

are the classical proton radius and classical ion radius, respectively.

With the assumptions ps1,2≈p1,2, (p1−p2)/p�1, px1,2/p=x′1,2�1 and pz1,2/p=z′1,2�1 (see
Eq. (75) in which 2α≡

√
θ2+ζ2), Eq. (76) can be rewritten in the following way to show the connection

between the particle velocities in the CM and LAB systems.

p̄1,2 =mγ̄1,2β̄1,2c ≈ ±
p

2

[
ξ ˆ̄u+0ˆ̄v+2α ˆ̄w

]
=±mγβc

2

[
ξ ˆ̄u+0ˆ̄v+2α ˆ̄w

]
= ±mγβc

2

[
ξ ˆ̄u+0ˆ̄v+

√
θ2+ζ2 ˆ̄w

]

=⇒ |p̄1,2|2 ≈ (mγ̄1,2β̄1,2c)
2 ≈ m2γ2β2c

4
(α2+θ2+ζ2) . (91)

Moreover, assuming non-relativistic particle velocities in the CM frame, i.e. β̄�1, γ̄≈1, then with (91)

β̄ ≈ βγ

2

√
ξ2+α2 =

βγ

2

√
ξ2+θ2+ζ2 =

βγ

2

√(
p1−p2

γp

)2

+
(
x′1−x′2

)2
+
(
z′1−z′2

)2
. (92)

The integrations required to calculate Eq. (84) can be done as follows, where the next integral Ix1 ,
needed to evaluate part of the mean time-derivative of 〈εx1〉/βx is computed by replacing δp/p and
δpx/p with their expressions in terms of the parameters α, ξ, θ, φ̄ and ψ̄ (77). Integrating δεx1/βx over
the azimuthal and scattering angle ψ̄ and φ̄ using the Mathematica program gives, upon expanding the
scattering integrals into first order series development in ψ̄min, using the Eqs. (94)–(95) below to approx-
imate ψ̄min/2 ≈ ri/(2β̄

2b̄max), we find that

Ix1 ≡
∫ π

ψ̄min

dψ̄

∫ 2π

0
dφ̄ σ̄(ψ̄)

δεx1

βx
sin ψ̄

= −πr
2
i

8β̄4

{
ξ2 + ζ2 − 2θ2 +

D2
x + D̃2

x

β2
x

γ2
(
ζ2 + θ2 − 2ξ2

)
+

6D̃x

βx
γθξ

}

+
πr2

i

4β̄4

{
4xβ1

βx

(
γxDxγξ + αx(D′xγξ − θ)

)
+ 4x′β1

(
D̃xγξ

βx
− θ
)

+ ξ2 + ζ2

+
D2
x + D̃2

x

β2
x

γ2
(
ζ2 + θ2

)
+

2D̃x

βx
γξθ

}
ln

[
2

ψ̄min

]
. (93)

Notice that the smallest scattering angle ψ̄min is defined by the maximum impact parameter b̄max, as
shown in Eqs. (36) and (37) for a classical Coulomb scattering process,

tan

[
ψ̄min

2

]
≈ ri

2β̄2b̄max
. (94)

Also, the maximum impact parameter b̄max gives a cut-off angle for the scattering angle ψ, it is often
defined as the half the beam diameter or beam height 2σz since Dz = 0.

Comment: From Eq. (36) we write, for A=Z=1 and with Eq. (90), b0 =e2/2πε0m |v̄1−v̄|2 =
e2/2πε0m|2v̄|2 = e2/4πε02mβ̄2c2 = r0/2β̄

2, supposing that v̄1 =−v̄. Hence, by means of Eq. (37),
we get tan[ψ̄min/2] = r0/2β̄

2b̄max.
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To obtain manageable results, we assume that ψ̄min � 1 (i.e. tan[ψ̄min/2]� 1), so that

2β̄2b̄max/ri � 1 . (95)

The two brackets in (93) have comparable small values as the angles ξ, θ and ζ � 1; however the first
bracket is negligible compared to the second one because it is multiplied by the Coulomb logarithm (97)
(with usual values between 10 and 20).

Ix1 ≡
∫ π

ψ̄min

dψ̄

∫ 2π

0
dφ̄ σ̄(ψ̄)

δεx1

βx
sin ψ̄

=
πr2

i

4β̄4

{
4xβ1

βx

(
γxDxγξ + αx(D′xγξ − θ)

)
+ 4x′β1

(
D̃xγξ

βx
− θ
)

+ ξ2 + ζ2

+
D2
x + D̃2

x

β2
x

γ2
(
ζ2 + θ2

)
+

2D̃x

βx
γξθ

}
ln

[
2β̄2b̄max

ri

]
. (96)

The logarithm factor in (96) is the so-called Coulomb logarithm C̄log defined in the CM system
(see e.g. [2, 23]) as

C̄log ≡ ln

[
2β̄2b̄max

ri

]
= ln

[
2

ψ̄min

]
. (97)

Comment: Observe that Clog 6= C̄log because β in the rest frame is not equal to β̄ in the CM frame as
shown in Eq. (92).

Alternative definitions of the Coulomb logarithm are proposed, for example in [18]. However, its
logarithmic dependence means that it changes slowly over a large range of the elements involved in its
definition. In summary:

The other integrals Iz1 and Is1 for the vertical and longitudinal momenta can be worked out in
a similar way, assuming no vertical dispersion (Dz = D′z = 0, with αz 6= 0). Combined, they yield
the transverse and longitudinal scattering integrals (in which δH in Eq. 83 is now rewritten as δH ≈
2ηδps/p+ (δps/p)

2 since δp ≈ δps, where η = ∆p/p)



Is1
Ix1

Iz1


 ≡

∫ π

ψ̄min

dψ̄

∫ 2π

0
dφ̄ sin ψ̄ σ̄(ψ̄)




δH1/γ

2

δεx1/βx
δεz1/βz



 =

πr2
i

4β̄4
ln

[
2β̄2b̄max

ri

]
(98)

×





−4η1

γ
ξ + θ2 + ζ2

4xβ1

βx

(
γxDxγξ + αx(D′xγξ − θ)

)
+4x′β1

(
D̃xγξ
βx
− θ
)

+ξ2+ζ2+D2
x+D̃2

x
β2
x

γ2
(
ζ2 + θ2

)
+

2D̃x

βx
γξθ

−4αzz1

βz
ζ − 4z′1ζ + ξ2 + θ2





.

In the centre of mass system, the derivatives d/ds are reduced by the factor γ due to the Lorentz
contraction along the longitudinal direction s, the transverse beam sizes and the relative momentum
spread remain unchanged, the impact parameter b̄max = bmax since it is perpendicular to the s-axis, the
bunch length becomes σ̄s=γσs

P̄ = P/γ , dt̄ = dt/γ and σ̄x′β = σx′β/γ σ̄′z = σ′z/γ ,

σ̄xβ = σxβ , σ̄z = σz and σ̄x′β = σx′β/γ σ̄′z = σ′z/γ , (99)
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σ̄η = ση , σ̄s = γσs.

In accordance with Piwinski [6] - [20] the relative velocity between two colliding particles in the centre
of mass system is 2β̄c. Thus, using the Rutherford differential cross-section σ̄(ψ̄) the likelihood of a
collision per unit time and solid angle element dΩ̄(ψ̄, φ̄), denoted P̄scat is determined by the particle
density distribution in phase space P̄ . We can write

P̄scat = 2β̄c P̄ σ̄(ψ̄) with σ̄(ψ̄)dΩ̄ =

(
ri

4β̄2 sin2[ψ̄/2]

)2

sin ψ̄dψ̄dφ̄ . (100)

The phase space density distribution P̄ is given by P/γ, P being defined in LAB frame; also, the
transformation of the time step dt̄ = dt/γ in LAB frame produces another factor γ. It follows that
Eq. (84) for the change per unit time of the mean values 〈H〉/γ2 and 〈εx,z〉/βx,z , averaged over all
particles, integrating P over the phase space volume element dV introduced in Eqs. (87)–(88) can be
cast into the form, with Eq. (98):

〈
d

dt



〈H1〉/γ2

〈εx1〉/βx
〈εz1〉/βz



〉

=

∫

V

2β̄cP

γ2



Is1
Ix1

Iz1


 dV . (101)

Equation (101) is stated in the LAB frame except for β. It will be fully converted back to the laboratory
system, with β̄ replaced by its approximation βγ

√
ξ2 + θ2 + ζ2/2 (Eq. (92)) after a suitable change of

variables in P .

Step 6: Averaging over the particle momenta and positions
Computation of the mean change of the invariants εx,z and H of all particles due to the multiple particle
collisions requires averaging the above three integrals for the colliding particles over the joint density
distribution P , where the 12 variables are reduced to nine (η, s, ξ, xβ, x′β, θ, z, z

′, ζ), as three of them are
dependent; see Eq. (86). The mapping to the following new variables transformation P into P is

P (η1, η2, s1, xβ1 , x
′
β1
, x′β2

, z1, z
′
1, z
′
2) 7−→ P(η, ξ, s, xβ, x

′
β, θ, z, z

′, ζ) , (102)

where the three angles ξ, θ and ζ have been introduced. Let us make the variable substitution (in confor-
mity with Eq. (75)), taking into account that D′x 6= 0 :

xβ1,2 = xβ ∓
Dxγξ

2
, η1,2 = η ± γξ

2
,

(103)

x′β1,2
= x′β ±

θ −D′xγξ
2

, z′1,2 = z′ ± ζ

2
,

x1,2 = x , z1,2 = z , s1,2= s.

Hence, the phase space volume element dV (88) can be expressed in terms of these new variables via
the 9× 9 Jacobian matrix J of the transformation (103).

J =




∂η1/∂η ∂η2/∂η · · · x′β1
/∂η x′β2

/∂η · · · z′β1
/∂η z′β2

/∂η

∂η1/∂ξ ∂η2/∂ξ · · · x′β1
/∂ξ x′β2

/∂ξ · · · z′β1
/∂ξ z′β2

/∂ξ
...

...
. . .

...
. . .

...
∂η1/∂ζ ∂η2/∂ζ · · · x′β1

/∂ζ x′β2
/∂ζ · · · z′β1

/∂ζ z′β2
/∂ζ


 (104)

=




1 1 · · · 0 0 · · · 0 0
γ/2 −γ/2 · · · −D′xγ/2 D′xγ/2 · · · 0 0

...
...

. . .
...

...
. . .

...
...

0 0 · · · 0 0 · · · 1/2 −1/2



′
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The absolute value of the determinant of J is easily found to be |det J|=γ, the density distribution and the
phase space volume element in the new variables being labelled P (102) and dV . The relation between
the new and the initial phase volume elements is related to the transformation of multiple integrals by

∫

V
P dV =

∫

V
|det J |P dV (105)

with dV = dη dξ ds dxβ dx′β dθ dz dz′ dζ and dV = dη1 dη2 ds1 dxβ1 dx′β1
dx′β2

dz1 dz′1 dz′2 .

Hence, the change per unit time of the three averaged invariants (101) can be rewritten using (105),
taking γ for |det J|

〈
d

dt



〈H〉/γ2

〈εx〉/βx
〈εz〉/βz



〉

=

∫

V

2β̄cP
γ



Is1
Ix1

Iz1


 dV . (106)

Let us consider Ix1 in Eq. (98) and replace the variables xβ1 and x′β1
in the bracket by the relevant new

variables (103) into Eq. (106). We obtain
〈

d

dt

〈εx〉
βx

〉
=
πcr2

i
2

∫

V

dV
β̄3γ
P
(
η, s, ξ, xβ, x

′
β, θ, z, z

′, ζ
)
ln

[
2β̄2b̄max

ri

]

×
{
ξ2+ζ2−2θ2+

D2
x+D̃2

x

β2
x

γ2
(
ζ2 + θ2

)
− 2γxD

2
x

βx
γ2ξ2− 2D′x

βx

(
αxDx+D̃x

)
γ2ξ2+

4D̃x

βx
γ(x′β+θ)ξ

− 4γ

βx
(αxxβ+βxx

′
β)θ+

2Dx

βx
γ(2γxxβ+αxθ)ξ+

4D′x
βx

γαxxβξ+2D′xγθξ
}
. (107)

By construction the probability density law P is clearly symmetrical with respect to the angles ξ, θ and
ζ, so the integrals vanish for the linear terms in ξ, θ and ζ of the integrands. Consequently, keeping only
the factors ξ2, θ2 and ζ2, Eq. (107) reduces to the expression to

〈
d

dt

〈εx〉
βx

〉
=
πcr2

i
2

∫

V

dV
β̄3γ
P
(
η, s, ξ, xβ, x

′
β, θ, z, z

′, ζ
)

ln

[
2β̄2b̄max

ri

]

×
{
ξ2+ζ2−2θ2+

D2
x+D̃2

x

β2
x

γ2
(
ζ2 + θ2

)
− 2γxD

2
x

βx
γ2ξ2− 2D′x

βx
(αxDx+D̃x)γ2ξ2

}
. (108)

Comment: Using Eq. (102), the symmetry of P means that P(η,−ξ, s, xβ, x′β,−θ, z, z′,−ζ) 7−→
P (η2, η1, s1, xβ1 , x

′
β2
, x′β1

, z1, z
′
2, z
′
1) where the order of the variables {η1, η2}, {x′β1

, x′β2
} and {z′1, z′2}

in P permutes without changing the probability law.

Proceeding similarly with Is1 and Iz1 in (98) and by inserting the upgrade terms into Eq. (107)
yields:

〈
d

dt



〈H〉/γ2

〈εx〉/βx
〈εz〉/βz



〉

=
πcr2

i
2

∫

V

dV
β̄3γ
P
(
η, s, ξ, xβ, x

′
β, θ, z, z

′, ζ
)

ln

[
2β̄2b̄max

ri

]

×





θ2 + ζ2 − 2ξ2

ξ2+ζ2−2θ2+
D2
x+D̃2

x

β2
x

γ2
(
ζ2 + θ2

)
− 2γxD

2
x

βx
γ2ξ2− 2D′x

βx
(αxDx+D̃x)γ2ξ2

ξ2 + θ2 − 2ζ2





. (109)

This formula for the mean change of the invariants εx,z and H makes no a priori assumption
about the density distribution P (P) of the particles within the bunch. So in principle the integral can
be calculated for arbitrary distribution functions. However, since ‘Gaussian integration’ is quite easily
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performed, many analytical IBS models are based on the assumption that all the betatron amplitudes and
angles, as well as the momentum deviations and the coordinates of the synchrotron motion (for bunched
beams), follow Gaussian distributions.

Consequently, at this stage we assume that all the variables follow Gaussian probability
laws. We then introduce bi-Gaussian formulations of the betatron amplitude and angle distributions,
Pxβx′β (xβ1,2 , x

′
β1,2

) and Pzz′(z1,2, z
′
1,2), along with the momentum and bunch-length deviation distribu-

tions Pηs(η1,2, s1,2). The density distributions, in which u=x, z stands for both horizontal and vertical
betatron motions, can be expressed as (see [24])

Puβu′β (uβ, u
′
β) =

√
1 + α2

u

2σuβσ
′
uβ

exp
[
−Q
(
uβ, u

′
β

)]
, (110)

Q
(
uβ, u

′
β

)
=

1 + α2
u

2


 u

2
β

σ2
uβ

+
2uβu

′
βαu

σuβσu′β

√
1 + α2

u

+
u′2β
σ2
u′β


 ,

Pηs(η, s) = Pη(η)Ps(s) =
1

2πσησs
exp

[
− η2

2σ2
η

− (s− s0)2

2σ2
s

]
. (111)

In standard Gaussian notation, σxβ and σx′β are the r.m.s. beam size
√
〈x2〉 and angular spread

√
〈x′2〉,

respectively, and similarly for the vertical betatron motion z, for which z= zβ and z′= z′β by Eq. (78).
Likewise ση is the momentum spread

√
〈η2〉, and σs is the r.m.s. bunch length

√
〈s2〉, with ∆s = s− s0

being the synchrotron coordinates, i.e. the position relative to the synchronous particle. The quadratic
formQ=constant is a tilted ellipse with correlation coefficient ρx=αx/

√
1+α2

x. The above probability
distributions P must be well-matched to the Courant–Snyder invariant εx = γxx

2
β + 2αxxβx

′
β + βxx

′2
β .

Using the related betatron amplitude and angle r.m.s. values σxβ and σx′β =σxβ
√
γx/βx, the probability

Pxβx′β can be rewritten as

Pxβx′β (xβ, x
′
β) =

βx
2σ2

xβ

exp

[
− βx

2σ2
xβ

(
γxx

2
β+2αxxβx

′
β+βxx

′2
β

)]
. (112)

or using the emittance εx in place of the variables position and angle xβ, x′β

Pεx(εx)=
βx

2σ2
xβ

exp

[
−βxεx

2σ2
xβ

]
⇐⇒ Pεx(εx)=

1

〈εx〉
exp
[
− εx
〈εx〉

]
. (113)

Here, the emittance describes the phase space area used by the beam; that is, for a phase space area
covering a fraction Fεx of a Gaussian beam with r.m.s. value σxβ , the emittance at Fεx % of particles is

εx=−
2σ2

xβ

βx
ln(1− Fεx) or Fεx(εx)=1−exp

[
−βxεx

2σ2
xβ

]
with 0 < Fεx ≤ 1 . (114)

Fεx(εx) is the cumulative probability function and its derivative is the probability Pεx(εx) = dF/dt
(113). The second moment of Pη(η) and the mean value of Pεx(εx) are:

〈η2〉=
∫ ∞

−∞
η2Pη(η)dη=σ2

η and 〈εx〉=
∫ ∞

0
εxPεx(εx)dεx=

2σ2
xβ

βx
=⇒

〈x2
β〉≡σ2

xβ
=
βx〈εx〉

2
and 〈x′2β 〉≡σ2

x′β
=
γx〈εx〉

2
=⇒

σx′β
σxβ

=

√
γx
βx

=
1

βx
if αx =0. (115)

The last two formulae in (115) are obtained looking at Fig. 11, which shows beam boundaries at±
√

6σxβ
and ±

√
6σx′β . In analogy, the boundaries for 〈εx〉 would be at ±σxβ = ±

√
βx〈εx〉/2 and ±σx′β =

±
√
γx〈εx〉/2, yielding σ2

x′β
=γx〈εx〉/2.
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Figure 11 depicts the area occupied by the distribution in phase space, which parameterizes an
elliptical contour surrounding a given fraction of the beam. Thus, a larger ellipse containing, say, 95% of
the particles in the bunch has envelope boundaries at ±

√
6σxβ =±√βxεx and ±

√
6σx′β =±√γxεx. For

instance, the emittances at Fεx = (39, 87, 95)% of particles in phase space are εx = (1, 4, 6)σ2
xβ
/βx.

The emittance at 39% is the r.m.s. emittance, labelled εxrms .

Fig. 11: Extrema, intercepts and slope of the phase space ellipse enclosing Fxβx′
β

% of particles characterized by
the Twiss parameters. The area bounded by the ellipse is equal to πεx.

Comment: Besides εx, which bounds a fraction Fεx of particles in phase space, an alternative
well known emittance concept is defined as εproj

x (‘projected emittance’), whose beam width contains a
fraction F proj

εx of particles projected onto a betatron amplitude axis. Unlike Fεx for εx, the beam frac-
tion F proj

εx , for instance εproj
x = (1, 4, 6)σ2

xβ
/βx is equal to F proj

εx = (68, 95, 99)%. Actually, emittance
measurements using beam profile monitors, like wire-scanners and gas ionization monitors, measure pro-
jected transverse beam distributions through ‘integration’ over the angles x′, from whence σx and εproj

x

are derived. On the other end, beam destructive type devices, such as scrapers, ongoing decrease of beam
intensity by moving blades into the beam. This process delivers the transverse beam size versus the frac-
tion of remaining intensity and, by differentiation, the betatron beam amplitude distribution. Therefore,
emittance εx are by nature of the process expressed in term of the enclosed fraction of particles.

Summing up for the r.m.s. emittances derived from phase space and projected beam densities one
gets (see also (115))

Fεxrms
=Fεxrms

(
εxrms =σ2

xβ
/βx
)

=1−exp
[
−1

2

]
=0.39 with 〈εxrms〉=

2σ2
xβ

βx
6=εxrms =

σ2
xβ

βx
,

F proj
εxrms

=F proj
εxrms

(
εproj
xrms

=
σ2
xβ

βx

)
=

∫ σxβ

−σxβ
P proj
xβ

(xβ)dxβ=0.68 where P proj
xβ

(xβ)=
1√

2π σxβ
exp
[
−

x2
β

2σ2
xβ

]
,

〈x2
β〉=

∫ ∞

−∞
x2
βP

proj
xβ

(xβ)dxβ=σ2
xβ

=⇒ 〈εproj
xrms
〉=
〈x2
β〉
βx

=
σ2
xβ

βx
≡ εproj

xrms
6=〈εxrms〉 . (116)

Figure 12 shows the reference orbit of a synchrotron accelerator or storage ring system, referred to
as the rest frame. The coordinate system attached to the rotating vector r0(s) is referred to as the centre-
of-mass frame, even though it is not an inertial system moving at constant velocity along a straight line.

To simplify and clarify the formalism, from now on we neglect the derivatives of the dispersion
and transverse betatron functions (the vertical dispersion was earlier assumed to be null) that is:

D′x,z = 0, β′x,z = −2αx,z = 0 =⇒ D̃x,z = αx,zDx,z + βx,zD
′
x,z = 0, γx,z = 1/βx,z . (117)
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Fig. 12: Curvilinear Frenet–Serret coordinate system for particle motion in accelerator and storage rings: r(s) =
r0(s) + x(s)x̂ + z(s)ẑ, with ŝ = dr0

ds /
∣∣dr0

ds

∣∣ and ẑ = ŝ× x̂ .

Using the change of variables (103), in which x′β1,2
reduces to x′β ± θ/2 since D′x = 0,

the Gaussian density distributions (110) and (111) can be rewritten in terms of the nine variables
η, s, ξ, xβ, x

′
β, θ, z, z

′, ζ as (swapping from P to P)

Pxβx′β
(
xβ ∓

Dxγξ

2
, x′β ±

θ

2

)
, Pzz′

(
z, z′ ± ζ

2

)
, Pη

(
η ± γξ

2

)
, P2

s (s) . (118)

Consequently the transformation mapping P into P (Eq. 102) of the density distributions Pxβx′β (xβ, x
′
β),

Pzz′(z, z
′) and Pηs(η, s), Eqs. (110) and (111), which are now separable since αx,z = 0, can thus be

rephrased (remembering that two particles are involved and that (78) apply) as

Pη(η1, η2) = Pη(η1)Pη(η2) 7→ Pη
(
η +

γξ

2

)
Pη
(
η − γξ

2

)
, (119)

Ps(s1, s2) = Ps(s1)Ps(s2) 7→ Ps(s)Ps(s) = P2
s (s), (120)

Pxβ (xβ1 , xβ2) = Pxβ (xβ1)Pxβ (xβ2) 7→ Pxβ
(
xβ −

Dxγξ

2

)
Pxβ

(
xβ +

Dxγξ

2

)
, (121)

Px′β (x′β1
, x′β2

) = Px′β (x′β1
)Px′β (x′β2

) 7→ Px′β
(
x′β +

θ

2

)
Px′β

(
z′β −

θ

2

)
, (122)

Pz(z1, z2) = Pz(z1)Pz(z2) 7→ P2
z (z), (123)

Pz′(z
′
1, z
′
2) = Pz′(z

′
1)Pz′(z

′
2) 7→ Pz′

(
z′ +

ζ

2

)
Pz′
(
z′β −

ζ

2

)
. (124)

The Gaussian integrals over the six variables η, s, xβ, x′β, z, z
′ can be made by means of Mathematica.

Some calculation details of the density distribution integrals are shown for (119) and (120), which are
representative of the other four integrals. Substituting the η-exp part of (111) into (119) and integrating
over the momentum deviation range {−∞,∞} gives,

∫ ∞

−∞
dη Pη

(
η +

γξ

2

)
Pη
(
η − γξ

2

)

=
1

2πσ2
η

∫ ∞

−∞
dη exp

[
− 1

2σ2
η

(
η +

γξ

2

)2
− 1

2σ2
η

(
η − γξ

2

)2
]

=
1

2πσ2
η

∫ ∞

−∞
dη exp

[
− 1

2σ2
η

(
2η2 +

γ2ξ2

2

)]

=
1

2πσ2
η

exp

[
−γ

2ξ2

4σ2
η

] ∫ ∞

−∞
dη exp

[
−η

2

σ2
η

]
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=
1

2πσ2
η

exp

[
−γ

2ξ2

4σ2
η

]√
πση =

1

2
√
πση

exp

[
−γ

2ξ2

4σ2
η

]
. (125)

Likewise, substituting the s-exp part of (111) into (120) and integrating gives
∫ ∞

−∞
dsP2

s (s) =
1

2πσ2
s

∫ ∞

−∞
ds exp

[
−(s−s0)2

2σ2
s

]
exp

[
−(s− s0)2

2σ2
s

]
=

1

2
√
πσs

. (126)

Hence, the particle density distribution P is the product of the six terms obtained after integrating the
six density distributions (right part of Eqs. (119) to (124)) with respect to the variables η, s, xβ, x′β, z, z

′,
times Nb, the number of particles per bunch is

P(ξ, θ, ζ) = Nb

x′β ,z,z
′

∏

u=η,s,xβ

∫ ∞

−∞
duPu

(
u± γλu

2

)
Pu
(
u∓ γλu

2

)

= Nb

exp
[
−γ2ξ2

4

(
1
σ2
η

+ D2
x

σ2
xβ

)
− θ2

4σ2
x′
β

− ζ2

4σ2
z′

]

64π3σxβσx′βσzσz
′σησs

. (127)

where λu stands for either ξ, 0, Dxξ, θ, or ζ. At present P is reduced to the variables ξ, θ, ζ.

To complete the transformation back to the laboratory system, β̄ must be replaced by its LAB
frame approximation βγ

√
ξ2 + θ2 + ζ2/2). Let us define the Piwinski IBS constant AP as

AP =
cr2

i Nb

64π2β3γ4σxβσx′βσzσz
′σησs

=
cr2

i Nb

64π2β3γ4εxεzεs
, wherein (128)

σ2
x=σ2

xβ
+D2

xσ
2
η , σ2

z =σ2
zβ
, σ2

xβ ,zβ
=βx,zεx,z , σ2

x′β ,z
′
β

=
εx,z
βx,z

, σxβ ,zβσx′β ,z
′
β

=εx,z , σησs=εs .

Now, using (92) and (127) the full set of Eq. (109), in which the factors D′x,z and αx,z have to be
removed because or the additional assumption D′x,z = β′x,z = 0, can be easily rearranged as

〈



d

dt

〈H〉
γ2

d

dt

〈εx〉
βx

d

dt

〈εz〉
βz




〉
= 4AP

∫∫∫ ∞

−∞

dξ dθ dζ

(ξ2 + θ2 + ζ2)3/2
exp


−γ

2ξ2

4

(
1

σ2
η

+
D2
x

σ2
xβ

)
− θ2

4σ2
x′β

− ζ2

4σ2
z′β




×





θ2 + ζ2 − 2ξ2

ξ2+ζ2−2θ2+
D2
x

β2
x

γ2
(
ζ2 + θ2 − 2ξ2

)

ξ2 + θ2 − 2ζ2





ln

[
q2

4

(
ξ2 + θ2 + ζ2

)]
. (129)

in which the parameter q is introduced for convenience

q = βγ

√
2bmax

ri
≈ 2βγ

√
σz
ri
, with bmax

def
= 2σz , (half beam or bunch height) . (130)

Comment: The Coulomb logarithm Clog in the rest frame is ‘hidden’ inside Eq. (129) since
ln
[ q2

4

(
ξ2+θ2+ζ2

)]
= Clog+ln

[γ2

4

(
ξ2+θ2+ζ2

)]
, with Clog = ln

[2β2bmax
ri

]
; see (97).
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Discussion on an invariant
In the simplest circumstances, intrabeam scattering of particles in a bunched beam may cause dilution of
the beam in phase space, leading to continuous growth of the momentum spread and/or growth of one or
both transverse emittances. The importance of the transition energy is briefly revisited here in the light
of the invariants.

The behaviour of the beam can be described via a global invariant which can be arranged in a form
close to the sum of the mean value of the change in emittance 〈εx,z〉 and the change in momentum devi-
ation 〈H〉 over the collisions of all particles, as discussed above. Then, multiplying the top momentum
deviation change term d

dt

[
〈H〉/γ2

]
in the left part of Eq. (129) by the factor (1−γ2D2

x/β
2
x) and adding

it to the emittance change middle and bottom terms d
dt

[
〈εx,z〉βx,z

]
gives a result equal to zero:

d

dt

[
〈H〉

(
1

γ2
− D2

x

β2
x

)
+
〈εx〉
βx

+
〈εz〉
βz

]
= 0 . (131)

Unfortunately, the quantity acted on by the derivative operator d/dt is not an invariant, because
the ratio Dx/βx varies along the ring lattice (i.e. it depends on the longitudinal or azimuthal coordinate s
along the lattice). However, the smooth focusing approximation holds for a weak-focusing or smooth lat-
tice. So, from the betatron and dispersion functions, the momentum compaction factor and the transition
energy factor, we have

〈βx,z〉≡
R

Qx,z
, 〈Dx〉≡

R

Q2
x,z

, αp=
〈Dx,z(s)〉
ρ(s)

=
1

γ2
t

≡ 〈Dx,z〉
R

=Q−2
x,z =⇒

〈
Dx,z

βx,z

〉
≡ 1

γ2
t

.

(where 〈 · 〉 denotes an average over the lattice). After straightforward integration with respect to t (with
the integrand now being a constant), we get the invariant

〈H〉
(

1

γ2
− 1

γ2
t

)
+
〈εx〉
βx

+
〈εz〉
βz

= constant , (132)

where ηt = γ−2
t −γ−2 is the slip factor.

Above transition energy (ηt ≥ 0)

– The coefficient of 〈H〉 in (132) is negative and the total oscillation energy can increase as
long as it does not exceed other limitations. Therefore no equilibrium distribution can exist.

Below transition energy (ηt < 0)

– The sum of the three positive invariants, and hence of the three oscillation energies, is
bounded (i.e. the IBS emittance growth is constrained). So the emittances are redistributed
in all three phase planes, holding the whole phase space invariant; the particle density distri-
bution P is stable, and an equilibrium exists (like the situation of gas molecules in a closed
box where the focusing forces are produced by the wall of the box).

Growth rates calculation (neglecting αx,z andD′x,z)
In his original model of 1974 [1], Piwinski derived expressions for the variations in the transverse os-
cillation amplitudes (similarly the square root of the transverse emittances) and momentum spread per
unit time caused by a scattering event, using the smooth focusing approximation in which only the mean
values of the lattice functions are considered; see Eq. (62). In addition, as seen earlier, the variations of
the betatron and dispersion functions are neglected and a zero vertical dispersion function along the ring
lattice is assumed, namely

〈βx〉=
R

Qx
, 〈Dx〉=

R

Q2
x

, β′x,z=−2αx,z=0 D′x,z=0 , D̃x=αxDx+βxD
′
x=0 , Dz=0 , (133)
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where R is the mean radius of the ring and Qx,z are the transverse betatron tunes.

The longitudinal, horizontal and vertical growth times τ−1
η,x,z are given by

1

τη
=

1

ση

dση
dt

=
1

2σ2
η

dσ2
η

dt
=

1

2〈η2〉
d〈η2〉
dt

=
1

2〈H〉
d〈H〉
dt

sol.
=⇒ 〈H〉=〈H0〉 exp

[2t

τη

]
, (134)

1

τx
=

1

σxβ

dσxβ
dt

=
1

2σ2
xβ

dσ2
xβ

dt
=

1

2〈x2
β〉
d〈x2

β〉
dt

=
1

2〈εx〉
d〈εx〉
dt

sol.
=⇒ 〈εx〉=〈εx0〉 exp

[2 t

τη

]
.

where ση is the r.m.s. relative momentum spread, H0 and εx0 are the natural relative momentum spread
squared and equilibrium transverse emittance in the absence of IBS.

At this place, the projected r.m.s. emittance onto the x-axis 〈εproj
xrms〉 = σ2

xβ
/βx

(
equal to εproj

xrms

)
is

chosen rather than the emittance defined by (116), that is 〈εxrms〉 = 2σ2
xβ
/βx

(
not equal to εxrms

)
, idem

for 〈εzrms〉, and using σ2
η = 〈η2〉 for the relative momentum deviation squared. From now on we drop the

flags ‘proj’ and ‘rms’ from the emittance notation.

Comment: The IBS growth times depend of the instantaneous beam emittance and momentum
deviation values. So, it is necessary to use an iterative procedure to compute the growth times and derive
the evolution of the emittances and momentum deviation. The IBS growth rates are defined by (134),
where τη and τx,z are the longitudinal and transverse IBS growth times of the relative momentum spread
squared H and transverse emittances εx0,z0 . Adding ‘synchrotron radiation damping’(SRD) effect with
damping times τηsrd , τxsrd and τzsrd to IBS effect, the quantities H=η2 and εx,z will evolve in accordance
with [30] as:

dH

dt
=− 2

τηsrd

(
H−H0

)
+

2

τη
H

dεx,z
dt

=− 2

τxsrd,zsrd

(
εx,z−εx0,z0

)
+

2

τx,z
εx,z . (135)

Equilibrium emittances εxeq,zeq and Hηeq are reached once dεx,z/dt = 0 and dH/dt = 0. One find

Hηeq =
τη

τη−τηsrd

H0 εxeq,zeq =
τx,z

τx,z−τxsrd,zsrd

εx0,z0 . (136)

As said above, iterative computations are required simultaneously in longitudinal and transverse planes
to get the equilibrium.

Warning! The form and the units of the first column of Eq. (129), (e.g. β−1
x d〈εx〉/dt in [rad2]) do

not fit those of Eq. (134) where 1/τη,x,z is in [s−1], as shown below. Therefore, the following quantities,
introduced for suitability, (the last two are in [rad−2]) will be added to the last column of (138) below for
compatibility

(1− d2) q2

c2
=
γ2

σ2
η

a2q2

c2
=

1

σ2
x′β

b2q2

c2
=

1

σ2
z′β

, (137)

For example, considering τ−1
x and εx, we compute (2〈εx〉)−1d〈εx〉/dt = (2σ2

xβ
)−1d〈εx〉/dt =

(2σ2
x′β
βx)−1d〈εx〉/dt= (a2q2/2 c2)−1d〈εx/βx〉/dt (with αx = 0) using (115)–(137); similarly for τ−1

z,η ,
we find



1

τη

1

τx

1

τz




=




1

2σ2
η

dσ2
η

dt

1

2σ2
xβ

dσ2
xβ

dt

1

2σ2
zβ

dσ2
zβ

dt




=




1

2〈H〉
d〈H〉
dt

1

2〈εx〉
d〈εx〉
dt

1

2〈εz〉
d〈εz〉
dt




=
q2

2 c2




(1−d2)
d

dt

〈H〉
γ2

a2 d

dt

〈εx〉
βx

b2
d

dt

〈εz〉
βz



6=




d

dt

〈H〉
γ2

d

dt

〈εx〉
βx

d

dt

〈εz〉
βz



. (138)
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where for Dz = 0 (see also Eq. (130)),

a =
σh
γσx′β

, b =
σh
γσz′β

, c = qσh =
(
βγ

√
2bmax

ri

)
σh, q = γ exp

[Clog

2

]
d2 = 1− σ2

h

σ2
η

, (139)

1

σ2
h

=

(
1

σ2
η

+
D2
x

σ2
xβ

)
⇐⇒ σh =

σησxβ
σx

or equivalently

a =
βxση
γσx

, b =
βzση
γσx

, c =
σησxβ
σx

exp
[Clog

2

]
d =

Dxση
σx

, (140)

The remaining three integrals over ξ, θ, ζ in Eq. (129) still need to be computed to get the mean
change of the invariants 〈εx,z〉 and 〈H〉= η2 due to the multiple collisions of the bunch particles circu-
lating along the lattice. To this end, a first change of variables (ξ, θ, ζ)→ (u, v, w) is made as a first step
toward the integration over the ‘angles’ ξ, θ and ζ; that is,

(
2u = qξ, 2v = qθ, 2w = qζ

)
=⇒ u2 + v2 + w2 =

q2

4
(ξ2 + θ2 + ζ2) . (141)

The aim of these approximations and changes of variables is to derive an ‘almost closed-form’ and
manageable IBS formula for estimation of the rise times of the mean oscillation amplitudes, which
determine the bunch dimensions caused by the effects of IBS. Hence, in the framework of the Piwinski
model, the growth rates are calculated in accordance with Eq. (129) reformulated using the new set of
variables (u, v, w).

This gives, converting in Eq. (129) the expressions γ2(1/σ2
η+D2

x/σ
2
xβ

) into q2/c2 and γ2D2
x/β

2
x

into d2/a2 using (139) and (140)



1

τη

1

τx

1

τz




=

〈
q2

2 c2




(1−d2)
d

dt

〈H〉
γ2

a2 d

dt

〈εx〉
βx

b2
d

dt

〈εz〉
βz




〉
=

8AP

c2

∫∫∫ ∞

−∞
exp

[
− 1

c2

(
u2+a2v2+b2w2

)]

× ln[u2+v2+w2]
(
u2+v2+w2

)3/2





(1−d2)(−2u2+v2+w2)

a2
(
(u2−2v2+w2) +

(
d
a

)2
(−2u2+v2+w2)

)

b2(u2+v2−2w2)



dudv dw , (142)

Eq. (142) is then further transformed to a triple integral in spherical-like coordinates (u, v, w) →
(
√
r, µ, ν) with

(
u =
√
r sinµ cos ν, v =

√
r sinµ sin ν, w =

√
r cosµ

)
=⇒ u2 + v2 + w2 = r , (143)

which readily gives, using Mathematica


τ−1
η

τ−1
x

τ−1
z


 =

AP

c2

∫ ∞

0
dr

∫ π

0
dµ

∫ 2π

0
dν sin[µ] exp[−rD(µ, ν)] ln[r]

×





(1− d2)
[
cos2[µ]− 1

2
(1 + 3 cos[2ν] sin2[µ])

]
(
a2 + d2

)(
1 + 3 cos[2µ]

)
+ 6
(
a2 − d2

)
cos[2ν] sin2[µ]

−2 b2
(
1 + 3 cos[2µ]

)





, (144)
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where

D(µ, ν) =
1

c2

(
b2 cos2[µ] + sin2[µ]

(
cos2[ν] + a2 sin2[ν]

))
. (145)

Therefore, introducing the following three functions:

g1[µ, ν] = 1−3 sin2[µ] cos2[ν] g2[µ, ν] = 1−3 sin2[µ] sin2[ν] g3[µ, ν] = 1−3 cos2[µ] , (146)

Eq. (144) can be cast in the compact form, in which the outer bracket 〈 · 〉 averages over the lattice
parameters,



τ−1
η

τ−1
x

τ−1
z


 =

〈
q2

2 c2




(1−d2)
a2

b2


 d

dt



〈H〉/γ2

〈εx〉/βx
〈εz〉/βz



〉

=
AP

c2

∫ ∞

0
dr

∫ π

0
dµ

∫ 2π

0
dν

× sin[µ] exp[−rD(µ, ν)] ln[r]





(1− d2) g1[µ, ν]
a2g2[µ, ν] + d2g1[µ, ν]

b2g3[µ, ν]
)



 . (147)

Now, let us define the ’scattering function’ by means of the triple integrals

f(a, b, c) = 2

∫ π

0
dµ

∫ 2π

0
dν sin[µ] (1− 3 cos2[µ])

∫ ∞

0
dρ log[c2ρ] exp

[
−ρD0(µ, ν)

]
(148)

where a new variable ρ=r/c2 is introduced, a, b, c being defined in (139) and

D0(µ, ν) =
(

sin2[µ]
(
a2 cos2[ν] + b2 sin2[ν]

)
+ cos2[µ]

)
. (149)

Notice that D0(µ, ν) 6=D(µ, ν). The function f(a, b, c) cannot be evaluated in closed form over the three
variables, but the single integral over ρ can be solved analytically (e.g. by Mathematica):

∫ ∞

0
dρ log[c2ρ] exp

[
−ρD0(µ, ν)

]
=

2 log c− CEuler − log
[
D0(µ, ν)

]

D0(µ, ν)
, (150)

where CEuler =0.5772 is Euler’s constant. Thus, (148) reduces to the double integral

f(a, b, c) = 2

∫ π

0
dµ

∫ 2π

0
dν sin[µ]

(
1− 3 cos2[µ]

) 2 log c− CEuler − log
[
D0(µ, ν)

]

D0(µ, ν)
, (151)

From (139) we obtain 2 log c=Clog+2 log[γσh]≈Clog assuming that Clog� log[γσh]. This approxima-
tion sounds fine as usually 10 . Clog . 20

(
e.g. 7 Tev LHC: γ=7000,ση≈10−4, Clog≈20, and taking

σh≈ση we get log[c2]≈Clog� log
[
γ2σ2

η

]
= −0.7

)
.

Following Evans and Zotter approach [25], the scattering function (151) is first transformed by a
change of variables (x = cosµ, y = 2 ν), using the periodicity of π and symmetry about π/2 of cos2[ν]
and sin2[ν] (as also µ) which allows to replace the limit π of µ by π/2 and 2π of ν by π/2 and then to
multiply the integral by an additional factor 8. Therefore, since dµdν=−(2 sin[µ])−1dx dy, and with
the new limits of integration (0≤µ≤π/2 → 1≤x≤0) and (0≤ν ≤ π/2 → 0≤y≤π), the scattering
function (151) becomes :

f(a, b, c) = 8

∫ 1

0
dx

∫ π

0
dy
(
1− 3 cos2[µ]

) 2 log c− CEuler − log
[
D0(µ, ν)

]

D0(µ, ν)
. (152)
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Finally, Eq. (152) can be reduced to the single integral representation, see [25] and [28], [3], [24]:

f(a, b, c) = 8π

∫ 1

0

(
2 ln

[
C̃

2

{
1√
P (x)

+
1√
Q(x)

}]
− CEuler

)
1− 3x2

√
P (x)Q(x)

dx, (153)

with P (x) = a2 + (1− a2)x2, Q(x) = b2 + (1− b2)x2, C̃ = log[c2]− CEuler .

The function f(a, b, c) is the ‘new scattering function’ (see [25] for a full, clear and detailed derivation).
Except for a few cases, its calculation requires numerical integration.

After some more work the IBS growth rates for bunched beams can be cast into the compact form
that suits Eq. (147)




1

τη

1

τx

1

τz




= AP




σ2
xβ

σ2
x

f(a, b, c)

f

(
1

a
,
b

a
,
c

a

)
+
D2
xσ

2
η

σ2
xβ

f(a, b, c)

f

(
1

b
,
a

b
,
c

b

)



. (154)

where σ2
xβ
/σ2

x = 1−D2
xσ

2
η/σ

2
x = 1−d2 ≡ σ2

h/σ
2
η according to (139) and (140). Either Eq. (148) or

Eq. (153) can be used for f(a, b, c) but it is faster to evaluate the growth rates with the single integral.
See the appendix A for a proof of the equivalence between the two formulations (147) and (154).

3.3 The Bjorken–Mtingwa IBS model
3.3.1 Beam phase space density and emittance
A Gaussian probability distribution is taken to characterize the density of the beam in the six-dimensional
phase space {r,p}, with r = (x, z, s) and p = (px, pz, ps), where x, z and s stand for the horizontal,
vertical and longitudinal directions. The model is formulated as follows (see [2]), in connection with the
work of Piwinski [1] (see also [26] for a more recent and enlightening discussion of the topic):

P (r,p) =
Nb

Γ
exp
[
−S(r,p)

]
, Γ =

∫
d3r d3p exp

[
−S(r,p)

]
,

(155)

S(r,p) =
1

2

3∑

i,j=1

(
Aijδpiδpj + 2Bijδpiδrj + Cijδriδrj

)
= S(x) + S(z) + S(s) ,

where P (r,p) is the phase space density of the beam containing Nb particles, Γ is the phase space
‘volume’ of the beam and S(r,p) represents the nature of the Gaussian particle beam probability distri-
bution, with δr and δp denoting the position and momentum from the reference values r and p. Upon
working out the coefficients Aij , Bij and Cij , the expression for S(r,p) can be written as

S(r,p) = S(x) + S(z) + S(s),

S(x) =
βx

2σ2
xβ

(
γxx

2
β + 2αxxβx

′
β + βxx

′2
β

)
, S(z) =

βz
2σ2

zβ

(
γzz

2
β + 2αzzβz

′
β + βzz

′2
β

)
, (156)

S(s) =
η2

2σ2
η

+
(s− s0)2

2σ2
s

,

where αx,z, βx,z and γx,z are the Twiss parameters, εx,z are the r.m.s. transverse beam emittances, εs is
the r.m.s. longitudinal beam emittance, ση is the r.m.s beam momentum spread, σs is the r.m.s. beam
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length, and σx,z are the r.m.s. beam width and height. Moreover,

εx =
σ2
xβ

βx
, εz =

σ2
zβ

βz
, εs = σησs , xβ = x−Dxη , (157)

zβ = z −Dzη , x′β = x′ −D′xη , z′β = z′ −D′zη

where
x′ =

∆px
p
, z′ =

∆pz
p
, η =

∆p

p
.

From now on the Heaviside–Lorentz (HL) units ε0 = ~ = c = 1 will be used instead of the SI units kg,
m, s etc. (with a few exceptions). To convert back to SI units, we must restore the missing factors ε0, ~
and c.

Comment: Since ~ def
= h/2π = 1.054 × 10−34 J s, in HL units the value of the Planck constant

is h = 2π. Referring to the footnote associated with Eq. (1), the number of ‘single-particle states’ in the
momentum volume d3p is d3p/h3, which in HL units is d3p/(2π)3.

3.3.2 Two-body scattering
The Bjorken and Mtingwa approach to IBS modelling is based on the S-matrix, which is a time-evolution
operator relating the transition from an initial (quantum) state |i〉 to a final state |f〉 of a physical system
undergoing a scattering process; the matrix elements of S are inner products denoted by 〈f |S|i〉.

Comment: The S-matrix is proportional to the amplitudeM, which represents the physics of the
process [31]: S∝(2π)4δ4(pf − pi)M (which we take for granted at this stage), where pf and pi are the
4-momenta of the outgoing and incoming states. The δ-function enforces the momentum conservation
of the process.

The squared modulus |〈f |S|i〉|2 is interpreted as a transition probability P for a transition from
an initial state to a final one. See the appendix B for more details about this topic. Bjorken’s formalism
provides new insight into the other theories; in particular, the IBS calculations allow for the case of
strong-focusing lattices.

In a two-body scattering process, particles 1 and 2 with 4-momenta pµ1,2 (written in brief as p1,2
def
=

pµ1,2), i.e. with energy–momentum 4-vectors pµ1,2, interact with each other to give the following two 4-

momenta after collision: p′1,2
def
= p′µ1,2; cf. Eq. (160). The vectors p1,2 are the usual 3-momenta (e.g.

p1 + p2 → p′1 + p′2 for 3-momenta and p1 + p2 → p′1 + p′2 for 4-momenta). The transition rate for the
two-particle scattering process, or equivalently the number of scattering events per unit time, is given by
Eq. (2.3) in [2]; see also Eq. (7.42bis) in [32]:

dP
dt

=
1

2

∫
d3r

d3p1

γ1

d3p2

γ2
P (r,p1)P (r,p2)

∣∣M
∣∣2 d3p′1

γ′1

d3p′2
γ′2

δ4(p′1+p′2 − p1−p2)

(2π)2
, (158)

where γ1,2 = E1,2/m, with m being the mass of the two particles (assumed to be the same) and E1,2

their energies (in HL units), andM is the Lorentz-invariant Coulomb scattering amplitude.

The transition rate dP/dt caused by a two-particle scattering process, (158), can be reformulated
by introducing the exponent S(r,p) of the Gaussian beam phase space distribution P (r,p) in (155), to
calculate the rate of change of the emittances εu (with u = x, z, s); this yields (cf. [2, 33])

dεu
dt

=
Nb

2Γ2

∫
d3r

d3p1

γ1

d3p2

γ2
exp
[
−S(r,p1)

]
exp
[
−S(r,p2)

]

×
∣∣M
∣∣2(εu(p′1)−εu(p1)+εu(p′2)−εu(p2)

) d3p′1
γ′1

d3p′2
γ′2

δ4(p′1+p′2 − p1−p2)

(2π)2
.

(159)
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The goal is now to compute the scattering amplitudeM for a Coulomb interaction between two particles.
This will be done by means of the Feynman rules, using the Feynman diagram representation of a simple
scattering process.

Comment: Feynman diagrams are graphical representations of interactions according to a set of
rules that allow us to calculate the matrix elements and amplitudeM of a given interaction. With this
approach, the scattering cross-sections, decay rates, transition probabilities etc. can be calculated via a
function, called the propagator, which represents the transfer of momentum from one particle to another.
Propagators are obtained by following the prescriptions of the Feynman rules.

Computation of M for a simplified process is sketched in the following. Let rµ denote a con-
travariant vector, which, together with the corresponding covariant vector rµ

def
= gµνr

ν , makes the
product gµνrµrν invariant with respect to the Lorentz transform (with g11 = 1, g22 = g33 = g44 =
−1, and gµ 6=ν = 0).

Comment: The metric is 4-momentum2 = energy2 − 3-momentum2 (in HL units), where 4-
momenta are written as p and 3-momenta as p (boldface).

Then we can write (briefly reintroducing c = 3× 108 m s−1 in place of its HL value c = 1)

r
def
= rµ ≡ (ct, r) = (ct, x, z, s), p

def
= pµ ≡

(
E

c
, p

)
=

(
E

c
, px, pz, ps

)
,

(160)

p1 · p2
def
= pµ1p2µ≡

E1E2

c
− p1 · p2, p2 def

= pµpµ ≡
E2

c2
− p2 = m2c2,

r· p def
= rµpµ ≡ tE = r · p.

The fourth formula in (160) is the well-known squared 3-momentum |p|2c2 = E2 − m2c4. With the
help of these definitions, the integral of the Dirac delta-functions in (158) expresses the conservation of
the 4-momentum:

∫
· · · δ4(p1 + p′2 − p′1 − p2) dp1 dp2 dp1 dp′1 dp′2 .

Here the intention is to sketch the techniques involved in analysing the interactions of charged par-
ticles. The approach is a kind of makeshift job based on several approximations, such as non-relativistic
elastic scattering in the centre-of-mass frame and the assumption of ‘structureless’ particles. This allows
us to regard proton–proton and electron–electron collisions as being on the same footing. (evidently
protons, with spin 1/2, subject to IBS electromagnetic forces within a circulating beam have nothing to
do with high-energy head-on collisions between protons circulating in opposite directions and experi-
encing chromodynamic quark–quark interactions, with spin 1/2, mediated by the exchange of gluons,
with spin 1.)

Let us consider a Coulomb scattering between two electrons of mass m via the exchange of a
virtual photon driving the electromagnetic force, as described by quantum electrodynamics (QED). To
quantify this scattering process with the minimal amount of formalism, we drastically simplify the com-
putations of the tricky QED mathematics for the ‘real-life’ four-body process e− + e− → e− + e− with
electrons of spin 1/2 and a massless photon of spin 1 (carrying the electromagnetic force). Instead, we
use a ‘toy model’ which does not handle particles with spin (cf. [34]). Thus, spinless and point-like
charged particles with spinless and massless bosons are used to mimic protons and photons.

Figure 13 illustrates the elastic scattering process p1 + p2 → p′1 + p′2 in the centre-of-mass
frame of two particles, say electrons. Unlike a classical Rutherford Coulomb scattering process, for a
QED scattering process, referred to as Møller scattering, the force between two electrons results from
the exchange of virtual photons (i.e. photons that cannot be directly observed) located at two vertices.
Figure 14 depicts a two-electron scattering process described using a Feynman diagram. The two elec-
trons enter from the left of the diagram, exchange a photon and then move away to the right of the
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diagram. The nature of the interaction is described by relativistic quantum electrodynamic theory (see
e.g. [31, 32, 34, 35]).

Fig. 13: Kinematics of two-particle scattering in the
centre-of-mass system, with scattering angle ψ and
4-momentum p1,2 =(E1,2,±p1,2); similarly for p′1,2
after the collision.

Fig. 14: Feynman diagram for electron–electron
scattering in QED; ‘time’ flows from left to right, the
left-hand side of the diagram is the initial state, the
right-hand side is the final state, and the wavy line in
the middle belongs to neither the initial nor the final
state—it shows ‘how the interaction happened’. The
intermediate photon γ is ‘virtual’.

In the framework of the toy model, the electrons are reduced to spin-0 ‘particles’ with massm, the
four external lines in the Feynman diagram are associated with the particle 4-momenta p1, p2 and p′1, p

′
2

before and after the collision. The photon becomes a spin-0 and zero-mass ‘particle’, with one internal
wavy line associated with the internal 4-momentum labelled q.

The amplitudeM for the scattering process is worked out using the Feynman diagram in Fig. 14
together with the Feynman rules. The steps of the Feynman prescriptions for toy models are sketched
without proof.

1. Notation: Label the incoming and outgoing external 4-momenta p1, p2, p
′
1, p
′
2 and the internal

4-momentum q (with p1,2
def
= pµ1,2 and q def

= qµ as above).

2. Vertex factor: The two vertices contribute two factors of −ig, where i=
√
−1. Multiplying these

two factors together yields−g2. Note that the coupling constant g in QED specifies the interaction
strength between electrons and photons and is related to the fine structure constant α through
g=
√

4πα. In SI units α = e2/(4πε0~c) = 1/137, and in HL units α = e2/(4π).
3. Propagator: The single internal wavy line contributes a factor of f(q) = i/(|q|2 −m2

i ) ≡ i/|q|2
because of the spinlessness and zero mass (mi=0) of the internal ‘boson’ (the mimicked photon).
Note that a propagator f(q) is associated with the internal wavy line in the Feynman diagram and
represents the transfer, or propagation, of momentum from one electron e− to the other during the
interaction time, via a virtual photon γ.

4. Energy–momentum conservation: For the two vertices, introduce two Dirac delta-functions
(2π)4δ4(p2 − p′2 − q) and (2π)4δ4(p1 + q − p′1) and multiply them together. The scattering am-
plitude is expressed as the product of the coupling constant g and the propagator f(q), namely
M = gf(q). Note that this prescription enforces the conservation of energy and momentum at
each vertex, because the delta-functions are zero when the sum of the incoming 4-momenta and
that of the outgoing 4-momenta are the same.

5. Integration over internal 4-momenta: Then integrate the delta-functions for the unique internal
4-momentum q over the variables d4q/(2π)4.
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Steps 1–5 give the amplitude approximation for non-relativistic scattering of spinless and point-like
charged ‘particles’ (with mass m) and spinless and massless ‘bosons’ mimicking electrons and photons:

M = −i (2π)4g2

∫
1

|q|2 δ
4
(
p2 − p′2 − q

)
δ4
(
p1 + q − p′1

)
d4q . (161)

Integration of the delta-function is done by inspection. Choosing the second delta-function to integrate,
we substitute q 7→ p′1 − p1 into (161) and obtain

M = −i (2π)4g2

∫
1

|q|2 δ
4
(
p1 + p2 − p′1 − p′2

)
δ4
(
q − [p′1 − p1]

)
d4q

= − i g2

(p′1 − p1)2
(2π)4δ4

(
p1 + p2 − p′1 − p′2

)
(162)

since
∫
δ4(q − [p′1 − p1]) d4q = 1.

Discarding the left-out delta-function (2π)4δ4(p1+p2−p′1−p′2), which just re-enforces the overall
conservation of energy and momentum at the four external lines (i.e. external ‘particles’, the mimicked
electrons), we get the scattering amplitude in terms of the 4-momenta (cf. Eq. (2.3a) in [2]):

M = − i g2

(p′1 − p1)2
=

4πα

(p′1 − p1)2
. (163)

To see the link betweenM and the collisional process, the internal 4-momentum squared, |q|2 ≡ (p′1 −
p1)2, can be expanded further. Consider the 4-momentum (and energy) conservation |p′1,2|2 = |p1,2|2 for
elastic collision in the centre-of-mass frame (Fig. 13). We have E2

1,2 = E′21,2 and |p|21,2 = |p|′21,2 since
p1,2 = (E1,2,p1,2) and p2

1,2 = (E2
1,2 − p2

1,2) ≡ m1,2 = m for particles of the same mass m. Hence

p′1 − p1 = (E′1 − E1) + (p′1 − p1) = p′1 − p1 =⇒ (164)

(p′1 − p1)2 = p′21 + p2
1 − 2p′1 · p1 = p′21 + p2

1 − 2|p′1| |p1| cosψ

= 2|p|2(1− cosψ) = |p|2 sin[ψ/2] ,

in which p
def
= p1 is the incident momentum of particle 1 and ψ is the scattering angle between the two

momenta p1 and p′1 before and after collision. Therefore, in HL units, the amplitudeM takes the form

M =
4πα

|p|2 sin2[ψ/2]
=⇒

∣∣M
∣∣2 =

(
e2

|p|2 sin2[ψ/2]

)2

≡ σ(|p|, ψ) . (165)

The scattering amplitude
∣∣M
∣∣2 is thus identified with the differential cross-section σ(|p|, ψ) of the two-

electron collisional process.

Comment: Compare (165) with the cross-section σ(ψ) of a Coulomb classical (non-quantal)
Rutherford scattering process, Eq. (36).

At this point the calculations are still far from finished, and also they are not easy to perform.
After some difficult manipulations the rate of change of the emittances, dεu/dt of Eq. (159), can be
recast in the form given by Eq. (166) below. See [2] for details of the lengthy calculations used to derive
the Bjorken–Mtingwa Eq. (3.4) and then Eqs. (4.5)–(4.7), which yield growth rate expressions that are
convenient to use.
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3.3.3 Intrabeam scattering growth rates
In deriving Eq. (166), Bjorken and Mtingwa considered a zero vertical dispersion function Dz , so that
φz=0 and Hz=0, reducing Lz (168) to a matrix with all components Lzi,j =0 except for Lz3,3 =βz/εz:

Lz =
βz
εz




0 0 0
0 0 0
0 0 1


 (Eq. (2.37d) of [2]) compared to Lz =

βz
εz




0 0 0

0 γ2Hz
βz

−γφz
0 −γφz 1


 in Eq. (168) .

Moreover, in solving (166) Bjorken and Mtingwa did an approximation by neglecting the ratios βx,z/εx,z
relative to γ2D2

x/(εxεz), (βx/εz)γ
2φ2

x and γ2/ση.

To conclude, for bunched beams, the IBS growth rates τ−1
u in the horizontal, vertical and longitu-

dinal directions (u=x, z, s) are written in the form similar to that obtained by Bjorken and Mtingwa [2],

1

τu
=

1

σu

dσu
dt

=
1√
〈εu〉

d
√
〈εu〉

dt
=

1

2 〈εu〉
d〈εu〉

dt
=

= ABM Clog

〈∫ ∞

0

dλ
√
λ√

det[L+λI]

{
Tr[Lu] Tr

[
1

L+λI

]
− 3 Tr

[
Lu

( 1

Lu+λI

)]}〉
,

(166)

in which we have introduced the growth rates (134), the rough momentum spread squared 〈H〉≈〈η〉2 =
σ2
η , and the Bjorken-Mtingwa scattering constant ABM in analogy with (128):

ABM Clog =4πAP Clog =
cr2

i NbClog

16πβ3γ4εxεzεs
≡ π

2Nb c0 r
2
i Clog

2γΓ
,

Γ=(2π)3(βγ)3εxεzεs,
1

τs
=

1

ση

dση
dt

, (167)

where Γ is the six-dimensional phase volume for bunched beams and εs
def
= ση σs. Moreover, the lon-

gitudinal growth rate τs, has been remodelled in the handy form above, better suited for practical usage
(cf. [30] chapter 13.2 and [37] footnote3). Unlike Eq. (134) and (166) the growth rates in Ref. [37] are
expressed as the time-derivative of the emittances, yielding a factor 2 difference between both versions.
Also, the longitudinal emittance can be written instead as εs=σsσE/β

2 using the relative energy spread
∆E/E since the relationship between the momentum and energy spreads is ∆p/p= (∆E/E)/β2, the
two relative spreads being equal at high energy.

The present formulation (cf. [37]) includes the vertical dispersion Dz and its derivative D′z . The
matrix L = Lx + Lz + Ls is composed of the 3 × 3 matrices defined below in (168), I is the identity
matrix, and the brackets 〈 · 〉 represent averaging over the lattice period.

Lx =
βx
εx




1 −γφx 0

−γφx γ2Hx
βx

0

0 0 0


 , Lz =

βz
εz




0 0 0

0 γ2Hz
βz

−γφz
0 −γφz 1


 , Ls =

γ2

σ2
η




0 0 0
0 1 0
0 0 0


 (168)

with

φx,z =
Dx,zαx,z+D′x,zβx,z

βx,z
, Hx,z =

D2
x,z+β2

x,zφ
2
x,z

βx,z
= γx,zD

2
x,z+2αx,zDx,zD

′
x,z+βx,zD

′2
x,z .

In Eqs. (166)-(168), Nb is the number of particles per bunch, c0 is the speed of light reintroduced
here in SI units, ri is the classical ion radius [m] given in (90); it reduces to the classical proton radius
r0 for unit ion mass and charge A,Z (for leptons of charge Z, A is the lepton-to-electron mass ratio),
γ =

(
E2

0 +p2
)1/2

/E0 and β =
(
1−γ−2

)1/2 are the Lorentz factors, E0 is the particle rest energy [eV],
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and p is the particle momentum [eV/c]. The matrices inside the brackets depend on the optics parameters
αx,z, βx,z, Dx,z and D′x,z , on the r.m.s. unnormalized transverse emittances εx,z [m], and on the r.m.s.
relative momentum spread ση and bunch length σs [m] (or the r.m.s. longitudinal emittances [m] εs
defined above). For matched beams, the longitudinal emittance is defined as εs=πpσησs(βc)

−1 [eVs].
Clog in Eq. (166) is the Coulomb logarithm, with typical values in the range [10, 20].

After expansion of the integrand in the brackets in (166) and some lengthy computations, the
growth rates are recomputed to include the vertical dispersion function and cast in the form (cf. [36,37])

1

τu
=
π2Nb c0 r

2
i Clog

2γΓ
∆u

〈∫ ∞

0

dλ
√
λ (auλ+ bu)

(λ3 + aλ2 + bλ+ c)3/2

〉
(169)

with u=x, z, s and

∆x =
γ2Hx

εx
, ∆z =

βz
εz
, ∆s =

γ2

σ2
η

.

The nine coefficients a, b, c, ax, bx, az , bz , as and bs depend on the optics parameters and on the
approximation used. They are not reproduced here; see [37] for a complete list, including three variants.

Comment: A high energy approximation to Bjorken-Mtingwa theory [2] has been developed by
Bane [27] to give formulae for the IBS growth rates that can be rapid and easy to apply. For instance,
IBS effects in high energy storage rings, operating above transition, can induce emittance growth during
beam coasts. So, numerical simulations of the emittance evolution caused by IBS involves performing
the integrals appearing in the growth rates formulae over numerous storage ring turns, averaging the
growth rates for each turn around the storage ring and then deriving the emittance variation for this turn.
This task may be quite cumbersome and computationally intensive if one has to use plain growth rates
formulae without approximation (see also [28, 30, 33]). Although the Piwinski and Bjorken-Mtingwa
formulae for the growth rates look dissimilar, the Piwinski model (assuming weak-focussing lattices) and
the Bjorken-Mtingwa one (intrinsically ready-made for strong-focussing lattices) are in good agreement
has also shown by Bane, with sure assumptions.

For illustration, Fig. 15 plots the evolution of the Coulomb logarithm for the ELENA 100 keV
low-energy antiproton decelerator ring, computed with Eqs. (170) and (171) below.

Fig. 15: Evolution of the calculated Coulomb logarithm during 1 s on a 100 keV plateau for the nominal ELENA
beam and the first two variants in Table 4.

In [2] the Coulomb logarithm is taken to be the fixed value Clog =20. Here the Coulomb logarithm
is defined by the expression (see [23])

Clog ≡ ln
[
rmax/rmin

]
with rmax = min[σx, λD], rmin = max

[
rC

min, r
QM
min

]
, (170)
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where rmax is the smaller of the mean r.m.s. beam size σxβ and the Debye length λD, and rmin is the
larger of the distance of closest approach rC

min and the quantum diffraction limit from the nuclear radius
rQM

min . These quantities are given by

λD =
7.434

Z

√
2E⊥
ρ

, ρ =
Nb×10−6

√
64π3〈βx〉εx〈βz〉εzσ2

s

, E⊥ =
(γ2 − 1)E0

2

εx
〈βx〉

,

(171)

rC
min =

1.4410×10−9Z2

2E⊥
, rQM

min =
1.97310×10−13Z2

√
8E⊥E0

,

in which ρ is the particle volume density [m−3] and E⊥ is the transverse beam kinetic energy in the
centre-of-mass frame [eV].

4 Examples
4.1 First example: LHC and SLHC at 7 TeV
4.1.1 Nominal LHC, first interaction region upgrade and SLHC
The effects of intrabeam scattering and synchrotron radiation on the expected evolution of the LHC
and SLHC beam emittances during coasts at 7 TeV are examined for the nominal beam and beams with
reduced emittances. The study was carried out in 2010 for the first ‘interaction region’ (IR) upgrade and
for the SLHC. The nominal beam and LHC parameters and those with reduced emittances have been
selected to study the effect of IBS on emittance evolution in a coast [5].

Figure 16 shows the betatron functions along the LHC ring circumference for the LHC ‘IR phase 1
triplet’ beam and for the lattice parameters of Case 2 in Table 1 with β∗=0.3 m, used for all subsequent
IBS calculations (small disparities among the other three β∗ values were negligible). Except at the
interaction points, LHC is a fairly smooth storage ring and so more or less fulfils the smooth focusing
approximation criteria. The vertical dispersion (see Fig. 17) is generated by the vertical crossing angles
at interaction points 1 and 2 and by the detector fields of ALICE and LHCB [37].

Fig. 16: SLHC betatron functions [m] for β∗ =
0.30 m (at interaction points IP1 and IP5).

Fig. 17: Vertical dispersion [m] as a function of po-
sition [m], for the LHC at 7 TeV.

Table 1 displays a list of beam and lattice parameters related to the luminosity characteristics of
the LHC and SLHC. Cases 1 and 2 in the table show the LHC luminosity with a nominal beam intensity
of 1.15×1011 protons, and Cases 3 and 4 show the SLHC luminosity for the ‘highest’ ultimate beam
intensity of 2.36×1011 protons.
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Table 1: LHC nominal beam intensity luminosity and SLHC luminosity with improved variants

LHC and SLHC beam parameters Case 1a Case 2b Case 3c Case 4d

Nb (×1011) 1.15 1.15 1.70 2.36
εnH,V =γε [µm] (normalized) 3.75 2.54 2.65 2.60

β∗ [m] 0.55 0.30 0.25 0.15
σ∗H,V [µm] 16.58 10.11 9.40 7.21

σL [mm] 75.5 75.5 75.5 75.5
σ∆p/p (×10−4) 1.13 1.13 1.13 1.13

εL r.m.s. [eV s] 0.62 0.62 0.62 0.62
Crossing angle θ [µrad] 285 337 355 452
∆Qbb head-one 1 1.09 1.43 1.37
LuminosityL (×10−34) [cm−2 s−1] 2 1.09 4.65 10.29

aInitial IR triplet: nominal beam with LHC at top energy gives the nominal luminosity.
bIR phase 1 triplet: new optics foreseen for interaction region to give lower β∗, reduced emittance and improved luminosity.
cUltimate Nb: with the ultimate beam intensity and the reduced emittance raise ∆Qbb to still improve the luminosity.
d‘Highest’ ultimate Nb: top luminosity can be obtained by reducing β∗ and raising Nb within an emittance again reduced.
eThe head-on beam–beam tune shift ∆Qbb is normalized to the value of the nominal beam.

4.1.2 Intrabeam scattering effects in the LHC and SLHC
Figure 18 shows the initial IBS growth times in the LHC and SLHC computed with the beam parame-
ters in Table 1. The simulations were performed with a dedicated Mathematica notebook based on the
Bjorken–Mtingwa model [2], which handles the vertical dispersion function and its derivative [36].

The Mathematica code accounts for the variation of the optical parameters βH,V , β′H,V , DH,V and
D′H,V over the lattice. Table 2 displays the increase in beam emittance due to IBS for a 7 TeV proton

Fig. 18: Initial IBS growth times in hours for the four cases in Table 1. For the nominal LHC parameters (Case 1):
τL = 58 h, τH = 103 h and τV = −359 years. The vertical growth times are not shown as they are negative,
approximately −100 years, i.e. τ−1

V ≈0.

beam at the end of 10 hours’ storage in the LHC/SLHC.

Figures 19 and 20 plot the emittance evolution over the 10-hour period of coast, assuming a con-
stant beam intensity for the duration of the storage. The synchrotron radiation damping effect is not
accounted for in the simulations. IBS growth times are calculated iteratively in time steps of 5 minutes.

At each iteration i, the emittances are updated as follows:

εLHV(i+ 1)=εLHV(i) exp

[
∆t

τLHV(i)

]
� i= i+1,

1

τLHV(i+1)
=

1

∆t
ln

[
εLHV(i+1)

εLHV(i)

]
. (172)
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Table 2: IBS emittance growth after a 10-hour beam coast, considering only the IBS effect

∆εL/εL ∆εH/εH ∆εV /εV
Case 1 Initial IR triplet: β∗=0.55 m 16% 9% −0.0001%
Case 2 IR phase 1 triplet: β∗=0.30 m 24% 21% −0.001%
Case 3 Ultimate Nb: β∗=0.25 m 32% 27% −0.001%
Case 4 ‘Highest’ ultimate Nb: β∗=0.15 m 44% 37% −0.001%

εL,H,V(i+1)=εL,H,V(i) exp
[ ∆t

τL,H,V(i)

]

 i= i+1

1

τL,H,V(i+1)
=

ln εL,H,V(i+1)−ln εL,H,V(i)

∆t
(173)

Fig. 19: Evolution of the r.m.s. longitudinal emit-
tance due to IBS effect for the 4 cases of Table 1.

Fig. 20: Evolution of the r.m.s. horizontal emittance
due to IBS effect for the 4 cases of Table 1.

4.1.3 Cumulative intrabeam scattering and radiation damping effects in the LHC and SLHC
The synchrotron radiation turns into a visible effect for the LHC/SLHC proton beams at 7 TeV collision
energy. Emittances shrink with damping times τsrdL =12.9 h and τsrdHV =26.0 h in the transverse planes.
Synchrotron radiation damping (SRD) is modelled by replacing τLHV(i) with (τ−1

LHV(i)−τ−1
srdLHV

)−1 in
Eq. (173).

Figures 21–22 show the evolution of the longitudinal and transverse emittances over a 10-hour
beam coast. Synchrotron radiation dominates IBS growth in the longitudinal and vertical planes for all
of Cases 1–4; in the horizontal plane the emittance damps continuously during the coast only in Case 1,
whereas for Cases 2–4 it expands at some point during the coast. Table 3 displays the increase in beam
emittance due to IBS and SRD for a 7 TeV proton beam at the end of 10 hours’ storage in the LHC/SLHC.
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Fig. 21: Evolution of the r.m.s. longitudinal emittance
due to IBS and SRD effects for the 4 cases of Table 1.

Fig. 22: Evolution of the r.m.s. horizontal emittance
due to IBS and SRD effects for the 4 cases of Table 1.

Fig. 23: Evolution of the r.m.s. vertical emittance due to IBS and SRD effects for the 4 cases of Table 1.

Table 3: IBS emittance growth after a 10-hour beam coast, considering both IBS and SRD effects

∆εL/εL ∆εH/εH ∆εV /εV
Case 1 Initial IR triplet: β∗=0.55 m −36% −20% −32%
Case 2 IR phase 1 triplet: β∗=0.30 m −27% −5% −32%
Case 3 Ultimate Nb: β∗=0.25 m −19% 3% −32%
Case 4 ‘Highest’ ultimate Nb: β∗=0.15 m −8% 14% −32%

In summary, the longitudinal and vertical emittances of all the luminosity scenarios are kept within
target specifications for Cases 1–4. Horizontal emittances stay within requirements for Cases 1 and 2;
a small blow-up of approximately 3% is anticipated for Case 3, and a larger blow-up of approximately
14% for Case 4. Globally, for most scenarios, the evolution of emittances during the 10-hour coast is
kept within the range of design values. Observe that, without the counterbalancing damping effect of
the synchrotron radiation, the longitudinal and horizontal emittances would grow continuously during a
coast, while the vertical emittance would stay roughly the same. This is because at 7 TeV the LHC is far
above the transition energy, as γ = 7461� γt ≈ 53.8.
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4.2 Second example: ELENA at 100 keV
4.2.1 Study of nominal beam parameters and variants
ELENA is a compact hexagonal synchrotron of about 30 m circumference, equipped with an electron
cooler. It was designed to allow greater deceleration of the antiprotons (p̄) with 5.31 MeV kinetic energy
sent by the Antiproton Decelerator (AD), to yield dense beams at 100 keV kinetic energy with a beam
population of approximately 2.5×107 cooled p̄. Electron cooling is used to counteract the increase
in emittance and momentum due to the deceleration process. The plan is to increase the intensity of
the antiprotons delivered to the anti-hydrogen-based experiments at the AD by one to two orders of
magnitude [38, 39]. In [38], the joint effects of electron cooling and IBS on the beam equilibrium phase
space dimensions are computed using the code BETACOOL [3].

Fig. 24: The ELENA (Extra Low Energy Antiproton)
ring (8.6 m×10.0 m,≈30 m circumference) is a below-
transition-energy ring with γ=1.00001<γt≈1.9.

Fig. 25: ELENA cycle, with first injection plateau at
100 MeV/c, second cooling plateau at 35 MeV/c and
third cooling plateau at 13.7 MeV/c (100 keV).

The cycle has one injection plateau at 100 MeV/c momentum for the coasting p̄ beam injection
from the AD. Hence, the beam is decelerated down to a first plateau at 35 MeV/c for a cooling period of
about 8 s, followed by deceleration down to a second plateau at 13.7 MeV/c for about 3 s extra cooling
of the p̄ beam. Before the end of the plateau, the beam is bunched and further cooled for approximately
0.3 s to the emittances needed for ELENA experiments, up to the extraction of four bunches consisting of
approximately 6.25× 106 antiprotons to the transfer lines between ELENA and the experimental areas.

Figures 24 and 25 show schematically the ELENA ring and its deceleration cycle.

Figure 26 displays the optics of the ELENA ring lattice with working points QH =2.3 and QV =
1.3 (P. Belochitskii, 2012). We see that, unlike the LHC lattice (Fig. 16), ELENA is not a smooth lattice.

Table 4 shows the initial length, momentum spread, and longitudinal and transverse emittance
values of the nominal bunch and five variants (prior to IBS), used to evaluate how the bunch parameters
behave under IBS effects. This is an important issue, as the bunch length and momentum spread must be
kept close to their nominal values. This study was undertaken in 2012.

Table 4: Initial nominal beam emittances on the 100 keV plateau and five variants. The longitudinal emittance is
defined as εL =πpσBLσ∆p/p(βc)

−1, where c is the speed of light and σBL is the r.m.s. bunch length.

σBL σ∆p/p εrms
L εrms

HV
Nominal 0.325 m 7.5×10−5 2.4×10−4 eV s 1.0µm
Variant 1 0.325 m 2.5×10−5 0.8×10−4 eV s 0.5µm
Variant 2 0.325 m 1.25×10−4 4.0×10−4 eV s 2.5µm
Variant 3 0.325 m 2.5×10−4 8.0×10−4 eV s 1.0µm
Variant 4 0.325 m 3.75×10−4 12.0×10−4 eV s 1.0µm
Variant 5 0.325 m 5.0×10−4 16.0×10−4 eV s 1.0µm
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Fig. 26: ELENA ring betatron functions and dispersion function in [m]

4.2.2 Intrabeam scattering simulations for bunched beams on the 100 keV plateau
The IBS simulations for ELENA were performed with two different Mathematica notebooks for cross-
checking. The first consists of the code used for LHC/SLHC simulations. The code in the second
notebook is based on an algorithm derived by A. Piwinski [6] and implemented by Ch. Carli [7], which
takes the linear coupling into account exactly. The lattice is described in terms of magnets and their
strengths, and the program analyses linear properties such as the betatron-oscillation coupling (solenoid
and skew quadrupole magnets). The process is applied to the generalized emittances specified via the
betatron-oscillation eigenvectors (e.g. as calculated by MADX). Then this information is used to com-
pute IBS growth rates. Simulations using the second code show that the coupling effect has negligible
influence on the IBS growth rates and hence on the vertical dispersion function.

Figures 27–29 plot, for bunched beams, the longitudinal τ−1
L , horizontal τ−1

H and vertical τ−1
V

growth rates ‘without cooling’, as functions of the transverse emittance εrms
HV and the relative momentum

spread σ∆p/p. Each bunch contains 6.25× 106 antiprotons. The plotted growth rates are computed using
an initial r.m.s. bunch length of σBL = 0.325 m. Alternative plots of τ−1

LHV versus εrms
H and εrms

V , with
nominal σ∆p/p =7.5×10−5 and σBL =0.325 m, look similar and so are not shown.

Fig. 27: Longitudinal growth rate τ−1
L (GL) as εH,V

and σ∆p/p are varied, with εH≡εV and σBL =0.325 m.
Fig. 28: Horizontal growth rate τ−1

H (GH) as εH,V and
σ∆p/p are varied, with εH≡εV and σBL =0.325 m.

Figures 30 and 31 plot the transverse and longitudinal growth times τLHV ‘without cooling’ for
bunched beams (where each bunch contains 6.25× 106 antiprotons). The simulation was performed for
the nominal beam and the first two variants given in Table 4.
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Fig. 29: Vertical growth rate τ−1
V (GV) as εH,V and σ∆p/p are varied, with εH≡εV and σBL =0.325 m

Fig. 30: Evolution of the transverse IBS growth times
τHV (on the linear scale) over 1 s (εL =πpσBL(βc)−1).

Fig. 31: Evolution of the longitudinal and vertical IBS
growth times τLV (on the logarithmic scale) over 1 s.

4.2.3 Performance of nominal beam and variants for bunched beams on the 100 keV plateau
Figures 32 and 33 plot the transverse emittance εHV ‘without cooling’ for the nominal beam and the five
variants given in Table 4.

Fig. 32: Evolution of the emittances εHV over 1 s for
the nominal beam and the first two variants in Table 4.

Fig. 33: Evolution of the transverse emittances εHV
over 1 s for variants 3–5 in Table 4.

Figure 34 plots the relative momentum spread σ∆p/p with IBS effects and without cooling for the
nominal beam and the first two variants. Figure 35 plots the bunch length σBL and the momentum spread

52

M. MARTINI

342



σ∆p/p for variants 3–5. The bunch length is given in [m] and the momentum spread in [permille], with
both units shown on the same vertical scale (e.g. σBL(1)=0.42 m, σ∆p/p(1)=0.65 permille for variant 5).

Finally, Fig. 36 displays the bunch length σBL [m] for the nominal beam and the first two variants.

Fig. 34: Evolution of the momentum spread σ∆p/p
over 1 s for the nominal beam and for variants 1–2.

Fig. 35: Evolution of the bunch length σBL and rela-
tive momentum spread σ∆p/p over 1 s for variants 3–5.

Fig. 36: Evolution of the bunch length σBL over 1 s for the nominal beam and the first two variants

From Figs. 32–36 we can see that an equilibrium between the transverse and longitudinal emit-
tances does not strictly take place, even though ELENA at 100 keV is below the transition energy, with
γ≈1<γt≈1.9. Unlike the LHC collider, ELENA is a compact decelerator ring made of a non-regular
lattice (see Fig. 26) and so does not satisfy the smooth focusing approximation criteria. Table 5 shows
the bunch length, relative momentum spread and emittance increase for the nominal bunch and the five
variants under IBS effects for 1 s at 100 keV without cooling. This allows us to quantify the bunch pa-
rameters with IBS, which is important because bunch length and momentum spread must be kept close
to their nominal values.
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Table 5: IBS beam growth ratios for the nominal beam and five variants; the ratios are of parameters experiencing
the IBS effect for 1 s on the 100 keV plateau without cooling to those same parameters not enduring IBS effects.

σBL(t)/σBL(0) εrms
L (t)/εrms

L (0) εrms
H (t)/εrms

H (0) εrms
V (t)/εrms

V (0)

Nominal 5.7 32.5 1.31 0.94
Variant 1 14.5a 205.1 1.25 1.05
Variant 2 3.3 11.0 1.07 0.93
Variant 3 2.19 4.78 1.65 1.15
Variant 4 1.59 2.54 1.81 1.27
Variant 5 1.30 1.69 1.92 1.38

aVariant 1 is the worst scenario as the bunch length grows by a factor of 14.5 under IBS effects in relation to a bunch without
IBS. Likewise, the nominal beam experiences a 5.7 growth factor due to IBS effects. The best scenario is variant 5, as the bunch
grows by only a small factor of 1.3, compatible to that of the bunch length before IBS starts.

Figure 37 displays the IBS beam parameter growth factor ratios for the nominal beam and the five
variants in Table 5. Compared to the longitudinal emittance, the transverse beam emittances are not as
significantly altered by the IBS effects.

Fig. 37: Longitudinal and transverse emittance growth ratios, εLHV(t)/εLHV(0), and the r.m.s. bunch length growth
ratio σBL(t)/σBL(0) (equal to that of the relative momentum spread σ∆p/p ) plotted for the nominal beam and the
five variants. The growth ratios are shown for IBS simulations over 1 s (large circles represent IBS raw simulation
data, while continuous and dashed lines are interpolated).

To finish, let us summarize our observations for the nominal beam and variants 1 and 5 in Table 5.

– Nominal: The increase in bunch length and relative momentum spread after the beam circulates
for 1 s on the 100 keV plateau is large; the r.m.s. bunch length increases to σBL(1) = 1.85 m
compared with σBL(0) = 0.325 m before IBS begins (also σ∆p/p(1) = 0.04%). This corresponds
to a 95% bunch length increase equal to 7.4 m (≈ 4σBL(0)), instead of the nominal 95% bunch
length of 1.3 m at t= 0 without IBS effects. The longitudinal emittance varies as the product of
the bunch length and the momentum spread since εL =πpσBLσ∆p/p(βc)

−1.
– Variant 1: The bunch length and momentum spread after 1 s are huge. Indeed, the r.m.s. bunch

length increases to σBL(1 s) = 4.7 m, while the 95% bunch length peaks at 18.8 m!
– Variant 5: This is the best scenario, because the bunch length and momentum spread will suffer

only 30% blow-up due to IBS after circulating for 1 s on the 100 keV plateau; their r.m.s. values
are σBL(1) = 0.42 m, compared with 0.325 m before IBS starts (σ∆p/p(1) = 0.065%). Similarly,
the 95% bunch length is 1.7 m.
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Appendix A: Complementary proof of growth rate formula
The Piwinski’s model [1] derives the formulae for the variations of the mean transverse emittances and
momentum spread per time unit due to a scattering event. The derivative of the betatron and dispersion
functions and the vertical dispersion function with respect to the longitudinal beam axis are neglected.
The growth rates are calculated in accordance with the expression (154) for Gaussian probability law,
derived from (147). Here, the aim to show clearly as possible the link between these formulations.

Let us define the functions

fi = 2 ki

∫ π

0
dµ

∫ 2π

0
dν

∫ ∞

0
dr sin[µ] gi[µ, ν] log[r] exp

[
−r D(µ, ν)

]
for i = 1, 2, 3 . (A1)

where k1 =
1

c2
, k2 =

a2

c2
, k3 =

b2

c2
, and

D(µ, ν) =
1

c2

(
b2 cos2[µ] + sin2[µ]

(
cos2[ν] + a2 sin2[ν]

))
.

D(µ, ν) is Eq. (145) and g1[µ, ν], g2[µ, ν], g3[µ, ν] are Eqs. (146). Now, we pass from the spherical to
Cartesian coordinates (

√
r, µ, ν)→ (u, v, w) using (143)

(
u =
√
r sinµ cos ν, v =

√
r sinµ sin ν, w =

√
r cosµ

)
=⇒ u2 + v2 + w2 = r ,

from which we can write the three functions fi as follows, since the functions gi(µ, ν) and D(u, v, w)
transform into

g1 =
1

r
(−2u2+v2+w2) , g2 =

1

r
(u2−2v2+w2) , g3 =

1

r
(u2+v2−2w2) , (A2)

D(u, v, w) =
1

r
(u2−a2 v2+b2w2) ,

2√
r
du dv dw = sin[µ] dr dµ dν



f1

f2

f3


 = 4



k1

k2

k3



∫ ∞

−∞
du

∫ ∞

−∞
dv

∫ ∞

−∞
dw




−2u2 + v2 + w2

u2 − 2v2 + w2

u2 + v2−2w2





× ln[u2 + v2 + w2]
(
u2 + v2 + w2

)3/2 exp

[
− 1

c2

(
u2 + a2v2 + b2w2

)]
, (A3)

Next, a trick is used: In f1 let u = w, v = u,w = v, in f2 let u = u, v = w,w = v, do not change f3

(i.e. u = u, v = v, w = w remain the same). We obtain (cf. [24])


f1

f2

f3


 =

4

c2




1
a2

b2



∫ ∞

−∞
du

∫ ∞

−∞
dv

∫ ∞

−∞
dw

{
u2 + v2 − 2w2

}

× ln[u2 + v2 + w2]
(
u2 + v2 + w2

)3/2





exp

[
− 1

c2

(
a2u2 + b2v2 + w2

)]

exp

[
− 1

c2

(
u2 + b2v2 + a2w2

)]

exp

[
− 1

c2

(
u2 + a2v2 + b2w2

)]





dudv dw , (A4)

Switching back to spherical coordinates leads to, with

u2+v2−2w2

r3/2
=

1− 3 cos2[µ]

r1/2
, reintroducing ρ =

r

c2
=⇒ 2√

r
du dv dw = c2 sin[µ] dρ dµ dν ,
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f1

f2

f3


 = 2

∫ π

0
dµ

∫ 2π

0
dν

∫ ∞

0
dρ sin[µ]

(
1− 3 cos2[µ]

)
ln[ρc2]

×





exp
[
−ρ
(
sin2[µ]

(
a2 cos2[ν] + b2 sin2[ν]

)
+ cos2[µ]

]

a2 exp
[
−ρ
(
sin2[µ]

(
cos2[ν] + b2 sin2[ν]

)
+ a2 cos2[µ]

]

b2 exp
[
−ρ
(
sin2[µ]

(
cos2[ν] + a2 sin2[ν]

)
+ b2 cos2[µ]

]




≡




f
(
a, b, c

)

f
(1

a
,
b

a
,
c

a

)

f
(1

b
,
a

b
,
c

b

)



. (A5)

in which f
(
a, b, c

)
is the scattering matrix (148) and D0(µ, ν) is (149). The first equation of (A5) can be

written

f1 = 2

∫ π

0
dµ

∫ 2π

0
dν

∫ ∞

0
dρ sin[µ]

(
1− 3 cos2[µ]

)
ln[ρc2] exp [−ρD0(µ, ν)] ≡ f

(
a, b, c

)
,

Referring to Eqs. (147) the IBS growth rates can then given in terms of f1, f2, f3 as



τ−1
η

τ−1
x

τ−1
z




=
AP

c2

∫ ∞

0
dρ

∫ π

0
dµ

∫ 2π

0
dν sin[µ] exp [−ρD(µ, ν)] ln[ρc2]

×





(1− d2) g1[µ, ν]

a2g2[µ, ν] + d2g1[µ, ν]

b2g3[µ, ν]
)




≡ AP




(1− d2) f1

f2 + d2f1

f3



≡ AP




(1− d2) f
(
a, b, c

)

f
(1

a
,
b

a
,
c

a

)
+ d2f

(
a, b, c

)

f
(1

b
,
a

b
,
c

b

)



. (A6)

where f
(
a, b, c

)
= f1, f

(1

a
,
b

a
,
c

a

)
= f2, f

(1

b
,
a

b
,
c

b

)
= f3. Eq. (A6) is thus equal to Eq. (154).

Appendix B: Scattering matrix
Decay rates and cross-sections are experimentally measurable quantities, predicted in quantum physics
through probabilities given by squared inner products of particle quantum states. These inner products
can be written as matrix elements 〈f ; tf | i; ti〉 where |i; ti〉 is the initial state before the scattering of a
physical system and |f ; tf 〉 is the final state after the scattering event (cf. [35, 40–42]). The notation
〈f ; tf | i; ti〉 refers to the so-called Schrödinger picture (SP), where the states |ψ〉S evolve in time while
the operatorsOS are independent of time. In contrast, in the Heisenberg picture (HP), the states |ψ〉H are
fixed and the operators OH(t) vary in time:

SP: i
d|ψ〉S

dt
= H|ψ〉S and OS is time-independent

HP: |ψ〉H = exp(iHt)|ψ〉S and OH(t) = exp(iHt)OS exp(−iHt)

(where HL units, with ε0 = ~ = c = 1, are used). The interaction picture (IP) is a hybrid of SP and HP.
The Hamiltonian H is split up into a part H0 that can be handled exactly and a part Hint to be treated as
a perturbation: H = H0 +Hint. Thus, the time dependence of operatorsOI is driven by H0 and the time
dependence of states |ψ〉I by Hint so that the corresponding IP state vector and operator are defined by

|ψ(t)〉I = exp(iH0t) |ψ(t)〉S and OI(t) = exp(iH0t)OS exp(−iH0t)
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O=Hint=⇒ HI ≡ (Hint)I = exp(iH0t)(Hint)S exp(−iH0t) (IP) .

From this we have the equation of motion for |ψ(t)〉I,

i
d|ψ(t)〉I

dt
= HI |ψ(t)〉I, (B1)

whose solution is given by Dyson’s expansion:

|ψ(t)〉I = U(t, t0)|ψ(t0)〉I =⇒ U(t, t0) = T
{

exp

[
−i

∫ t

t0

HI(t
′) dt′

]}
(B2)

with i =
√
−1, where U(t, t0) is a time-evolution operator satisfying the properties U(t, t) = 1 and

U(t1, t2)U(t2, t3) =U(t1, t3). The function T { · } implies a time-ordering product acting on operators
such that operators evaluated at later times are placed to the left.

Comment: For two operatorsO1,2 the function T is defined by T (O1(t1)O2(t2))=O1(t1)O2(t2)
if t1>t2 and T (O1(t1)O2(t2)) = O2(t2)O1(t1) if t2 > t1.

In the case where the particle momentum eigenstates evolve from t = −∞ to t = +∞, the time-
evolution operator is denoted by S and called the S-matrix (for ‘scattering matrix’). It is defined via its
components Sfi as

〈f |S|i〉 = 〈f ; t =∞| i; t = −∞〉Schrödinger ≡ Sfi . (B3)

The S-matrix can equivalently be defined in terms of the time-evolution operator describing scattering
experiments, as

〈f |S|i〉 = lim
t0→−∞
t→+∞

〈f |U(t, t0)|i〉 ≡ Sfi . (B4)

The idea behind this definition is that as time evolves, the particles approach each other and may
interact briefly before moving away, with each going along its own path so that the states are free of
interactions at t = ±∞. For that reason it is convenient to separate forward scattering by defining
S = I + iT , where I is the identity matrix and T is a transition matrix (called the T -matrix) which
contributes only when particles undergo scattering. The exponential form of Dyson’s expansion, the
formula on the right in (B2), is not very useful as the integral in the exponent cannot in general be
computed exactly. Therefore, provided HI is small compared with H0, it should be expanded in a
power series of the interaction ‘Hamiltonian operator’, and thus terms can be obtained to a suitable order
since (B2) is related to (B4). Since the S-matrix is the limit S = U(t→∞, t0 → −∞), the Dyson’s
expansion power series of (B2) can be written as

S = I − i

∫ ∞

−∞
dt1HI(t1) +

(−i)2

2

∫ ∞

−∞
dt1

∫ t1

−∞
dt2T

{
HI(t2)HI(t1)

}
+ · · · . (B5)

However, this approach is rather tedious. Instead, it is better to use the graphical tool of Feynman
diagrams (together with Feynman rules) discussed in the main text. Briefly, Feynman diagrams are
qualitative and symbolic figures that represent terms in the perturbation expansion of the S-matrix (see
e.g. Fig. 14). Particles in space–time are solid lines with arrows, time runs from left to right, the space
direction is perpendicular to time (antiparticles travel backwards in time), arrows show the charge flux
relative to time, and wavy lines represent ‘virtual particles’ that live for only a short time, i.e. bosons
mediating the interaction which are emitted and absorbed soon after (e.g. photons in QED). ‘Loops’ are
closed patterns of virtual particles (present in high-order diagrams corresponding to high-order terms of
the perturbative Dyson’s expansion power series).
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In the S-matrix, we are interested in the scattering part of a process and not in the part where no
scattering occurs, namely where S reduces to an identity matrix I . Therefore, we just want to calculate
〈f |S − I|i〉, the ‘non-trivial’ part of 〈f |S|i〉. Here we follow [35, 40], where it is emphasized that the
matrix elements Sfi of the S-matrix should reflect 4-momentum conservation, so that S, or S− 1, should
contain a factor (2π)4δ4(pi − pf ). It is then conventional to extract this factor and define the invariant
amplitudeM via

〈f |(iT )|i〉 ≡ 〈f |S − I|i〉 = (2π)4δ4
(∑

pi −
∑

pf

)
iM (B6)

where
∑
pf and

∑
pi are the sums of the final and initial 4-momenta, and i =

√
−1, the complex

number i is introduced to motivate the relation exp[iT ] ≈ I + iT = S. The reason the δ-function
is included in the S-matrix is to ensure observance of conservation of energy and momentum; so it is
useful to factor an overall ‘momentum-conserving δ-function’ to begin with. Detailed proofs of (B6),
which are quite difficult, are given in [43] for non-relativistic scattering and in [44] for the relativistic
case. Equation (B6) differs from the expressions in those two proofs by its 2π factor. For a two-particle
energy–momentum scattering process, this equation reads

〈f1f2|iT |i1i2〉 ≡ 〈f1f2|S−I|i1i2〉 = (2π)4δ4(p1i + p2i − p1f − p2f ) iM, (B7)

also written

〈p1fp2f |iT |p1ip2i〉 ≡ 〈p1fp2f |S−I|p1ip2i〉 = (2π)4δ4(p1i + p2i − p1f − p2f ) iM ,

where we have used the notation |i〉 = |i1〉|i2〉 = |p1i〉|p2i〉 and |f〉 = |f1〉|f2〉 = |p1f 〉|p2f 〉 for the
two-particle state.

Starting from (B6), the transition probability between the initial state |i〉 and the final state |f〉
is given by the square of the S-matrix, |〈f |S−I|i〉|2. As is usual in quantum mechanics and quantum
field theory, the probabilities of events are the squared (moduli of the) ‘quantum amplitudes’, such as
the entries of the S-matrix for calculating the probabilities of decay rates and cross-section processes.
However, to square the matrix elements we have to square the δ-function in (B6). Using the Dirac
δ-function property {δ(x− y)}2 = δ(x− y)δ(0), we obtain

{
δ4
(∑

pi −
∑

pf

)}2
= δ4

(∑
pi −

∑
pf

)
δ4(0) =∞ since δ(0) = lim

ε→0

1

ε
=∞ ,

which is meaningless! Nevertheless, such infinities must be eliminated from all physical quantities.

One proper way to solve this problem is to confine the whole system of particles in a closed box of
volume V and then let the box volume become infinite, while assuming that the interaction is turned on
for only a finite time t. For simplicity the particles are described as ‘free-particle plane waves’ that spread
over infinite volumes and time intervals. Such a finite closed box and finite time interval can be defined
using the following representation of a Dirac δ-function on a 4-position r def

= (t, r) and a 4-momentum
p

def
= (E,p). We find that

δ4(p)=
1

(2π)4

∫
exp[−irp] d3r

=
1

(2π)4

∫

V
exp[−ir · p] d3r

∫ t

0
exp[−it′E] dt′

p = E = 0
=⇒ δ4(0)=

V t

(2π)4
.

Taking the square of (B6) gives, by virtue of the last two formulae,

Pi→f ?
= |〈f |(iT )|i〉|2 ≡ |〈f |S − I|i〉|2 = V t(2π)4δ4

(∑
pi −

∑
pf

)
|M|2 . (B8)
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Although the probabilities are expressed in terms of the squared amplitudes, we shall proceed differently
and replace |〈f |(iT )|i〉|2 ≡ |〈f |S − I|i〉|2 in (B8) by the ‘normalized’ probability

Pi→f =
|〈f |(iT )|i〉|2
〈f |f〉〈i|i〉 ≡

|〈f |(S − I)|i〉|2
〈f |f〉〈i|i〉 , (B9)

where the presence of inner products 〈f |f〉 and 〈i|i〉 in the denominator of (B9) stems from the fact that
they may not be normalized to unity.

As a ‘simple’ case we envisage (in a toy model framework of structureless, i.e. point-like and
spineless, particles) the decay of a single initial particle |i〉 = |i1〉, with 4-momentum |p1i〉, into two
distinct final particles |f〉 = |f1〉|f2〉 with 4-momenta |p1i〉|p2i〉 [42]. These inner products can be
shown (without proof) to be

〈i|i〉 ≡ 〈i1|i1〉 = (2E1iV ), 〈f |f〉 ≡ 〈f1f2|f1f2〉 = (2E1fV )(2E2fV ), (B10)

where E1,2f =
√
m2 + p2

1,2f (and E1i) are the particle energies with mass m and V is the volume of the

box containing the particles. Observe that |i1〉 and |f1f2〉 are not normalized to unity. Therefore, upon
substituting (B10) into (B9) the transition probability can be written as

Pi→f =
|〈f1f2|(iT )|i1〉|2
〈f1f2|f1f2〉〈i1|i1〉

= t
(2π)4

2E1i
δ4
(
p1i − p1f − p2f

)
|M|2

2∏

n=1

1

2EnfV
. (B11)

Fig. B.1: Feynman diagram for the decay p1i → p1f +p2f of one initial structureless particle with 4-momentum
p1i =(E1i,p1i) into two final structureless particles with 4-momenta p1f,2f =(E1f,2f ,p1f,2f ) after decay.

The probability of transition per unit time (called the transition rate) between the initial decaying
particle state and the final two-particle state created by decay is obtained by dividing (B11) by t, yielding

dPi→f
dt

=
1

2E1i
(2π)4δ4

(
p1i − p1f − p2f

)
|M|2

2∏

n=1

1

2EnfV
(B12)

or
dPi→f

dt
=

1

2E1i
(2π)4δ4

(
p1i − p1f − p2f

)
|M|2

(
1

2E1fV

)(
1

2E2fV

)

which, said differently, is the probability of transition per unit time to one particular final state |f〉 =
|f1〉|f2〉 out of all possible final states, made up of two particles with momenta p1f and p2f in that state.
In the limit as the box volume V → ∞, the momentum values become continuous, i.e. the |p1〉+ |p2〉
final states form a continuum, and the total decay rate, called Γ, is obtained by integration of Ṗi→f over
the continuum of final states. To determine whether the final momentum of a given particle lies within a
domain d3p in the three-dimensional momentum space, Eq. (B12) must be multiplied by the number of
states in this domain. To do this, the three-dimensional coordinate space is discretized into cells of size
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(2π)3 and one state is put into each cell. Hence, in a large box of volume V , the number of single-particle
states in a momentum space domain d3p is V d3p/(2π)3.

Comment: Note that (2π)3 is the discretized cell size in HL units, where ~ = 1 and h def
= 2π~ =

2π. Expressed in SI units, the cell size is h3,with h = 2π~ = 6.626×10−34 J s and ~ = 1.054×10−34 J s,
h being the Planck constant.

Finally, multiplying all the final state particles in Eq. (B12) by the factor V d3p/(2π)3 and inte-
grating over the two final momenta yields the decay rate Γ (at times the name Ṗi→f is used for Γ):

Γ =
1

2E1i

∫
d3p1f

(2π)32E1f

∫
d3p2f

(2π)32E2f
(2π)4δ4

(
p1i − p1f − p2f

)
|M|2 . (B13)

Notice that all the quantities V (and t) have dropped out at the end of the calculations. The amplitude
M will be calculated by means of the Feynman rules (as outlined in the main text). Similar types of
calculations are undertaken for the study of scattering cross-sections, also referred to as rate per flux.
An effective application of these powerful computational tools to intrabeam scattering is given by the
Bjorken–Mtingwa model. Eq. (B13) agrees with the decay rate formulation [32] (appendix B) and has
similarities to the Bjorken’s transition rate for the scattering process, Eq. (158).
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Space Charge in Circular Machines

G. Franchetti
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Abstract
Direct Coulomb forces play an important role in beam transport and storage.
In this paper, the effect of space charge in beams stored in circular machines
is reviewed. Starting from the concept of a matched beam, the most common
particle distributions are introduced. Space charge forces are first addressed
as ‘external frozen’ forces and, in this approximation, the modification of the
machine optics is discussed, as well as the matching of high-intensity beams.
Envelope equations and r.m.s. equivalence are presented as relevant tools for
matching high-intensity beams. The space charge limit, space charge tune-
shift, tune-spread and their relation with resonances are covered. The more
general beam response to Coulomb forces is discussed for mismatched beams,
and a derivation of the coherent frequencies is presented for a Kapchinsky–
Vladimirsky beam. The concept of free energy is examined in detail, as a
source of emittance increase for high-intensity beams. More complex and rel-
evant examples are presented with the fully coupled envelope equations, and
the interplay of coherent and incoherent effects is addressed in the Montague
resonance. Space charge as driving incoherent resonances is discussed. Lon-
gitudinal dynamics in the presence of space charge are briefly presented as
well.

Keywords
CERN report; space charge.

1 Introduction
In the following, we will discuss the effect of space charge in circular machines. We will first focus
on describing the dynamics of a single particle within a beam. For coasting beams, we use a reference
frame co-moving with the reference particle; hence, the co-ordinates x,y used to identify the positions
of a particle are meant with respect to the design orbit. Para-axial approximation is used and, as usual,
x′ = dx/ds,y′ = dy/ds, where s is the longitudinal co-ordinate set on the reference orbit.

2 Matched beams at low intensity
We consider in our discussion a beam distribution for two-dimensional (2D) beams, i.e., a coasting beam.
Typically, a 2D beam is characterized by a constant charge-line density of λ = dq/ds, and its most general
transverse particle density at longitudinal position s is defined as

ρ(x,x′,y,y′,s) =
dq

dxdx′dydy′ds
= λn(x,x′,y,y′,s) .

The form of the normalized function n(x,x′,y,y′,s) allows a complete characterization of the transverse
beam distribution. The normalization condition on n(x,x′,y,y′,s) is obtained by the requirement

∫
n(x,x′,y,y′,s)dxdx′dydy′ = 1 . (1)

The variable s in n() says that the beam distribution may change along the machine; this aspect will be
discussed later.
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Fig. 1: Courant–Snyder ellipse: ε0x, single-particle emittance; area = πε0x

In a circular accelerator, the transverse dynamical properties of a low-intensity beam at an arbitrary
longitudinal position s is determined by the Poincaré section, which for a linear motion is completely
described by the Courant–Snyder theory [1]. We will consider 2D beams matched with the optics. A
matched beam means that the transverse beam distribution at the section s will be the same after the
beam has travelled for one machine turn. In this sense, the property of a particle beam to be matched is
related with the Courant–Snyder ellipses, shown in Fig. 1. In the absence of coupling, the planes x–x′

and y–y′ can be treated independently. At the longitudinal position s in the plane x–x′, turn after turn,
a particle performs jumps, remaining on a distinct ellipse. Each jump corresponds to a phase jump of
2πQ0x, with Q0x the horizontal machine tune. Similar dynamics happen in the vertical plane. If only
one particle is considered, clearly we can distinguish where it is turn after turn. Therefore, in the sense
previously defined, a single particle cannot be ‘matched’ with the machine optics. However, if an ellipse
is ‘uniformly’ populated by particles, then after one turn there is no way for an observer sitting at position
s to tell that the beam has made one turn around the machine.

A beam uniformly filling ‘one’ Courant–Snyder ellipse is then matched. More generally, we can
think of a matched beam as a collection of uniformly filled Courant–Snyder ellipses, each with an arbi-
trary particle density. This means that the most general matched beam distribution is a function of the
Courant–Snyder invariants; hence, the normalized function n() is written as

n(ε0x,ε0y,s) . (2)

In this formula, the s dependence simply means that the function n() may change along the machine.
This mathematical formula (Eq. (2)) says that the particle density depends on the value of the quantities
εx0,εy0, which are defined by the expressions:

ε0x = γ0xx2 +2α0xxx′+β0xx′2 ,

ε0y = γ0yy2 +2α0yyy′+β0yy′2 .
(3)

The optical functions
γ0x,α0x,β0x,γ0y,α0y,β0y , (4)
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are here computed at the longitudinal position s where the Poincaré section is studied. The function n()
in Eq. (2) yields the same value when the co-ordinates x,x′,y,y′ keep ε0x,ε0y unchanged; therefore, this
means that a distribution modelled with a normalized function like Eq. (2), i.e., depending on ε0x,ε0y,
will produce a particle distribution matched with the optics at section s because all the Courant–Snyder
ellipses are uniformly populated. The index 0 in the optical functions (Eq. (4)) is used to indicate that ε0x

and ε0y are computed for weak space charge, virtually absent.

The function of Eq. (2) yields the most general expression for a matched distribution. However,
some other consideration has to be used to model beam distributions more realistically: an energy conser-
vation is here invoked, which basically ‘incorporates’ the physics of the source, all optics manipulations
of linacs, and schemes of injection in the ring. As a consequence, a correlation is assumed in the single-
particle energy between both planes, and the general matched particle distribution can be written as

n(x,x′,y,y′,s) =
1

π2ExEy
ñ
(

ε0x(x,x′)
Ex

+
ε0y(y,y′)

Ey

)
, (5)

where Ex, and Ey are some ‘scaling’ factors, which define the geometrical extension of the distribution in
the 4D phase space. In this expression, we drop the dependence of s in ñ() because, by our definition, the
matched distribution must be periodic, and the periodicity is already included into the optic functions.
The absence of s in the function ñ() also means that the type of distribution does not change and remains
the same (at this point of the discussion, this is an ansatz). The normalization condition Eq. (1) applied
to Eq. (5) reads ∫ ∞

0
ñ(t)tdt = 1 .

with ñ(t) defined in 0≤ t < ∞.

3 Main types of beam distribution
According to the type of function ñ we use, a different type of matched beam distribution is obtained.
The mostly used beam distributions are as follows.

1. Kapchinsky–Vladimirsky:

n(x,x′,y,y′,s) =
1

π2ExEy
δ
(

ε0x

Ex
+

ε0y

Ey
−1
)
, (6)

where δ () is the Dirac delta function.
2. Waterbag:

n(x,x′,y,y′,s) =
2

π2ExEy
Θ
(

1− ε0x

Ex
− ε0y

Ey

)
, (7)

where Θ() is the Heaviside function.
3. Gaussian:

n(x,x′,y,y′,s) =
1

4π2ExEy
e−

1
2

(
ε0x
Ex

+
ε0y
Ey

)
. (8)

In all these distributions, it is understood that ε0x,ε0x are the functions in Eq. (3).

As the space charge forces are determined by the spatial particle distribution, it is convenient to
discuss the general form of a 2D matched beam in the x–y plane. This distribution is proportional to
the projection of n(x,x′,y,y′) on the x–y space, which, for convenience, we call n(x,y), and is readily
obtained from

n(x,y,s) =
∫

n(x,x′,y,y′,s)dx′dy′ .
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Table 1: Functions ñ(t), and n̂(t) for the beam distribution discussed.

Kapchinsky–Vladimirsky Waterbag Gaussian
ñ(t) δ (t−1) 2Θ(1− t) 1

4 e−t/2

n̂(t) Θ(1− t) 2(1− t)Θ(1− t) 1
2 e−t/2

A direct integration of this equation using n(x,x′,y,y′,s) given by Eq. (5) yields

n(x,y,s) =
1

πa0(s)b0(s)

[
F(∞)−F

(
x2

a2
0(s)

+
y2

b2
0(s)

)]
, (9)

where F(t)=
∫ t

0 ñ(t ′)dt ′ is the primitive of ñ(t). We also define a0(s)=
√

β0x(s)Ex and b0(s)=
√

β0y(s)Ey.
These quantities are related to the ‘beam sizes’ at the longitudinal positions s; in particular, for finite beam
distribution, a0(s),b0(s) are exactly the beam sizes. It is convenient to rewrite Eq. (9) in the form

n(x,y,s) =
1

πa0(s)b0(s)
n̂
(

x2

a2
0(s)

+
y2

b2
0(s)

)
, (10)

with n̂(t) = F(∞)−F(t) defined in 0≤ t < ∞. From the property of n(t) it follows that n̂(t) must satisfy
the normalization condition

∫ ∞
0 n̂(t)dt = 1. Equation (10) is the most general expression of the normalized

spatial 2D beam distribution for a matched beam. The Table 1 shows the functions ñ(t), and n̂(t) for the
main beam distributions.

To clarify the difference between the particle distributions in Eqs. (6)–(8), we plot each of them
in several planes. Figure 2 shows the particle distribution in the x–y, x–x′, and x profiles for the three
types of distributions here discussed. The top row of the figures shows the properties of the Kapchinsky–
Vladimirsky distribution. The two particle distributions in the x–y and x–x′ profiles show a peculiar
characteristic of the Kapchinsky–Vladimirsky distribution, namely that the projection in any plane yields
constant particle density. This is a general property of the Kapchinsky–Vladimirsky distribution. The
second row of figures refers to a waterbag distribution, and we see that the x–y projection is more dense
in the centre. This is also seen by a more pronounced peaked beam profile. The last row of figures shows
the properties of a Gaussian distribution, truncated for convenience at ε0x/Ex + ε0y/Ey ≤ 16.

4 Space charge forces for a frozen distribution
For a static particle distribution in which each particle has position~ri and charge q, the electric field at
the position~r is given by Coulomb’s law:

~E(~r) =
q

4πε0
∑

i

~r−~ri

|~r−~ri|3
,

where ε0 is the permittivity of vacuum.

Next, we analyse the electric field produced in coasting beams transported in alternating focusing
structures. In this case, the electric field is computed with the approximation of a ‘local coasting beam’:
the beam sizes a0(s),b0(s) vary because of the optics, and their values change following some wavelength
∆s, which depends on the particular optics; see Fig. 3 for an illustration with sizes altered for convenience.
If ∆s� a0,b0, then at the longitudinal position s, the transverse electric field is in good approximation,
computed from the coasting beam with constant sizes that mimics the transverse particle distribution
at s. In Fig. 3, this coasting beam with constant sizes is shown with black dashed lines. At the section
s, the electric field of the actual 2D beam and that of the mimic beam are practically the same. In this
approximation, the electric field on a transverse plane at the section s is computed by the coasting beam
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G G G

WB WB WB

KV KV KV

Fig. 2: Projections of (top) Kapchinsky–Vladimirsky (KV), (middle) waterbag (WB), and (bottom) Gaussian dis-
tributions. The right-hand column shows the change in the x beam profile.

with the charge distribution ρ(x,y,s) = λn(x,y,s) (see Fig. 3). In the simple case of an axi-symmetric
beam of radius a0 = b0 with a uniform beam density, the radial electric field Er(s) is given by

Er(s) =

{ρ(s)
2ε0

r if r ≤ a0 ,
ρ(s)a2

0(s)
2ε0

1
r if r ≥ a0 .

(11)

The characteristic shape of this function is shown in Fig. 4. The next more complex situation is with
an axi-symmetric non-uniform beam. The general expression of the electric field for an axi-symmetric
beam distribution with density ρ(r,s) is readily found by using Gauss’s law

Er(r,s) =
1
ε0

1
r

∫ r

0
ρ(r′,s)r′dr′ . (12)

Note that this expression at section s holds only if a0 = b0 in Eq. (9). This condition is equivalent to
β0xEx = β0yEy .
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Fig. 3: Local coasting beam approximation

Ex ∝ x Ex ∝ x
r2

x

Ex

a0−a0

Fig. 4: Radial electric field in an axi-symmetrical beam

If at position s, we have β0xEx 6= β0yEy i.e., a0 6= b0, then Eq. (12) no longer holds. In this case,
the computation of the electric field becomes more difficult, as it has to account for the different axis
symmetry. The physical x–y charge density of the beam is given by ρ(x,y) = λn(x,y) with n(x,y) from
Eq. (10). It is now convenient to define Eq. (10) as

n(x,y) =
n̂(T )
πa0b0

, (13)

with T an iso-density parameter

T =
x2

a2
0
+

y2

b2
0
.

With the use of these definitions, the transverse electric field is found by the integral

Ex =
λ

2πε0
x
∫ ∞

0

n̂(T̂ )
(a2

0 + t)3/2(b2
0 + t)1/2 dt , (14)

where the variable T̂ is defined as

T̂ =
x2

a2
0 + t

+
y2

b2
0 + t

. (15)

The derivation of this expression is given in Ref. [2]. The electric field Ey is obtained by exchanging
x↔ y and a0↔ b0. It is straightforward to verify that Eq. (14) yields Eq. (12) for the case of a0 = b0; in
fact, in this case we obtain

Ex =
λ

2πε0
x
∫ ∞

0

n̂
(

r2

a2
0+t

)

(a2
0 + t)2 dt (16)
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r2

x

Ex

a0−a0

linear
region

nonlinear
region

nonlinear
region

far
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far
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Fig. 5: Electric field generated by a 2D Gaussian particle distribution. For comparison, in the linear region the
gradient is the same of that of Fig. 4. The green area is the region of linear electric field. It is clear that the stronger
electric field is not found at ±a0.

with r2 = x2 + y2, and by making the variable substitution r′ = ra0/
√

a2
0 + t, we obtain Eq. (12).

According to the particle amplitude, we distinguish the electric field in three regions: (1) a linear
region close to the beam centre; (2) a non-linear region, characterized by a significant change in the
electric field in a non-linear way; (3) a far region characterized by a functional dependence as 1/r. This
third dependence is valid for a0,b0� r� R, with R the radius of the accelerator. This characterization
of the electric field is shown in Fig. 5.

5 Dynamics in the linear region
The previous section has helped to characterize the electric field generated in the transverse section of a
2D matched beam. The way in which the discussion has been developed assumes that the beam does not
change as a result of space charge; hence, the matched beam distribution is following the optics, and does
not change for other reasons. We call this distribution ‘frozen’. The x–y projection of the frozen beam at
the longitudinal position s always creates an ellipsoidal beam distribution described by Eq. (10). We now
discuss the effect of the electric field on a particle with a trajectory that remains close to the beam centre.
This means that, at any instant during the transport, the co-ordinates x,y of this particle should satisfy
the condition |x|, |y| � a0,b0. This condition simplifies Eq. (14). In fact, T̂ as defined by Eq. (15) will
always satisfy T̂ ≤ x2/a2

0 + y2/b2
0 for any t ≥ 0. As |x|, |y| � a0,b0, it follows that T̂ will always be very

small; hence, to a good approximation, we can replace T̂ = 0. We therefore find that for |x|, |y| � a0,b0
the electric field is

Ex =
λ n̂(0)
2πε0

x
∫ ∞

0

1
(a2

0 + t)3/2(b2
0 + t)1/2 dt ,

and the integral is readily evaluated, with the result:

Ex =
λ n̂(0)
πε0

1
a0(a0 +b0)

x . (17)

This equation says that all the 2D matched frozen distributions create linear forces in the proximity
of the origin. The influence on the type of beam distribution appears in the term n̂(0). This quantity
changes value according to whether the distribution is Kapchinsky–Vladimirsky, waterbag, or Gaussian.
We notice that the electric field in the proximity of the beam centre acts like a defocusing element
distributed along the ring.

As we are considering a ‘frozen’ beam, that is, a beam with sizes following the machine optics,
we can at this stage consider the electric force generated by the beam as ‘external’, just as if it is applied
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to the beam particles from a sort of a distributed quadrupole. It therefore makes perfect sense to consider
what the single-particle dynamics would be in the presence of such a force.

We remind ourselves here that the single-particle dynamics of a particle in a lattice and in the
presence of space charge is

d2x
ds2 + k0x(s)x =

q
mγ3v2

s
Ex , (18)

where k0x(s) is the horizontal focusing or defocusing strength exerted by the magnets on one charged
particle with charge q and mass m, γ = 1/

√
1− v2

s/c2, and vs is the speed of the particle. Ex is the
Coulomb electric field, and the term γ3 includes the effect of the self-magnetic field, which, at high
energies, compensates the space charge. If we substitute the electric field close to the origin (Eq. (17))
in the equation of motion (Eq. (18)), then the equation of motion becomes a Hill equation that includes
the effect of the linear space charge. This happens in the centre of the beam under the assumption that
the beam is coasting, ellipsoidal, and frozen. It is convenient to incorporate all constants in one single
coefficient called the perveance, defined as

K =
qI

2πε0mγ3β 3c3 , (19)

where I is the beam current, and β = vz/c. In the following, we take K to be always positive. The
equations of motion of the single particle then become

d2x
ds2 +

[
k0x(s)− n̂(0)

2K
a0(a0 +b0)

]
x = 0 , (20)

d2y
ds2 +

[
k0y(s)− n̂(0)

2K
b0(a0 +b0)

]
y = 0 . (21)

As previously stated, these are the equations of motion for a particle in the centre of a coasting beam.
The 2D beam distribution is defined by the Eq. (5), the x–y projection of which is given by Eq. (9). In this
discussion, the beam distribution is ‘frozen’, i.e., the type of distribution does not change, and the sizes
a0,b0 are ‘matched’ with the machine optics as a0 =

√
β0xEx and b0 =

√
β0yEy. Now we can discuss the

optics that a particle will experience in the presence of frozen space charge when its motion is close the
origin. From Eqs. (20) and (21), we find that the effective strength of the lattice is now:

k1x(s) =k0x(s)− n̂(0)
2K

a0(a0 +b0)
,

k1y(s) =k0y(s)− n̂(0)
2K

b0(a0 +b0)
. (22)

These two strengths are well defined, and produce the modified optical function β1x,α1x,β1y,α1y. Again,
we observe that the memory of the type of distribution is in the factor n̂(0), and the size of the distribution
is related to a0(s),b0(s).

6 Frozen beam matched with space charge
If we consider the modified lattice in Eq. (22), we are obliged to admit that the effective strengths k1x,k1y

will create a different optics from the original lattice. Once we fix Ex,Ey, given the optics β0x,α0x,β0y,α0y,
the frozen beam distribution creates, in the centre of the beam, via space charge, the modified optics
β1,x,α1,x,β1,y,α1,y, and this new optics is periodic, as originated by periodic functions: the effect of the
frozen space charge is to modify the Twiss parameters.
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We could now think to create a beam distribution, which is matched with the optics created by the
space charge depressed strength k1x,k1y. This beam will have the following frozen distribution matched
with the new optics

1
π2ExEy

ñ
(

ε1x

Ex
+

ε1y

Ey

)
, (23)

where the Courant–Snyder quantities ε1x,ε1y are now constructed using the modified optical functions
β1x,α1x,β1y,α1y, namely

ε1x = β1xx
′2 +2α1xxx′+ γ1xx2 ,

ε1y = β1yy
′2 +2α1yyy′+ γ1yy2 .

(24)

At this point it is clear that Eqs. (23) and (5) represent two distinct distributions, because the same
distribution function makes use of two distinct sets of optics.

To achieve a more realistic modelling of the matching of a 2D intense particle beam, it is neces-
sary that ‘both the beam distributions’ are the same. This, in fact, is what happens in the real machine:
the machine optics is changed by the beam distribution, which in turn ‘automatically’ guides the beam
evolution and creates the same optics. In other words, the matched 2D beam, including space charge,
requires the creation of a frozen beam distribution with an optics that already include the effect of that
space charge. The problem is that we do not know in advance the modified optics with space charge.
Mathematically this means finding βx,αx,βy,αy such that a =

√
Exβx,b =

√
Eyβy creates a depressed

focusing strength

kx(s) =k0x(s)− n̂(0)
2K

a(a+b)
,

ky(s) =k0y(s)− n̂(0)
2K

b(a+b)
, (25)

which in turns creates exactly βx,αx,βy,αy. The solution to this problem is not obvious and must be
discussed with care, according to the circumstances.

Practically, one starts from a ‘naked’ optics β0x,α0x,β0y,α0y, from which one finds the frozen beam
sizes a0,b0. Using Eq. (22), we find new optics β1,x,α1,x,β1,y,α1,y. The new modified optics includes the
space charge in an ‘inconsistent’ fashion. However, if the space charge is not too strong, the modified
optics is closer than the naked one to the solution. Therefore, we can repeat the process, now creating
another frozen beam, matched with the optics β1,x,α1,x,β1,y,α1,y, from which we compute the new beam
sizes a1,b1 and again, using an equation similar to Eq. (22), we find a new optics β2,x,α2,x,β2,y,α2,y. This
procedure of steps defines an infinite sequence by recursion:

βn,x,αn,x,βn,y,αn,y −→ βn+1,x,αn+1,x,βn+1,y,αn+1,y ,

which starts from β0x,α0x,β0y,α0y. If the sequence converges, the limit is our βx,αx,βy,αy, which satis-
fies Eq. (25). Practically if the sequence converges, an adequate approximation is reached in a relatively
small number of iterations.

7 Stationary distributions
Till now we have treated the space charge created by a frozen beam. That is, a beam of the sizes which
are frozen to the beam optics; in the last section, we found that it is closer to the reality if the frozen
beam is matched with the optics that include the space charge (generated by the beam itself). However,
another assumption has been implicitly used: we always assumed that the type of distribution remains
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the same during the beam evolution. In the framework of the frozen beams, this is perfectly allowed. We
now discuss what happens if we allow all particles to evolve according to the actual electric field, in a
self-consistent way. We basically want to discuss the evolution of the complete beam. In general, our
‘matched’ distribution will evolve in a very complex way. If the mechanisms that lead to beam change
are slow on the time-scale under consideration, we can assume that the distribution will remain matched,
i.e., it keeps a form type

n(x,x′,y,y′,s) =
1

π2ExEy
ñ
(

εx

Ex
+

εy

Ey
,s
)
,

where the appearance of the variable s in the function describing the beam distribution means that the
type of distribution may change with time, for example a Kapchinsky–Vladimirsky distribution may
change and become a Gaussian. In complete generality, the evolution of a particle distribution is ruled
by the Vlasov equation. For convenience, let us call~v = (x,x′,y,y′); the Liouville theorem states that:

∂
∂ s

n(~v,s)+∑
i

v′i
∂

∂vi
n(~v,s) = 0 (26)

except that now the quantities v′i are obtained from the canonical equations, which read:

v′i = Si j
∂

∂v j
H(~v) , (27)

with

S =




0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0


 ,

and H(~v) the Hamiltonian of the system.

Equations (26) and (27), jointly, form the Vlasov equation, which, in its explicit form, reads:

∂n
∂ s

+(~∇n) · (S~∇H) = 0 .

Note that, with space charge, the Liouville theorem is still applicable if bulk space charge and beam
currents can be described by vector potentials φ ,~A (see Ref. [3]).

This equation tells how the particle density, i.e., the function n, changes in time. This is expressed
by the dependence on s, which, where it exists, yields ∂

∂ s n(~v,s) 6= 0. If, instead,

∂
∂ s

n(~v,s) = 0 ,

this means that the particle distribution does not depend on s; hence, it does not change ‘shape’ with
time. In the absence of space charge, or with very small space charge, the general particle distribution

ñ
(

ε0x(x,x′,s)
Ex

+
ε0y(y,y′,s)

Ey
,s
)

is stationary. In fact, it is easy to check that, in the absence of space charge,

∂
∂ s

ñ
(

ε0x(x,x′,s)
Ex

+
ε0y(y,y′,s)

Ey
,s
)
= 0 .

In the presence of space charge, the situation is much more complicated. There is only one known
distribution that is stationary with space charge and that is the Kapchinsky–Vladimirsky distribution.
In fact, for the Kapchinsky–Vladimirsky distribution,

n(~v,s) =
1

π2ExEy
δ
(

εx

Ex
+

εy

Ey
−1
)
, (28)
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if used in Eq. (9), we find that the function F(t) becomes F(t) = Θ(t−1), where the function Θ(u) has
value Θ(u) = 0 if u< 0, and Θ(u) = 1 if u> 0. Therefore, we find

n(x,y) =
1

πab

[
1−Θ

(
x2

a2 +
y2

b2 −1
)]

=
1

πab
Θ
(

1− x2

a2 −
y2

b2

)
,

which simply means that if (x,y) is inside the beam, i.e., if

x2

a2 +
y2

b2 ≤ 1 ,

the projection of the beam on the x–y plane has constant density n(x,y) = 1/(πab); if (x,y) is outside
the beam, then n(x,y) = 0, as one expects. As n(x,y) is constant, we find that the electric fields are linear
everywhere inside the beam. In fact, Eq. (14) specialized to the Kapchinsky–Vladimirsky distribution
yields

Ex =
λ

2πε0
x
∫ ∞

0

1
(a2

0 + t)3/2(b2
0 + t)1/2 dt (29)

for any (x,y) inside the beam, and by direct integration we find

Ex =
λ

πε0
x

1
a0(a0 +b0)

.

Similarly, for the y plane. We therefore find that the Kapchinsky–Vladimirsky distribution creates a linear
electric field everywhere inside the beam. This electric field enters the Hill’s equation, and consequently
the optics with space charge can be obtained. But now it is straightforward to prove that, for the particle
distribution in Eq. (28), we find

∑
i

v′i
∂

∂vi
n(~v,s)+

∂n
∂εx

∂εx

∂ s
+

∂n
∂εy

∂εy

∂ s
= 0 ,

which implies that
∂
∂ s

n
(

εx(x,x′,s)
Ex

+
εy(y,y′,s)

Ey
,s
)
= 0 ,

that is the Kapchinsky–Vladimirsky is a stationary distribution. (The partial derivative is applied only to
the last s, i.e., to the functional dependence of the type of distribution). All this means that any initial
Kapchinsky–Vladimirsky distribution will remain a Kapchinsky–Vladimirsky distribution, that is, this
distribution will not change shape during the beam evolution.

Next, we show an example of evolution of a non-stationary beam distribution. In Fig. 6, we see in
green the y profile of a Kapchinsky–Vladimirsky distribution. This distribution is injected into a lattice
with Q0x = Q0y = 4.41 with emittances ε̃x = ε̃y = 5 mm-mrad. A mismatch of M = 30% is applied
in both planes. This means that the x co-ordinates are multiplied by 1.3, and the x′ co-ordinates are
divided by 1.3, leaving the emittance unchanged, and likewise for the y plane. (The space charge tune-
shift is ∆Qx = −0.165). The distribution is left circulating in a ring for 200 turns, and afterwards the
beam profile is shown by the black curve. The particle-in-cell simulation clearly shows that the beam
distribution changes shape and readjusts to a different type.

8 Beam characterization
Unless something dramatic happens to the beam, the beam distribution does not change too quickly.
Therefore, for a short time-scale, one can ask on how a beam distribution can be characterized.

Experimentally, this task is very difficult, as it necessitates a complete 4D phase space reconstruc-
tion, and in circular machines only the measurement of beam profiles is part of normal diagnostics, or
the application of 2D tomographic techniques.
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Fig. 6: Evolution of non-stationary beam distribution as obtained from a particle-in-cell simulation

From the point of view of multiparticle simulations, at each step of a simulation, the full multi-
particle beam distribution is accessible, and a characterization of the beam is useful. The easier way to
characterize the beam is through the second-order moments. If the centre of mass of the beam is in the
origin, i.e., if ∑N

i=1 xi = ∑N
i=1 x′i = ∑N

i=1 yi = ∑N
i=1 y′i = 0, with N the total number of macro-particles, the

second-order moments

〈x2〉= 1
N

N

∑
i=1

x2
i ,

〈x′2〉= 1
N

N

∑
i=1

x′i
2
,

〈xx′〉= 1
N

N

∑
i=1

xix′i

(30)

enable the following quantities to be defined: the r.m.s. beam size x̃ is defined as

x̃ =
√
〈x2〉 ,

and the r.m.s. beam emittance ε̃x is defined as

ε̃x =

√
〈x2〉〈x′2〉−〈xx′〉2 .

Similar moments and definitions apply for the y plane.

For matched beams, as we defined in this paper, there is a direct relation between the quantities
Ex,Ey, the beam distribution type, and second order moments. By assuming that the 2D beam distribution
has the general analytic shape

n(x,x′,y,y′) =
1

π2ExEy
ñ
(

ε0x(x,x′,s)
Ex

+
ε0y(y,y′,s)

Ey

)
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Table 2: Main properties of the three types of distribution. For KV, and WB distribution, the spatial distribution
n(x,y) is meant in the domain x2/a2 + y2/b2 ≤ 1.

n(x,x′,y,y′) n(x,y) a/x̃ Ex/ε̃x

Kapchinsky–Vladimirsky 1
π2ExEy

δ
(

εx
Ex
+

εy
Ey
−1
)

1
πab 2 4

Waterbag 2
π2ExEx

Θ
(

1− εx
Ex
− εy

Ey

)
2

πab

(
1− x2

a2 − y2

b2

) √
6 6

Gaussian 1
4π2ExEy

exp
[
−1

2

(
εx
Ex
+

εy
Ey

)]
1

2πab exp
[
−1

2

(
x2

a2 +
y2

b2

)]
1 1

and ignoring at this point the possible s dependence of the type of distribution, we find characteristic
relations between r.m.s. sizes x̃, ỹ, and sizes a,b, also between Ex,Ey and the r.m.s. emittances ε̃x, ε̃y.
These relations are shown in Table 2 for the three types of distribution here presented. The ratios a/x̃,
and Ex/ε̃x are important; in fact, we see that the relation between the edge of a beam and the r.m.s. size
depends on the type of distribution that we are dealing with.

9 Envelope equation
As discussed in the previous section, the Kapchinsky–Vladimirsky distribution is stationary, that is,
a Kapchinsky–Vladimirsky distribution will evolve while remaining a Kapchinsky–Vladimirsky type.
From the previous section, we find that, once the type of a certain matched distribution is known, we
need to know only two parameters to completely define all its properties. These parameters can be Ex,Ey,
or a,b. Alternatively, r.m.s. quantities are also helpful to find these two parameters, for example, ε̃x, ε̃y,
or x̃, ỹ.

For linear lattices, the Kapchinsky–Vladimirsky distribution is stationary; hence, we can describe
the evolution of the beam distribution by characterizing the evolution of the chosen parameters. The
r.m.s. emittances have the interesting property that they remain constant under linear forces. In fact, from
the definition ε̃2

x = 〈x2〉〈x′2〉−〈xx′〉2, it is easy to verify that

dε̃2
x

ds
=

d
ds
(〈x′2〉〈x2〉−〈xx′〉2) = 2(〈x′x′′〉〈x2〉−〈xx′〉〈xx′′〉) . (31)

If the forces acting on each particle are linear; hence, if the equation of motion is x′′ = ξ (s)x with ξ (s)
an arbitrary function, then using it in Eq. (31) yields dε̃2

x /ds = 0.

Therefore, for linear forces ε̃x cannot be used to describe the evolution of the beam. We have to
consider the r.m.s. beam sizes instead. From the definition of x̃ we find

x̃′ =
〈xx′〉

x̃

and

x̃′′ =
〈xx′′〉x̃2 + 〈x′2〉x̃2−〈xx′〉2

x̃3 . (32)

By using the definition of the r.m.s. emittance, we find

x̃′′ =
〈xx′′〉

x̃
+

ε̃2
x

x̃3 . (33)

As the equations of motion are linear,

d2x
ds2 +

[
k0x(s)−

2K
a(a+b)

]
x = 0 , (34)
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we then find

x̃′′+ k0x(s)x̃−
2K

a(a+b)
x̃− ε̃2

x

x̃3 = 0 .

As we are discussing a Kapchinsky–Vladimirsky distribution, we can rewrite a,b as functions of the
r.m.s. sizes and find

x̃′′+ k0x(s)x̃−
K

2(x̃+ ỹ)
− ε̃2

x

x̃3 = 0 .

A similar equation holds for the y plane inverting x̃ ↔ ỹ. The fact that ε̃x and ε̃y are constant for a
Kapchinsky–Vladimirsky distribution allows to use the r.m.s. envelope equations,

x̃′′+ k0x(s)x̃−
K

2(x̃+ ỹ)
− ε̃2

x

x̃3 = 0 , (35)

ỹ′′+ k0y(s)ỹ−
K

2(x̃+ ỹ)
−

ε̃2
y

ỹ3 = 0 , (36)

(37)

to predict the evolution of x̃, ỹ. As the Kapchinsky–Vladimirsky distribution does not change type, we
can compute the evolution of the envelopes a,b, as a = 2x̃,b = 2ỹ.

10 R.m.s. equivalent beams
If the time-scales considered are short enough, so that the distribution does not significantly change type,
we can wonder if there exists a generalization of the r.m.s. envelope equations. We face here the prob-
lem of how to describe the evolution of a non-Kapchinsky–Vladimirsky distribution, which, therefore,
necessarily yields non-linear space charge forces. We start here with the assumption that the beam distri-
bution, i.e., the type of distribution, does not change. Again, the evolution of the beam is described by
the two quantities that characterize the beam. The evolution of the r.m.s. moments requires evaluation of
the quantity 〈xx′′〉 in Eq. (32), but now the equation of motion of a single particle becomes

d2x
ds2 + k0x(s)x−Kx

∫ ∞

0

n̂(T̂ )
(a2 + t)3/2(b2 + t)1/2 dt = 0 , (38)

(39)

where T̂ is given by Eq. (15). Therefore,

〈xx′′〉=−k0x〈x2〉+K
〈

x2
∫ ∞

0

n̂(T̂ )
(a2 + t)3/2(b2 + t)1/2 dt

〉
,

and the last term becomes rather complicated to compute. However, Sacherer has proved [4] that for the
class of beam distributions

ρ = λ
1

πab
n̂
(

x2

a2 +
y2

b2

)
,

which are our matched beams, the following remarkable result holds:

K
〈

x2
∫ ∞

0

n̂(T̂ )
(a2 + t)3/2(b2 + t)1/2 dt

〉
=

K
2

x̃
x̃+ ỹ

.

This is valid independently of the function n̂(t). Therefore, Eq. (33) becomes

x̃′′ =−k0x(s)x̃+
K
2

1
x̃+ ỹ

+
ε̃2

x

x̃3 . (40)
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This equation shows that the effect of the space charge in the term 〈xx′′〉 has always the same functional
form, as for a Kapchinsky–Vladimirsky beam. This result is remarkable because it means that, independ-
ently of the type of beam distribution, if a beam is matched and the distribution type does not change,
the r.m.s. envelope will evolve in the same way: this also means that if two beams have the same r.m.s.
moments at given s, their r.m.s. envelopes will evolve in the same manner. These beams are called r.m.s.
equivalent.

Clearly, this result is valid as long as the type of distribution does not change. If the r.m.s. emittance
does not change, then the equations can be directly integrated; however, if r.m.s. emittance changes, it is
then necessary to provide its evolution, as Eq. (40) alone will not be sufficient to predict the evolution
of x̃.

11 Incoherent tune-shift
The tune of a single particle for a linear machine is defined as

Q0x =
1

2π

∫ L

0

1
β0x(s)

ds ,

and the Courant–Snyder theory shows that a localized gradient error of integrated strength ∆kx produces
a change of tune as

∆Q0x =
1

4π
β0x(s)∆kx .

The space charge in the centre of a beam acts exactly as a small defocusing gradient error. If a particle has
small transverse amplitude (i.e., is mainly close to the beam centre), then the effect of the space charge
on this particle when it goes from s to s+∆s, is given a local kick

∆x′ = n̂(0)
2K

a(s)[a(s)+b(s)]
x∆s ,

in the same way, a local gradient ∆kx produces a kick ∆x′ = −∆kxx. The positive sign of the kick stems
from the space charge force, which is always defocusing. Therefore, the change of tune is then

∆Q0x =−
1

4π
β0x(s)n̂(0)

2K
a(s)[a(s)+b(s)]

∆s .

By integration of all the distributed effect of space charge along the circumference, we obtain

∆Q0x =−
1

4π

∫ L

0
β0x(s)n̂(0)

2K
a(s)[a(s)+b(s)]

ds .

Now we rewrite this equation as

∆Q0x =−
1

4π
1
Ex

∫ L

0

β0x(s)
βx(s)

n̂(0)
2K

1+
√

Eyβy(s)
Exβx(s)

ds .

If the space charge is not too strong, then β0x/βx(s)' 1, and

∆Q0x =−
1

4π
1
Ex

n̂(0)2K2πR

〈
1

1+
√

Eyβy(s)
Exβx(s)

〉

s

,

where 〈〉s is the average over the machine length, and R is the average machine radius.

We next consider the decomposition of the beta functions around their average 〈βx〉s, and 〈βy〉s, as

βx(s) = 〈βx〉s +∆βx(s) ,

βy(s) = 〈βy〉s +∆βy(s) ,
(41)
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and we also consider the following auxiliary function

A (x,y) =
1

1+
√

Eyy
Exx

.

It is clear that
1

1+
√

Eyβy(s)
Exβx(s)

= A (βx(s),βy(s)) ,

and A can be Taylor expanded around 〈βx〉s,〈βy〉s, as

A (βx(s),βy(s)) = ∑
n,m

∂ n
x ∂ m

y A (x,y)|x=〈βx〉s,y=〈βy〉s
[∆βx(s)]n[∆βy(s)]m

n!m!
.

Therefore,

〈A (βx(s),βy(s)〉s = ∑
n,m

∂ n
x ∂ m

y A (x,y)|x=〈βx〉s,y=〈βy〉s
1

n!m!
〈[∆βx(s)]n[∆βy(s)]m〉s

= A (〈βx〉s,〈βy〉s)+O(〈∆β 2
x 〉s,〈∆β 2

y 〉s) ,
(42)

because by definition 〈∆βx〉s = 〈∆βy〉s = 0. This means that
〈

1

1+
√

Eyβy(s)
Exβx(s)

〉

s

=
1

1+
√

Ey〈βy〉s
Ex〈βx〉s

+O(〈∆β 2
x 〉s,〈∆β 2

y 〉s) .

This formula states that if the beta functions do not oscillate too much away from the average beta, then
we can approximate the L.H.S. with the first term of the expansion and neglect the higher order terms
in ∆βx, and ∆βy. This can be seen by the second term of the expansion, which is the quadratic in the
average deviation from the average beta, and which becomes small for not too wild oscillation of the
beta. Therefore, under these conditions, we obtain

∆Q0x =−
1
Ex

n̂(0)K
R

1+
√

Ey〈βy〉s
Ex〈βx〉s

=−n̂(0)K〈βx〉s
R√

Ex〈βx〉s(
√

Ex〈βx〉s +
√

Ey〈βy〉s)
.

In a similar way, we can now expand the beta function in the depressed tune formula,

Qx =
1

2π

∫ L

0

1
βx(s)

ds ,

and we find
Qx =

R
〈βx〉s

+
R
〈βx〉3s

〈∆β 2
x 〉s + ...

Under the same approximation of not too wild beta oscillation, we can approximate Qx = R/〈βx〉s, and
by substitution, we finally obtain

∆Q0x =−
R2

Qx
n̂(0)K

1√
Ex〈βx〉s(

√
Ex〈βx〉s +

√
Ey〈βy〉s)

. (43)

This formula is very intuitive, and has a deep meaning: the incoherent space charge tune-shift appears to
be insensitive to the machine optics, but to depend to an ‘equivalent’ smooth accelerator structure with
the same tunes as the original one.
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Table 3: Factor f as function of beam distribution.

Kapchinsky–Vladimirsky Waterbag Gaussian
f 1 4/3 2

12 Space charge tune-shift for r.m.s. equivalent beams
The last formula gives the tune-shift as a function of the quantities Ex,Ey. For practical uses, it is useful
to modify Eq. (43) using r.m.s. emittances. First, we observe that for a matched beam

x̃2 = Exβx(s)
1
2

∫ ∞

0
tn̂(t)dt ,

and the r.m.s. emittance is
ε̃x = Ex

1
2

∫ ∞

0
tn̂(t)dt .

Therefore, we can rewrite the tune-shift as

∆Q0x =−
R2

Qx
n̂(0)K

1
2

∫ ∞

0
tn̂(t)dt

1√
ε̃x〈βx〉s(

√
ε̃x〈βx〉s +

√
ε̃y〈βy〉s)

,

and define a peak tune-shift as
∆Q0x = f ˜∆Q0x (44)

where
˜∆Q0x =−

R2

Qx

K
4

1√
ε̃x〈βx〉s(

√
ε̃x〈βx〉s +

√
ε̃y〈βy〉s)

, (45)

is the tune-shift of a Kapchinsky–Vladimirsky beam r.m.s. equivalent to the beam we are considering.
The factor f incorporates the type of the distribution, and is

f = 2n̂(0)
∫ ∞

0
tn̂(t)dt .

The values of f according to the type of distribution are shown in Table 3. These results show that r.m.s.
equivalent beams having the same perveance will produce different peak tune-shift according to the type
of distribution.

13 Space charge limit
The previous results allow us to discuss which is the maximum current or, equivalently, the maximum
number of particles a coasting beam may have in an accelerator. The limiting factor is the maximum
allowed incoherent space charge tune depression, which is dictated by the necessity of avoiding the
overlap of the tune-spread with machine resonances. We proceed by discussing the horizontal plane, but
similar formulae are obtained on exchanging the x and y planes. As the resonances up to the fourth order
may be dangerous for beam survival, it is then assumed that the space charge limit is set by the condition

|∆Q0x| ≤ |∆Qxl| ' 0.25 ,

see Ref. [3]. This constraint can be used in Eq. (44); inverting this equation, we obtain the maximum
longitudinal particle density, which reads

dN
ds

=
λ
eZ

=
8πε0muAγ3v2

e2Z2
|∆Qxl|

f
ε̃x

R

(
1+

√
〈βy〉sε̃y

〈βx〉sε̃x

)
, (46)
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where A is the mass number, mu the nucleon mass, Z is the charge state of the particle, and e is the
elementary charge.

The same argument applies to bunched beams although we did not discuss the space charge field
of a bunched beam. In fact, if a bunch is very long with respect to the transverse size, then the local
coasting beam approximation enables the ‘local’ transverse tune-shift to be computed according to the
local charge-line density λ (z). In complete analogy, we can speak of the local current I(z), which is
largest where the local particle density is the largest. Therefore, one finds the peak current Ipeak in the
centre of the bunch (z = 0). To compare how different a bunched beam is from a coasting beam, it is
customary to compare the peak current of a bunched beam Ipeak with the current of a coasting beam
composed of the same number of particles Iaverage. The ratio B f = Iaverage/Ipeak, called bunching factor,
quantifies the difference between bunched beams and coasting beams. Clearly, the bunching factor is
depending on the longitudinal beam distribution, and on how many bunches are accommodated in a
circular machine. If B f = 1 then the beam is un-bunched; the more the longitudinal bunch distribution is
peaked, the smaller is B f . As the largest transverse tune-spread is at the bunch centre, for that transverse
section, the space charge limit is given by Eq. (46). The maximum number of particles in the ring to
reach the space charge limit (hence the maximum average current), is found by multiplying Eq. (46) by
B f and integrating along the circumference:

Ntot = B f
4(2π)2ε0muAγ3v2

e2Z2
|∆Qxl|

f
ε̃x

(
1+

√
〈βy〉sε̃y

〈βx〉sε̃x

)
. (47)

From Eq. (47), it appears evident which are the critical parameters to increase the total number
of particles stored in a ring: the bunching factor B f , and the type of transverse distribution, i.e., the
parameter f . By increasing B f , and making a beam closer to a Kapchinsky–Vladimirsky distribution, if
possible, Ntot will be increased. Alternatively one should compensate all natural resonances so that |∆Qxl|
can be taken larger, or increase the energy of the beam to reach higher γ .

14 Oscillation of mismatched beams
Consider a low-intensity 2D beam matched with the machine optics at the longitudinal position s0, see
left panel of Fig. 7. Suppose now that we distort the beam, as shown in the right panel of Fig. 7. The black
ellipse in the right panel of Fig. 7b marks the initial edge of the beam before distortion. The stretched
phase space now has two ‘wings’, which we call A and B. If we follow the beam evolution, each particle
rotates with instantaneous phase advance 1/βx(s). While the beam moves ahead (increases s), the beam
ellipse rotates in the co-moving reference frame preserving its area. The two beam wings out of the initial
beam black ellipse, marked A and B, will also rotate as s increases, as indicated by the red curved arrows.

The beam envelope is found by taking the outermost particle, and with this definition for this type
of mismatched beam the envelope cannot distinguish between the two beam wings. Consequently, if the
beam ellipse rotates through 180◦, the two wings will swap (A↔ B), but the beam envelope will remain
the same. Therefore, the beam envelope oscillates with a frequency that is the double the frequency of
the single particle, i.e., the beam envelope will oscillate with a phase 2π(2Qx0) per turn.

This argument merely considers the single-particle dynamics, but the effect of space charge on a
mismatched beam is more subtle.

To visualize the effect of the mismatch, we consider the quantity ∆x(s) = a(s)−a0(s), where with
a0(s) we indicate the matched envelope at location s, whereas with a(s) we indicate the ‘mismatched
envelope’ at location s. Figure 8 shows the evolution of ∆x(s) as obtained from a multiparticle simu-
lation for two beams, one with low intensity (green), and one with high intensity (red). Both beams are
mismatched by the same amount. The picture shows clearly that the high-intensity mismatched beam
has a longer wavelength than the low-intensity one, which seems to indicate that the depressed tunes
play a role in creating this shift. Therefore, at first sight, one would use the same argument as illustrated
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Fig. 7: Dynamics of mismatched beam. Left-hand side: initial matched beam distribution. Right-hand side: mis-
matched beam. The mismatch is produced by creating the ‘wings’ A and B.
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Fig. 8: Dynamics of mismatched beam. Green: beam with low intensity. Red: beam with high intensity

in Fig. 7 to discuss the dynamics of a mismatched high-intensity beam. As the space charge will depress
the single-particle tune, one would conclude that the beam envelope will make 2Qx oscillations per turn,
where Qx is the depressed tune. However, this is not true.

15 Coherent frequencies
To explain the effect of space charge on a mismatched beam, we need to start from the envelope equa-
tions. For this discussion, it is easier to use a constant-focusing lattice, and for convenience we re-
scaled the r.m.s. envelope to the matched solution as x̃ = x̂x̃0, ỹ = ŷỹ0. Here x̃0, ỹ0 are the r.m.s. matched
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envelopes for a Kapchinsky–Vladimirsky beam with r.m.s. emittances ε̃x, ε̃y and perveance K. In these
terms, the envelope equations take the form

x̂′′+ k0x(s)x̂−
K
2

1
x̃0(x̃0x̂+ ỹ0ŷ)

− ε̃2
x

x̃4
0x̂3 = 0 , (48)

ŷ′′+ k0y(s)ŷ−
K
2

1
ỹ0(x̃0x̂+ ỹ0ŷ)

−
ε̃2

y

ỹ4
0ŷ3 = 0 . (49)

If x̂ = ŷ = 1, the beam is matched. If the beam is mismatched, then we can define δ x̂ = x̂− 1 and
δ ŷ = ŷ− 1, and Eqs. (48) and (49) can be expanded around the matched solution. After some algebra,
and neglecting quadratic terms of the incoherent tune-shift, we find:

δ x̂′′+axxδ x̂+axyδ ŷ = 0 ,

δ ŷ′′+ayxδ x̂+ayyδ ŷ = 0 ,
(50)

with

axx = 4
(

Q0x

R

)2

− 2Q0x∆Qx

R2

(
x̃0

x̃0 + ỹ0
−3
)
,

axy =−
2Q0x∆Qx

R2
ỹ0

x̃0 + ỹ0
,

ayx =−
2Q0y∆Qy

R2
x̃0

x̃0 + ỹ0
,

ayy = 4
(

Q0y

R

)2

− 2Q0y∆Qy

R2

(
ỹ0

x̃0 + ỹ0
−3
)
.

(51)

These are two linearly coupled second-order differential equations with constant coefficients. By making
a proper linear co-ordinate transformation (δ x̂,δ ŷ)→ (ξ ,ν), the system in Eq. (50) can be decoupled
into two independent differential equations,

ξ ′′+λ+ξ = 0 ,

ν ′′+λ−ν = 0 ,
(52)

with λ± = Q2
±,coh/R2 the eigenvalues of the matrix ai j defining Eq. (50). For x̃0 6= ỹ0, in good approxi-

mation

Q+,coh = 2Q0x−
1
2

∆Qx

(
x̃0

x̃0 + ỹ0
−3
)
,

Q−,coh = 2Q0y−
1
2

∆Qy

(
ỹ0

x̃0 + ỹ0
−3
)
.

Therefore, we find that the oscillations of the envelopes around the matched solutions are obtained by
the compositions of the modes with tunes Q±,coh because of inverting (ξ ,ν)→ (δ x̂,δ ŷ). We observe that
Q±,coh can be re-cast in a different form as

Q+,coh = 2Qx−
1
2

∆Qx

(
x̃0

x̃0 + ỹ0
+1
)
, (53)

Q−,coh = 2Qy−
1
2

∆Qy

(
ỹ0

x̃0 + ỹ0
+1
)
, (54)

where Qx,Qy are the depressed tunes by the incoherent space charge tune-shift, as previously discussed.
These last two equations show that the modes oscillate with an extra term to the 2Qx,2Qy which has a
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Fig. 9: Spectrum of oscillations of x̃. Black: low intensity. Green: high intensity. Dashed lines are drawn to theo-
retical predictions.

coherent nature, and act in the opposite direction of the incoherent tune-shift, increasing the frequency
of the mode. (The sign of ∆Qx,∆Qy is negative).

Figure 9 shows the Fourier spectrum of the r.m.s. envelope of a mismatched beam. The beam
is tracked in an arbitrarily chosen constant-focusing lattice of length L = 110 m, with tunes Q0x =
2.655,Q0y = 2.823. The incoherent space charge tune-shift is ∆Q0x = −4× 10−2, ∆Qy = −5.6× 10−2.
The dashed lines show the theoretical predictions. The black spectrum is obtained by tracking a mis-
matched beam with no space charge, and we find it peaked on 2Q0x, as expected from the argument
of the previous section. However, when the space charge is activated, the spectrum shown by the green
solid curve is now peaked on the coherent frequency as predicted by the theory of Eq. (53). Note that the
frequency 2Qx is not excited.

This analysis is based on the r.m.s. envelope equations, and more modes of oscillation exist. A full
discussion of these modes based on Vlasov equation can be found in Ref. [5]; a visual representation is
shown in Fig. 10.

16 Tune-spread: the non-linear region
The previous analysis of the oscillations of the mismatched beam relies on the envelope equations. How-
ever, these equations do not consider the actual tune that each particle experiences. We already dis-
cussed, in Section 5, the dynamics in the linear region of the space charge field, and found a deviation
of the single-particle tune from the bare tunes, which we called the incoherent space charge tune-shift
∆Q0x,∆Q0y. The effect on the dynamics of the non-linear field regime introduced in Section 4 is still to
be discussed. A first effect of the non-linear field will be to change the single-particle tunes by a different
amount from ∆Q0x,∆Q0y. The best way to visualize this effect is to plot, for each beam particle, its tune’s
deviation from the machine bare tunes. This may be computed with a standard procedure by analysing the
frequency of each particle using a turn-by-turn data method [6]. The set of all these incoherent tunes is
called space charge tune-spread. Figure 11 shows the space charge tune-spread for the three distributions
presented.
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Fig. 11: Tune-spread of main types of particle distributions. Left-hand side: Kapchinsky–Vladimirsky (KV). Cen-
tre: waterbag (WB). Right-hand side: Gaussian (G). Blue: bare tune. Green: Kapchinsky–Vladimirsky tune-shift.
Red: tune-shift for (centre) waterbag or (right-hand side) Gaussian.
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The left-hand panel shows the tune-spread of a Kapchinsky–Vladimirsky distribution. Each single-
particle tune is a black dot. The blue marker shows the machine bare tune, and the green marker shows
incoherent detuning, as predicted by the theoretical formula of Eq. (43). The figure clearly shows that all
single-particle tunes are, to a good approximation, overlapping with the theoretical tune. This happens
because the electric field generated by the Kapchinsky–Vladimirsky is linear everywhere inside the beam
distribution.

The panel in the centre shows the tune-spread for a 2D waterbag beam, this beam has the same
perveance as the Kapchinsky–Vladimirsky beam, but the sizes are chosen so that it is r.m.s. equivalent.
The set of tunes is now not overlapping and is spread over a triangular shape. The red marker shows
the incoherent space charge tune-shift, as computed using Eq. (43). The factor f is now 4/3, and is
responsible for the increase of the tune-shift.

The panel on the right shows the space charge tune-spread for a Gaussian distribution, still r.m.s.
equivalent to the Kapchinsky–Vladimirsky beam. This graph shows that the single-particle tunes are
spread over a larger area, and the density of tunes decreases as the tunes approach the machine bare tune.
Now f = 2, and the graph shows that the distance between the green and blue markers is equal to the
distance between the red and the green marker.

17 Amplitude-dependent detuning
Figure 11 shows that all particles experience the same space charge tune-shift only for the Kapchinsky–
Vladimirsky beam. For the other distributions, waterbag and Gaussian, the non-linear field creates differ-
ent tunes according to how particles are distributed. It, therefore, makes sense to ask if there is any
relation between the particle position and the detuning experienced by that particle. An intuitive argument
helps qualitatively in understanding what happens: when a particle has a large single-particle emittance
εx,εy, i.e., large oscillation amplitudes, this particle following the betatron motion travels periodically
through the beam core and also through the beam tails; therefore, on ‘average’, this particle experiences a
weaker electric field than those particles with small amplitudes that always stayed close the beam centre.
Hence, the space charge tune-shift of a particle with large amplitudes will be smaller than ∆Q0x,∆Q0y.
Therefore, the larger the particle amplitude, the closer the particle tune is to the bare machine tune
because it is as if the space charge is not contributing to the single-particle dynamics. In the left panel
of Fig. 12, we plot all single-particle tunes of the right panel of Fig. 11 as a function of the X amplitude
re-scaled with the beam r.m.s. size. It can be seen that all the black dots are well contained within a red
curve of simple functional dependence as

∆Qx ' ∆Qx,max
1

1+
(

X
2σx

)2 .

The particle tunes are also found above the red curve, because of the vertical transverse amplitudes:
even if a particle has zero horizontal amplitude, the vertical amplitude can be large, hence the horizontal
transverse electric field will be diminished, with consequent reduction of the space charge tune-shift. The
right-hand panel of Fig. 12 shows the tunes of a few particles with initial εy ' 0. These black markers
overlap the red curve to good approximation.

There are more complex formulae to describe the relation between single-particle emittances (or
particle action) and space charge tune-shift. For example, see Ref. [7].

18 Mismatched beams: free energy and emittance growth
Till now we have discussed the effect of space charge on the frequencies of particle oscillations in a beam,
and on the coherent oscillation frequencies of the beam envelope. In those analyses, the starting point is
from a matched beam whose properties do not change with time: this also means that all the different
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forms of beam energy are stationary, i.e., the beam is in ‘equilibrium’, and it has been assumed that
any perturbation of the beam creates an oscillatory behaviour around the stationary solution. However,
the possibility that the perturbation might modify the original stationary state of the beam has not been
addressed.

We now discuss the possibility that, when brought out of equilibrium, a beam may evolve to a new
stationary state. This discussion is developed using the concept of free energy (see in Ref. [3]). When a
beam is in a stationary state, there is no free energy but when the beam is significantly perturbed, free
energy is created, and this energy, assisted by other mechanisms, will re-distribute between all forms of
energy, taking the beam into a new stationary state.

We make a discussion for a Kapchinsky–Vladimirsky circular beam transported in an axi-symmetric
constant-focusing lattice. In this case, x̃ = ỹ and, for convenience, we use the envelope a = 2x̃. As the
beam is circular, we drop the index x or y. For convenience we also use the full beam emittance E = 4ε̃ .

We recall that a stationary a beam distribution is characterized by the condition a′′ = 0, which
means

k0a− K
a
− E 2

a3 = 0 .

It is also convenient to define the depressed focusing strengths as in Eq. (25), which now reads

k = k0−
K
a2 . (55)

We now compute the energy content of a beam when it is in a stationary state. There are three
different form of energy:

1. transverse kinetic energy;
2. potential energy of particles in the potential of the lattice;
3. potential energy of the Coulomb field created by the particle distribution.

18.1 Transverse kinetic energy
The transverse kinetic energy of one particle is 1

2 mγ(v2
x + v2

y); therefore, the average kinetic energy of
one particle is

Ek =
1
2

mγ(〈v2
x〉+ 〈v2

y〉) ,
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and by using the definitions vx = vx′, vy = vy′ we find

Ek =
1
2

mγv2(〈x′2〉+ 〈y′2〉) .

As the beam is axi-symmetric, 〈x′2〉= 〈y′2〉,

Ek = mγv2〈x′2〉 .

As the beam is stationary, the equation of motion of a single particle in the beam is x′′+ kx = 0, and
consequently ‘depressed optics’ is generated, as discussed in Section 6. For this lattice, we find that
the modified optics is given by the beta function, βx = 1/

√
k, and αx = 0. For a matched beam, the

second-order moments can be related to the depressed optics according to

〈x2〉= βxε̃x ,

〈x′2〉= γxε̃x ,

〈xx′〉=−αxε̃x ,

(56)

with ε̃x the r.m.s. emittance. In particular, for the constant-focusing case we find 〈x′2〉= 1
βx

ε̃x =
1

β 2
x

βxε̃x =
1

β 2
x
〈x2〉= k〈x2〉. Therefore, the kinetic energy per particle is

Ek = mγv2k〈x2〉 . (57)

18.2 Potential energy
The transverse potential energy due to the lattice alone is computed by writing the equation of motion in
the time domain; in one plane the equation becomes

d2

dt2 mγx = mγv2k0x ,

a similar equation is found for the vertical plane with the substitution x→ y. Therefore, the potential
energy of one particle is then

mγv2k0

(
x2

2
+

y2

2

)
.

From this relation, we compute the average potential energy per particle as

Ep = mγv2k0〈x2〉 .

18.3 Field energy
The field energy is the energy necessary to create the beam, i.e., to create the configuration of charges
and currents. It consists of two densities of field energy,

ε0

2
~E2,

1
2µ0

~B2 ,

the electric and the magnetic field energy. The total field energy is computed by integrating the density
of field energy over a volume of length l and extending integration to the beam pipe, of radius Rp. The
electric field for a circular Kapchinsky–Vladimirsky coasting beam is given by Eq. (11),

Er(s) =





ρ(s)
2ε0

r if r ≤ a ,

ρ(s)a2(s)
2ε0

1
r if r ≥ a .

(58)
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Therefore, ∫ ε0

2
~E2dV =

ρ2a4πl
4ε0

[
1
4
+ ln

(
Rp

a

)]
.

By using the beam current I, we find I = Avρ = πa2vρ , which yields

∫ ε0

2
~E2dV =

I2l
4πε0v2

[
1
4
+ ln

(
Rp

a

)]
.

The magnetic field B created by a circular 2D Kapchinsky–Vladimirsky beam is given by the Biot–Savart
law, namely

Bθ (s) =

{ µ0I
2πa2 r if r ≤ a ,
µ0I
2π

1
r if r ≥ a .

(59)

Therefore, ∫ 1
2µ0

~B2dV =
µ0I2l
4π

[
1
4
+ ln

(
Rp

a

)]
.

Now using the classical relation c2 = 1/(ε0µ0), we find

∫ 1
2µ0

~B2dV =
I2l

4πε0c2

[
1
4
+ ln

(
Rp

a

)]
.

The total field energy in the volume V is given by the difference of the electric and magnetic energy (see
Ref. [3] for more details),

EfV =
I2l

4πε0c2

[
1
4
+ ln

(
Rp

a

)](
1

β 2 −1
)
.

Now the number of particles in our integration volume is

Np =
ρ
q

πa2l =
Il
qv

;

therefore, the field energy per particle is

Es = qv
I

4πε0c2

[
1
4
+ ln

(
Rp

a

)](
1

β 2 −1
)
. (60)

Recalling the definition of perveance, Eq. (19) ,

K =
qI

2πε0mγ3β 3c3 ,

and replacing qI with the perveance in Eq. (60), we find

Es = Kmγ
v2

8

[
1+4ln

(
Rp

a

)]
.

Now using the fact that the beam is stationary, from Eq. (55), we obtain K = (k0− k)a2; that is, we find
that the field energy per particle is

Es = (k0− k)a2mγ
v2

8

[
1+4ln

(
Rp

a

)]
.
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18.4 Total energy, free energy, and emittance growth
The total energy per particle of a stationary beam is the sum of these three types of energy as obtained in
the previous three subsections, namely

En = Ek +Ep +Es

which yields

En =
1
4

mγv2
{

ka2 + k0a2 +(k0− k)a2 1
2

[
1+4ln

(
Rp

a

)]}
, (61)

where here we substituted 〈x2〉= 4a2.

Let us consider a stationary beam characterized by an initial envelope ai and emittance Ei, hence,
by an energy per particle En,i. Now let’s add to this beam an extra energy per particle ∆En: this free energy
will make the the beam un-stationary, and the beam envelope will perform oscillations. The principle here
invoked is that, due to such additional mechanisms as non-linear or stochastic forces, the free energy ∆En

will thermalize. This means that it will spontaneously become ‘equally’ distributed in all allowed energy
forms; hence, the beam will relax into a new final stationary state characterized by a new beam size a f ,
and a new emittance E f , hence in a new stationary state with energy per particle En f . We therefore find
that En f = Eni +∆En, where En f is obtained by substituting k→ k f ,a→ a f into Eq. (61), and Eni is
obtained by substituting k→ ki,a→ ai into Eq. (61). It is convenient to give the free energy per particle
as a function of a dimensionless parameter h, as follows

∆En =
1
2

mγv2k0a2
i h . (62)

The relation En f = Eni +∆En then becomes

a2
f

a2
i
−1−

(
1− ki

k0

)
ln

a f

ai
= h , (63)

this relation yields a f /ai as a function of h. Now we can find the emittance growth from the envelope
growth using the straightforward relation

E f

Ei
=

a f

ai

[
1+

k0

ki

(
a2

f

a2
i
−1

)]1/2

. (64)

Figure 13 shows the emittance growth as a function of the free-energy parameter h. There are ten curves
for ten different tune depressions: from Qx/Q0x = 0.1, to Qx/Q0x = 1 (i.e., for no space charge). The
graph shows that the same free-energy parameter h yields a larger emittance growth, the larger the tune
depression.

We now discuss how the free energy is created by mismatching a stationary beam. Consider a
matched beam with envelope ai, and now let’s mismatch it so that the envelope becomes am but pre-
serving the initial beam emittance; let’s now call M = am/ai the mismatch factor. Identifying ki/k0 =
(Qix/Q0x)

2, we find that the free-energy parameter h reads

h =
1
2

(
Qix

Q0x

)2( 1
M2 −1

)
− 1

2
(
1−M2)+

[
1−
(

Qix

Q0x

)2
]

ln
(

1
M

)
. (65)

This relation allows us to compute h. We make an example of how to use it. Figure 14 shows a simulation
with Qix/Q0x = 0.962, with a beam mismatched by a factor M = 1.3. By using Eq. (65), we find the free
energy parameter h= 0.1347, and the free-energy limit of emittance growth for this value of h is obtained
from Eqs. (63) and (64). We find E f /Ei = 1.145, which is drawn in Fig. 14 as a dashed green horizontal
line. The black and red curves are the horizontal and vertical re-scaled r.m.s. emittances, as obtained
from a particle-in-cell simulation. The green curve is the average between them. The simulation shows
that the green curve approaches the free-energy limit to a good approximation.
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19 Linear coupling: Chernin equations
In the previous section, we discussed the effect of the free energy on a stationary beam. The mismatch
type discussed is obtained by changing the beam size from ai to am, and this process creates free energy,
which is converted in emittance growth. In doing this, we have addressed only one special type of mis-
match, namely the simultaneous mismatch in x–x′ and y–y′. However, the mismatch of a beam can be
created in much more complex ways by really perturbing the 4D particle distribution. There is, however,
one special type of mismatch of relevance when high-intensity beams are considered, and that is the x–y
mismatch. This is relevant because the space charge forces are directly controlled by the spatial position
of the beam distribution.

We observe that in all the previous discussions, we always implicitly assumed the spatial beam
profile to be upright. The simplest type of x–y mismatch is a rotation in the x–y plane of the full beam by
an angle θ . The space charge forces respond only to the spatial beam distribution; hence, these forces in
the rotated beam will be the same as in the upright distribution, but they will just be rotated as well. The
situation is illustrated in Fig. 15.

The left panel shows an upright 2D beam, and the scaled space charge forces as they appear on
one particle in the equations of motion are

Fx =
2K

a(a+b)
X , Fy =

2K
b(a+b)

Y, (66)

where X ,Y are the co-ordinates of the test particle in the reference frame where the beam is upright. The
right panel of Fig. 15 shows the beam tilted. The axes and forces of the original reference frame, where
the beam is upright, are depicted in black. The axis of the new reference frame is depicted in blue. The
test particle now has new co-ordinates x,y, and the forces acting on the particle are the projection of the
scaled space charge force vector (red) along the x and y axes (blue). It is therefore possible to find the
X ,Y co-ordinates in the upright reference frame from the particle co-ordinates x,y in the frame of the
tilted beam, and there the space charge forces are given by Eq. (66). At that point, we decompose Fx,Fy

along the new axes, and find the new components of the scaled space charge force fx, fy along the axis
x,y. By applying this procedure mathematically, we obtain the following scaled forces:

fx =

[
2K

a(a+b)
cos2 θ +

2K
b(a+b)

sin2 θ
]

x+ sinθ cosθ
[

2K
a(a+b)

− 2K
b(a+b)

]
y ,

fy =

[
2K

b(a+b)
cos2 θ +

2K
a(a+b)

sin2 θ
]

y+ sinθ cosθ
[

2K
a(a+b)

− 2K
b(a+b)

]
x .

(67)

We observe immediately that the tilting of the beam produces a coupling between the horizontal and
vertical planes. It is interesting that the coefficient of the coupling terms in fx, fy is the same. This appears
exactly as if there would be a skew quadrupole acting on the test particle.

The situation is now more complex than that discussed in Section 9. In fact, the former equation
of motion of a single particle, Eq. (34), now takes a more complex form, namely

d2x
ds2 + k0x(s)x−

2K
a+b

(
1
a

cos2 θ +
1
b

sin2 θ
)

x− sinθ cosθ
2K

a+b

(
1
a
− 1

b

)
y = 0 . (68)

A similar equation can be derived for the motion in the y plane. The coupling term has an important
consequence if we try to compute the r.m.s. envelope equation. In fact, in Eq. (32), the second-order
moment 〈xx′′〉 will now produce one additional term proportional to the second-order moment 〈xy〉.
Note that the second-order moment 〈xy〉, is directly proportional to sin(2θ). This simply means that the
evolution of x̃ depends on coupled second-order moments, and it is therefore not possible to write two
separate equations of motion for horizontal and vertical planes.
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Fig. 15: Decomposition of forces in tilted beam. Left-hand side: upright beam and test particle in it, with space
charge forces. Right-hand side: the same beam, now tilted by θ . The space charge force is now decomposed along
new axes.

The problem has to be discussed in full generality by describing the evolution of all second-order
moments, which forms the 4×4 matrix

Σi, j = 〈viv j〉−〈vi〉〈v j〉 ,

where~v = (x,x′,y,y′). The evolution of Σ is derived by Chernin [8] as

Σ′ = MΣ+(MΣ)T, (69)

where the symbol T refers to the operation to transpose a matrix. The matrix M has the form

M =




0 1 0 0
−k̃x 0 j̃ 0

0 0 0 1
j̃ 0 −k̃y 0


 , (70)

where
k̃x = k0x−qxx , k̃y = k0y−qyy , j̃ = j0 +qxy , (71)

and
qxx =

K
2

Sy

S0(Sx +Sy)
, qyy =

K
2

Sx

S0(Sx +Sy)
, qxy =−

K
2

Σ13

S0(Sx +Sy)
, (72)

and
Sx = Σ11 +S0 , Sy = Σ33 +S0 , S0 =

√
Σ11Σ33−Σ2

13 .

The quantities k0x,k0y are the usual focusing strength, j0 is the skew strength produced by skew quad-
rupoles. The terms qxx,qyy are the space charge defocusing effect in the x and y planes, and their form
resembles Eq. (66). When Σ13 = 0, then qxx, and qyy become exactly equal to Eq. (66). The term qxy is
a self-coupling created by the space charge. It is now possible that the tilted beam produces a self-linear
coupling that affects the beam evolution in the x–y plane. This coupling derives from the last term in
Eq. (68).

Figure 16 shows the evolution of the beam emittances in a lattice with a skew quadrupole cal-
culated using Eq. (69). The simulation is performed in proximity to the linear coupling resonance
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Fig. 16: Beam emittance evolution for low-intensity beam (dashed curves), and high-intensity beam (solid curves)

Q0x −Q0y = N (see also Ref. [9] for further details). The graph shows a simulation of a beam with
initial Kapchinsky–Vladimirsky emittances of εx = 40 mm-mrad and εy = 10 mm-mrad. The dashed
curve shows the case without space charge when the tunes sit on the linear coupling resonance. The skew
quadrupole exciting the resonance produces an emittance exchange in 200 machine turns. The solid
curves show the emittance evolution as computed with Chernin equations when the high intensity yields
∆Qy = −0.2. The tunes are Q0y = 3.2 and Q0x ' 4.16. It can be seen that the space charge prevents the
full emittance exchange. However, the sum of the two emittance is preserved.

20 The Montague resonance
The possibility of a beam affecting itself via space charge is quite a relevant topic. In the previous section
we discussed the linear coupling, which in Eq. (68) is shown by an extra coupling term in y, the strength
of which depends on the tilting of the beam.

However, more complex effects may be created by space charge. In particular, the space charge
may influence particle motion even for an upright beam. In fact, for a 2D Gaussian upright beam, the
scaled force on a beam particle is

Fx(x,y) = K
[

1
a(a+b)

x− 2a+b
6a3(a+b)2 x3− 1

2ab(a+b)2 xy2 + ...

]
,

Fy(x,y) = K
[

1
b(a+b)

y− 2b+a
6b3(a+b)2 y3− 1

2ba(a+b)2 yx2 + ...

]
,

(73)

where a,b are the r.m.s. sizes of the distribution with

n(x,y,s) =
1

2πab
exp
[
−1

2

(
x2

a2 +
y2

b2

)]
.

For a frozen beam, the forces in Eq. (73) are of incoherent type, and act on a single particle as if they
are given by an external element. The main difference between the scaled forces in Eq. (73), and those
in Eq. (67) is that for an upright beam θ = 0; hence, the coupling strength in Eq. (67) disappears, while
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in Eq. (73) a coupling term with strength

− K
2ba(a+b)2

remain unaffected. The consequences of this coupling term go beyond the linear motion as the forces
that it generates are non-linear.

According to the theory of the resonances [10, 11], the excitation of a resonance depends on the
strength of the harmonics of the driving term, which can be expressed from the potential of the forces. In
particular the potential of the coupling term in Eq. (73) reads

K
4ba(a+b)2 y2x2 .

This term excites the resonances 2Qx±2Qy = N. Of particular interest is the resonance 2Qx−2Qx = 0,
which is quite unusual in single-particle dynamics, as the zero-order harmonics are very weak because
non-linear components are typically localized in distinct spots around the machine. The strength of the
zero-order harmonics is proportional to the integral

K
∫ L

0

β0x(s)β0y(s)
a(s)b(s)[a(s)+b(s)]2

exp
{

i2
[
φx(s)−2πQ0x

s
L

]
− i2

[
φy(s)−2πQ0y

s
L

]}
ds ,

where it is evident that the driving term is proportional to the perveance. In the formula are used the phase
advances defined as φx(s) =

∫ s
0 ds/β0x(s),φy(s) =

∫ s
0 ds/β0y(s). This coupling resonance is found in any

ring near the diagonal Qx = Qy, but it is driven by the fourth-order term in the space charge potential.
The first study of this space charge resonance was made by Montague [12]. A simple demonstration of
the effect of this resonance is obtained by integrating the dynamics of the following simplified system

x′′+
(

Q0x

R

)2

x = Fx(x,y) ,

y′′+
(

Q0y

R

)2

y = Fy(x,y) ,

(74)

with Fx,Fy given by Eq. (73). These equations describe the dynamics of particles under the effect of the
second- and fourth-order terms of the frozen potential. The left panel of Fig. 17 shows the beam response
as a function of the working point of a Gaussian beam with r.m.s. emittances of ε̃x = 40 mm-mrad and
ε̃y = 20 mm-mrad. The red curve shows the average r.m.s. emittances ε̃y, and the black curve shows
the average r.m.s. emittances ε̃x. These averages are computed with all the r.m.s. beam emittance from
turn 250 to turn 1000. The strength of the perveance K produces a tune-shift of ∆Q0x = −0.05 in the
Gaussian beam. The fourth-order coupling term in the potential creates a dynamics which brings the two
emittances closer so that the depressed tunes are closer to the resonance 2Qx−2Qy = 0.

In this first discussion, which follows the tracks of Montague, the space charge force is frozen
(i.e., a0(s),b0(s) of Eq. (10) follow the machine optics as a0(s) =

√
β0x(s)Ex and b0(s) =

√
β0y(s)Ey if

the intensity is low, otherwise follow the depressed optics as discussed in Section 6).

The results of the left panel of Fig. 17 are obtained by including only the first two terms of the
space charge potential; when all the terms of the frozen potential are included, the picture changes, as
shown in the right panel of Fig. 17. Here, we see that the emittances are exchanged more, and the stop-
band becomes narrower. Surely, this modification stems from the inclusion of all resonant terms and all
non-resonant terms in the dynamics, to produce a more realistic detuning.

We observe that in Fig. 17 the r.m.s. emittances of the test particles exchange by a significant
amount, owing to the effect of the resonance; consequently, we expect that the beam sizes a,b will
also change accordingly. However, in Fig. 17 this effect is removed as we have kept the sizes a,b in
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Fig. 17: Average ε̃x, ε̃y in 750 turns after beam. Left-hand side: space charge computed using the second- and
third-order potentials. Right-hand side: all terms of the potential are included in the calculation.

the simulations frozen to the optics. If we let the beam size a,b vary with time, the change of beam
size will feed back to the space charge; consequently, the dynamics will not produce the results of the
right panel of Fig. 17, as the variation of a,b will be included in the beam evolution. This effect of
self-consistency will affect the degree of emittance exchange, as shown in Fig. 18. The vertical tune is
set to Q0y = 6.21, and the incoherent tune-shift is ∆Qy = −0.05. A detailed discussion of these studies
is reported in Ref. [13]. The complexity of the Montague resonance, however, exceeds the analysis so
far presented, as the condition of the Montague resonance is also the condition of the instability of the
beam collective modes, introduced in Sections 14 and 15. In fact, it can be shown, by a perturbative
Vlasov analysis of the collective modes, that some of them become unstable under certain conditions.
Figure 19 shows an example of the dependence of the growth rates on Q0x for the fourth-order collective
modes in a coasting beam with a transverse Kapchinsky–Vladimirsky distribution (from Ref. [13]). These
modes are excited and contribute to the dynamics of the Montague resonance, which becomes a mix of
incoherent and coherent effects. The dominance of the coherent effects is found for distributions closer
to a Kapchinsky–Vladimirsky distribution, where the dynamics of the emittance exchange is driven by
the growth of the collective modes rather than the fourth-order potential à la Montague. For a Gaussian
distribution, the collective modes are instead damped by the non-linear field, but the very same field acts
according to the original study of Montague and triggers an emittance exchange anyway. Experimental
and simulation benchmarking studies are found in Ref. [14].

21 Space charge as incoherent force
If we look again at Eq. (73), the expansion shows the existence of non-coupled terms. Therefore, the
third-order components of the force can excite fourth-order resonances if the corresponding driving term
is excited by the lattice structure. This is shown in Fig. 20, where a multiparticle particle-in-cell simu-
lation shows that space charge creates the characteristic four islands of a fourth-order resonance. In
this example, the horizontal tune is set above the fourth-order resonance, which is excited by a lattice
composed of a number of FODO cells equal to the harmonics of the resonance: specifically, here we
used a lattice formed with 25 identical FODO cells; the tunes are Q0x = 6.26, Q0y = 6.73, and the beam
is Gaussian with r.m.s. emittances ε̃x = 40 mm-mrad, ε̃y = 20 mm-mrad. The space charge incoherent
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Fig. 18: Emittance exchange obtained via fully self-consistent simulation. It is clear that the symmetry in the
exchange is broken by the change of beam sizes.

Fig. 19: Example of growth rate of the fourth-order collective modes in a Kapchinsky–Vladimirsky distribution
(from Ref. [13]). The stop-band of the modes coincides with the Montague stop-band found in the self-consistent
simulations.

tune-shifts are ∆Q0x ' −0.05 and ∆Q0y ' −0.065. These are relatively modest, but the effect is still
remarkable. The original work on the excitation of fourth-order resonances by space charge is found
in Ref. [15]. More generally, the non-linear space charge force will exhibit all the odd-order non-linear
components. Each of these components can excite a structure resonance if the harmonic number of a
non-linear force component satisfies the resonance condition for that non-linear term. A spectral analysis
of the x–y components of the space charge force will reveal which harmonics are strongly excited.
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Fig. 20: Poincaré map of a few test particles in a full beam tracked with a particle-in-cell code through a lattice
formed by FODO cells. The four islands clearly show that the forth-order resonance is excited. The x axis is plotted
in ‘normalized’ co-ordinates to highlight that the four islands are located, in this example, beyond the tails of the
beam distribution.

22 The longitudinal envelope equation
The discussion made for the transverse effects of space charge can be repeated for the longitudinal plane.
We recall that the equation of motion in a linearized RF bucket is

z′′+ k0zz = 0 , (75)

with
k0z =

qV ηh
2πR2mc2γ0β 2

0

the longitudinal focusing [3]. The derivative has the usual meaning ()′ = d()/ds. Here, q is the charge
state; V is the maximum voltage applied to the cavity; η = α−1/γ2

0 is the slip factor and α the momen-
tum compaction; h is the harmonic number of the cavity, for which the angular frequency is ωrf = 2πh/τ0,
with τ0 the revolution time, R the average accelerator radius, and m the particle mass. The stability of
the longitudinal oscillations requires k0z > 0; hence, V must be selected according to the sign of the slip
factor η .

In this notation, we can describe the particle dynamics in terms of the co-ordinates (z,z′), as we
did for the transverse plane. The relation of z′ with the off momentum of a particle is z′ = −ηδ p/p. In
analogy with the discussion made for the transverse dynamics, we now consider a matched distribution
with the longitudinal optics created by Eq. (75), for a small intensity. Any function

ρzz′(z,z′) = Qn(z,z′) = Q
1

πEz
ñ
(

ε0z(z,z′)
Ez

)

represents a matched distribution in the longitudinal plane. Q is the total charge in the bunch, and Ez is
a ‘scaling’ factor that defines the geometrical extension of the distribution in the phase space. n(z,z′) is
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the normalized distribution function. The normalization condition requires that the function ñ(t) satisfies∫ ∞
0 ñ(t)dt = 1. In analogy with the transverse plane discussion,

ε0z(z,z′) = ε0z =
√

k0zz2 +
1√
k0z

z′2 (76)

is the single-particle emittance. If we identify β0z = 1/
√

k0z, Eq. (76) is the Courant–Snyder invariant for
a constant-focusing channel. Following the approach used in the transverse plane, we may now consider
several types of function. Of particular interest is the distribution

n(z,z′) =
1

πEz

3
2

√
1− ε0z

Ez
.

The sizes of this distribution are zm =
√

β0zEz, z′m =
√

1/β0zEz and the longitudinal charge-line density,
i.e., the projection of ρzz′ to z axis becomes

ρL(z) =
∫ z′m
√

1−z2/z2
m

−z′m
√

1−z2/z2
m

Qn(z,z′)dz′ = Q
3

4zm

(
1− z2

z2
m

)
. (77)

As expected, the particle distribution will create a longitudinal electric field. Unlike the derivation from
the transverse plane, the longitudinal space charge electric field in the laboratory frame is computed as

Ez =−
g

4πε0γ2
0

∂ρL(z)
∂ z

, (78)

see Ref. [3] for a derivation. The factor g is a geometric factor; it incorporates the effect of the image
charge on the longitudinal electric field. For long bunches, g' 0.67+2ln(rpipe/a), with a the transverse
beam size [3].

If we include the longitudinal space charge electric field in the equation of motion, we obtain

z′′+ k0zz =−
ηq

mc2β 2
0 γ0

Ez ,

and for the particular electric field of Eq. (78) we find

z′′+ k0zz =
Zrpgη
eAβ 2

0 γ3
0

∂ρL(z)
∂ z

.

where q = Ze, m = Amp, with e the electron charge, and mp the proton mass; rp = 1/(4πε0)e2/(mpc2) is
the classical radius of the proton. Now we consider the frozen parabolic longitudinal charge-line density
described by Eq. (77), and the equation of motion becomes

z′′+ k0zz =−
3
2

NZ2rpgη
Aβ 2

0 γ3
0

z
z3

m
. (79)

In analogy with the discussion in the transverse plane, we define a longitudinal perveance KL as

KL =−3
2

NZ2rpgη
Aβ 2

0 γ3
0
,

and the equation of motion takes the following form

z′′+ k0zz−KL
z

z3
m
= 0 . (80)
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This equation is the equivalent of Eqs. (20) and (21) for the transverse plane.

We now can define an r.m.s. envelope as z̃ =
√
〈z2〉, and through straightforward algebra we find

z̃′′+ k0zz̃−KL
z̃

z3
m
− ε2

zz′

z̃3 = 0 ,

where we define the r.m.s. longitudinal emittance as

ε̃2
zz′ = 〈z2〉〈z′2〉−〈zz′〉2 .

For the parabolic distribution, we find that the relations between the r.m.s. sizes and the edge of the
particle distribution are

zm =
√

5
√
〈z2〉, z′m =

√
5
√
〈z′2〉 ,

from which we can compute the emittance of the full distribution as ε2
L = z2

m(z
′
m)

2, and hence ε̃2
zz′ =

〈z2〉〈z′2〉= ε2
L/25. The complete longitudinal envelope equation reads

z′′m + k0zzm−KL
1
z2

m
− ε2

L
z3

m
= 0 .

22.1 Effect of space charge and self-consistency
We observe that the electric field generated by the parabolic distribution is linear. Therefore in Eq. (80),
a depressed longitudinal focusing strength is well defined as

kz = k0z−
KL

z3
m
.

Therefore, we can again define a beam matched with the space charge, and define

ρzz′(z,z′) = Q
1

πEz
ñ
(

εz(z,z′)
Ez

)
,

where now
εz(z,z′) = εz =

√
kzz2 +

1√
kz

z′2 .

This longitudinal particle distribution creates linear space charge forces. Linear forces are consistent with
Courant–Snyder invariants, which means that the type of longitudinal particle distribution will remain
unchanged. This is equivalent to what happened in the transverse Kapchinsky–Vladimirsky distribution.

The direct proof that the parabolic distribution satisfies the stationary Vlasov equation, hence that
the distribution type does not change, was made by Neuffer [16].

We conclude with the observation that the results reported here are very general and apply even if
the particle distribution is not upright. The parabolic distribution will still generate a linear electric field,
although the longitudinal ‘ellipses’ are no longer upright. See an example in Ref. [17].

23 Conclusion
This paper is meant to provide a quick overview of space charge effects. This field is more broad than
what is here presented. Topics presented are complementary to other CERN Accelerator School pro-
ceedings, for example Ref. [18] for further discussions on beam transport in presence of space charge.
The topic of tune-shift from self-field and image charge, not covered here, is treated in Ref. [19]. Other
derivations, also including a discussion of the space charge limit are found in Ref. [20]. More recent top-
ics, such as the interplay of space charge and machine resonances, are omitted, as are topics of current
research.
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Coherent Beam–Beam Effects

X. Buffat
CERN, Geneva, Switzerland

Abstract
The models used to consistently describe the dynamics of two charge particle
beams in circular colliders are discussed, along with relevant examples and
observations. The need to treat the dynamics of both beams in a consistent
manner is introduced with emphasis on conditions in which the resulting ef-
fects may become an intensity limitation for the collider.

Keywords
Beam dynamics; orbit effects; dynamic β effect; coherent beam-beam modes;
beam coupling impedance; Landau damping.

1 Introduction
In order to describe the dynamics of a high-energy particle beam it is convenient to make a distinction
between external forces, e.g. magnets, that affect the motion of the individual particles and so-called
coherent forces. The coherent forces depend on the beam properties as a whole; therefore, not only is
the single-particle motion affected, but the coherent forces are affected in return. The treatment of such
systems require a consistent description of the single-particle dynamics and the coherent forces. The
space-charge force is a well-known example of such a coherent force, the aspects of which are discussed
in Ref. [1]. The fact that the beam–beam interactions are localized and result from the interaction of two
distinct beams reveals several differences with respect to space-charge effects, which we discuss in this
paper.

There exists configurations for which the coherent effects of beam–beam interactions remain neg-
ligible, i.e. when the beam–beam forces are not strong enough to generate a significant distortion of the
other beam’s particle distribution. Such configurations are usually referred to as weak–strong, since at
least one of the two beams is weak enough not to affect the dynamics of the strong beam. Here we shall
consider so-called strong–strong configurations, when the effect of the two beams on each other is strong
enough to have an effect on the beam–beam force itself, and therefore require a consistent treatment of
the two beams and their electromagnetic interactions. In Section 2 we shall derive an expression for the
coherent beam–beam force, and in Section 3 we shall evaluate its effect on the orbit and optics of the two
beams in the strong–strong regime. Section 4 is dedicated to the study of oscillatory solutions around the
equilibrium and their stability in the presence of beam coupling impedance.

2 Coherent beam–beam kick
The beam–beam kick on a point-like particle, called the incoherent beam–beam kick, can be obtained
by integration of Poisson’s equation, see Ref. [2]. Using a Gaussian distribution of particles, with r.m.s.
transverse beam size σ = σx = σy, one obtains the kick felt by a test particle at a position (x, y) with
respect to the other beam’s centroid, see Ref. [3]:

∆x′ = −2r0N

γr

x

r2

(
1− e−r

2/2σ2
)
, (1)

where we have introduced N , the number of charges in the beam, r0 the classical radius and
r =

√
x2 + y2. Since the opposing beam is not point-like, the total beam–beam kick, called coherent
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Fig. 1: Comparison between the incoherent and coherent beam–beam kick for round Gaussian beam distributions

kick, is obtained by integration of the single-particle kicks over the beam distribution Ψ(x, y).

∆x′coh(x, y) =

∞∫

−∞

dXdY∆x′(X,Y )Ψ(X − x, Y − y) . (2)

Assuming a round Gaussian distribution and using Eq. (1), we have, see Ref. [4],

∆x′coh(x, y) = −2r0N

γr

x

r2

(
1− e−r

2/4σ2
)
, r =

√
x2 + y2 . (3)

For x, y � σ, we find that the coherent kick is half the single-particle kick, whereas for large separation,
i.e for long-range interactions, the difference between coherent and incoherent vanishes (Fig. 1).

3 Self-consistent solutions
In the strong–strong regime, the orbit and optics function of the two beams are dependent on each other
through the beam–beam interactions. Therefore a self-consistent calculation of these parameters, in-
cluding the beam–beam forces, is necessary in order to obtain an accurate description of the two beams.
Often, the self-consistent treatment leads to small modifications with respect to a weak–strong treatment,
where the beam–beam forces are computed based on the unperturbed optics. In configurations where the
beam–beam forces are strong enough, significant dynamic variations of the optics function can occur.
We shall illustrate the need for self-consistent solutions through two practical examples: the orbit effect
due to multiple long-range beam–beam interactions, and the dynamic β effect.

3.1 Orbit effect
Modern colliders based on synchrotrons usually feature several bunches per beam, potentially leading to
several beam–beam interactions per turn. Since head-on collisions other than at the experiment location
are unwanted, the beams need to be separated in the rest of the ring. The remaining beam–beam interac-
tions are of long-range type. From Eq. (3), we observe that the coherent kick for beams colliding with
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an offset is non-zero, resulting in a modification of the closed orbit, given perturbatively by Ref. [5]:

δx = ∆x′coh(d)β cot(πQ) , (4)

for two beams separated by a distance d in the horizontal plane; for simplicity we assumed y = 0. β is
the corresponding optics function at the location of the interaction and Q is the unperturbed tune. If the
beam–beam interaction is too strong to be treated as a perturbation, i.e. ∆coh(d, 0) 6≈ ∆coh(d + δx, 0),
the non-linear equation

δx = ∆x′coh(d+ δx)β cot(πQ) (5)

has to be solved. The solution of this equation is, however, not self-consistent, since the effect on the
other beam is not taken into account. Considering the two beams self-consistently, one obtains the
following system of non-linear equations:

{
δx1 = ∆x′coh(d+ δx1 + δx2)β1 cot(πQ1)
δx2 = ∆x′coh(d+ δx1 + δx2)β2 cot(πQ2) ,

(6)

where the indices refer to the two beams. Such a description is sufficient for configurations where all
bunches experience the same beam–beam interactions along the whole ring. This is, however, not the
case in machines operated with bunch trains, i.e. where the longitudinal distribution of the bunches
along each beam is not uniform. The resulting PACMAN bunches i.e. bunches experiencing different
sets of long-range beam–beam interaction, will circulate on different closed orbits (Fig. 2). The algorithm
required for the self-consistent evaluation of the orbit of the different bunches is, in essence, identical to
the algorithm used to find the closed orbit for a single beam; the dimension of the problem is, however,
increased. Starting with a single beam, the closed orbit is defined as the first-order fixed point of a
non-linear equation of the following type:

x̄k+1 = M0 · x̄k , (7)

where M0 is the one-turn map acting on the phase-space coordinates at a given turn k: x̄k = (xk, x
′
k).

The algorithm can easily be extended to two beams (i = 1, 2) with one-turn matrices given by M1 and
M2 respectively:

x̄i,k+1 = Mi · x̄i,k . (8)

In the absence of beam–beam interactions, the one-turn map is identical for all the bunches of each beam:

x̄i,j,k+1 = Mi · x̄i,j,k , (9)

with j = 1, ..., Nb, the index corresponding to the different bunches of each beam. We can now intro-
duce the effect of beam–beam interactions. The one-turn map of each beam is split into transfer maps
between beam–beam interactions, and we write Mi,l for the transfer matrix of beam i from beam–beam
interaction l to interaction l+1, with l = 1, ..., NBB the index corresponding to the different beam–beam
interactions. The effect of the concatenation of the maps must be equal to the original one-turn map:

Mi =

NBB∏

l

Mi,l . (10)

Then one can write the one-turn matrix including the beam–beam interactions:

M ′i,j =

NBB∏

l

Mi,lM
BB
i,j,l , (11)

with MBB
i,j,l the non-linear beam–beam map of beam i, bunch j at location l defined by

MBB
i,j,l : x′i,j 7→ x′i,j + ∆x′coh(xi,j − xS(i,j,l)) . (12)
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Fig. 2: Illustration of the orbit of three PACMAN bunches in an interaction region with a crossing angle around the
interaction point. One experiences a long-range beam–beam interaction only on the left-hand side of the interaction
point (green), the other only on the right-hand side (blue), and the last on both sides (red). While the common part
of the orbit effect can be corrected using standard orbit correctors, a spread of the closed orbit remains.

The knowledge of the collision scheme was introduced with the function S(i, j, l) giving the indices
identifying the bunch of the other beam colliding with bunch j of beam i at the location l. In the absence
of beam–beam interaction at the given location, the beam–beam map becomes the identity. Thus, the
problem can be reformulated as a closed orbit problem:

x̄i,j,k+1 = M ′i,j · x̄i,j,k , (13)

where the fixed point gives the closed orbit of the different bunches of each beam, see Ref. [6].

This effect was critical at the Large Electron–Position Collider (LEP), when operated with bunch
trains. The orbit variations due to long-range beam–beam interactions resulted in a luminosity loss due
to bunches colliding with an offset at the interaction point, see Ref. [7]. It is important to note that since
different bunches have different orbits, any correction scheme needs to be fast enough to act differently
on individual bunches. In the LHC, the orbit effect at the interaction point is much smaller than the beam
size, and the effect on the luminosity is therefore negligible. A harmless displacement of the luminous
region could be observed by the experiments (Fig. 3). While small, the orbit variations due to beam–beam
interactions play an important role when performing Van Der Meer scans for luminosity calibration, see
Ref. [8].

3.2 Dynamic β effect
The formalism developed in previous section to evaluate the bunch by bunch orbits can be extended, by
including higher orders in the beam–beam map, in order to allow for the computation of the modification
of the machine optics due to multiple head-on and long-range beam–beam interactions. Similarly, one
finds that beam–beam interactions cause individual bunches to have different optics functions. These
effects may have an important impact on the performance of a collider since bunches with different tunes
or different chromaticities may behave very differently in terms of lifetime, for example. In the case of
the LHC, mitigation techniques had to be implemented, see Ref. [10]. In some cases, the modification of
the optics may rather be controlled in order to reduce the β function at the interaction point and therefore
achieve a higher luminosity, see Ref. [11].
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Fig. 3: Bunch-by-bunch displacement of the centroid of the luminous region measured by ATLAS during dedicated
experiments in the LHC, see Ref. [9]. The correlation with the position of the bunch in the train, and consequently
with the number of long-range beam–beam interactions, is clear.

While complex configurations of beam–beam interactions requires the use of a computer, one can
derive equations to describe the dynamics in simpler, yet interesting, configurations. Let us consider a
single head-on beam–beam interaction and approximate it to first order. The modification of the optics
is then identical to the one due to a quadrupolar error Ref. [12]:

(
β∗0
β∗

)2

= 1− β∗0kBBcot(2πQ0)−
1

4
β∗20 k

2
BB , (14)

with β∗0 and β∗ the unperturbed and perturbed β functions at the interaction point, and kBB the quadrupo-
lar strength of the head-on beam–beam interaction given by Ref. [2]

kBB =
r0N

εnβ∗
, (15)

with εn the normalized transverse emittance. Assuming that both beams behave identically, we have
(
β∗0
β∗

)2

= 1− 2ab
β∗0
β∗
−
(
a
β∗0
β∗

)2

, (16)

where we have introduced a ≡ r0N

2εn
and b ≡ cot(2πQ0) for convenience. The solution is then

β∗0
β∗

= −ab±
√

1 + a2(1 + b2)

1 + a2
. (17)

Relaxing the assumption that the two beams have to behave identically, Eq. (14) becomes




(
β∗0
β∗+

)2

= 1− 2ab
β∗0
β∗−
−
(
a
β∗0
β∗−

)2

(
β∗0
β∗−

)2

= 1− 2ab
β∗0
β∗+
−
(
a
β∗0
β∗+

)2

,

(18)

where we have introduced β∗+ and β∗− the β function of the two beams at the interaction point. The
solutions given by Eq. (17) with β∗+ = β∗− = β∗, remains a solution of the system, yet it admits two
other solutions with β∗+ 6= β∗−:

5

COHERENT BEAM–BEAM EFFECTS

395



(a) (b) zoom

Fig. 4: Dynamic β effect for a beam–beam parameter of 0.02

(a) Equal (b) Blown-up positron beam (c) Blown-up electron beam

Fig. 5: Flip–flop effect observed at VEPP-2000, see Ref. [13]. With small beam–beam parameters the two beams
stay symmetric (left-hand side), but for ξ ' 0.1 two asymmetric configurations are observed (right-hand side).

β∗0
β∗±

=
ab(1− a4)±

√
(a2 − 1)2(a2 + 1)(1 + a4(1 + b2)− a2(2 + 3b2))

(a2 − 1)2(a2 + 1)
. (19)

The two solutions (Fig. 4) correspond to one of the two beams being blown-up, whereas the other is
squeezed. Since the two beams are identical, both solutions are perfectly equivalent, yet the system may
spontaneously chose one of the states, and possibly switch between the two under small perturbations,
resulting in the so-called flip–flop effect (Fig. 5), see Refs. [13–15].

4 Coherent beam–beam modes
Assuming that a proper description of the new equilibrium condition including beam–beam interactions
was found, we study the oscillation of the two beams around that equilibrium. In the weak–strong regime,
the two beams oscillate independently of each other, but in strong–strong configurations the two beams
may oscillate coherently. The strong–strong condition is, however, not sufficient to ensure coherent
oscillation of the two beams, several mechanisms of decoherence exists. This section introduces the
different models used to describe the coherent modes of oscillation and their decoherence.

4.1 Models
4.1.1 The rigid-bunch model
A first step in the description of the coherent beam–beam modes consists in solving the equations of mo-
tion of the two beams self-consistently, allowing for their respective transverse positions and momentum
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to vary, while all other parameters are kept constant. In other words, the beam distributions are fixed to
the equilibrium one, usually assumed to be Gaussian. The two beams are then modelled by their average
position and momentum (xi, x

′
i), with respect to their closed orbits. We follow an approach similar to

the one developed in Section 3 to derive the one-turn map including self-consistently the beam–beam
interactions. Since we are interested in small amplitude modes of oscillations, we keep only the first-
order terms, the maps therefore becoming matrices. The normal-mode analysis of the one-turn matrix,
including the beam–beam interactions self-consistently, will provide the coherent mode of oscillation.
Let us start with the one-turn matrix of each beam:

(
xi,k+1

x′i,k+1

)
=




cos(2πQ) β sin(2πQ)

− 1

β
sin(2πQ) cos(2πQ)


 ·

(
xi,k
x′i,k

)
. (20)

For the two identical beams, we have (see Eq. (8))




x1,k+1

x′1,k+1

x2,k+1

x′2,k+1


 =




cos(2πQ) β sin(2πQ) 0 0

− 1

β
sin(2πQ) cos(2πQ) 0 0

0 0 cos(2πQ) β sin(2πQ)

0 0 − 1

β
sin(2πQ) cos(2πQ)



·




x1,k
x′1,k
x2,k
x′2,k


 ≡M0·




x1,k
x′1,k
x2,k
x′2,k


 ,

(21)
where we have defined M0 as the two-beam one-turn matrix. The matrix for a beam–beam interaction
may be derived by linearizing Eq. (3) around (x0, y0), the closed orbit difference between the two beams
at the interaction point:

∆x′coh(x, y) ≈ ∆x′coh(x0, y0) +
∂∆x′coh
∂x

(x0, y0)∆x , (22)

with

∂∆x′coh
∂x

(x, y) = −2Nr0
γr



(

1

r2
− x2

r4

)

1− e

−
−r2
4σ2


+

x2

2r2σ2
e
−
−r2
4σ2


 . (23)

Defining k0 ≡
∂∆x′coh
∂x

(x0, y0), one can then write the coupling matrix between the two beams, due to
the beam–beam interaction:

MBB =




1 0 0 0
−k0 1 k0 0

0 0 1 0
k0 0 −k0 1


 . (24)

Thus we can write the one-turn matrix of the two beams including a single beam–beam interaction:



x1,k+1

x′1,k+1

x2,k+1

x′2,k+1


 = MBB ·M0 ·




x1,k
x′1,k
x2,k
x′2,k


 . (25)

The normal-mode analysis reveals two frequencies each corresponding to two degenerated modes. The
first mode corresponds to in-phase oscillation of the two beams (σ-mode), and its coherent tune is the un-
perturbed machine tuneQσ = Q. The second mode of oscillation corresponds to out-of-phase oscillation
of the two beams (π-mode); we have

cos(2πQπ) = cos(2πQ)− β∗k0 sin(2πQ) . (26)
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Fig. 6: Largest imaginary part of the eigenvalues of Eq. (25), defining the stable area in terms of unperturbed tune
Q0 and beam–beam parameter ξ.

The stability of the beam–beam modes is given by the imaginary part of the eigenvalues of the matrix
given by Eq. (25), which is reported in Fig. 6. From a comparison with Eq. (26), we see that the stability
boundary is given by the resonance condition 2Qπ = n. Since we have limited our description of the
lattice and of the beam–beam interactions to first order, only the lowest-order resonance are visible. In
principle higher-order resonances could also drive the coherent beam–beam modes, see Ref. [16]. It is
therefore important to make sure there exist damping mechanisms for these modes; the description of
these mechanisms requires more powerful models.

4.1.2 Vlasov perturbation theory
While the rigid-bunch model provides a reasonable description of the coherent modes, the non-linearity
of the beam–beam force is neglected. In order to fully assess the effect of the non-linearities on the
coherent motion of the two beams, we start from the Liouville equation for the two beams’ distributions
Ψ1,2 with their respective Hamiltonians H1 and H2:





∂Ψ1

∂t
= {H1,Ψ1}

∂Ψ2

∂t
= {H2,Ψ2} ,

(27)

with {·, ·} denoting the Poisson brackets. The equations are coupled, since the Hamiltonian for a given
beam depends on the electromagnetic field generated by the other beam and consequently on its dis-
tribution. While mathematically more involved, the treatment of this system of equations is similar to
the approach taken in the rigid-bunch approximation. Having derived a Hamiltonian describing both the
lattice and the beam–beam interactions, the system can be linearized around the equilibrium distribution
Ψi,0 by introducing a first-order perturbation of the distribution Ψi = Ψi,0 + Ψi,1. The modes of os-
cillation and their frequencies are then obtained through the normal-mode analysis of the corresponding
linear operator, see Refs. [17, 18]. While the rigid-bunch model only considers fixed particle distribu-
tions, the perturbation Ψi,1 is properly matched to the non-linear system. As a result, the frequency
of the coherent modes of oscillation is modified. Away from resonances, Eq. (26) obtained within the
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rigid-bunch model can be approximated by

Qπ = Q0 − ξ , (28)

while within Vlasov perturbation theory, the frequency shift of the π-mode with respect to the unper-
turbed tune is increased by the so-called Yokoya factor Y :

Qπ = Q0 − Y ξ . (29)

The values of the Yokoya factor depends on the geometry of the beam–beam interaction, e.g. for round
beams (σx = σy) we have Y ≈ 1.21 and Y ≈ 1.33 for flat beams (σx � σy), see Ref. [17]. This
model has been shown to provide the most accurate value of the frequency of the coherent beam–beam
mode in several colliders Refs. [19–22].This frequency shift has an important impact on the stability of
the coherent beam–beam modes. We shall discuss further this aspect in Section 4.2. Let us first consider
the limitations of the present model. We approximate the perturbation to first order, i.e neglecting high-
order terms of the beam–beam interactions, which has a small impact on the prediction of the modes
frequencies. These higher-order terms might, however, impact significantly on the stability of the co-
herent modes, e.g. through Landau damping. Also, one may note that an accurate description of the
interplay between the effect of beam–beam interactions and other mechanisms such as lattice-induced
non-linearities or the beam-coupling impedance becomes very cumbersome in this formalism.

4.1.3 Multiparticle tracking simulations
The use of computer tracking simulations allows for an accurate description of the coherent dynamics
of the two beams in arbitrarily complex configurations of beam–beam interactions. The interplay with
other mechanisms is also conveniently described using a modular description of the different effect as
in Ref. [23]. Also, strong assumptions can be relaxed with respect to most theoretical approaches, the
cost being in computational resources. Similarly to the method described in Ref. [23], we model the
two beams by a set of charged macro-particles. The effect of beam–beam interactions is introduced by
evaluating the electromagnetic fields generated by the distribution of macro-particles and apply the corre-
sponding variation of the macro-particles’ momentum of the other beam. In cases where the equilibrium
particle distribution is close to Gaussian, the fields can be computed based on the numerical evaluation
of the moments of the other beam’s particle distribution, using the analytical formula for the beam–beam
kick (see Eq. (1)). This so-called soft-Gaussian approximation has the advantages of being computation-
ally cheap and introduces a minimal amount of numerical noise in the simulation. In high-energy lepton
colliders, the equilibrium distribution is far from Gaussian, due to the effect of synchrotron radiation and
the non-linearities of the beam–beam interactions. The use of the soft-Gaussian approximation is there-
fore excluded in these cases, see Ref. [24]. Numerical solvers for the Poisson equation should be used
instead, resulting in fully self-consistent simulations of the beam–beam interactions. Let us illustrate
the impact of the different approximations by simulating the simple configuration analysed in previous
section, i.e. two bunches colliding in a single interaction point. The Fourier transform of the turn-by-turn
position of one of the beam is shown in Fig. 7 for two simulations using either the soft-Gaussian approx-
imation or a fully self-consistent calculation using the HFMM algorithm, see Ref. [25]. One observes
that the soft-Gaussian method provides a better estimate of the π-mode frequency with respect to the
rigid-bunch model; it is, however, not accurate enough to provide the same frequency as provided by the
Vlasov perturbation theory.

Coherent beam-beam modes were observed in most colliders with frequencies in remarkable
agreement with the predictions of both Vlasov perturbation theory and tracking simulations. An ex-
ample of such observation in the LHC is shown in Fig. 8.
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Fig. 7: Comparison of the spectrum obtained with tracking simulation of two bunches colliding in a single in-
teraction point with different models for the beam–beam interactions. The solid black lines show the predictions
of the rigid-bunch model, while the dashed black line corresponds to the Vlasov perturbation theory. The green
and blue lines correspond to tracking simulations using respectively the soft-Gaussian approximation and a fully
self-consistent model.

Fig. 8: Measured spectrogram during a dedicated experiment at the LHC with a single bunch per beam. The
first dashed line indicates when the beams were brought into collision in one interaction point, revealing a second
line shifted down with respect to the unperturbed tune Q ≈ 0.32 corresponding to the beam–beam π-mode. The
second dashed line indicates when the second interaction point is put into collision, pushing the frequency of the
beam–beam π-mode further down.
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(a) Turn 1 (b) Turn 400 (c) Turn 800

Fig. 9: Evolution of the transverse phase-space density of a beam under the influence of a beam–beam interaction
in the weak strong regime. The initial coherent kick equal to the beam divergence σ′

x decoheres rapidly due to the
spread in the oscillation frequency of the individual particles.

Fig. 10: Spectrum of the single-particle frequencies (red), compared with the frequencies of the coherent modes
of oscillation (solid black: σ-mode, dashed black: π-mode) for two symmetric round beams colliding head-on in a
single interaction point.

4.2 Decoherence and Landau damping
The presence of external sources of noise acting on the beam, e.g. due to the ripple of dipole fields,
leads to emittance growth through filamentation, see Ref. [26]. This effect is illustrated in Fig. 9. In the
weak–strong regime, the effect of beam–beam interactions can be treated similarly to other lattice non-
linearities, see Ref. [27]. In particular, the motions of the single particles are regular, but the frequency
spread results in a damping of the coherent motion at the cost of an increase of the beam emittance. In
the presence of beam–beam interactions in the strong–strong regime, the situation is very different. Al-
though the model described in Section 4.1.2 allows for a consistent treatment of decoherence and Landau
damping, see Ref. [18], here we rather use a simpler model in order to illustrate the mechanism. The
main difference with respect to the filamentation mechanism in the weak–strong regime is the presence
of a gap between the coherent-mode frequencies and the single-particle frequencies. This can be un-
derstood by considering the equation of motion of a single particle, in the presence of an external force
dependent on the single-particle position xi and on the position of the bunch centroid 〈x〉, F (xi, 〈x〉):

ẍi + ω0xi =
F (xi − 〈x〉)

m
, (30)

where ω0 = 2πQ is the unperturbed tune. In the weak–strong regime, the position of the bunch centroid
is fixed, let us chose 〈x〉 = 0 meaning head-on collision of the two beams. Following Ref. [2], we can
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(a) Centroid motion (b) Single-particle motion

Fig. 11: Evolution of a single particle and of the beam centroid position in a fully self-consistent simulation of
two symmetric beams colliding head-on. In this configuration, the coherent modes are outside of the incoherent
spectrum (Fig. 10), and the absence of decoherence is clearly visible, since the amplitude of oscillation of the
centroid position remains constant over time. The single-particle motion is a composition of the incoherent motion
and the driven oscillation at the frequency of the beam–beam mode.

write
ẍi + ωixi = 0 , (31)

where ωi is the perturbed frequency of oscillation of the particle i. Since the perturbed frequency depends
on the amplitude of oscillation, the different oscillation amplitudes in the beam results in a frequency
distribution, which is represented in Fig. 10 for the particular case of two Gaussian beams colliding
head-on. Let us now assume that the two beams oscillate coherently with an amplitude A at a frequency
Ω = 2πQ. The average position of the beams becomes

〈xi〉 = A cos(Ωt) . (32)

The external force becomes time dependent; following the same procedure, Eq. (30) becomes

ẍi + ω0xi =
F (xi −A cos(Ωt))

m
. (33)

Approximating the external force to first order, we have

ẍi + ωxi =
1

m

∂F (0)

∂x
A cos(Ωt) , (34)

which is the equation of a driven oscillator, and the solution for the single-particle motion with ω 6= Ω is
given by

xi(t) = Ai cos(ωit+ φi) +Acoh,i cos(Ωt). (35)

While Ai and φi are determined by the initial conditions of each single particles, Acoh is given by

Acoh,i =
1

m

∂F (0)

∂x
A

ω2
i − Ω2

. (36)
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/s σs

Fig. 12: Discretization of the longitudinal phase space into Ns slices and Nr rings

The bunch centroid position is obtained by averaging Eq. (35) over the particles. Since the initial dis-
tribution of phases is assumed uniform, the first term averages out, while the second term remain, we
have

〈xi〉(t) = 〈Acoh,i〉 cos(Ωt) . (37)

The exact value of the single-particle amplitudes is not easily obtained within this model, since the ex-
citation amplitude (see Eq. (32)) and the average over all particles (see Eq. (37)) need to be treated
consistently. Yet this model shows an important feature of the coherent excitation: its oscillatory com-
ponent persists, or in other words there is no mechanism of decoherence in these conditions. This effect
is illustrated with fully self-consistent macro-particle simulations in Fig. 11. The single-particle motion
is well described by the combination of its oscillation at its frequency ωi and the forced oscillation at
frequency of the coherent mode Ω. The oscillation of the bunch centroid around the closed orbit is,
however, unperturbed by the presence of the frequency spread as opposed to the result obtained in the
weak–strong regime (Fig. 9).

The presence of a resonant condition between the coherent motion and single particles ωi = Ω
leads to divergence of the amplitude of oscillation of the single particles (see Eq. (36)), which sug-
gests that there is an energy transfer between the coherent force and the resonant single particles and
therefore indicates a decoherence mechanisms. In other words, the necessary condition for damping of
the coherent modes is the presence of an overlap between the single-particle frequency spread and the
coherent-mode frequency.

While this analysis illustrates the importance of the strong–strong treatment in the understanding
of decoherence, more powerful models based on Vlasov equation are needed to properly describe both
decoherence and Landau damping in such conditions, see Ref. [18, 28].

4.3 Beam coupling impedance
The impact of beam–beam interactions on the stability of impedance-driven modes is twofold. In the
weak–strong regime, the frequency spread resulting from the non-linearities of the beam–beam forces
have an impact on the Landau damping of the head-tail modes, which can be quantified using their
dispersion relation, see Refs. [2, 28]. If the two beams oscillate coherently, the modes of oscillation are
different with respect to the single-beam modes, and therefore they do not satisfy the same dispersion
relation. A model describing both the effect of the beam coupling impedance and of the beam–beam
interactions is necessary to assess the stability of the coherent beam–beam modes under the influence of
the beam coupling impedance. The circulant matrix model, see Refs. [29–31], offers a convenient way
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to describe the transverse oscillation of the beams, including the effect of the transverse wake fields and
beam–beam interactions. This model is an extension of the rigid-bunch model, allowing for different part
of the longitudinal phase space to oscillate independently. The longitudinal phase space is discretized
in polar coordinates into so-called slices and rings as illustrated in Fig. 12. The transverse motion of
each discrete element can be treated as in the rigid-bunch model, except that all the combinations of
beam–beam interactions between the elements need to be considered. Equation 22 becomes

∆xi = k0




NsNr∑
j=0

Qjxj

NsNr∑
j=0

Qj

− xi


 . (38)

As an example, let us use two slices and a single ring, and start from Eq. (25):



x1,1,k+1

x′1,1,k+1

x1,2,k+1

x′1,2,k+1

x2,1,k+1

x′2,1,k+1

x2,2,k+1

x′2,2,k+1




= MBB ·M0 ·




x1,1,k
x′1,1,k
x1,2,k
x′1,2,k
x2,1,k
x′2,1,k
x2,2,k
x′2,2,k




, (39)

where xi,j,k refer to the position of slice j from beam i at turn k. The lattice matrix M0 can easily be
extended, since all slices go through the same lattice, and the beam–beam coupling matrix becomes

MBB =




1 0 0 0 0 0 0 0
−k0 1 0 0 k0/2 0 k0/2 0

0 0 1 0 0 0 0 0
0 0 −k0 1 k0/2 0 k0/2 0
0 0 0 0 1 0 0 0

k0/2 0 k0/2 0 −k0 1 0 0
0 0 0 0 0 0 1 0

k0/2 0 k0/2 0 0 0 −k0 1




. (40)

Such a matrix can be build in a systematic way for an arbitrary number of slices an rings, and, for a
complex configuration of beam–beam interactions, following the same approach as in Section 3.1, see
Ref. [32]. In order to introduce the effect of the wake, we need to take a closer look at the discretization
of the longitudinal phase space. In particular, the longitudinal position of the discrete elements needs
to be defined. The definition of the discretization is somewhat arbitrary, but it is convenient to split
the phase space such that the charge contained in each element is identical, as was implicitly assumed
when deriving Eq. (40). For a Gaussian distribution of particles, the slices are uniformly distributed
θi = 2πi/Ns and the radius of the rings set such that

e−rj+1 − e−rj =
1

Nr
, (41)

where rj =
√

(sj/σs)2 + (δj/σδ)2 is the radius of the jth ring in the normalized longitudinal phase
space, i.e. σs and σδ are the bunch length and relative momentum spread. Therefore one obtains the
longitudinal position si,j and moment deviations δi,j of the ith slice and jth ring:

{
si,j = rjσs cos θi
δi,j = rjσδ sin θi .

(42)
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Thus we can write the interaction between the discrete elements of the distribution through the beam
coupling by using the integrated dipolar and quadrupolar wake functions Wdip(∆s) and Wquad(∆s), see
Ref. [33]:

∆x′i =

NsNr∑

j=0

Wdip(sj − si)xj +Wquad(sj − si)xi . (43)

This can be written in a matrix form, in our two-slice model and assuming that the two beams experience
identical impedances, we have

MZ =




1 0 0 0 0 0 0 0
Wquad(s1 − s0) 1 Wdip(s1 − s0) 0 0 0 0 0

0 0 1 0 0 0 0 0
Wdip(s0 − s1) 0 Wquad(s0 − s1) 1 0 0 0 0

0 0 0 0 1 0 0 0
0 0 0 0 Wquad(s1 − s0) 1 Wdip(s1 − s0) 0
0 0 0 0 0 0 1 0
0 0 0 0 Wdip(s0 − s1) 0 Wquad(s0 − s1) 1




, (44)

such that the equation of motion becomes



x1,1,k+1

x′1,1,k+1

x1,2,k+1

x′1,2,k+1

x2,1,k+1

x′2,1,k+1

x2,2,k+1

x′2,2,k+1




= MZ ·MBB ·M0 ·




x1,1,k
x′1,1,k
x1,2,k
x′1,2,k
x2,1,k
x′2,1,k
x2,2,k
x′2,2,k




. (45)

We have written the transverse one-turn matrix for the longitudinal distribution, yet the longitudinal
motion has been put aside. Thanks to the choice of decomposition of the longitudinal phase space,
the longitudinal motion can be introduced rather simply, as it consists of a rotation of the slices. The
longitudinal one-turn matrix is given by the circulant matrix

Sr = PNsQs

Ns
, (46)

where Qs is the synchrotron tune and PNs is a permutation matrix,

PNs =




0 1
0 1

. . . . . .
1 0 1


 . (47)

Since the rotation is identical for all rings and for both beams, the matrix in the same basis can be built
using the outer product with identity matrix:

Ms = I2 ⊗ INr ⊗ Sr ⊗ I2 . (48)

The full one-turn matrix, including the synchro-betatron motion, the beam coupling and beam–beam
interactions is then given by

M = MZ ·MBB ·Ms ·M0 , (49)

and its stability can be studied through normal-mode analysis. Let us discuss a simple configuration of
two identical bunches colliding at a single interaction point, assuming that the lattice and the impedance
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(a) 1 ring, 1 slice

(b) 1 ring, 10 slices

Fig. 13: Eigenfrequencies of the coherent mode of oscillation of two round symmetric beams colliding head-on
in on single interaction point for different beam–beam parameter. The points are colour coded according to their
dipole moment: the σ and π modes are purely dipolar (red), while the synchrotron sidebands have no dipolar
moment (blue). The eigenvalues are all real in the absence of other mechanisms.

experienced by both beams are identical. Figure 13(a) shows the frequency of the two normal modes
obtained with a single slice and a single ring. As expected, we obtain the same solution as the rigid-
bunch model, where the σ-mode frequency stays unperturbed, while the π-mode frequency is shifted
by −ξ. Figure 13(b) shows the same result with a single ring and 10 slices, which allows us to see the
frequency of azimuthal modes, appearing as sidebands of the betatron tune. Their frequencies are shifted
by −ξ/2 due to the beam–beam interaction. This difference between the behaviour of the sidebands can
be understood by looking at Eq. (38), where we observe that the sum over the positions of the slices is
actually the dipolar moment of the oscillation. Since only the azimuthal mode 0 has a dipolar component,
the other modes are only affected by the beam–beam interaction in an incoherent way. In other words,
the frequency of the modes are shifted, but the corresponding sidebands of the two beams do not oscillate
coherently. In the presence of wake fields the situation is different, since the perturbed azimuthal modes
may also have a dipolar component. Figure 14(a) illustrates the impact of a resistive wall impedance
on the frequency of the normal mode in the same configuration. The perturbed modes have indeed
acquired a dipolar moment, which allows them to interact through the beam–beam interaction. This
effect manifests strongly as a mode-coupling instability where the frequency of the π-mode reaches the
one of the azimuthal mode −1 and where the frequency of the azimuthal mode 1 reaches the one of the
σ-mode. Such an instability mechanism was observed in the LHC, see Ref. [31]. While the operation of
the machine is not directly limited by these instabilities, passive or active mitigation techniques need to
be put in place, e.g. adjusting the chromaticity or using a transverse feedback.

5 Complex configurations of beam–beam interactions
The complexity of the coherent beam–beam modes increases rapidly when considering realistic ma-
chines. In particular, the presence of multiple beam–beam interaction, both head-on or long-range, with
different phase advances between the interactions and possibly asymmetries between the beams, create
a variety of modes with different frequencies. To illustrate this complexity, the example of the nominal
LHC is shown in Fig. 15. The computational power required to accurately describe such a complex sys-
tem becomes important, even using the simplest models, see Ref. [34]. Let us illustrate the importance
of such mechanisms with a simple example.
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(a) Q′ = 0

(b) Q′ = 2

Fig. 14: Eigenfrequencies of the coherent mode of oscillation of two round symmetric beams colliding head-
on in on single interaction point for different beam–beam parameter in the presence of a resistive-wall type of
impedance. In the absence of chromaticity, a coupling instability appears when the frequencies of the coherent
beam–beam modes reaches those of the synchrotron sidebands. In the presence of chromaticity, the coherent
interaction between the two beams has an impact on the stability of head-tail modes, at any beam–beam parameters.

5.1 Tune split
Considering two beams with different unperturbed tunesQ1 andQ2 colliding in a single interaction point,
we find the frequencies of the coherent mode of oscillation by diagonalizing the matrix of Eq. (25), with
the one-turn matrix for the two beams:

M0 =




cos(2πQ1) β sin(2πQ1) 0 0

− 1

β
sin(2πQ1) cos(2πQ1) 0 0

0 0 cos(2πQ2) β sin(2πQ2)

0 0 − 1

β
sin(2πQ2) cos(2πQ2)



. (50)

Figure 16 shows the behaviour of the frequencies when varying the tune split ∆Q = |Q1 − Q2|. With
∆Q = 0, we have the configuration studied previously, and the modes are outside the incoherent spec-
trum. However, for tune splits larger than the beam–beam parameter, the beams are decoupled and the
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Fig. 15: The LHC coherent beam–beam mode pattern. Since each LHC beam is composed of 2808 bunches
each experiencing a different pattern of head-on and long-range interactions, there are 28082 modes with different
frequencies. The frequency is given in terms of the head-on tune shift per head-on interaction ξIP . Since there are
up to four head-on interactions per bunch, the coherent-mode frequencies are spread between the unperturbed tune
Q and Q− 4ξIP .

Fig. 16: Frequency of the coherent beam–beam modes for two beams with different tunes

frequency shift tends to half of the beam–beam parameter, i.e. the modes are brought back into the inco-
herent spectrum. In fact, since the two beams are decoupled because of their different frequencies, their
behaviour becomes identical to the one derived for a weak–strong configuration.
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Electron Clouds

G. Rumolo and G. Iadarola
CERN, Geneva, Switzerland

Abstract
The term ‘electron cloud’ refers to an accumulation of electrons inside the
vacuum chamber of a particle accelerator, which is sufficiently strong to pro-
duce undesired effects on the accelerator operation, e.g., by causing beam loss,
emittance growth, increase in the vacuum pressure, or unacceptable heat load
on cold surfaces. Electrons in the beam chamber can primarily be generated
by a number of processes, e.g., ionization of the residual gas. Their number,
however, can exponentially increase via a beam-induced multipacting mech-
anism, which relies on acceleration of electrons in the field of the particle beam
and efficient secondary emission from their impact on the chamber wall. Sev-
eral machines running with high-intensity positively charged beams, made of
trains of closely spaced bunches, suffer severe effects from electron clouds, and
in some cases their performance is even limited by it. Techniques of electron
cloud suppression or mitigation exist; the most popular ones are based on the
reduction of the secondary electron yield of the chamber inner surfaces. This
can be achieved passively through the so-called process of machine scrubbing,
or actively by coating the inner pipe walls with appropriate low secondary
electron yield materials.

Keywords
Collective effects; two-stream interactions; heat load; mitigation; scrubbing;
coherent instabilities.

1 Introduction
In a particle accelerator, free electrons in the beam chambers can be generated by different mechanisms,
such as ionization of the residual gas or photoemission from the chamber’s wall due to the synchrotron
radiation emitted by the beam. When these electrons are accelerated in the electromagnetic field of the
beam and reach the chamber walls, they may generate secondary electrons, in a number depending on the
impact energy and on the secondary electron yield of the surface. When the accelerator is operated with
closely spaced intense bunches of positively charged particles, and assuming that the secondary electron
yield of the chamber’s inner walls is larger than one, this mechanism can drive an avalanche multi-
plication process of the electrons—known as multipacting—resulting in the formation of a so-called
electron cloud in the chamber. Even accelerators operated with trains of negatively charged particle
bunches can be affected by electron cloud formation, if the distance between subsequent bunches is such
that the electrons emitted at the wall surface have enough time to move far into the vacuum chamber
before they receive a strong repulsive kick back to the wall by the next coming bunch. The presence
of a relatively large electron density in the beam pipe, as well as of a strong electron flux to the cham-
ber’s wall, can limit the achievable performance of the accelerator through different detrimental effects,
such as transverse beam instabilities, transverse emittance growth, particle losses, energy loss, vacuum
degradation, and heating of the chamber’s surface. Electron cloud effects have been observed in several
accelerators around the world, much more commonly in those operated with positively charged particles
(e.g., positrons, protons, heavy ions), and are presently a major performance limitation for high-energy
colliders, such as the Relativistic Heavy Ion Collider in the USA [1], the KEKB electron positron collider
in Japan [2], the DAΦNE electron positron collider in Italy [3], and, more recently, the CERN LHC [4–7].
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Fig. 1: Formation of an electron cloud in a particle accelerator (a similar sketch can be found in Ref. [8])

A qualitative sketch of the electron cloud build-up at a section of an accelerator operated with
bunches of positively charged particles is given in Fig. 1 (see also Ref. [8]). The circulating beam particles
can produce electrons through different mechanisms, e.g., ionization of the residual gas in the beam
chamber or photoemission from the chamber’s wall due to the synchrotron radiation emitted by the
beam. These are called ‘primary’ or ‘seed electrons’. Seed electrons are attracted by the passing particle
bunch and can be accelerated to energies up to several hundred electronvolts. When an electron with this
energy impacts the wall, ‘secondary electrons’ are likely to be emitted (the probability and efficiency of
secondary emission for a certain energy of the incident electron are properties of the surface and also
depend on its history). The secondaries have energies up to only few tens of electronvolts and, if they
impact the wall with these energies, they are either absorbed or elastically reflected but cannot produce
any secondary electrons. Conversely, if they survive until the passage of the following bunch they can in
turn be accelerated, projected onto the wall, and produce secondary electrons.

This can trigger an avalanche multiplication effect, which builds up the electron cloud during the
passage of an entire bunch train. Although this picture is instructive and represents a possible process
leading to an avalanche creation of electrons inside the vacuum chamber, it is important to highlight
that this is not a unique resonance condition occurring for a narrow range of the beam parameters and
chamber radius. In reality, several different conditions for multipacting can be found, e.g., based on the
acceleration of the electrons through multiple bunches or hitting a cyclotron resonance with an external
magnetic field.

Section 2 will introduce the different phenomena involved in the formation of an electron cloud;
Section 3 will then describe the main features of the electron cloud build-up mechanism. Finally, Sec-
tions 4 and 5 will review how the presence of an electron cloud in the beam chambers can affect the
performances of a particle accelerator and what countermeasures can be taken.

2 Electron cloud build-up
2.1 Primary electrons
The circulating beam particles can produce electrons through different mechanisms, in particular:

– ionization of the residual gas in the beam chamber: this mechanism is always present and is
responsible for a production rate of electron–ion pairs proportional to the vacuum pressure and to
the ionization cross-section for the colliding particles’ species and their energies. These electrons
are therefore generated within the volume swept by the beam and must be initialized within the
beam cross-section in numerical simulations. Usually, the ionization of the residual gas occurs
through a scattering process; however, the rate of electrons produced can become much higher if
the electric field of the beam is above the threshold for direct field ionization, i.e., for very intense
and bright beams, as might be required for future lepton colliders;
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– photoemission from the chamber’s wall: this mechanism applies to high-energy particle beams
(usually for leptons, but this applies also to protons in the LHC), which emit a significant amount
of synchrotron radiation with frequencies above the work function of the metal of which the inner
wall of the beam chamber is made. The photons of the synchrotron radiation will therefore pro-
duce electrons (‘photoelectrons’) with a certain production efficiency (‘photoemission yield’). The
photoelectrons are generated at the chamber wall surface, usually with a large fraction concentrated
within the small cone of direct incidence of the synchrotron radiation against the chamber wall and
the rest distributed around the remaining part of the wall, according to distributions depending on
the chamber geometry;

– beam particle loss at the inner wall of the beam chamber: this mechanism depends on the loss
rate and the electron emission rate for the grazing incidence of high-energy particles. However,
in standard operation, losses are usually very low by design in particle accelerators, except in
collimators or aperture restrictions, where they are controlled, so the previous two mechanisms are
generally dominant as sources of primary electrons.

The electrons produced through these mechanisms are called ‘primary’ or ‘seed’ electrons, which are
usually produced in sufficiently small amount that they would not affect the accelerator or the beam if
their number was not exponentially amplified by the mechanism described in the next subsection. Only
the photoelectrons, which can be produced in large amounts, owing to the large number of photons
generated by high-energy particles circulating in a ring, have the potential to accumulate to the point of
affecting the beam, even in the absence of any amplification mechanism. In any case, primary electrons
interact electromagnetically with the passing particle bunch and can be accelerated to energies up to
several hundred electronvolts.

2.2 Secondary electron emission
The secondary electron emission process can be described through the secondary electron yield of the
surface, which is defined as the ratio between the electron current impinging the wall and the corres-
ponding emitted electron current, and is a function of the energy of the impacting electrons:

δ(E) =
Iemit

Iimp(E)
. (1)

A typical secondary electron yield curve is presented in Fig. 2. Following the approach presented in
Refs. [9–13], this quantity can in turn be decomposed into two main components:

δ(E) = δelas(E) + δtrue(E) , (2)

where δelas(E) and δtrue(E) represent the electrons that are elastically reflected by the surface and the
so-called ‘true secondaries’, respectively. The dependence of the two components on the energy of the
impacting electrons is shown by the green and red curve in Fig. 2. The close-up displayed in the right-
hand plot of Fig. 2 shows that elastic reflection of electrons impinging the wall plays a significant role
only for very low energies (typically below a few tens of electronvolts) and causes electrons in this
range of energies to have a much higher probability of survival on impact. This mechanism is not at
all negligible in terms of electron cloud build-up, as it obviously helps to increase the speed of electron
accumulation.

We will call δmax the maximum of the secondary electron yield curve, which occurs for a certain
energy of the incident electron Emax. Both these parameters are strongly dependent on surface material,
roughness, and history and play a key role in the electron cloud build-up, as will be discussed in Section
2.3. In the following, δmax will be often referred to simply as the ‘secondary electron yield parameter’. A
typical energy distribution of the true secondary electrons is shown in Fig. 3. True secondary electrons
are emitted with a cosine angular distribution with respect to the direction normal to the surface and their
energy spectrum is well fitted by a ‘log–normal’ distribution.

3

ELECTRON CLOUDS

413



Fig. 2: Left-hand side: secondary electron yield curve for δmax = 1.7; elastic component δelas(E), ‘true secondary’
component δtrue(E), and total δ(E). Right-hand side: close-up of low-energy region.

Fig. 3: Energy distribution of true secondary electrons

2.3 Electron cloud build-up mechanism
Let us consider a train of uniformly spaced bunches passing at a certain section of an accelerator, which
does not contain any electron before the passage of the first bunch. Let n0 be the number of primary
electrons generated by a single-bunch passage and ni the number of electrons in the chamber at the
instant ti right before the passage of the ith bunch. We can define δeff, i such that

ni+1 = δeff, i ni + n0 , (3)

where δeff, i ni is the number of electrons generated by the interaction of the electron cloud with the
chamber’s wall (such a quantity can also be negative, when the wall acts as a net electron absorber).

The quantity δeff, i can be directly related to the secondary electron yield of the chamber’s surface
δ(E) and to the energy spectrum of the impacting electrons, since we can write

ni+1 = ni +

∫ ∞

0

∫ ti+1

ti

Φ(E, t) (δ(E)− 1) dt dE + n0 , (4)

where
Φ(E, t) =

∮
n(~r,E, t)~v · dS (5)
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Fig. 4: Secondary electron yield curve for different values of δmax. Values for which the material behaves as electron
absorber or emitter are plotted in blue and red, respectively.

is the instantaneous energy spectrum of the electrons impinging the wall. If we define the normalized
energy spectrum for the the ith bunch passage as

φi(E) =
1

ni

∫ ti+1

ti

Φ(E, t)dt , (6)

we can rewrite Eq. (4) as

ni+1 = ni

(
1 +

∫ ∞

0
φi(E) (δ(E)− 1) dE

)
+ n0 (7)

and, comparing this with Eq. (3), we obtain

δeff, i = 1 +

∫ ∞

0
φi(E) (δ(E)− 1) dE . (8)

The meaning of this equation is quite intuitive: the secondary electron yield curve can be divided
into two regions, one in which δ(E) < 1 and the wall acts as an electron absorber, and the other in
which δ(E) > 1 and the wall acts as an electron emitter. The two regions are shown in blue and red,
respectively, in Fig. 4, for different values of δmax. Looking at Eq. (8), we observe that, if the electron
flux φi(E) mainly overlaps the δ(E) < 1 region, the integral is negative, δeff, i < 1, and the chamber’s
wall behaves like a net absorber. Conversely, if φi(E) mainly overlaps the δ(E) > 1 region, the integral
is positive, δeff, i > 1, and the chamber’s wall behaves like a net emitter.

If the electrons do not influence each other’s trajectories, which means that the Coulomb forces
between them are negligible, then we can assume that φi(E) does not depend on the bunch index:

φi(E) = φ(E) , (9)

hence the same holds for δeff, i:
δeff, i = δeff . (10)

In these conditions, by recursively applying Eq. (3) we find:

ni = n0

i∑

k=1

δkeff = n0
1− δieff
1− δeff

. (11)
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From this expression, we can recognize two different regimes. When δeff < 1, we observe that, for
sufficiently large i, ni tends to the constant value:

ni '
n0

1− δeff
, (12)

which is essentially an equilibrium condition between primary electron production and electron absorp-
tion at the chamber’s wall. We will therefore call this condition the seed accumulation regime.

When δeff > 1, we observe an exponential growth of the number of electrons in the chamber, i.e.,
for sufficiently large i:

ni ' n0
δieff

δeff − 1
, (13)

which is indeed an avalanche multiplication of the electrons driven by the secondary emission. We will
therefore call this condition the multipacting regime.

In the seed accumulation regime, a significant amount of electrons can be accumulated only if the
primary electron production mechanisms are very strong, as can be the case for synchrotron radiation
in a high-energy lepton machine, while, typically for hadron accelerators, sizeable electron cloud effects
are only observed in the multipacting regime.

Equation (13) seems to suggest that the number of electrons can increase indefinitely. In fact, other
mechanisms intervene to limit the number of electrons. To explore the validity of this simple model, we
used the PyECLOUD code [14] to simulate the electron cloud build-up in the very simple case of a
cylindrical chamber (radius 22 mm, i.e., the horizontal size of the LHC arc beams screen) without any
externally applied magnetic field, with nominal LHC bunch parameters, and a uniform train of 25 ns
spaced bunches. For the analysis of these results, it is also useful to introduce a few other quantities,
namely the total electron flux on the chamber’s wall,

Fi =

∫ ∞

0

∫ ti+1

ti

Φ(E, t) dt dE , (14)

and the fractions of the impacting electrons that lie in the region of the secondary electron yield curve,
where the wall acts as an electron absorber or electron emitter, respectively:

Fabsor, i =

∫

{E: δ(E)<1}

∫ ti+1

ti

Φ(E, t) dtdE , (15a)

Femit, i =

∫

{E: δ(E)>1}

∫ ti+1

ti

Φ(E, t) dtdE . (15b)

The simulation results for the case δmax = 1.1 are shown in Fig. 5. In particular, the blue curve in
the top plot shows the evolution of ni. In the middle plot we compare two ways of estimating the δeff, i
coefficients from the simulation results, i.e., using both the recursive formula, Eq. (3), and simulated
bunch-by-bunch electron spectra to evaluate the integral in Eq. (8). The two estimates are very consistent,
showing that the angular dependence of the secondary electron yield, which is included in the simulation
but not in the estimate of Eq. (8), is, in this case, negligible. The bottom plot shows, finally, the evolution
of the coefficients Fabsor, i and Femit, i, as defined in Eq. (15). The energy spectrum as defined in Eq. (6) is
shown in the bottom plot of Fig. 6, while the top plot shows the secondary electron yield curve using the
same x-axis range. Figure 6 shows that the energy spectrum φi(E) is the same all along the simulation
(i.e., the condition of Eq. (9) is fulfilled) and lies mainly in the energy region for which the wall behaves
as an electron absorber.

For the case of δmax = 1.75, the results are presented in Figs. 7 and 8. In these plots we can
recognize two different stages, one going from the first passage up to around the 45th, and the second
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Fig. 5: Simulated electron cloud build-up for cylindrical tube of radius 22 mm, with nominal LHC bunch par-
ameters, a uniform train of 25 ns spaced bunches, and δmax = 1.1. Top: number of electrons before each bunch
passage (blue, directly from simulation; dashed green, estimated from Eq. (11)). Centre: δeff (both from the integral
formula, Eq. (8), and the recursive formula, Eq. (3)). Bottom: fractions of the electron energy spectrum falling in
the absorber or emitter regions of the secondary electron yield curve.

from that point onward. In the first stage, the condition of Eq. (9) is verified and δeff, i is greater than one,
which means that we are in the multipacting regime. Indeed, the energy spectrum φi(E) lies mainly in
the energy region where the wall behaves like a net electron emitter, as confirmed by Figs. 7 (bottom)
and 8. In this case Eq. (11) predicts an exponential increase in the number of electrons, which is exactly
what is observed Fig. 7 (top).

Later on, we observe that the evolution of ni deviates from the expected exponential increase and
finally ‘saturates’ to a constant value, which is larger than the equilibrium value reached in the seed
accumulation regime by several orders of magnitude (compare Figs. 5 and 7). By looking at Fig. 8, we
observe that during this transition the condition of Eq. (9) is no longer fulfilled, since one can notice a
strong increase in the number of electrons hitting the wall with extremely low energy (< 10 eV). We
also observe that the electron flux becomes dominated by the fraction lying in the net absorber region
(see Fig. 7, bottom) and that the effect of this change in the electron spectrum is that the parameter δeff, i
reduces to one (see Fig. 7, middle).

The reason for this change can be understood by considering the fact that most true secondary
electrons are emitted with energies of the order of a few electronvolts (see Fig. 3), and therefore, if
they impact on the wall before being accelerated by a bunch passage, they have a high chance of being
absorbed (the wall acts as net absorber for these energies, see Fig. 8, top). Figure 9 shows how the electron
density and the electrostatic potential evolve during the build-up (all plots correspond to snapshots taken
immediately before the passage of the corresponding bunch).
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Fig. 6: Top: secondary electron yield curve. Bottom: energy spectrum φi(E) for different bunch passages

During the first stages, the electron density is quite modest, and, as a result, the electrostatic poten-
tial in the chamber (with respect to the wall) is less then 1 eV. In these conditions, most of the true
secondaries are practically free to move in the chamber. Owing to their initial velocity, they drift towards
the centre and have a high chance of avoiding impact on the wall before the next bunch passage.

As the electron density in the chamber increases, so also does the electrostatic potential, which
means that the forces due to ‘space charge’ effects within the electron cloud itself become increasingly
stronger. Around the 45th bunch passage, the true secondaries emitted by the wall see a potential barrier
comparable to their kinetic energy and therefore tend to be confined in a region close to the chamber’s
wall. As a consequence, the electron density assumes an annular shape (see Fig. 9) and the probability
that low-energy electrons reach the wall before the next passage strongly increases.

This causes the change in the energy spectrum observed in Fig. 8 towards an equilibrium condition
such that: ∫ ∞

0
φi(E) (δ(E)− 1) dE = 0 . (16)

Here, electron emission and absorption at the wall perfectly balance one another and therefore δeff, i = 1
(see Eq. (8)).

Figure 10 shows how the maximum number of electrons in the chamber and δeff in the first stage
of the build-up simulation (before space charge effects become significant) depend on the secondary
electron yield parameter δmax. The value of δmax for which δeff = 1 is called the multipacting threshold
and separates the seed accumulation and the multipacting regimes. The multipacting threshold can be
easily recognized also by the number of electrons in the the beam chamber (see Fig. 10, top), since around
this point an increase of several orders of magnitude is observed with respect to the seed accumulation
regime. This kind of dependence is also observed for many other quantities related to the electron cloud
in the chamber, e.g., the electron flux onto the wall, the electron density at the beam position, and the
energy deposition onto the wall. Typically, if δmax is below the multipacting threshold and therefore no
avalanche multiplication occurs, the electron cloud tends to be harmless for the machine performance,
unless very strong seeding mechanisms are present, as previously discussed.
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Fig. 7: Simulated electron cloud build-up for δmax = 1.75. Top: number of electrons before each bunch passage
(blue, directly from simulation; dashed green, estimated from Eq. (11)). Centre: δeff (both from the integral formula,
Eq. (8), and the recursive formula, Eq. (3)). Bottom: fractions of the electron energy spectrum falling in the absorber
or emitter regions of the secondary electron yield curve.

2.4 Effect of externally applied magnetic fields
The features of the electron cloud build-up are strongly influenced by externally applied magnetic fields,
like those present in bending and focusing magnets of a particle accelerator.

It is simple to prove [15] that a non-relativistic electron moving in a uniform magnetic field of
magnitude B (as for example in the case of a bending magnet) follows a helicoidal trajectory around
the field lines. In a typical electron cloud build-up, the total kinetic energy of an electron is typically
not larger than 2 keV (see, for example, the energy spectra in Figs. 6 and 8), which implies that the cy-
clotron radius never exceeds a few millimetres. This means that the electrons are practically constrained
to move around the field lines. Electrons trapped by different field lines will receive different kicks from
the passing bunches according to their horizontal positions, giving rise to different efficiencies for the
multipacting process. If the energies to which the electrons are accelerated to the wall span from a value
above Emax at the centre of the chamber and a value below Emax at the sides of the chamber, there will
be two horizontal positions (symmetrical with respect to the chamber axis), for which the production
of secondary electrons is maximally efficient. This generates the characteristic two-stripe pattern of the
electron density in the chamber, like the one shown in Fig. 11 (left-hand side).
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Fig. 8: Top: secondary electron yield curve. Bottom: energy spectrum φi(E) for different bunch passages

Fig. 9: Simulated electron cloud build-up for δmax = 1.75. Left-hand side: electron density and electrostatic
potential as a function of the distance from the centre and of the bunch passage. Right-hand side: snapshots of the
electron density in the chamber, one taken immediately before a bunch passage during the exponential increase
(top) and one taken immediately before a bunch passage during the saturation phase (bottom).
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Fig. 10: Maximum number of electrons in the chamber and δeff coefficient as a function of the secondary electron
yield parameter.

Fig. 11: Snapshots of the electron cloud density in a dipole (left-hand side) and a quadrupole (right-hand side)
magnet of the LHC.

Similar effects are also observed in quadrupole magnets. For example, with the chamber and beam
parameters of LHC, the electron density shows an X-like shape as shown in Fig. 11 (b). In the case of
quadrupoles, the presence of a magnetic field gradient can also trigger electron-trapping mechanisms,
which can make the electron cloud build-up even more severe by helping electron survival between the
passage of successive bunches [16].

3 Impact of electron cloud effects on the accelerator’s performances
The presence of an electron cloud in the beam chamber of a particle accelerator can limit its achievable
performance through different effects, which will be briefly reviewed next. In general, the effects of the
electron cloud in a particle accelerator can be classified as:

– global: the electron cloud is present in a large fraction of the machine and can significantly influ-
ence the beam dynamics;

– local: the electron cloud is only generated in certain machine elements (owing to their geometry
or wall properties). Its impact on the beam dynamics is usually negligible, but it can nevertheless
be responsible for local (detrimental) phenomena.
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3.1 Impact on beam dynamics: coherent and incoherent effects
When the electron cloud covers a significant fraction of a machine, the integrated effect of its electric
forces on the particle beam affects the collective beam motion, leading to a coherent tune shift, as well as
to the onset of different types of transverse coherent instability above a certain electron density threshold.
When a particle beam suffers a transverse instability (horizontal or vertical), the beam signal seen on a
beam position monitor increases exponentially and the unstable motion eventually leads to emittance
blow-up or fast beam loss. Electron cloud effects can, obviously, only appear in a machine operating
with long trains of bunches, because, as was explained in the previous sections, the electron cloud only
builds up and reaches saturation after several bunch passages. Despite this, both coupled-bunch and
single-bunch phenomena (typically affecting only the last bunches in a long train) have been observed in
running machines and were studied in the past, showing that the electron cloud can indeed be the source
of unconventional wake fields, which affect the beam dynamics in a similar fashion as an impedance
source. A multibunch dipole-mode instability was observed at the KEK Photon Factory on positron beam
operation, and was subsequently explained as an effect of the variation in the electron cloud centroid
position induced by an offset bunch, which can feed into the motion of subsequent bunches in an unstable
loop [17]. More studies on this subject were carried out for the Beijing Electron Positron Collider and for
the PEP-II B factory. Coupled-bunch instabilities in the horizontal plane were also observed at CERN,
first at the Super Proton Synchrotron with LHC-type beams [18], and then at the Proton Synchrotron in
the last phase of production of the LHC-type beams [19]. They were also recorded at the LHC during the
first injections of trains of 48 bunches of a 25 ns spaced beam [20]. Fortunately, owing to their coupled-
bunch nature, these instabilities can usually be damped by a transverse feedback system without posing
excessively stringent requirements on its bandwidth.

With a similar mechanism, however, an electron cloud inside the beam pipe can also be the origin
of a short-range wake field for a bunch that goes through it, giving rise to head–tail coupling and single-
bunch instabilities. Since this mechanism relies on the pre-existence of an electron cloud when the bunch
arrives, it can obviously only affect the bunches at the tail of a long train, such that the electron cloud has
formed with the passage of the preceding bunches. Assuming that the bunch goes into the electron cloud
with its head slightly offset, a global net force will act on the electrons around the head centroid position
and consequently an accumulation of electrons will take place in that region. The newly reconfigured
electron distribution will thus kick the following bunch particles towards the higher-density region. The
motion of the head will therefore be transmitted and potentially amplified at the tail of the bunch. The tail
deflection will then increase over successive turns and will eventually transfer back to the head, thanks to
the longitudinal mixing given by the synchrotron motion (after a few synchrotron periods). This head–tail
coupling mechanism naturally follows the oscillation of the electrons in the bunch potential and therefore
the oscillation frequency of the associated wake can be roughly expressed as

ωey(x) =

√
Nrec2

2σy(x)σz(σx + σy)
. (17)

In this equation, N is the number of positively charged particles in the bunch, σx,y,z its r.m.s. sizes in
the three directions, and re represents the classical electron radius. The frequency given by Eq. (17)
can quickly reach the gigahertz range and above, especially for high-intensity or brightness, high-energy
beams made of trains of short bunches. Owing to the important high-frequency content, the conventional
transverse feedback systems are usually incapable of controlling this type of electron cloud induced
instability. One has to rely instead on altering the head–tail phasing through high-chromaticity settings,
or on Landau damping [21] using octupole magnets. Solutions of this type, however, typically come at
the expense of transverse emittance preservation and beam lifetime [22,23]. The single-bunch instability
due to the electron cloud, observed in the Super Proton Synchrotron and in the LHC, happens mainly in
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Fig. 12: Vertical position of selected bunches in a train of bunches over the first 4000 turns after injection. A
transverse instability developing on the trailing bunches is clearly visible.

the vertical plane, if a large fraction of the driving electron cloud is concentrated in the dipoles, but it can
equally affect the horizontal plane, if the driving electron cloud comes from drift sections or quadrupoles.
In a machine like the LHC, which has 66% of its circumference covered by dipoles, the single-bunch
instability will mainly affect the vertical plane, at least as long as the secondary electron yield of the
beam screen of the dipoles is sufficiently high. The bunch-by-bunch position signal from the first 4000
turns after injection, as acquired from a beam position monitor for a train of 24 bunches, is given in
Fig. 12 (every second bunch). It is clear that, while the first 12 bunches are stable, an unstable signal
begins to appear after bunch 14 and the rise time of the instability tends to become shorter while moving
to the tail of the train.

It must be noted here that this simple picture of the electron cloud single-bunch instability only
applies for zero chromaticity. With non-zero chromaticity, the situation becomes more complex and the
presence of an electron cloud can favour the onset of ‘classical’ head–tail instabilities in either plane,
which can be damped with a classical transverse feedback system if the mode number is low enough to
be handled by the system.

Even when the beam remains transversely stable, either because the integrated electron cloud
density is low enough or thanks to stabilizing mechanisms (chromaticity, Landau damping, transverse
feedback), its interaction with the electron cloud can drive incoherent effects, which slowly degrade the
beam quality. These effects are usually caused by the fact that, even if the beam as a whole does not
respond coherently to the electron cloud excitation, the single particles are still detuned by the addi-
tional transverse force coming from the electron cloud (usually focusing and strongly non-linear, but in
general dependent on the detailed electron distribution) and their tunes can be individually pushed onto
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Fig. 13: Left-hand side: tune footprint at 450 GeV, as obtained from PyECLOUD-PyHEADTAIL simulations.
Right-hand side: beam lifetime measured with 25 ns beams in the LHC for different settings of vertical tune and
chromaticity.

resonance lines with consequent growth of the particles’ amplitudes. Therefore, the resulting tune spread
from the electron cloud can be the origin of such phenomena as slow emittance blow-up or slow particle
losses, which are particularly worrying in storage rings and colliders, where the aim is to store the beam
in the ring for a very long time (several hours), while preserving beam quality, as much as possible, and
limiting all types of unwanted beam loss. An example of an incoherent effect in the LHC is illustrated
in Fig. 13. The left-hand plot shows the calculated tune spread of a single bunch in the LHC at injection
energy (450 GeV), assuming the operational settings for chromaticity (15 units in the horizontal plane
and 20 units in the vertical plane) and octupole currents (20 A), and in addition an electron cloud density
of 5×1011 m−3 all around the machine dipoles. The nominal working point is (0.28, 0.31). The effect of
the octupoles on the tune footprint is quite negligible compared with the one imprinted by chromaticity,
while the electron cloud makes the tune spread asymmetrical around the nominal tunes by pushing the
footprint towards higher tune values in the vertical plane. The visible consequence of the electron cloud
contribution to the footprint is that some particles come to cross the third-order resonance. In this con-
figuration, important losses are expected in the LHC, mainly affecting the bunches at the tails of the long
injected trains. The right plot shows an experiment in the machine, in which a strong degradation of the
beam lifetime was observed when increasing the vertical chromaticity from 10 to 15 units, which could
be recovered (and even slightly improved) by moving the vertical tune down by 0.005.

3.2 Other effects
The presence of an electron cloud in a particle accelerator can be also revealed by the following observ-
ables.

– Vacuum degradation: The electron flux on the chamber’s wall stimulates the desorption of gas
molecules from the surface (dependent on the desorption yield of the wall for electron impinge-
ment), which results in an increased residual gas density in the beam chamber, and therefore in
a pressure increase. This is obviously a local effect that can take place only in specific parts of
the machine, which are prone to electron cloud formation as a result of their geometry or surface
properties, or in extended machine sectors, if the beam chamber geometry and secondary electron
yield are such as to support widespread electron cloud build-up. The pressure rise is associated
with several deleterious effects, such as larger equipment irradiation, worse background in the
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experimental areas, increased probability of breakdown in high-voltage devices like kickers or
electrostatic septa, and impact on the beam lifetime [24].

– Beam energy loss and heat load: The electrons accelerated in the beam field subtract energy from
the beam and also deposit a large fraction of this energy on the chamber’s wall when they hit it
and produce secondary electrons (usually it takes one electron with an energy of a few hundred
electronvolts to produce one or more electrons with energies of a few electronvolts). Therefore,
two different observables can be associated with this process:

– first, if the amount of integrated electron cloud on the beam path is sufficiently large in the
accelerator, then the total energy loss of a bunch due to the electron cloud over one turn can
become significant. Since the lost energy must then be restored by the RF system, this can
result in a measurable contribution to the stable (or synchronous) phase shift of the bunch
in its RF bucket (beside the contributions coming from beam loading and the longitudinal
impedance). This is a global measurement and provides information on the total amount of
electron cloud present in the machine. Usually, this is assumed to be detectable if it is at least
few tenths of a degree;

– second, the energy deposited by the electrons on the chamber’s wall heats it up and the add-
itional heat load could be measured (either as an increase of the chamber wall’s temperature
or as an increased power required from the cooling system to keep the chamber at a desired
temperature). This effect is only local and, while it is typically negligible in room tempera-
ture accelerator components, it can become a serious issue in devices operating at cryogenic
temperatures, like the superconducting magnets of the LHC. Here, the heat load induced by
the electron cloud can even reach the cooling capacity limit of the cryogenic system [25].

– Impact on beam diagnostics: The presence of an undesired electron flux at the frequency of the
bunch spacing can be a source of spurious signals, and therefore malfunctions, on beam diagnostic
devices, such as pick-ups (beam position monitors) and beam gas ionization chambers [26].

All these effects have been observed at the LHC and in its injector chain.

4 Mitigation strategies
In some cases, the accumulation of primary electrons alone inside the beam chamber of an accelera-
tor can be the source of detrimental effects, even in the absence of beam-induced multipacting. Since
this mainly happens for photoelectron production in bending or wiggler chambers of very-high-energy
beams, an obvious mitigation technique would be to reduce the photoelectron production rate by either
using surfaces with naturally low photoelectron yield or by guiding the photons into a region where the
produced photoelectrons can then do no harm. When the electron cloud formation is mainly caused by
secondary emission, it is necessary to find methods to reduce the effective secondary electron yield of
the inner chamber walls in order to suppress or at least reduce the electron cloud build-up, and thereby
limit its adverse effects. In either case, other viable options for mitigation could be:

– to alter the electron dynamics to avoid large fluxes of high-energy electrons towards the chamber
walls. This can be achieved with electric fields (e.g., clearing electrodes) or magnetic fields (e.g.,
solenoids);

– not to suppress the electron cloud, merely alleviate its effects on the beam or on the devices that
could be affected.

For machines like the KEKB photon factory, the LHC, and future circular colliders, the primary
production of photoelectrons would be so high that the electron cloud could reach saturation within a
few bunch passages, even without multipacting, if no countermeasures were taken. The solutions imple-
mented in current machines are an antechamber (KEKB) or, for dipole fields, a sawtooth pattern im-
pressed on the chamber wall (LHC). Weak solenoids of the order of 50 G are another possibility, which
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was also successfully implemented at KEKB. The solenoids do not really reduce the photoemission, but
they quickly loop the emitted photoelectrons back to the wall, thus mitigating the subsequent beam–
electron interaction. For future circular colliders, different schemes are under study, based on photon
absorbers or stoppers to intercept the photons at controlled locations and limit the associated photo-
electron production, or on a novel design of the vacuum chamber with lateral slits shaped to trap the
photons and subsequently shield the photoelectrons from the beam field. Electrons generated by beam
loss at a collimator can be controlled by solenoids or clearing electrodes. For example, the SNS project
has installed solenoids along the collimator straights.

When the electron cloud build-up is dominated by the process of secondary emission, the surface
of the inner wall of the vacuum chamber needs to be treated such that its effective secondary electron
yield is minimized, and ideally reduced to a value below 1. This can be achieved by either coating (i.e.,
changing the chemical properties of the exposed surface) or machining (i.e., changing the geometrical
properties of the exposed surface). A well-established method to reduce multipacting in RF couplers is
coating with TiN, a material that has been proven to condition to very low values of secondary electron
yield. The thickness of the coating is of the order of a micrometre, which should not alter the resistive
impedance seen by the beam.

A more favourable getter material made from TiZrV (a non-evaporable getter) was developed
at CERN and has the advantage of pumping while having low secondary electron yield. This non-
evaporable getter is characterized by greater structural stability than TiN, as well as a low activation
temperature. The warm sections of the LHC, especially those around the experimental areas (about 20%
of the circumference), have been coated with this material [27]. The non-evaporable getter coating has
already been widely used at several synchrotron light sources around the world (both in insertion devices
and for general coating of the vacuum chambers) to guarantee ultrahigh vacuum and improve the beam
lifetime while reducing the probability of exciting fast beam ion instabilities.

In the last 10 years, impressive work has been done at CERN to develop a new type of coating with
amorphous carbon, which does not require activation, has an intrinsically very low secondary electron
yield and does not degrade with time [28]. This coating has been widely tested at the CERN Super
Proton Synchrotron, where the suppression of the electron cloud was successfully proven in dedicated
strip monitors, as well as in a few main bending units. In particular, an amorphous-carbon coated liner
has remained installed in a strip monitor since 2007 and no electron cloud signal was ever measured in it,
even after long technical stops and extensive machine venting. This confirms that the amorphous-carbon
coating can preserve its low secondary electron yield even after being long exposed to air.

More recently, another type of procedure based on laser engineering of the surface (applicable, for
example, to copper, stainless steel, and aluminium) has been proposed to reduce the effective second-
ary electron yield. The laser treatment, which imprints a surface topography made of organized micro-
structures, has the advantage of relatively easy application and possible retrofitting in existing machines
[29]. In parallel with the research on coating and laser treating, several authors have also proposed a
method to suppress multipacting by machining the wall surface to produce macroscopic grooves on it.
These grooves essentially act as electron traps, as the electrons emitted by the surface are very likely
to be re-absorbed quickly before they can be accelerated in the beam field. Much optimization work
has been done to define the shape and the size of the grooves so as to obtain the best electron cloud
suppression [30].

Finally, another way to reduce the secondary electron yield of the inner surface of an accelerator
vacuum chamber is to rely on its conditioning with time, thanks to electron bombardment during beam
operation with electron cloud. This technique is called ‘scrubbing’ and is based on the experimental
observation that the secondary electron yield of a surface exposed to a continuous flux of high-energy
electrons decreases with the deposited electron dose. While this decrease is usually very fast at the
beginning for large values of the secondary electron yield, since scrubbing means physically removing
the external layers of molecules and oxides present on the surface of the bare metal, it then tends to slow
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Fig. 14: Evolution of (top) beam intensity, (middle) average heat load in the arc magnets, and (bottom) heat load
normalized to the beam intensity during the intensity ramp-up, with 25 ns beams

down exponentially and eventually requires enormous doses to make tiny steps in the region of secondary
electron yields below 1.3–1.4.

Scrubbing has been widely used at CERN for the Super Proton Synchrotron and LHC, both of
which have reached nominal operation with 25 ns beams thanks to extended scrubbing runs. In the case
of the LHC, an important part of the scrubbing process has been carried out not only through dedicated
scrubbing periods, necessary nevertheless to prepare the machine to operate with 25 ns beams, but also
through physics stores with 25 ns beams. Assuming the heat load in the cold arcs to be a measure of
the amount of electron cloud present in the machine, Fig. 14 displays the evolution of this quantity over
two months during the 2015 run, when increasing numbers of bunches were injected into the LHC and
brought to collision at 6.5 TeV. The scrubbing of the surface of the beam screen in the arcs is visible as
the decrease of the heat load normalized to the total beam current, which has taken place with a time
constant of weeks and has led to about half the value over the full two months’ period. For completeness,
it must be highlighted here that the decrease of the normalized heat load is not fully ascribable to surface
scrubbing, but was also aided by relaxing the filling pattern into the LHC (moving from trains of 72
bunches to trains of 36 bunches) and increasing the bunch length at top energy (as shown in the plot of
‘filling pattern’ and the ‘target beam length’ strips). These additional electron cloud mitigating measures
were necessary to increase the number of bunches injected into LHC, while keeping the produced heat
load in the arcs within the cooling capacity of the cryogenic system.

Multipacting may also be suppressed by solenoids, though one should pay attention to the possi-
bility of cyclotron resonances (i.e., conditions for which the cyclotron period of the electrons in the
solenoid field is a multiple of the bunch spacing). Electric clearing fields are also an efficient cure in
simulations. They were already used to cure electron–proton instabilities for the coasting proton beams
in the CERN ISR during the early 1970s. At the SNS, operating with long proton bunches, all beam
position monitors can be biased with a clearing voltage of 1 kV. To be effective for the multipacting
experienced by short bunches with close spacing, the clearing electrodes must be mounted all around
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the ring at close distances and voltages of the order of 1 kV are probably required. The impedance
introduced by many such devices could be an obvious showstopper. However, a continuous long wire on
an insulating support would not necessarily exhibit a prohibitively large impedance. Other options for a
practical implementation of electric clearing fields might involve using ‘stealth’ electrodes, or splitting
the beam pipe into top and bottom halves, isolated from each other and held at different potentials.
Biasing the two jaws of a collimator against each other is a similar idea.

Proper tailoring of the bunch filling patterns (bunch spacing, bunch trains, and bunch charges) is
yet another way of achieving an acceptable electron density. The application of this technique can be
two-fold. On the one hand, the arrangement of the bunches in a train can be such as to minimize the
electron cloud build-up and allow an electron cloud free operation of the accelerator. In particular, a
larger bunch spacing can help, or gaps within trains can reduce the electron cloud density and reset the
cloud, at least partly. However, this usually comes at the expense of the total amount of beam intensity
that can be accelerated in the machine, as the full potential of the available free buckets is not exploited.
Examples here include mini-trains in the PEP-II, the actual bunch spacings chosen for the PEP-II and
KEKB operation, which are two or three times the design spacing, the 150–75–50 ns beam configuration
used until 2012 in the LHC, and finally the so-called 8b + 4e configuration for 25 ns proposed for the
LHC, in which long trains of 25 ns spaced bunches are replaced with trains exhibiting gaps of four empty
buckets for every eight full buckets [7]. On the other hand, special beam configurations can be put
in place, with the goal of increasing as much as possible the electron cloud formation and accelerate
the scrubbing process. A typical example of this approach is the use of ‘doublet’ beams in the Super
Proton Synchrotron and LHC, i.e., beams made of 5 ns spaced bunch pairs separated from each other
by 25 ns. These beams were expected, and proved, to produce a large electron cloud in both the Super
Proton Synchrotron and LHC, offering the potential of possibly scrubbing the wall surfaces to secondary
electron yields below the electron cloud build-up thresholds for the nominal 25 ns beams [7].
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Beam–Beam Effects in Linear Colliders

D. Schulte
CERN, Geneva, Switzerland

Abstract
Linear colliders are promising candidates for future high-energy lepton collid-
ers. Two options are studied in global collaborations, the International Linear
Collider (ILC) and the Compact Linear Collider (CLIC). Beam–beam effects
are an important driver of linear collider design choices and they affect the
performance of physics experiments. The lecture introduces the main physics
relevant for the beam collision and the impact on the parameter choice.

Keywords
Linear Collider; beam-beam; pinch effect; beamstrahlung; ILC; CLIC.

1 Linear colliders
To date only one linear collider has been operated for physics, the Stanford linear collider (SLC) (no
definitive reference is available for the SLC, but one can use the report [1] and the references therein
as a starting point). It has been operated at the Z-resonance. Two future linear collider projects are
under consideration, the International Linear Collider (ILC [2–6]) and the Compact Linear Collider
(CLIC [7,8]). The ILC aims at a centre-of-mass energy of 500 GeV, potentially starting at 250 GeV. The
CLIC is foreseen to be implemented in three stages ranging from a centre-of-mass energy of 380 GeV
up to 3 TeV.

In circular electron–positron colliders synchrotron radiation becomes a severe issue as the beam
energy increases, since the radiation power increases with the fourth power of the energy. This can be
avoided in linear colliders. A generic example of a linear collider is shown in Fig. 1. The beams are
produced in an electron and a positron source, respectively. They are slightly accelerated and transported
to a damping ring. Here their emittance is reduced to very small values, especially in the vertical plane.
Then the beams are transported through the ring to main linac system (RTML). During the transport they
are slightly more accelerated and compressed longitudinally. In the main linac they are accelerated to
full energy. In the beam delivery system (BDS) the beams are then focused to very small sizes at the
collision point. Then they are disposed of in beam dumps.

The main challenges of a linear collider are first to achieve the beam energy in the main linac. This
requires very high gradients for the acceleration. The second challenge is to achieve the high luminosity
in a single pass. This requires very dense beams at the collision point. Both ILC and CLIC will deliver
short pulses of bunches that collide with longer intervals between pulses.

The ILC is based on the use of superconducting cavities to accelerate the beams. These allow the
use of long beam pulses. To provide the accelerating field, the cavity needs to be filled with energy. This
energy is lost very slowly in the walls of the cavity and hence one can afford a long pulse. In contrast,
the CLIC is based on high-gradient normal-conducting accelerating structures. These require very short
pulses, since the energy in the accelerating structures is lost rapidly in the copper walls. To achieve
sufficient efficiency it is therefore necessary to use very short pulses and to increase the beam current
in the pulse as much as possible. This requires short distances between the bunches. The advantage of
the normal-conducting accelerating structures is that they allow us to use higher accelerating fields than
superconducting cavities (a factor of about three between CLIC and ILC). To achieve multi-TeV energies
at practical machine length and cost thus requires the use of normal-conducting technology. The main
beam parameters for linear colliders are given in Table 1.
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detector

e- source e+ source

main linac main linacdamping
ring

damping
ring

RTML RTMLBDS BDS

Fig. 1: Generic layout of a linear collider. The beams are illustrated at the top. They are produced with relatively
large emittances, which are then reduced in the damping rings. From there to the interaction point the emittances
increase somewhat before the beams are focused at the interaction point.

Table 1: The main parameters of SLC, ILC and CLIC. More parameter sets exist for ILC and CLIC at different
energies. The CLIC set at 3 TeV includes the higher order optics and radiation effects in the beam delivery system.

Parameter Symbol [unit] SLC ILC CLIC CLIC
Centre-of-mass energy Ecm [GeV] 92 500 380 3000
Geometric luminosity Lgeom [1034 cm−2 s−1] 0.00015 0.75 0.8 4.3
Total luminosity L [1034 cm−2 s−1] 0.0003 1.8 1.5 6
Luminosity in peak L0.01 [1034 cm−2 s−1] 0.0003 1 0.9 2
Gradient G [MV m−1] 20 31.5 72 100
Particles per bunch N [109] 37 20 5.2 3.72
Bunch length σz [µm] 1000 300 70 44
Collision beam size σx,y [nm nm−1] 1700/600 474/5.9 149/2.9 40/1
Emittance εx,y [µm nm−1] 3/3000 10/35 0.95/30 0.66/20
Beta function βx,y [mm mm−1] 100/10 11/0.48 8.2/0.1 6/0.07
Bunches per pulse nb 1 1312 352 312
Distance between bunches ∆z [ns] — 554 0.5 0.5
Repetition rate fr [Hz] 120 5 50 50
Horizontal disruption Dx 0.6 0.3 0.24 0.2
Vertical disruption Dy 1.7 24.3 12.5 7.6
Photons per beam particle nγ — 1.9 1.5 2.1
Average photon energy 〈Eγ/E0〉 [%] — 2.4 4.5 13
Coherent pairs Ncoh [108] — — — 6.8
Their energy Ecoh [108 TeV] — — — 2.1
Incoherent pairs Nincoh [103] — 196 58 300
Their energy Eincoh [TeV] — 484 187 2.3× 104
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2 Luminosity and parameter drivers
The luminosity target for linear colliders is around 1034 cm−2 s−1 following the requests of the experi-
ments. In Table 1, one can note that ILC and CLIC use flat beams to achieve this ambitious luminosity
target and that the vertical beam size is only of the order of a nanometre. In the following we will discuss
the reason for this.

The luminosity L in a linear collider is given by the following formula:

L = HD
N2

4πσxσy
nbfr. (1)

Here, N is the number of particles per bunch, σx,y are the horizontal and vertical beam sizes at the
collision point, nb is the number of bunches per train, fr is the rate of trains per second and HD is
a factor that contains the impact of beam–beam forces and other relevant effects. The factor HD is
typically in the order of 1.5–2. It is useful to rewrite the formula in the following form:

L ∝ HD
N

σxσy
Nnbfr. (2)

The term Nnbfr represents the beam current. Its upper limit arises from the power consumption of the
collider and the efficiency to turn this power into beam power. It is therefore important to maximize the
luminosity per beam current, i.e. the factor N/(σxσy). However, a lower limit to the beam size arises
from the beam–beam effects.

At collision, the beams are so dense that they generate very strong electromagnetic fields. In an
electron–positron collider they focus each other; Fig. 2 illustrates this. In circular colliders this deflection
is quite small and can be understood as a thin-lens kick. In a linear collider the beams are so dense that
the particles move strongly during the collision. This so-called pinch effect reduces the effective beam
size and leads to an increase in luminosity. It has been experimentally verified in the SLC [1], where
under some conditions the luminosity was more than doubled. But this motion also leads to the emission
of radiation, the so-called beamstrahlung, which alters the energy of the colliding beam particles. As
a consequence the luminosity is not only provided at full beam energy but also at lower energies: a
luminosity spectrum forms; see Fig. 2. This places some constraint on the beam parameters.

One can rewrite the luminosity formula further:

L ∝ HD
N

σx
Nnbfr

1

σy
. (3)

In the following we will see that the term N/σx is related to the beamstrahlung emitted. Its upper limit
is defined by the requirements of the physics experiments. The term 1/σy finally is limited by the ability
to achieve and preserve a small beam emittance and to squeeze the beam to a very small size.

3 Basic beam–beam effects
In the following we discuss the fundamentals of the pinch effect and the beamstrahlung. We will discuss
head-on collisions even if the beams collide at an angle. The angle can however be neglected because in
the proposed designs it is compensated by crab crossing.

3.1 Pinch effect
3.1.1 Disruption
The focusing effect of the colliding electron and positron bunches can be described by the so-called
disruption parameter. First, let us assume that the effect is so weak that the particles receive a transverse
kick during the passage of the oncoming bunch but that they do not change their positions. If a particle
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Fig. 2: Left: an electron is deflected by the fields of the oncoming bunch and emits a beamstrahlung photon. Right:
the luminosity spectrum in CLIC at 3 TeV. The part of the luminosity above 99% of the nominal centre-of-mass
energy is called L0.01. Values are given as integrated luminosity per energy band and bunch crossing (bx).
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Fig. 3: The deflection of particles due to the fields of the oncoming bunch

is close to the centre of the beam, the deflection will depend linearly on the offset, while it will grow less
than linearly and even become smaller at larger offset. See Fig. 3 for an example of a very flat beam.
One can easily calculate the deflection of a particle in the linear regime:

dx

dz

∣∣∣∣
final

=
2Nre

γσx(σx + σy)
x,

dy

dz

∣∣∣∣
final

=
2Nre

γσy(σx + σy)
y.

Here, re ≈ 2.8 fm is the classical electron radius and γ is the relativistic factor of the particles. In each
plane, the core of the beam is thus focused into one point with a distance fx,y after the collision point.
We define the disruption parameters Dx,y = σz/fx,y. Hence,

Dx =
2Nreσz

γσx(σx + σy)
. Dy =

2Nreσz
γσy(σx + σy)

.

For Dx,y � 1, the particles will not move significantly during the collision, so our model is correct. For
Dx,y, the motion during the collision will be large, so we need to take it into account. In linear colliders
one typically finds that the horizontal disruption is small and the vertical disruption is large; see Table 1.

3.1.2 Simulation codes
For large disruption analytical models are difficult to develop and computer codes are used to simulate
the effect. The two most widely used codes are GUINEA-PIG [10] and CAIN [9]. These codes represent
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Fig. 4: The angular distribution of the particles of the spent beam

the beam by a number of macroparticles. Since the fields of the particles are transverse one can divide the
two beams into slices. At any time, only the two slices of the beams which are at the same z-position can
interact with each other. A particle is affected only by the fields of the other beam. After this interaction
they are moved forward to interact with the next slice. The interaction within a slice can be treated as
a two-dimensional problem of line charges, which can be solved using particles-in-cell or clouds-in-
cell methods. The slices are divided transversely into cells by a grid. In the first step the charges are
distributed over this grid. In the second step the fields at the grid points are computed. Using clouds, i.e.
extended particles, instead of point-like particles helps to suppress high-frequency components that are
an artefact of the finite resolution of the grid. In the third step the forces on each particle are calculated
and the particles are moved forward. The grid is also used to calculate the luminosity. The particles of
the two beams that are in the same cell collide with each other.

The codes also include the beamstrahlung effect, which is described in more detail below, and
the generation of the different electron–positron background processes. GUINEA-PIG also includes the
generation of hadronic background and the generation of muons; both processes will not be discussed
here.

3.1.3 Typical results
Table 1 shows the luminosities for ILC and CLIC. The geometric value is calculated using the simplified
formula

Lgeometric =
N2

4πσxσy
nbfr. (4)

The total luminosity is based on a full simulation of all beam–beam effects. The ratio of the two values
is HD and one can easily see that it is within the range of 1.5–2 as mentioned above.

The angular distribution of the spent beam is shown in Fig. 4 for the case of CLIC. In the detector
design one has to take care to avoid that any of the beam particles can be lost inside the detector. However,
the maximum angle of the particles is quite small; typically it is less than 1 mrad.

3.2 Beamstrahlung
When a particle is forced on a curved trajectory by the other beam, it will emit radiation in a similar
fashion as in a bending magnet. This radiation is called beamstrahlung. For typical parameters each
particle emits one to a few photons each of which carries some percentage of the particle’s energy. It is
therefore important to be aware of the stochastic nature of the beamstrahlung. Due to beamstrahlung the
particles lose energy during the collision and can therefore collide with less than the initial energy. This
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leads to the formation of a luminosity spectrum. This obviously impacts the performance of the physics
experiments. How important the effect is depends on the physics analysis that is being carried out.

The beamstrahlung can be described by its critical energy ~ωc, which can be calculated as

~ωc =
3

2

~γ3c

ρ
. (5)

Here, ρ is the bending radius of the particle trajectory. Conventionally one uses the so-called beam-
strahlung parameter Υ, which is defined as

Υ =
2

3

~ωc

E
. (6)

The beamstrahlung spectrum is described by the Sokolov–Ternov spectrum

d ẇ

dω
=

α√
3πγ2

[∫ ∞

x
K5/3(x′)dx′ +

~ω
E

~ω
E − ~ω

K2/3(x)

]
. (7)

Here, x = ω
ωc

E
E−~ω and K5/3 and K2/3 are the modified Bessel functions. In the limit Υ� 1 the power

of the photon radiation of a particle is proportional to Υ2:

P =
e2

6πε0

c

ρ2
γ4 =

2

3

rec

λ2
c

mc2Υ2 (8)

with λc = ~/(mc). The radiation spectrum of particles at different values of Υ is shown in Fig. 5. The
average beamstrahlung parameter can be estimated as

〈Υ〉 =
5

6

Nre

ασz(σx + σy)
. (9)

Here, α is the fine structure constant. Conventionally one often omits the brackets. The maximum
beamstrahlung parameter is about

Υmax ≈
12

5
Υ. (10)

For Υ � 1, the spectrum corresponds to synchrotron radiation and one speaks of the classical
regime. For Υ � 1, the radiation is partially suppressed since the critical energy is above the beam
energy. This is the so-called quantum regime. Only CLIC at 3 TeV will operate in this regime.

As one can see in Table 1, all projects have a value of nγ in the range of 1.5–2. The typical angular
distribution of the photons is small, similar to the one of the beam particles after collision; see Fig. 6 for
an example. Hence, the beamstrahlung does not generate direct background in the detector.

4 Choice of beam parameters
In this section, the choice of beam parameters at the collision point is described based on the beam–
beam physics introduced above. We will focus on the case of classical beamstrahlung. For simplicity it
is assumed that the bunch charge and length as well as the transverse emittances are already determined,
e.g. by the main linac and other systems of the collider. This leaves the choice of beta functions and the
longitudinal position of the waist. In reality the choice of parameters is more complex.

4.1 Choice of flat beams
In the classical regime, the number of photons emitted per beam particle nγ depends on the bunch charge
and transverse dimensions:

nγ ∝ Υ
σz
γ
∝ N

σx + σy
. (11)

6

D. SCHULTE

436



 0.001

 0.01

 0.1

 1

 10

 0.0001  0.001  0.01  0.1  1

Υ=0.01

Υ=0.1

Υ=1

Υ=10

Fig. 5: The beamstrahlung power spectrum

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

-1 -0.5  0  0.5  1

1
/N

0
 d

N
/d

x
’ 
[m

ra
d

-1
]

x’ [mrad]

beam
photon

 0

 5

 10

 15

 20

 25

-1 -0.5  0  0.5  1

1
/N

0
 d

N
/d

y
’ 
[m

ra
d

-1
]

y’ [mrad]

beam
photon

Fig. 6: The angular distribution of the spent beam including beamstrahlung

Similarly, the average energy Eγ of each photon is proportional to

Eγ ∝ Υ
1

γ
∝ N

(σx + σy)σz
. (12)

Typically, the emission of a single photon reduces the energy of the particle enough to not produce
luminosity in the interesting energy range. Hence, the relevant parameter is the number of photons
emitted rather than their energy.

For a given N , in order to reduce the beamstrahlung one thus aims to increase the sum of the
transverse beam sizes σx+σy. At the same time the luminosity is proportional to 1/(σxσy), so one aims
to minimize the product of the two beam sizes. Both goals can be simultaneously achieved by using a flat
beam σx � σy; the horizontal beam size is chosen to be larger than the vertical, since the damping rings
naturally deliver a horizontal emittance that is larger than the vertical. For σx � σy, we can approximate
σx ≈ σx+σy. Hence, the termN/σx in Eq. (3) is proportional to the number of beamstrahlung photons.

4.2 Luminosity spectrum and choice of horizontal beam size
A lower limit of horizontal beam size and beta function arises from the beamstrahlung to limit the degra-
dation of the luminosity spectrum. It is important to note that the luminosity spectrum is also affected
by another process. If particles collide, they can emit a photon just before the collision as a part of the
physics process; this is called initial state radiation. This emission is a radiative correction to the physics
process. In contrast to beamstrahlung, it therefore happens only to colliding particles that undergo some
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Fig. 7: Left: the total luminosity L and the luminosity above 99% of the nominal energy L0.01 as a function of
the horizontal beta function. The beta function is normalized to the chosen value βx,0. The curve labelled ‘geom’
neglects the beam–beam forces; in this case no beamstrahlung is emitted and the two luminosities are identical.
Right: the luminosity spectrum in CLIC at 380 GeV. For comparison the spectra are also given taking into account
only initial state radiation (isr) and only beamstrahlung.

physics process. However, it will degrade the luminosity spectrum in a similar fashion to beamstrahlung;
the typical centre-of-mass energy spectrum of the colliding electrons and positrons is shown on the right-
hand side of Fig. 7. Usually the experiments require that the degradation of the luminosity spectrum due
to beamstrahlung is similar to the degradation due to initial state radiation. As a measure, one uses the
ratio of the luminosity L0.01, i.e. the part above 99% of the nominal centre-of-mass energy, and the total
luminosity. In case of CLIC at 380 GeV a ratio of 60% has been targeted.

The total and peak luminosities are shown in Fig. 7 for CLIC and ILC as a function of the horizon-
tal beta function. One can observe that the total luminosity increases strongly for smaller beta functions.
It increases even faster than the geometric luminosity. This is a result of the fact that a smaller horizontal
beam size increases the disruption and therefore leads to an increase in the pinch enhancement factor
HD. However, the peak luminosity only increases slightly for smaller beam sizes. Hence, the ratio of
peak to total luminosity decreases rapidly for small beta functions, which yields a lower limit. It should
be noted that additional lower limits for the horizontal beta function exist, e.g. from the ability to design
the beam delivery system. With the chosen value, CLIC indeed reaches a ratio of 60%, as one can see on
the right-hand side of Fig. 7.

In case of CLIC at 3 TeV, the requirement on the spectrum quality is somewhat relaxed (30%),
since the tail of the luminosity spectrum also contributes to the creation of interesting physics events. An
important example is the double-Higgs production, which allows us to measure the Higgs self-coupling.
Basically the whole luminosity spectrum contributes to this production process at high energies, which
increases the importance of the total luminosity with respect to the peak luminosity.

4.3 Choice of vertical beta function
The beam size at the collision point decreases as the beta function decreases proportionally to

√
βy.

However, the beam size just around the collision point increases faster as the beta function decreases. At
any point s around the collision point s = 0, the beam size is proportional to

σy(s) ∝
√
β(0) +

s2

β(0)
. (13)

This hourglass effect limits the luminosity that one can gain by reducing the beta function; it is illustrated
in Fig. 8. In the figure the luminosity is also shown as a function of the vertical beta function for the case
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without beam–beam forces. As can be seen, the optimum beta function is about a quarter of the bunch
length and the optimum is quite flat.

The dependence of the luminosity on the beta function is strongly modified by the beam–beam
forces; see Fig. 8. For larger beta functions the pinch effect is more efficient in increasing the luminosity,
moving the optimum choice to roughly βy ≈ σz . Obviously, the value depends on the strength of the
beam–beam forces. For both projects a vertical beta function somewhat larger than the optimum has
been chosen, βy = 1.6 σz in ILC and βy = 1.4 σz in CLIC. These choices lead to a very minor loss of
luminosity. The larger beta function helps to ease the design of the beam delivery system.

4.4 Waist shift
If the beam–beam forces are weak the maximum luminosity is obtained if the waists of the two beams
are placed at the collision point. A distance Wy of the waists to the collision point leads to a reduced
luminosity. Figure 9 shows the relative luminosity as a function of the waist position for ILC and CLIC
if beam–beam forces are neglected. The dependence on Wy/σz differs slightly, since the ratio βy/σz
differs. If the beam–beam forces are taken into account the situation changes significantly. The maximum
luminosity is obtained if the waists are positioned before the collision point, Wy > 0. For the optimum
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Wy ≈ σz , the luminosity is increased by 10% instead of the expected reduction of 10%.

In principle a full optimization of the vertical beta function and waist position can be performed.
Figure 10 shows the results for ILC. The highest luminosity would be achieved using βy ≈ 0.24 mm. It
is interesting to note that using βy ≈ 0.48 mm yields more luminosity than βy ≈ 0.12 mm if the waists
are at the collision point. But if the waist position is adjusted for maximum luminosity, the smaller beta
function obtains more luminosity.

4.5 Note on crossing angle
The beams in a linear collider cross with an angle in the horizontal plane, θc = 14 mrad in ILC and
θc = 20 mrad in CLIC. This angle would reduce the luminosity to

L = HD
N2

4πσxσy
nbfr

1√
1 +

(
σz
σx

tan θc
c

)2
. (14)

The reduction is about an order of magnitude. Therefore, crab cavities are used to rotate the bunches such
that they collide head-on, even if their trajectories cross at an angle. One can thus ignore the crossing
angle and assume that the collisions are head-on.

5 Imperfect collisions
The strong beam–beam forces change the dependence of the luminosity on the beam–beam offset. They
can also lead to strong luminosity loss due to correlations in the longitudinal and transverse profiles.

5.1 Beam–beam offsets
If the beams are separated in the collision point, the luminosity is reduced. For rigid beams and neglecting
the hourglass effect, the luminosity ratio can be described as a function of the offset ∆y as

L
L0

= exp

(
−∆y2

4σ2
y

)
. (15)

The beam–beam forces strongly modify this behaviour. Figure 11 shows the luminosity ratio as a func-
tion of offset for different disruption parameters. For weak disruption the luminosity decreases more
slowly with offset than for rigid beams. For larger disruption very small offsets can lead to a large loss
of luminosity. This is due to the fact that the collision becomes unstable, the kink instability, which is
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Fig. 11: Left: the luminosity ratio as a function of the offset for different disruption parameters. Right: the
luminosity ratio as a function of vertical beam offset for ILC and CLIC.
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Fig. 12: Left: sketch of the emittance growth in the main linac due to wakefields and dispersion and the possible
translations into beam shapes at the interaction point. Right: luminosity as a function of the emittance in the case
of TESLA.

a typical two-stream instability. For large offsets, the beam–beam forces maintain more luminosity than
for rigid beams. This is because the beams attract each other.

In order to avoid luminosity reduction a control of the beam–beam offset is required at the level
of a fraction of a nanometre. The motion of the ground and vibrations of technical components make
this a challenging task. Two main methods are used to address this challenge. First, in case of CLIC, the
beam-guiding magnets are stabilized with active feedback systems that sense the motion of the magnet
and correct it using movers. Second, in both ILC and CLIC, the beam–beam offset is measured and
corrected with a beam-based feedback system. In case of ILC this feedback system can correct from one
bunch to the next within the pulse; in CLIC it has a latency of a few bunch crossings and mainly acts
from one pulse to the next. This feedback can easily detect an offset even of a fraction of a nanometre,
since the resulting deflection of the beams is in the order of tens of µrad. A few metres downstream of
the collision point such an angle has translated into an offset that can be easily measured with a beam
position monitor.

5.2 The banana effect
Up to now we considered that the beam particles are independently distributed in the different dimen-
sions and that there are no correlations. In practice one has to take correlations into account, i.e. to model
the beam including the effects before the interaction point. This is particularly important if the vertical
disruption is larger than about 15.
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A good example of the importance of the integration of different subsystems is the so-called ba-
nana effect [11]. This effect has initially been studied for an older linear collider design, TESLA, but
is also important for ILC. In early studies the emittance growth in the main linac was studied inde-
pendently from the beam–beam simulations. However, wakefield effects in the main linac introduced
correlated offsets (i.e. the mean vertical particle position depends on the longitudinal position within the
bunch y(z)), see c) on the left-hand side of Fig. 12. The projected emittance has then been used as input
for the beam–beam simulations as in b). Instead simulations with full correlation should have been used
as in c).

Systematic studies showed that the luminosity drops much faster with increasing beam emittance
if the correlations are used in simulations than anticipated from the projected emittances [13]. This is
shown on the right-hand side of Fig. 12. The horizontal scale indicates the emittance at the interaction
point. The emittance consists of an uncorrelated part of 20 nm and an additional contribution from the
wakefields in the main linac. The luminosity is shown on the vertical axis. The approximation assumes
that the luminosity scales with 1/σy and that the correlations are not relevant. The curve L1 shows the
luminosity if both beams are centred in position and angle. Evidently the luminosity is very strongly
affected by the emittance growth due to the wakefields. This is because the collision is unstable as a
result of the high disruption.

The luminosity can be recovered if a full luminosity optimization is performed at the interaction
point by varying the beam–beam offset (Loff ) and by varying offset and angle (Lang). This procedure
however requires that the luminosity is measured online. Hence, it takes much more time than a simple
beam position monitor-based feedback. In ILC it is foreseen to perform such an optimization during each
bunch train. For a smaller disruption, as in CLIC, the banana effect is negligible. Hence, a luminosity
optimization scan during the train is not required.

6 Beam–beam background and its impact on the detector design
The beam–beam effects lead to the generation of background for the physics experiments. This includes
the production of electrons, positrons, muons and hadrons. In this lecture we will only discuss the
production of electron–positron pairs, which have an important impact on the detector design.

6.1 Coherent pair creation
If the fields of the beams are very strong they can rip up the beamstrahlung photons, forming an electron–
positron pair. This is called coherent pair creation, since it is caused by the beamstrahlung photons
interacting with the coherent field of the beams, not by interacting with individual photons [14]. For
Υ� 1, almost no coherent pair creation exists. For larger values it becomes substantial. Both GUINEA-
PIG and CAIN allow us to simulate the effect.

For the lower energy linear colliders coherent pair creation does not play an important role. For
CLIC at 3 TeV the creation of pairs from beamstrahlung is significant. About 6.8 × 108 pairs are
produced per bunch crossing. The total charge of the pairs is hence about 20% of the beam charge.
The spectrum of the pairs is shown in Fig. 13; the average particle energy is about 300 GeV. The pair
particles are produced at very small angles. However, a produced electron can move in the direction of
the electron beam or in the direction of the positron beam. In the first case it is focused by the oncoming
positron beam and in the second case it is defocused by the oncoming electron beam. It can then be
deflected to larger angles. The equivalent is true for the produced positrons. It is therefore important
that the detector provides a large enough acceptance in the outgoing beamline to avoid excessive losses
from coherent pairs. In Fig. 14, the total powers above a certain angle are shown for the spent beam, the
beamstrahlung photons and the coherent pairs. As can be seen, an exit aperture of about 10 mrad is well
sufficient to avoid losses of more than 1 W in the detector. It should be noted that 1 W corresponds to a
total energy of 400 TeV per bunch crossing or roughly the energy of 300 beam particles.
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Fig. 13: Left: the Feynman diagram for the coherent pair creation. Right: the energy spectrum of the coherent
pairs in CLIC at 3 TeV.

 1

 10

 100

 1000

 10000

 100000

 1e+06

 1e+07

 1e+08

 0  2  4  6  8  10  12  14

P
(θ

>
θ

0
) 

[W
]

θ0 [mradian]

beam
photons

coh. pairs

Fig. 14: Left: the particle from coherent pair creation can be focused or defocused by the beams. Right: the total
power in the spent beam above a given angle in the case of CLIC at 3 TeV.

It should be noted that not only the real photons from beamstrahlung can be turned into pairs. If the
field is strong enough, even the virtual photons that are co-moving with the beam particles can be turned
into pairs. This is called the trident cascade process, because a single electron or positron generates an
additional pair in the external field. For Υ � 1, the trident cascade becomes a large source of pairs.
This is particularly problematic because the beam particles can lose a large part of their energy in this
process, degrading the luminosity spectrum. In the present linear collider designs the trident cascade
process does not play an important role. At higher energies or with shorter bunches it would become
substantial. GUINEA-PIG++ allows us to simulate the trident cascade process.

6.2 Incoherent pair creation
Colliding photons can turn into an electron–positron pair. In linear colliders two main sources of these
photons exist. One is the above-mentioned beamstrahlung. The other are virtual photons that accom-
pany each electron and positron. As a consequence three production mechanisms of pairs exist: the
Breit–Wheeler process (two real photons form a pair), the Bethe–Heitler process (one real and one vir-
tual photon form a pair) and the Landau–Lifshitz process (two virtual photons form a pair). The most
fundamental Feynman graphs are shown in Fig. 15. It is interesting to note that the actual calculation
of the pair production is complicated by the so-called beam-size effect. That is, that the size of the
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Fig. 16: Left: the angle and transverse momentum of incoherent particles after the beam collision. Right: the
number of hits in the vertex detector as a function of the detector radius and for different detector main solenoid
fields.

beam modifies the cross-section. In addition the strong fields of the beams also modify the cross-section.
Conventional programs that simulate pair production do not take these effects into account. However,
GUINEA-PIG and CAIN can model these effects. Typically the number of pairs is O(105) per bunch
crossing; see Table 1. An example spectrum can be seen in Fig. 15.

Some of the incoherent pair particles are produced at larger angles, but most are produced at small
angles. The pairs are deflected in the same fashion as the coherent pairs. However, the deflection is more
important because the energy of the incoherent pairs is typically smaller. Pair particles can therefore be
deflected to relatively large angles. The maximum deflection is given by the particle energy. An example
of the final transverse momentum and angle of the pair particles is shown in Fig. 16. One can see the few
particles that have been produced at large angles. The sharp edge in the plot corresponds to the maximum
deflection that a pair particle of a given energy can obtain from the beams.

The most important effect of the incoherent pairs is that the particles can hit the vertex detector
that is as close to the beam as reasonably possible (typically a couple of centimetres). This detector
identifies the origin of particles in the detector. It can determine whether a track originates directly from
the colliding beams or if it starts at some distance from the beams because it is produced by a decay
product of a particle.
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A significant number of background electrons and positrons hitting this detector will compromise
its performance. The impact of these particles on the detector is suppressed by two measures. First,
the detector solenoid field forces particles on a helical trajectory. The radius of the helix is given by
the transverse momentum and hence particles with small p⊥ will not hit the detector. Second, particles
at small angles will also not hit the detector. The number of hits in a vertex detector of fixed angular
coverage is shown in Fig. 16 for different detector solenoid fields. As the radius of the vertex detector
increases, the number of hits decreases and they are distributed over a larger area. The relatively steep
edge corresponds to the maximum deflection of the pairs by the beams. One typically chooses a radius
sufficiently larger than the edge to guarantee good detector performance. Here, the detector design is a
direct consequence of the beam–beam effect and the corresponding background.

7 Conclusion
Beam–beam effects are important drivers for linear collider designs. The beamstrahlung is one of the
main limitations for the luminosity and affects the capabilities of the experiments. Background from the
beam–beam interaction also impacts the detector design, in particular the choice of beam-pipe radius. It
also affects the low-angle detector design.
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Machine Protection

R. Schmidt
CERN, Geneva, Switzerland

Abstract
The protection of accelerator equipment is as old as accelerator technology and
was for many years related to high-power equipment. Examples are the protec-
tion of powered equipment from overheating (magnets, power converters and
high-current cables), of superconducting magnets from damage after a quench
and of klystrons. The protection of equipment from beam accidents is more
recent. It is related to the increasing beam power of high-power proton accel-
erators (e.g. ISIS at Rutherford Appleton Laboratory, the Spallation Neutron
Source (SNS) at Oak Ridge, the European Spallation Source at Lund (ESS)
and the cyclotron at the Paul Scherrer Institute in Switzerland), to the emission
of synchrotron light by electron–positron accelerators and free-electron lasers
and to the increase of energy stored in the beam (in particular for hadron col-
liders such as the Large Hadron Collider at CERN, Switzerland). Designing a
machine protection system requires an excellent understanding of accelerator
physics and operation to anticipate possible failures that could lead to dam-
age. Machine protection includes beam and equipment monitoring, a system
to safely stop beam operation (e.g. dumping the beam or stopping the beam
at low energy) and an interlock system providing the glue between these sys-
tems. The most recent accelerator, the LHC, will operate with about 3× 1014

protons per beam, corresponding to an energy stored in each beam of 360 MJ.
This energy can cause massive damage to accelerator equipment in case of
uncontrolled beam loss, and a single accident damaging vital parts of the ac-
celerator could interrupt operation for years. This article provides an overview
of the requirements for protection of accelerator equipment and introduces the
various protection systems. Examples are mainly from LHC and ESS.

Keywords
Machine protection; interlock system; high-power accelerator; beam loss; ac-
cident.

1 Introduction
In general, risks come from energy stored in an accelerator (measured in joules) and power when operat-
ing an accelerator (measured in watts). When we are talking about a very powerful accelerator, we need
to consider that the power flow needs to be controlled.

Particle accelerators use large amounts of power; large accelerators operate with a few megawatts
to many megawatts. The question to be addressed is where does the power go in case of failure? An
uncontrolled release of energy or power flow can lead to unwanted consequences, such as damage of
equipment and loss of time for operation. There is also the risk of activation of equipment when operat-
ing with particle beams in case of beam losses. Handling large amounts of power/energy is an issue in
many domains, but a particular challenge for complex systems such as accelerators.
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Fig. 1: RF fingers in LHC interconnects; some of them are bent. The metallic coating on the fingers had melted:
the temperature had reached more than 800◦C [1].

For an accelerator, there are several sources of energy or power that need to be considered.

– The energy stored in the particle beam, e.g. in a synchrotron or storage ring.
– The beam power of a particle beam or in a linac, cyclotron or synchrotron. The beam power is

given by the number of particles multiplied with their energy, per unit time.
– The energy stored in superconducting magnets.
– The power required to operate accelerator systems, e.g. magnets, power converters and RF systems.

2 Energy transfer from beam to equipment
There are several mechanisms for energy transfer from the beam to the equipment, one of them by losing
particles into the equipment. There will always be particle losses during operation, due to collisions with
the residual gas or with a counter-rotating beam, or particle losses at the aperture (e.g. due to emittance
growth and other effects). Accidental particle losses can occur due to a large number of possible failure
mechanisms.

Another mechanism is energy deposited by electromagnetic interaction between beam and envi-
ronment (vacuum chamber, RF, beam instrumentation, kicker magnets etc). The deposited power de-
pends on the beam intensity and bunch structure, as well on the impedance seen by the beam. Problems
have been frequently observed at accelerators. Figure 1 shows the damage of RF fingers in interconnects
at LHC. Due to an incorrect installation of RF fingers, the beam deposited energy into the fingers and
they were bent [1].

Energy can also be deposited by the synchrotron radiation emitted by particle beams, in particular
in electron or positron accelerators. The power increases with the particle energy to the power of four
and can be very high, up to several tens of megawatts. The radiation can be very focused; in particular,
radiation from wiggler and undulator magnets can increase the power by orders of magnitude (e.g. for
free-electron lasers (FELs)). Normally, this is considered in the design of the accelerator and experi-
ments; however, there are a number of failure scenarios that can lead to accidents (e.g. operating with
too high current).

Machine protection is essentially to prevent consequences of accidental beam losses, but other
mechanisms for damage should also be addressed.
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Fig. 2: Energy loss for protons when entering into an iron block, calculated by the Bethe–Bloch equation. Effects
of the hadron shower are not included.

2.1 Energy deposition from high-energy particles
Charged particles moving through matter interact with electrons of atoms in the material, exciting or
ionizing the atoms. Energy deposition starts when a charged particle enters the material. If the particle
energy is high enough, it leads to particle cascades in the material, increasing the deposited energy along
the length. The maximum energy deposition can be deep in the material at the maximum of the hadron
or electromagnetic shower depending on the particle momentum and material.

To get an idea of the damage potential, the energy loss by ionization at the surface of the target can
be estimated using the Bethe–Bloch equation, ignoring particle cascades (see Fig. 2). It is interesting to
observe that the energy loss for low-energy particles is very high. For a proton at 7 TeV/c the energy loss
at the entrance is much lower, but deeper in the material the energy deposition is dominated by hadron
showers with the maximum energy deposition deep in the material.

There is no straightforward expression for the energy deposition of high-energy particles, since
this depends on the particle type, momentum, beam parameters and material parameters (atomic number,
density and specific heat). Programs such as FLUKA [2], MARS [3] or GEANT4 [4] are being used for
the calculation of energy deposition (and subsequent temperature increase) as well for the activation of
the material that is exposed.

The following example illustrates the calculation of the beam particles entering a material block or
traversing a window.

i) A proton beam travels through a thin window of thickness d.
ii) Assume a beam area of 4 σx × σy, with σx and σy the root-mean-square (r.m.s.) beam sizes

assuming Gaussian beams.
iii) Assume a homogeneous beam distribution.

The energy deposition can be calculated; mass and specific heat are known. The temperature can
be calculated (rather good approximation), assuming a fast loss and no cooling. With low-energy protons
(3 MeV/c) and a beam size of σx = σy = 1 mm, the following parameters are calculated:
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Fig. 3: Illustration of a hadronic shower

i) iron specific heat = 440 J/(kg × K);
ii) iron specific weight = 7860 kg/m3;

iii) dE/dx = 56.7 MeV/mm;
iv) Np = 1.16× 1012.

The temperature increase in this example for these parameters is 763 K. For high-energy protons the
energy deposition by hadronic showers (see Fig. 3) dominates:

i) pions are created when the protons travel through matter;
ii) the decay of pions creates electromagnetic showers;

iii) there is an exponential increase in number of created particles;
iv) the final energy deposition is to a large extent due to the large number of electromagnetic particles;
v) the energy deposition scales roughly with total energy of incident particles;

vi) the maximum of the energy deposition can be deep in the material;
vii) energy deposition is a function of the particle type, its momentum and parameters of the material

(atomic number, density and specific heat).

A simple approximation for the temperature increase in material for a 7 TeV/c proton beam impact
is given in the following example: for copper, the maximum longitudinal energy deposition for a single
7 TeV/c proton at about 25 cm inside the material is Edep = 1.5× 10−5 J/kg (calculation with FLUKA).
The energy required to heat and melt copper isE = 6.3×105 J/kg. Assuming a pencil beam, the number
of particles required to damage (melt) copper is of the order of 1010. For graphite, the number of particles
needed to cause damage is about one order of magnitude larger.

2.2 Beam loss and consequences
The energy deposition leads to a temperature increase in the material that can be vaporized, melted,
deformed or lose its mechanical properties, depending on the material and the beam impact.

Relevant parameters to be considered for heating and possible damage to material are the momen-
tum of the particle, the particle type, the energy stored in the beam, the beam power, the beam size, the
beam power/energy density (MJ/mm2, MW/mm2), the time structure of the beam and cooling conditions.
In order to estimate the order of magnitude for possible damage:
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i) 1 MJ can heat and melt about 1.5 kg of copper;
ii) 1 MJ corresponds to the energy stored in about 0.25 kg of TNT [5];

iii) 1 MW during 1 s corresponds to 1 MJ.

When particles interact with equipment, material can be activated with the subsequent risk for
hand-on maintenance. It is considered to be acceptable if beam losses do not exceed, say, 1 W/m (as-
suming proton beams with high energy, say above some 100 MeV/c). Another principle is ‘ALARA’:
exposure of personnel to radiation should be ‘as low as reasonably achievable’. If a further reduction of
the beam losses below 1 W/m is reasonably possible, this is recommended in order to minimize exposure
of service personnel. Radioactive activation of material is mainly an issue for hadron accelerators; it is
less problematic for electron–positron machines.

For accelerators with superconducting magnets there is a specific problem: even with beam loss
much below the damage threshold, superconducting magnets can quench (beam loss of mJ to J). In
case of a quench, beam operation is interrupted for some time (possibly up to many hours) leading to
downtime. In order to avoid beam-induced quenches, beam losses are monitored and the beam is dumped
if a predefined threshold is exceeded before a magnet quenches, reducing the downtime since the time to
recover from a quench is avoided. The damage threshold is far above the quench threshold; this strategy
also protects magnets from beam-induced damage.

Superconducting cavities’ performance degradation is observed after beam losses of some 10 J.
With higher beam losses, material can vaporize, melt, deform or lose its mechanical properties.

There is some risk of damage to sensitive equipment for an energy deposition of some 10 kJ (beam
impact for a short time, say a maximum of a few milliseconds). Risk to damage sensitive equipment
exists for less than 1 kJ; risk for damage of any structure for some MJ (depends on beam size).

More refined and complete calculations can be made to determine real-world scenarios on a case-
by-case basis, where the distribution of the impacting particles and the details of the material and ge-
ometry are important. After the calculation of the temperature increase, the response of the material to
beam impact needs to be addressed (deformation, melting etc). Mechanical codes such as ANSYS and
hydrodynamic codes such as BIG2 and others can be used.

Beams at very low energy have limited power; however, the energy deposition is very high and
can lead to (limited) damage in the case of a beam impact at the initial stage of an accelerator, after the
source, in the low-energy beam transport and in the radio-frequency quadrupole (RFQ). This might lead
to a long downtime, depending on availability of spares.

There is another risk from beam loss, radiation-induced effects in electronics (single-event effects)
that could stop the operation of an accelerator.

3 Accelerators that require protection systems
Not all accelerators require protection systems; in this section we discuss when protection needs to be
considered.

– Synchrotrons and storage rings for the acceleration of hadron beams with a large amount of energy
stored in the beam. Examples are LHC, RHIC and in the past the TEVATRON and HERA. Other
examples are synchrotrons accelerating beams for fixed target experiments or used as injectors for
other machines. The energy stored in the beam for different accelerators as well as the energy
stored in the LHC magnet system is shown in Fig. 4.

– High-power proton accelerators (e.g. spallation sources) with beam power of some 10 kW to above
1 MW. There is the risk of beam-induced damage and activation. The beam power of existing ma-
chines exceeds 1 MW (SNS, PSI cyclotron and in the future JPARC), but also for lower power
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Fig. 4: Energy stored in the beams for different accelerators, and the energy stored in the LHC magnet system

machine protection needs to be considered (ISIS). Several high-power machines are under con-
struction (ESS with a power of 5 MW, IFMIF and MYRRHA are in the project planning phase).

– Synchrotron light sources with high-intensity beams and secondary photon beams. Damage can
come from the primary beam but also from the synchrotron radiation.

– Energy-recovery linacs, as an example the Daresbury ERL prototype: one bunch train cannot
damage equipment, but in case of beam loss the next train must not leave the (injector) station.

– Linear colliders were expected to operate with very high beam power densities due to small beam
size. One beam pulse can lead to damage. After a time interval large enough to allow a substantial
change in the beam trajectory (fraction of a second), a pilot beam must be used to prove the
integrity [6].

– High average power in linear accelerators: FLASH 90 kW, European XFEL 600 kW, JLab FEL
1.5 MW, ILC 11 MW.

– Medical accelerators: a too high dose to patients needs to be prevented. The techniques for pro-
tection are similar.

There is a large interest in the exploitation of high-power hadron accelerators. In spallation sources
high-intensity proton beams are accelerated and directed to a target. The protons interact with the target
material and spallation neutrons are produced. Other accelerators are using high-intensity proton beams
for neutrino production. Rare-isotope beams are produced by accelerating ions (e.g. FRIB is a folded
linac to accelerate ions). Accelerator-driven systems (ADSs) are being developed with several projects
around the world. A very energetic particle beam is used to stimulate a reaction in a subcritical reactor,
which in turn releases enough energy to power the particle accelerator and leaves an energy profit for
power generation. Figure 5 shows beam current, beam power and particle momentum for different high-
power proton accelerators.

There is a difference between accelerators operating with high-power beams and those with large
stored energy. For hadron colliders, the energy stored in the beams can be very high, as has been shown
for the LHC. In case of a failure, the energy stored in beam and magnets needs to be safely deposited.

For linear accelerators with high beam power, the beam must be stopped fast at the source in
case of a failure causing beam losses. As an example, a continuous beam with a power of 5 MW could
deposit the energy of 5 kJ in 1 ms. Even if the beam is stopped at the source, there are still particles
present between the source and the location of the beam impact that might damage equipment.
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Fig. 5: Current versus particle momentum for high-power proton accelerators around the world

The beam power increases along the accelerating structure proportionally to the particle momen-
tum, which needs to be considered in the estimation of possible damage.

4 Hazard and risk
A ‘hazard’ is a situation that poses a level of threat to the accelerator. Hazards are dormant or potential,
with only a theoretical risk of damage. Before designing a protection system, the hazards need to be
identified and the risk needs to be quantified. Once a hazard becomes ‘active’ it becomes an incident
or accident. Consequences and probability of an incident interact together to create a risk that can be
quantified:

Risk = Consequences× Probability. (1)

Related to accelerators, the consequences and the probability of an uncontrolled beam loss need to
be estimated to get an idea about the risk. Machine protection systems prevent damage to equipment after
a failure, thus reducing the risk to an acceptable value. With increasing risks for hazards, the reliability of
the machine protection systems must increase in order to keep the risk at the acceptable value. Machine
protection needs to be considered during design, construction and operation of the accelerator.

If a specific failure is considered, the consequences of the failure can be estimated, in terms of
damage to equipment (repair requiring investment, e.g. in money), in downtime of the accelerator (e.g.
in days) and in radiation dose to personnel accessing equipment (e.g. in mSv).

In the estimation of downtime of the accelerator for repairs the availability of spare parts needs
to be considered. If the accelerator was operating with beam, radioactive activation of material must be
taken into account. It may be necessary to wait for cool-down of irradiated components to reduce the
dose before accessing the equipment.

The second factor entering into the risk is the probability of such a failure happening (e.g. mea-
sured in the probability of a failure per year).

For beam operation, a list of all possible failures that could lead to beam loss in equipment should
be established. This is not obvious, since there is a nearly infinite number of mechanisms for losing
the beam. However, the most likely failure modes and in particular the worst-case failures and their
probabilities must be considered.
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Fig. 6: LHC operation cycle, from injection to beam dump

5 Hazards for a synchrotron: LHC
The LHC is used as an example to discuss hazards for a synchrotron. The operational cycle is shown
in Fig. 6. In the LHC, beams are injected at 450 GeV from the SPS, then accelerated to high energy
(3.5 GeV and 4 GeV during Run 1 between 2010 and 2012, since 2015 to 6.5 GeV). The beams are
then brought into collisions for many hours. At the end of a fill and in case of failure the beams must be
extracted by the beam dumping system.

Three different phases during a fill can be identified.

– Injection of the high-intensity beam from the SPS. The energy stored in the injected beam is very
high and threatens to cause damage in case of failure.

– When the beams are circulating, there is always the risk of a failure, e.g. a trip of a magnet power
converter. Such a trip would change current and magnetic field and particles will be ill-deflected.
In this case, the beams need to be safely extracted.

– At the end of a fill or in case of failure, the beams need to be extracted. This is a critical process
with a number of hazards.

The general architecture for the essential elements in the machine protection system at LHC is
shown in Fig. 7. The LHC has eight sectors and eight insertions; three sectors are related to machine
protection: two cleaning insertions with a large number of collimators and one insertion for the beam
dumping system. More than 3600 beam loss monitors are installed around the machine. In case of
a failure detected by hardware or beam monitors, the beam interlock system transmits a beam dump
request to the beam dumping system and the beams are extracted.

The role of the LHC beam dumping system [7] is to safely dispose of the beam when beam
operation must be interrupted for any reason. Fifteen fast kicker magnets with a pulse rise time of less
than 3 µs deflect the beam by an angle of 280 µrad in the horizontal plane; see Fig. 8. To ensure that all
particles are extracted from the LHC without losses, the beam has a particle-free abort gap with a length
of 3 µs corresponding to the kicker rise time. The extraction kickers are triggered such that the field
increases from zero to the nominal value during this gap when there should be no particles.

8

R. SCHMIDT

454



IR6: Beam

dumping system
IR4: RF + Beam

instrumentation

IR5:CMS

IR1: ATLAS

IR8: LHC-B
IR2:ALICE

InjectionInjection

IR3: Momentum

Cleaning (warm)

IR7: Betatron

Cleaning (warm)

Beam

dumping

blocks

Fig. 7: Layout of LHC with some of the systems for machine protection

Q5R

Q4R

Q4L

Q5L

Beam 2

Beam 1

Beam Dump 

Block

Septum magnet 

deflecting the 

extracted beam H-V kicker 

for painting 

the beam

about 700 m

about 500 m

Fast kicker 

magnet
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Fig. 9: LHC injection, two failure cases: 1) the injection kicker does not fire to deflect the incoming beam. 2) the
injection kicker fires at the wrong time and deflects the circulating beam. In both cases the beam would hit vacuum
chamber and equipment. To prevent such accident, the injection absorbers must be correctly positioned to ensure
that the beam hits the absorbers for both failure cases.

Downstream of the kickers the beam is deflected vertically by 2.4 mrad towards the beam dump
block by 15 septum magnets. A short distance further downstream, 10 diluter kicker magnets are used
to paint the bunches in both horizontal and vertical directions to reduce the beam density on the dump
block. The beam is transferred through a 700 m long extraction line to increase the transverse r.m.s.
beam size from approximately 0.2 to 1.5 mm and to spread the bunches further on the dump block.

The overall shape is produced by the deflection of the extraction and dilution kickers. For nominal
beam parameters, the maximum temperature in the beam dump block is expected to be in the order of
about 800◦C. Access to the dump block becomes difficult since the material will become increasingly
activated.

Protection during the injection process is also mandatory. The energy stored in the LHC beam at
injection is about one order of magnitude higher than the stored energy at top energy in the beam for
other accelerators. An example of a critical failure for the LHC at injection is a failure of the injection
kicker. If the kicker does not fire or fires at the wrong time, the incoming beam will not be deflected or
the circulating beam will be deflected (see Fig. 9). In both cases, without protection, the beam would
hit the vacuum chamber and damage equipment. During the injection process injection collimators are
positioned in the vacuum chamber to capture the mis-kicked beam. This type of failure, e.g. a wrong
kick of the injection kicker, has happened already several times. Since the injection absorber was always
at the correct position there was no damage; however, due to grazing beam incidence superconducting
magnets downstream of the injection region quenched.

5.1 Damage potential of a high-energy hadron beam
Beams at very high energy can have a tremendous damage potential for an accelerator such as LHC;
damage to metals is expected for about 1010 protons. One LHC bunch has about 1.5 × 1011 protons, in
total up to 2808 bunches. In case of catastrophic beam loss, the LHC could be possibly damaged beyond
repair. The penetration of 2808 bunches (e.g. after a kicker failure) into a metal block such as a magnet
has been estimated to be about 20 to 30 m (hydrodynamic beam tunnelling) [8].

In order to estimate the consequences of the beam impacting on a target, the time structure of the
beam plays an essential role. Bunches arrive every 25 or 50 ns. The first bunches arrive and deposit their
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Fig. 10: Density of a copper target after an impact of 250 and 1250 ns for the FCC

energy. This can lead to an increase of the temperature, pressure and finally to a reduction of the target
material density. Bunches arriving later travel further into the target since the material density is reduced
(predicted also for SSC [9]).

The calculations were performed in the following way. A LHC beam impact on a solid cylindrical
target is assumed, with 2808 bunches, each bunch with 1.1× 1011 protons, a beam size of σ = 0.5 mm,
25 ns bunch distance, a target length of 6 m and a radius of 5 cm. Various target materials were consid-
ered, e.g. graphite with a density of 2.3 g/cm3.

The energy deposition for a few bunches is calculated with FLUKA. The hydrodynamic code BIG2
uses the 3D energy deposition to calculate temperature, pressure and density of the target. The programs
are run iteratively with the FLUKA 3D energy loss data used as input to BIG2, and the BIG2 3D density
data used as input for FLUKA. The modified density distribution is used in FLUKA to calculate the
energy loss corresponding to this new density distribution. The new energy loss distribution is used in
BIG2, which is run for a time step.

For the FCC, a 100 km long accelerator to provide proton collisions at a centimetre energy of
100 TeV was used; calculations were performed for a particle energy of 40 TeV [10]. A copper target
with a length of 5 m and a radius of 2 cm was taken. The simulations are very time consuming; this one
took about 15 months. The density of the target after 250 ns and 120 ns is shown in Fig. 10; it decreased
to 3.5 g/cm3 after 250 ns beam impact and to 0.83 g/cm3 after 1250 ns.

Figure 11 shows the density versus depth in the target for the simulation. In the figure, we present
the density versus axis at different times during irradiation. Curve ‘a’ represents the time when two
bunches have been delivered while later curves are plotted using an interval of 150 ns. We consider
6 g/cm3 as the reference point on the density curve and calculate the speed with which this point moves
towards the right. It is seen that at 800 ns, the depletion front achieves a steady average speed of
1.1× 106 m/s. The total beam duration considering all 10 600 bunches is 265 µs that leads to a penetra-
tion distance of about 290 m. This means that in case of wrong deflection of the beam, the beam and the
shower will penetrate through about 290 m of solid copper. If one considers a 50 TeV proton beam, the
penetration distance could be up to 350 m.

An experiment was performed at the CERN-SPS HiRadMat facility with a 450 GeV proton beam
to validate the simulation technique. Solid copper targets were facially irradiated by the beam and mea-
surements confirmed hydrodynamic tunnelling of the protons and their showers. Simulations have been
done by running the energy deposition code FLUKA and the 2D hydrodynamic code, BIG2, iteratively.
Very good agreement has been found between the simulations and the experimental results [11] providing
confidence in the validity of the studies for the LHC and FCC.
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Fig. 11: Density of a copper target after an impact of 250 and 1250 ns

Fig. 12: Layout of the experiment with three different targets

Three targets (see Figs. 12, 13 and 14) were irradiated with bunch trains, each bunch of 50 ns, of
different intensities:

– Target 1: 144 bunches, 1.9× 1011, σ = 2.0 mm, no tunnelling expected;
– Target 2: 108 bunches, 1.9× 1011, σ = 0.2 mm, tunnelling expected;
– Target 3: 144 bunches, 1.9× 1011, σ = 0.2 mm, tunnelling expected.

The measured penetration length of the beam and the results from the hydrodynamic simulations
using FLUKA and BIG2 were obtained for all targets. Excellent agreement between hydrodynamic
simulations and experimental results was found.

6 Protection for a high-intensity proton linac: the European Spallation Source
The European Spallation Source (ESS) being built at Lund, Sweden is designed to accelerate a proton
beam with an average power of 5 MW and to direct the protons onto a target. Operation of the ESS will
be at a frequency of 14 Hz, with a pulse length of 2.86 ms and a peak power of 125 MW. The layout of
the ESS accelerator is shown in Fig. 15.
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Fig. 13: Picture of the targets before irradiation

Fig. 14: Picture of the front face of one target block after irradiation

It is assumed that the beam is lost due to a failure after the acceleration section. An example is a
trip of the power converter for the vertically deflecting magnets. If the beam loss takes, say, 1 ms, the
deposited energy is up to 125 kJ (peak power of 125 MW during 1 ms), for 1 s up to 5 MJ. It is required to
inhibit the beam after detecting uncontrolled beam loss as fast as possible. There is some delay between
the detection of a failure (e.g. detection of beam losses by a beam loss monitor) and ‘beam off’. Figure 16
shows the time to melt copper and steel in the case where the proton beam hits a metal surface between 3
and 80 MeV/c [12]. For example, after the drift tube normal-conducting linac (DTL), the proton energy
is 78 MeV/c. In case of a beam size of 2 mm radius, melting would start after a beam impact of about
200 µs. Inhibiting of the beam after a failure is detected should be in about 10% of this time; see [13]).
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Fig. 15: Layout of the ESS accelerator: the source, low-energy beam transport and RFQ are followed by the
medium-energy beam transport. The protons are accelerated by a normal-conducting linac, followed by three
sections of superconducting cavities. In the high-energy beam transport line the protons are transported to the
target.

Fig. 16: Time to melt copper and steel, as a function of proton momentum for different beam sizes [12]

The energy stored in the beam at a given moment is relatively small in the low-energy part, in the
medium-energy part and in the high-energy part. In case of a failure, the beam needs to be switched
off at the source. In between two pulses (about 70 ms), it must be ensured that the parameters of the
accelerator allow for correct beam transmission, or do not start the next pulse. If something is wrong and
is not detected before the pulse by monitors, the beam must be stopped as soon as possible.

A realistic example for a failure is a trip of the power converter for the bending magnet deflecting
the beam vertically Fig. 17. Assume that the power supply for the bend in HEBT-S2 fails and the magnet
stops deflecting the beam. A mean time between failures (MTBF) for a power converter of 100 000 hours
(15 years) is assumed, already a very good value. If this happens, the beam is not deflected and hits
the vacuum chamber. The consequences can be serious; damage of magnet or vacuum pipe, possibly
pollution of superconducting cavities.
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Fig. 17: Illustration of the vertical bending magnet for ESS, deflecting the 5 MW beam into the target plane

Fig. 18: Analysing if a machine protection system is required

7 Machine protection
7.1 Analysing the need for a machine protection system
The design of a machine protection system requires substantial resources, it can be expensive and it can
reduce the availability of the accelerator since it will contribute to false trips. Therefore, it should only
be built if absolutely necessary. Figure 18 gives an idea of how to analyse if such a system is required.
Different outcomes are possible: there is no need for machine protection or there is a need for machine
protection. In some cases protection is not feasible, and the system design must be modified.

7.2 Classification of failures
In the first step different types of failures that can cause beam losses are identified and classified:

– hardware failure (trip of a power converter, magnet quench, AC distribution failure, object in
vacuum chamber, vacuum leak, RF trip, kicker magnet misfire etc);

– control failure (wrong data, wrong magnet current function, trigger problem, timing system failure,
feedback failure etc);

– operational failures (chromaticity/tune/orbit wrong values etc);
– beam instability (due to too high beam current/bunch current/e-clouds etc).
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The most important parameters for a failure are:

– time constant for beam loss after the occurrence of the failure;
– probability of the failure occurring;
– damage potential in case no mitigation is applied.

An accurate understanding of the time constant is required, since this determines the reaction time
of the machine protection systems. The risk defined as risk = consequences × probability is another
important input determining the required reliability for the protection systems. For very high risk the
protection systems must be extremely reliable.

7.3 Time constant for failures
The time constant for beam loss after a failure varies from nanoseconds to many seconds.

Single-passage beam losses in the accelerator complex have a time constant of a few nanosec-
onds to some tens of microseconds. In a circular accelerator such losses are related to failures of fast
kicker magnets for injection and extraction. If other fast kicker magnets are present, for example for
diagnostics, failures of such devices must also be considered. For failures of fast kicker magnets it is not
possible to extract the beam or to stop the beam at the source; the particles will travel determined by the
electromagnetic field along their path.

Single-passage beam losses are also an issue for any accelerator operating with pulsed beams. In
between two pulses, equipment parameters can change (e.g. a magnet power supply can trip). During
the following beam pulse, the beam would be mis-steered and can cause damage. This is typically the
case for failures in a transfer line between accelerators (e.g. from SPS to LHC) or from an accelerator to
a target station (target for secondary particle production or beam dump block). This is also an issue for
linear accelerators operating with pulsed beams.

Very fast beam losses with a time constant in the order of 1 ms, e.g. multiturn beam losses in
circular accelerators. Such losses can appear due to a large number of possible failures, mostly in the
magnet powering system, with a typical time constant of about 1 ms to many seconds.

Fast beam losses with a time constant of 10 ms to seconds, due to many different effects. Beam
instabilities in LHC are in general in this time range.

Slow beam losses take many seconds, e.g. due to non-optimized parameters, but also due to a
failure.

7.4 Principles for machine protection
There are some principles for machine protection that need to be considered:

i) protect the machine;
ii) protect the beam;

iii) provide the evidence (at CERN, by the so-called post-mortem system).

7.4.1 Protect the machine
The highest priority is clearly to avoid any damage to accelerator equipment.

7.4.2 Protect the beam
The objective is to maximize beam time, but complex protection systems reduce the availability of the
machine. The number of ‘false’ interlocks stopping operation must be minimized. This is a trade-off

16

R. SCHMIDT

462



between protection and operation. A ‘false’ interlock is defined as an interlock that stops operation even
though there is no risk (example: a temperature sensor reading a wrong value, therefore switching off
the power converter of a magnet and stopping beam operation).

7.4.3 Provide the evidence
If the protection systems stop operation (e.g. dump the beam or inhibit injection), clear diagnostics
should be provided [14]. If something goes wrong (leading to damage, but also a near miss), it should
be possible to understand the event. This needs synchronized transient recording of all the important
parameters in all relevant systems, as well as long-term logging of parameters with reduced frequency
(such as 1 Hz). Examples are the current in all magnets, beam position, beam losses and beam intensity.
The frequency of transient recording depends on the system and can go from Hz to MHz.

7.5 Active and passive protection
The best strategy is to prevent a specific failure from happening. As an example, fast diagnostic kicker
magnets that could deflect the beams into the vacuum chamber wall should only be installed in high-
intensity machines if they are indispensable.

7.5.1 Active protection
Failure should be detected as early as possible, with priority at the hardware level. For most failures,
this strategy allows stopping beam operation before the beam is affected. This requires monitoring of
the hardware (such as state signals, parameters etc). As an example, a trip of a magnet power converter
should be detected as early as possible.

It is not always possible to detect failures at the hardware level. The second method is to detect
the initial consequences of a failure with beam instrumentation and to stop the beam before equipment
is damaged. This requires reliable beam instrumentation.

When a failure is detected, beam operation must be stopped. For synchrotrons and storage rings
the beam is extracted by a fast kicker magnet into a beam dump block. Injection must be stopped. For
linacs the beam is stopped in the low-energy part of the accelerator by switching off the source, deflecting
the low-energy beam by electrostatic plates (‘choppers’) or by switching off the RFQ for proton linacs.

An electronic system (beam interlock system) links the different protection systems. It ensures
that the beam is extracted from a synchrotron, injection is stopped, RF acceleration might be stopped
(for linacs). The interlock system might include complex logic.

7.5.2 Passive protection
There are failures (e.g. ultra-fast losses) when active protection is not possible. One example is the
protection against mis-firing of an injection or extraction kicker magnet. A beam absorber or collimator
is required to stop the mis-kicked beam in order to avoid damage. All possible beam trajectories in such
case must be considered, and the absorbers must be designed to absorb the beam energy without being
damaged. Another example is a fast extraction of a high-intensity beam from a circular accelerator into
a transfer line. When the extraction takes place, the parameters of the transfer line must be correctly set
since in case of a wrong magnet current the beam could be deflected into the vacuum chamber.

7.6 LHC strategy for machine protection
Machine protection starts with a careful commissioning of the magnet powering system, considering
that an energy of about 10 GJ is stored in the superconducting magnets. Magnet protection and powering
interlocks must be operational long before starting beam operation. The strategy for LHC machine
protection when operating with beam reflects many of the principles that have been discussed above.
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i) Definition of aperture by collimators (beam cleaning system).
ii) Early detection of failures of equipment acting on beams generates a beam dump request, possibly

before the beam is affected (interlocks for the different hardware system, for LHC essentially the
magnet and powering system).

iii) Active monitoring of the beam parameters with beam instruments detecting abnormal beam condi-
tions and generating beam dump requests within a single machine turn (using beam loss and other
beam monitors).

iv) Reliable transmission of beam dump requests from a large variety of systems to the beam dumping
system by a beam interlock system. An active signal is required for operation; the absence of the
signal is considered as a beam dump request and injection inhibit.

v) Reliable operation of the beam dumping system for dump requests or internal faults, safely ex-
tracting the beams onto external dump blocks.

vi) Passive protection by beam absorbers and collimators for specific cases of failure.

7.7 Design considerations for protection systems
There are several principles that should be considered in the design of protection systems, although it
might not be possible to follow all these principles in all cases.

i) If the protection system does not work, it is better stopping operation rather than continuing and
risking damaging equipment.

ii) Fail-safe design: in case of a failure in the protection system, protection functionalities should
not be compromised. As an example, if the cable that triggers the extraction kicker of the beam
dumping system is disconnected, operation must stop.

iii) Detection of internal faults: the protection system must monitor the internal status. In case of an
internal fault, the fault should be reported. If the fault is critical, operation must be stopped.

iv) Remote testing should be an integral part of the design, for example between two runs. This allows
verification of the correct status of the system.

v) Critical equipment should be redundant (possibly diverse redundancy, with the same or similar
functions executed by different systems).

vi) Critical processes for protection should not rely on complex software running under an operating
system and requiring the general computer network.

vii) It should not be possible to remotely change the most critical parameters. If parameters need to be
changed, the changes must be controlled and logged and password protection should ensure that
only authorized personnel can do the change.

viii) Safety, availability and reliability of the systems should be demonstrated. This is possible by using
established methods to analyse critical systems and to predict failure rates.

ix) Operate the protection systems early on before they become critical, to gain experience and to
build up confidence. This could be done before beam operation, or during early beam operation
when the beam intensity is low.

x) It is inevitable to disable interlocks (e.g. during the early phase of commissioning and for specific
tests). Managing interlocks (e.g. disabling) is common practice. Keep track and consider it in
the system design. Example for LHC: masking of some interlocks is possible, but only for low-
intensity/low-energy beams (‘safe beams’).
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Fig. 19: Beam loss monitor at LHC

8 Machine protection subsystems
8.1 Beam loss monitors
Beam loss monitors (BLMs) are used for monitoring beam losses to understand the performance of the
accelerator as well as for machine protection. If used for protection, it is important that the monitors
cover the entire accelerator and there is no region without BLMs where beam losses can occur.

The monitors should be fast, for LHC down to 40 µs, in order to detect beam losses in time to stop
operation. They should be designed such that they can trigger a beam dump and stop operation before
very fast beam losses damage equipment. There are about 3600 chambers distributed over the ring to
detect abnormal beam losses and if necessary trigger a beam abort [15].

For LHC (Fig. 19) and several other accelerators, ionization chambers are used to detect beam
losses. The reaction time is down to microseconds; they can have a very large dynamic range exceed-
ing 108.

Figure 20 shows the beam losses around LHC during regular luminosity operation. Losses are
low in the arcs with the superconducting magnets, higher in the insertions with the experiments due to
the debris of the collisions and very high in the betatron cleaning insertions. Figure 21 shows the losses
recorded after a beam dump during regular operation. A UFO (unidentified falling object) in the arc
between the betatron cleaning insertion and the LHC experiment caused locally an increase of beam
losses. The UFO, very likely dust particles getting into the beam (see [16]) causes very fast losses and
when the threshold of one BLM is exceeded, the beams are dumped (see Fig. 22).

8.2 Beam cleaning system
The LHC operates with a stored beam with an energy of 360 MJ (nominal parameters). A beam lifetime
of 10 min corresponds to a beam loss of 500 kW that should not be lost in superconducting magnets. The
strategy to keep beam losses at an acceptable level is as follows:

i) avoid beam losses as far as possible;
ii) define the aperture by collimators;

iii) capture continuous particle losses with collimators at specific locations.
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Fig. 20: Regular beam losses during luminosity operation

Fig. 21: Beam losses with UFO during luminosity operation

20

R. SCHMIDT

466



Fig. 22: Time structure of the beam losses caused by a UFO

Fig. 23: Illustration of beam cleaning at LHC

A collimation system is a very efficient system to avoid too high beam losses in the accelerator
(so-called beam cleaning) [17]. It can be very complex with (massive) material blocks close to the beam
installed in an accelerator to capture halo particles. Figure 23 illustrates the LHC beam cleaning system.

The collimation system at LHC reduces the losses by four orders of magnitude and also captures
fast accidental beam losses. About 100 collimators are installed in LHC. Figure 24 shows the view of
one of the two-sided collimators; it is closed down to 2 mm when operating at 7 TeV/c. Collimators (or
beam absorbers) are equally important to capture mis-steered beam.

8.3 Interlock systems
Figure 25 illustrates the interlock systems for LHC. The heart is the beam interlock system that receives
beam dump requests from many connected systems. If a beam dump request arrives, a signal is sent to
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Fig. 24: Collimator at LHC

Fig. 25: Beam interlock system at LHC as well as connected systems

the beam dumping system to request the extraction of the beams. At the same time, a signal is sent to the
injection system to block injection into LHC as well as extraction of beam from the SPS. A third signal
is provided for the timing system that sends out a request to many LHC systems for providing data that
were recorded before the beam dump, to understand the reasons for the beam dump (typically beam loss,
beam position, beam current, magnet currents etc).

The most complex system of LHC is the superconducting magnets and powering system. The
powering interlock system (PIC) ensures communication between systems involved in the powering
of the LHC superconducting magnets. This includes power converters, magnet protection system, UPSs

22

R. SCHMIDT

468



(un-interruptible power supplies), emergency stop of electrical supplies (AUG) and the cryogenic system.
As an example, in case a magnet quench is detected by the quench protection system (QPS), the power
converter must stop. In total, there are several tens of thousands of interlock signals. When a failure is
detected that risks stopping the powering of magnets, a beam dump request is sent to the beam interlock
system. A second system manages interlocks from the normal-conducting magnets and their power
supplies (WIC) that ensures protection of normal-conducting magnets in case of overheating.

The machine interlock system is strictly separated from interlocks for personnel safety such as
the personnel access system; however, an interlock from the access system is sent to the beam interlock
system.

As shown in Fig. 25, many other systems also provide beam dump requests in case of failure:
beam loss monitors, other beam monitors, movable devices and LHC experiments.

9 Conclusions
Machine protection goes far beyond the equipment protection and across many systems. It requires
the understanding of many different types of failures that could lead to beam loss. It requires fairly
comprehensive understanding of all aspects of the accelerator (accelerator physics, operation, equipment
and instrumentation) and touches many aspects of accelerator construction and operation.

Machine protection is becoming increasingly important for future projects, with increased beam
power and energy density (W/mm2 or J/mm2) and increasingly complex machines.

Protection of equipment, even when operating without beam, must not be forgotten. The largest
accident happening at an accelerator was the rupture of a superconducting cable at LHC in 2008 due to
the very large energy stored in the superconducting magnet system.

Acknowledgements
I wish to thank many colleagues from CERN and ESS and the authors of the listed papers for their help
and for providing material for this article. Thanks to Laura Grob for reading and commenting on the
manuscript. This paper is an updated version of the lecture given at a CAS in 2013 [18].

References
[1] E. Metral et al., Lessons learnt and mitigation measures for the CERN-LHC equipment with RF

fingers, 4th International Particle Accelerator Conf., IPAC2013, Shanghai, China, 2013.
[2] A. Fasso et al., The physics models of FLUKA: status and recent development, Computing in

High Energy and Nuclear Physics, La Jolla, California, USA, 2003, MOMT005 [hep-ph/0306267]
(2003).

[3] https://mars.fnal.gov/, Nikolai Mokhov, last update August 3, 2016.
[4] http://geant4.web.cern.ch/geant4/, last update August 3, 2016.
[5] Wikipedia, keyword: fuel efficiency.
[6] M. Ross, The next linear collider machine protection system, 1999 Particle Accelerator Conference,

New York 1999.
[7] J. Uyhoven et al., Results from the LHC beam dump reliability run, Technical Report LHC-Project-

Report-1120, CERN, Geneva (2008).
[8] N.A. Tahir, V.E. Fortov, B. Goddard, D.H.H. Hoffmann, V. Kain, I.V. Lomonosov, A.R.

Piriz, R. Schmidt, A. Shutov and M. Temporal, J. Appl. Phys. 97(8) (2005) 83532-1.
https://doi.org/10.1063/1.1888031

23

MACHINE PROTECTION

469



[9] D.C. Wilson, C.A. Wingate, J.C. Goldstein, R.P. Godwin and N.V. Mokhov, Hydrodynamic cal-
culations of 20-TeV beam interactions with the SSC beam dump, US Particle Accelerator Conf.,
Washington, DC, 17–20 May 1993, CERN-ATS-2011-064 (1993).

[10] N.A. Tahir, A.R. Piriz, R. Schmidt, A. Shutov, F. Burkart and D. Wollmann, Phys. Rev. Accel.
Beams 19, 081002 (2016).

[11] F. Burkart, A. Piriz, R. Schmidt, A. Shutov, N. Tahir, D. Wollmann and M. Zerlauth, Experimental
and simulation studies of hydrodynamic tunneling of ultra-relativistic protons, Proceeding of IPAC
2015, Richmond, VA, USA, 2015.

[12] L. Tchelidze, In how long the ESS beam pulse would start melting steel/copper accelerating com-
ponents, Technical Report ESS AD Technical Note ESS/AD/0031, ESS, Lund, Sweden (2012).

[13] A. Nordt, A. Apollonio and R. Schmidt, Overview on the design of the machine protection system
for ESS, 5th International Particle Accelerator Conf., IPAC 2014, Dresden, Germany, 15–20 June
2014.

[14] M. Zerlauth et al., The LHC post mortem analysis framework, ICALEPCS 2009, Kobe, Japan,
2009.

[15] B. Dehning et al., Overview of LHC beam loss measurements, 2nd International Particle Acceler-
ator Conf., IPAC 2011, San Sebastian, Spain, 4–9 September 2011, CERN-ATS-2011-064 (2011),
p. 3.

[16] T. Baer, J. Wenninger and E. Elsen, Very fast losses of the circulating LHC beam, their mitigation
and machine protection, Ph.D. thesis, Hamburg University, October 2013, presented 25 November
2013.

[17] S. Redaelli, in Proceedings of the Joint International Accelerator School: Beam Loss and Accelera-
tor Protection, Newport Beach, United States, 5–14 November 2014, edited by R. Schmidt, CERN-
2016-002 (CERN, Geneva, 2014), pp. 403-437, https://doi.org/10.5170/CERN-2016-002.403.

[18] R. Schmidt, in Proceedings of the CAS–CERN Accelerator School: Advanced Accelerator Physics,
Trondheim, Norway, 18–29 August 2013, edited by W. Herr, CERN-2014-009 (CERN, Geneva,
2014), pp. 221-243, https://doi.org/10.5170/CERN-2016-009.221.

24

R. SCHMIDT

470



Multi-bunch Feedback Systems1 

M. Lonza, presented by H. Schmickler 
Elettra Synchrotron Light Laboratory, Sincrotrone Trieste S.C.p.A., Trieste, Italy 

Abstract 
Coupled-bunch instabilities excited by the interaction of the particle beam 
with its surroundings can seriously limit the performance of circular particle 
accelerators. These instabilities can be cured by the use of active feedback 
systems based on sensors capable of detecting the unwanted beam motion and 
actuators that apply the feedback correction to the beam. Advances in 
electronic technology now allow the implementation of feedback loops using 
programmable digital systems. Besides important advantages in terms of 
flexibility and reproducibility, digital systems open the way to the use of novel 
diagnostic tools and additional features. We first introduce coupled-bunch 
instabilities, analysing the equation of motion of charged particles and the 
different modes of oscillation of a multi-bunch beam, showing how they can 
be observed and measured. Different types of feedback systems will then be 
presented as examples of real implementations that belong to the history of 
multi-bunch feedback systems. The main components of a feedback system 
and the related issues will also be analysed. Finally, we shall focus on digital 
feedback systems, their characteristics, and features, as well as on how they 
can be concretely exploited for both the optimization of feedback performance 
and for beam dynamics studies. 

Keywords 
Multi-bunch; feedback systems. 

1 Coupled-bunch instabilities 

1.1 Introduction 

The demand for high brightness in synchrotron light sources and luminosity in circular colliders require 
the storage of intense particle beams with many bunches. The interaction of these beams with the 
environment in which they move can give rise to collective effects called ‘coupled-bunch instabilities’. 
Collective instabilities can be seen as follows: charged particles in a storage ring are subject to transverse 
(betatron) and longitudinal (synchrotron) oscillations that are normally damped by a natural damping 
mechanism. The electromagnetic field created by the bunches can interact with the surrounding metallic 
structures generating ‘wake fields’, which act back on the beam producing growth of the oscillations. If 
the growth is stronger than the damping the oscillation becomes unstable. Since the electromagnetic 
fields created by the bunches are proportional to their charge, the onset of instabilities, and their 
amplitude are normally current-dependent.  

Large-amplitude instabilities can cause beam loss, thus limiting the maximum stored current. If 
non-linear effects prevent beam loss by saturating the oscillation amplitude, instabilities degrade the 
beam quality and reduce the brightness or the luminosity of the accelerator. 

                                                      
1 This paper has been previously published in the Proceedings of the CAS-CERN Accelerator School: Advanced Physics 
Course, Trondheim, Norway, 18 - 29 Aug 2013, pp.503-546 (CERN-2014-009), https://doi.org/10.5170/CERN-2014-
009.503 

Proceedings of the CAS-CERN Accelerator School: Intensity Limitations in Particle Beams, Geneva, Switzerland, 2–11 November 2015,
edited by W. Herr, CERN Yellow Reports: School Proceedings, Vol. 3/2017, CERN-2017-006-SP (CERN, Geneva, 2017)
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1.2 Sources of coupled-bunch instabilities and cures 

1.2.1 Cavity high-order modes 

High-Q spurious resonances of the accelerating cavity structure are excited by the bunched beam, and 
act back on the beam itself. Each bunch affects the following bunches through the wake fields excited 
in the cavity. In this way the cavity high-order modes (HOMs) can couple with a beam oscillation mode 
having the same frequency and give rise to instability. Both transverse and longitudinal multi-bunch 
modes can be excited (Fig. 1). 

 
Fig. 1: RF cavity HOMs excited by a particle beam 

Excitation of cavity HOMs can be avoided by a thorough design of the RF cavity or by the use of 
mode dampers made of antennas and resistive loads. Tuning of HOM frequencies through plungers or 
by changing the temperature of the cavity-cooling water is also currently used in many accelerators [1]. 

1.2.2 Resistive wall impedance 

Resistive wall transverse instabilities are generated by the interaction of the beam with the vacuum 
chamber through the so-called ‘skin effect’ [2] (Fig. 2). They are particularly strong where low-gap 
chambers and in-vacuum insertion devices (undulators and wigglers) are used. 

 
Fig. 2: Interaction of a bunch with the vacuum chamber 

This effect can be reduced with an optimization of the vacuum chamber geometry and by using 
vacuum pipes made of low-resistivity materials. 

1.2.3 Interaction with vacuum chamber objects 

Coupled-bunch instabilities in both the transverse and longitudinal planes can be created by 
discontinuities of the vacuum chamber or small cavity-like structures located, for example, in beam 
position monitors (BPMs), vacuum pumps, bellows, etc. (Fig. 3). 

 
Fig. 3: Discontinuity of the vacuum chamber created by a bellows 
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The detrimental effect on coupled-bunch instabilities can be reduced with a proper design of the 
vacuum chamber and of the various installed objects [3]. 

1.2.4 Ion instabilities 

Molecules of gas in the vacuum chamber can be ionized by collision with the electron beam. The 
generated positive ions remain trapped in the negative electric potential and produce electron–ion 
coherent oscillations [4]. 

 
Fig. 4: Interaction of positive ions with electron bunches 

A common practice currently used to counteract ion instabilities is so-called ‘ion cleaning’, 
obtained by operating the machine with a gap in the bunch train. 

1.2.5 Generic countermeasures 

Besides passive cures that reduce unwanted effects by acting directly on the sources of instability, it is 
possible to counteract the onset of coupled-bunch instabilities by increasing the Landau damping, which 
can be obtained by enhancing the betatron/synchrotron tune spread. This can be accomplished, for 
example, by acting on the chromaticity, by the use of higher harmonic RF cavities producing bunch 
lengthening [5] or by modulating the amplitude or phase of the accelerating radio frequency [6]. When 
all of the above-mentioned techniques are insufficient to reduce or eliminate coupled-bunch instabilities, 
active feedback mechanisms are required [7–12]. 

1.3 Equation of motion of particle bunches 

1.3.1 Equation of motion of charged particles 

The motion of a charged particle in a storage ring can be described with the harmonic oscillator analogy 
following the equation of motion 
 2( ) 2 ( ) ( ) 0x t D x t ω x t+ + = 

 (1) 

where x is the oscillation coordinate (transverse or longitudinal displacement), D the natural damping, 
and ω the betatron/synchrotron tune frequency given by the νω0 where ν is the betatron/synchrotron 
tune, and ω0 the revolution frequency. In the transverse planes, oscillations are periodic horizontal or 
vertical displacements from an ideal trajectory, while in the longitudinal plane they are periodic ‘timing’ 
differences with respect to a reference ‘stable particle’ running in the accelerator at constant speed. 
Longitudinal oscillations are often referred to as ‘phase oscillations’. 

If ω >> D, an approximated solution of the differential equation Eq. (1) is a damped sinusoidal 
oscillation 

 ( ) e sin( )D

t

x t k tτ ω φ
−

= +  (2) 

where τD = 1/D is the ‘damping time constant’ (D is the damping rate). 

Any excited oscillation (e.g. by quantum excitation) is damped by the natural damping (e.g. due 
to radiation of synchrotron light). The oscillation of individual particles is uncorrelated and manifests 
itself as an emittance growth. 
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1.3.2 Coherent bunch oscillations 

Coupling with other bunches through the interaction with surrounding metallic structures adds a ‘driving 
force’ term F(t) to the equation of motion 
 2( ) 2 ( ) ( ) ( )x t D x t ω x t F t+ + = 

 . (3) 

Under given conditions, the oscillation of individual particles becomes correlated and the centroid of 
the bunch oscillates coherently with the other bunches giving rise to coherent bunch (coupled-bunch) 
oscillations. Each bunch oscillates according to the equation of motion: 
 2( ) 2( ) ( ) ( ) 0x t D G  x t ω x t+ − + = 

 (4) 

where τG = 1/G is the ‘growth time constant’ (G is called the growth rate). Similarly to Eq. (2), if 
ω >> (D − G), an approximated solution of Eq. (4) is 

 ( ) e sin( )
t

x t k tτ ω φ
−

= +  (5) 

where 
GD τττ
111

−= . If D > G the oscillation amplitude decays; if D < G it grows exponentially. 

Since G is proportional to the stored beam current, if the latter is lower than a given current 
threshold the beam remains stable; if higher a coupled-bunch instability is excited. 

1.3.3 Feedback action 

The feedback action adds a damping term Dfb to the equation of motion 
 

fb
2( ) 2( ) ( ) ( ) 0x t D G D  x t ω x t+ − + + = 

 . (6) 

In order to damp the oscillation Dfb must be such that D − G + Dfb > 0. 

A multi-bunch feedback system detects an instability by means of one or more BPMs and acts 
back on the beam by applying electromagnetic ‘kicks’ to the bunches. 

Since the bunch oscillation is sinusoidal, the turn-by-turn position of a bunch measured at a given 
location is a sampled sinusoid. From Eq. (6), in order to introduce damping, the force applied by the 
feedback must be proportional to the derivative of the bunch oscillation. Consequently, the kick signal 
applied by the actuator to each bunch can be generated by shifting by π/2 the ‘sampled’ signal of the 
position of the same bunch when it passes through the ‘kicker’. This is the basic principle of bunch-by-
bunch feedback systems that will be treated in more detail in Section 2. 

1.4 Multi-bunch modes 

When a coupled-bunch instability is established, although each bunch oscillates at the tune frequency, 
there can be different modes of oscillation, called multi-bunch modes, depending on how each bunch 
oscillates with respect to the other bunches [9, 13].  

Let us consider M bunches equally spaced around the ring. Each multi-bunch mode is 
characterized by a bunch-to-bunch phase difference of 

 
2 πΔΦ m
M

=  (7) 

where m is the multi-bunch mode number (m = 0, 1, ..., M − 1). Each multi-bunch mode is associated to 
a characteristic set of frequencies 
 0 0( )p M mω ω ν ω= ± +  (8) 
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where p is an integer number (−∞ < p < ∞), ω0 is the revolution frequency, ωrf = Mω0 is the RF frequency 
(bunch repetition frequency), and ν is the tune. In turn, there are two sidebands at ±(m + ν)ω0 for each 
multiple of the RF frequency. 

In the following sections we shall give some examples of transverse oscillation modes and 
examine the associated spectra. 

1.4.1 Examples of transverse multi-bunch modes and their spectra 

1.4.1.1 One single stable bunch 

In this example a single bunch of particles is stored in the ring. Figure 5 shows the linear trajectory of 
the bunch during its run along the ring (dotted line in Fig. 5(a)) and the time domain signal captured by 
a pickup (Fig. 5(b)). The location of the pickup is identified in the figure by triangles placed at 
longitudinal coordinate 0. 

 
Fig. 5: (a) Motion of a single stable bunch; (b) time domain signal captured by a pickup 

Every time the bunch passes through the pickup, an electrical pulse with constant amplitude is 
generated (vertical bars). If we think of it as a Dirac impulse, the spectrum of the pickup signal (Fig. 6) 
is a repetition of frequency lines at a multiple of the revolution frequency pω0 for −∞ < p < ∞. 

 
Fig. 6: Spectrum of the signal captured by the pickup with a single stable bunch 

1.4.1.2 One single unstable bunch 

In this case a single bunch stored in the ring oscillates at the tune frequency νω0. For simplicity, in this 
example we consider a tune value lower than unity, ν = 0.25. With a single bunch M = 1, only mode 
number 0 exists. The bunch performs one complete oscillation in four machine turns and the pickup 
signal is a sequence of pulses modulated in amplitude with frequency νω0 (Fig. 7). 

(a) 

(b) 
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Fig. 7: (a) A single bunch oscillating at the tune frequency; (b) corresponding pickup signal 

In the spectrum two sidebands at ±νω0 appear at each of the revolution harmonics (Fig. 8). 

 
Fig. 8: Spectrum of the pickup signal with a single unstable bunch 

1.4.1.3 Ten stable bunches 

Let us consider now ten identical, equally spaced, stable bunches (M = 10). The pickup signal is a 
sequence of pulses at the bunch repetition frequency (RF frequency) ωrf = 10 ω0. 

 
Fig. 9: Ten equally spaced stable bunches 

The spectrum is a repetition of frequency lines at multiples of the bunch repetition frequency. 

 
Fig. 10: Spectrum of the pickup signal with ten stable bunches 

1.4.1.4 Ten unstable bunches, mode #0  

In the case where the bunches oscillate at the tune frequency νω0 with ν = 0.25, since M = 10 there are 
10 possible modes of oscillation characterized by a phase difference between adjacent bunches of 

2 πΔΦ
10

m=  with m = 0, 1, ..., 9. 

(b) 

(a) 
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If m = 0 (mode number 0) then ∆Φ = 0, namely all the bunches oscillate with the same phase (Fig. 
11). The pickup signal is a sequence of pulses at the bunch repetition frequency modulated in amplitude 
with frequency νω0. 

 
Fig. 11: Ten identical bunches oscillating in phase at the tune frequency. The dotted line is the trajectory of one 
of them. 

The spectrum is a repetition of frequency lines at multiples of the bunch repetition frequency with 
sidebands at ±νω0: ω = pωrf ± νω0 with −∞ < p < ∞ (Fig. 12). 

 
Fig. 12: Spectrum of ten unstable bunches: mode #0 

Since the spectrum is periodic and the mode appears twice (lower and upper sideband) in a ωrf 
frequency span centred on every harmonic of ωrf, we can limit the spectrum analysis to a 0–ωrf/2 
frequency range. Figure 13 is an enlargement of the frequency portion denoted by the rectangular box 
in Fig. 12. 

 
Fig. 13: Spectrum of mode #0 restricted to a ωrf/2 wide frequency range 

1.4.1.5 Ten unstable bunches, mode #1 

In mode #1, the phase difference of the bunches oscillating at the betatron frequency is ∆Φ = 2π/10 and 
the spectrum is characterized by frequency lines at ω = pωrf ± (ν + 1)ω0, with -∞ < p < ∞ (Figs. 14 and 
15).  
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Fig. 14: Ten unstable bunches: mode #1 

 
Fig. 15: Spectrum of mode #1 

1.4.1.6 Ten unstable bunches, modes #2 to #9 

Figures 16–23 show the motion, time domain signal, and spectrum of multi-bunch modes #2 to #9.  

  
 Fig. 16: Mode #2 Fig. 17: Mode #3 

(a) 

(b) 
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 Fig. 18: Mode #4 Fig. 19: Mode #5 

  
 Fig. 20: Mode #6 Fig. 21: Mode #7 

  
 Fig. 22: Mode #8 Fig. 23: Mode #9 

1.4.2 Uneven filling 

If the bunches do not have the same charge, i.e. the buckets are not equally filled (uneven filling), the 
spectrum also has frequency components at the revolution harmonics (multiples of ω0) (Fig. 24). The 
amplitude of the revolution harmonics depends on the filling pattern of one machine turn. 
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Fig. 24: Spectrum of a beam with uneven filled buckets 

1.4.3 Longitudinal multi-bunch modes 

Compared with transverse oscillations where multi-bunch instabilities produce amplitude modulation 
of the stable beam pickup signal, longitudinal multi-bunch modes produce phase modulation. 
Components at ±νω0, ±2νω0, ±3νω0… appear aside the revolution harmonics. Their amplitude depends 
on the depth of the phase modulation, namely the amplitude of the instability, according to Bessel series 
expansion (Fig. 25). 

 
Fig. 25: Spectrum of a longitudinally unstable beam with components near to a revolution harmonic at ±νω0, 
±2νω0, ±3νω0…. 

1.4.4 Coupled-bunch instability 

Starting from the spectral representation of all potential multi-bunch modes, one of them can become 
unstable if one of its sidebands overlaps, for example, with the frequency response of a HOM. The HOM 
couples with the sideband giving rise to a coupled-bunch instability, with a consequent increase of the 
mode amplitude (Fig. 26). 

 
Fig. 26: Coupling of a cavity HOM with the sideband corresponding to a given multi-bunch mode 

More generally, in order to characterize the interaction of the beam with the machine structures, 
the ‘impedance model’ is often used. The impedance is the frequency spectrum of the forces generated 
by wake fields acting back on the beam. It summarizes the electromagnetic effects of the machine 
components (vacuum chamber, cavities, bellows, BPMs, etc.) on the beam. The shape and amplitude of 
the machine impedance give us information about which multi-bunch modes could be excited and the 
strength of the excitation (growth time constant). 

1.4.5 Effects of coupled-bunch instabilities 

Besides the risk of beam loss or the limitation of the maximum stored current, the onset of instabilities 
produces an increase of the transverse beam size (also in the case of longitudinal instabilities because 
of dispersion) and thus of the effective emittance. This is detrimental for the beam quality since it lowers 
the brightness of the produced photon beams in synchrotron light sources and the luminosity in circular 
colliders. Besides these negative effects, however, the presence of multi-bunch instabilities is often 
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associated with an increase of the beam lifetime. Saturation effects due to Landau damping, in fact, 
produce dilution of particles inside the bunches with a consequent decrease of Touschek scattering. 

1.4.6 Real examples of multi-bunch modes and their measurement 

Let us consider two real examples of transverse and longitudinal instabilities. We refer to the Elettra synchrotron 
storage ring. The RF frequency is 499.654 MHz; having a harmonic number of 432, the revolution frequency 
is 1.157 MHz. The horizontal tune νhor is 12.30 (fractional tune frequency = 345 kHz), the vertical tune νver is 
8.17 (fractional tune frequency = 200 kHz), and the longitudinal tune νlong is 0.0076 (tune frequency = 8.8 kHz). 
Keeping in mind Eq. (8) (  

 

ω = p M ω0 ± (m+ i)ω0 ) let us analyse two beam spectra measured with a 
spectrum analyser connected to a strip line pickup. 

1.4.6.1 Example 1  

In this example we analyse a spectral line at 512.185 MHz (Fig. 27). It is a lower sideband of the second 
harmonic of the RF frequency, 200 kHz apart from the 443rd revolution harmonic at 512.355 MHz, 
denoting that it is a vertical instability. From Eq. (8) it can be easily calculated that it corresponds to the 
vertical multi-bunch mode #413. 

 
Fig. 27: Example of beam spectrum in the presence of vertical instabilities measured by a spectrum analyser 

1.4.6.2 Example 2  

In this case we analyse a spectral line at 604.914 MHz (Fig. 28). It is an upper sideband of the RF 
frequency, 8.8 kHz apart from the 523rd revolution harmonic, denoting a longitudinal instability. From 
Eq. (8) we can calculate that it corresponds to the longitudinal multi-bunch mode #91. 

 
Fig. 28: Example of beam spectrum in the presence of a longitudinal instability measured by a spectrum analyser 
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2 Multi-bunch feedback systems 

2.1 Introduction 

As already seen in Section 1.3.3, a multi-bunch feedback system detects multi-bunch instabilities using 
one or more BPMs and acts back on the beam through an electromagnetic actuator called a ‘kicker’. A 
simplified block diagram of a feedback system is depicted in Fig. 29. 

 
Fig. 29: Block diagram of a multi-bunch feedback system 

BPMs and detectors measure the oscillation of the bunches and the processing unit generates the 
correction signal, which is amplified by the power amplifier and sent to the kicker.  

2.2 Types of feedback systems 

Depending on how a feedback system detects and controls instabilities, there are two main feedback 
categories: ‘mode-by-mode’ and ‘bunch-by-bunch’ feedback. The former are often referred to as 
‘frequency domain’ feedback, the latter as ‘time domain’ feedback [8]. Moreover, the feedback 
implementation can be analogue or digital, depending on whether the signal is handled in the analogue 
domain or sampled and processed digitally. Despite the fact that most of the latest feedback systems are 
digital bunch-by-bunch systems, analogue or mode-by-mode implementations are still in use in a 
number of accelerators. 

In the following sections the basic principles of the above-mentioned types of feedback will be 
illustrated; they are part of the history of multi-bunch feedback systems over a period of at least thirty 
years. 

2.2.1 Mode-by-mode feedback 

Mode-by-mode (frequency domain) feedback acts separately on each of the controlled unstable 
modes [14]. A simplified block diagram is illustrated in Fig. 30. 

 
Fig. 30: Block diagram of a mode-by-mode feedback system 

An appropriate electronic system generates the position error signal by combining the signals of 
the BPM buttons. A number of processing chains, each dedicated to one of the controlled modes, work 
in parallel. These are composed of a narrow band-pass filter that selects the proper frequency and an 
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adjustable delay line to phase-shift the signal in order to produce a negative feedback. The channels are 
then combined, amplified, and sent to the kicker. 

2.2.2 Bunch-by-bunch feedback 

A bunch-by-bunch (time domain) feedback individually steers each bunch by applying ‘small’ 
electromagnetic kicks every time the bunch passes through the kicker. The correction signal for a given 
bunch is generated based on the motion of that bunch. The result is a damped oscillation lasting several 
turns. Bunch-by-bunch feedback can be realized as shown in Fig. 31. 

 
Fig. 31: Block diagram of a bunch-by-bunch feedback system based on a time division scheme 

There are as many processing channels as the number of bunches. A demultiplexer provides each 
channel with the samples for the corresponding bunch, while a multiplexer recombines the samples at 
the end of the channels. Following the principle explained in Section 1.3.3, the main task of each channel 
is to properly phase-shift the sampled position signal. A delay line assures that each bunch is kicked 
with its own correction samples. 

Every bunch is measured and corrected at every machine turn but, owing to the delay of the 
feedback chain, the correction kick corresponding to a given measurement is applied to the bunch one 
or more turns later.  

An important principle behind bunch-by-bunch feedback is that it is possible to stabilize all 
coupled-bunch modes by damping the oscillation of each bunch. 

2.2.3 Analogue bunch-by-bunch feedback 

In the following sections we shall see some real analogue implementations of transverse bunch-by-
bunch feedback, starting from a basic very simple architecture to a system that has been deployed in 
many accelerators. 

2.2.3.1 Feedback using one BPM 

In bunch-by-bunch feedback the correction signal applied to a given bunch must be proportional to the 
derivative of the bunch oscillation at the kicker. The correction signal is therefore a sampled sinusoid 
shifted by π/2 with respect to the oscillation of the bunch when it passes through the kicker. Starting 
from this principle, a very simple way to obtain such a phase shift is to have the BPM and kicker placed 
at points in the ring with the appropriate betatron phase difference and to use the detected signal to 
directly feed the kicker through an amplifier. The system is shown in Fig. 32. 
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Fig. 32: Block diagram of a simple analogue bunch-by-bunch transverse feedback system 

The detector down-converts the high frequency (typically a multiple of the bunch frequency frf) 
BPM signal into baseband (range 0–frf/2). The delay line assures that the signal for a given bunch passing 
through the feedback chain arrives at the kicker when, after one machine turn, the same bunch again 
passes through it. 

2.2.3.2 Feedback using two BPMs 

By using two BPMs, provided that they are separated by about π/2 in betatron phase, it is possible to 
place them in any ring position with respect to the kicker (Fig. 33). 

 
Fig. 33: Analogue bunch-by-bunch transverse feedback using two BPMs 

As shown in Fig. 34, if we opportunely combine the two detected signals using variable 
attenuators, it is possible to vary the phase of the resulting bunch correction signal. The attenuators have 
to be adjusted so that the bunch oscillation and the corresponding kick signal are in quadrature. 

 
Fig. 34: If the two BPM bunch signals are in quadrature, the phase of the sum signal can be varied by adjusting 
the variable attenuators. 

2.2.3.3 Suppression of revolution harmonics 

The revolution harmonics (frequencies at multiples of ω0) are useless components that can be removed 
from the correction signal in order not to saturate the RF amplifier. A special module implementing 
notch filters at the harmonics of ω0 can be placed before the amplifier to eliminate these components. 
This operation is also called ‘stable beam’ rejection. We shall see below a number of possible 
implementations of this module that are also used in digital feedback systems.  
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Fig. 35: Analogue bunch-by-bunch transverse feedback with suppression of revolution harmonics 

Architectures similar to the above examples have been used to build the ALS [15], Bessy II [16], 
PLS [17] and ANKA [18] transverse multi-bunch feedback systems. 

2.2.4 Digital bunch-by-bunch feedback 

Commercially available fast digital electronics (analogue-to-digital converters (ADCs), digital-to-
analogue converters (DACs), digital signal processors (DSPs), field programmable gate arrays (FPGAs), 
etc.) allow one to build digital feedback systems where the signal of the bunch positions is digitized, 
digitally processed to calculate the corrections, and re-converted to an analogue signal. A block diagram 
of a generic digital feedback is illustrated in Fig. 36. Thanks to the capabilities offered by digital signal 
processing, digital feedback usually makes use of only one BPM and a kicker mounted in any ring 
position. 

 
Fig. 36: Block diagram of a digital bunch-by-bunch feedback system 

Starting from the BPM button signals, the combiner generates the wideband horizontal (X), 
vertical (Y) or sum (Σ) signal, which is then demodulated to baseband by the detector (also called ‘RF 
front-end’). Some feedback implementations feature a stable beam rejection module that removes 
useless stable beam components from the signal, which is eventually digitized, processed, and re-
converted to analogue by the digital processor. While in transverse feedback systems the amplifier and 
kicker operate in baseband, longitudinal feedback requires a modulator that translates the correction 
signal to the kicker operation frequency. The delay line adjusts the timing of the signal to match the 
bunch arrival time. 

2.2.5 Digital vs. analogue feedback 

The following list summarizes the main advantages of digital feedback systems: 

i) reproducibility: when the signal is digitized it is not subject to temperature/environment changes 
or ageing; 
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ii) programmability: the implementation of processing functionalities is usually made using DSPs 
or FPGAs, which are programmable via software/firmware; 

iii) performance: digital controllers feature superior processing capabilities with the possibility to 
implement sophisticated control algorithms not feasible in analogue; 

iv) additional features: the possibility to combine basic control algorithms and additional useful 
features like signal conditioning, saturation control, down-sampling, etc.; 

v) implementation of diagnostic tools, used for both feedback commissioning and machine physics 
studies (see Section 6); 

vi) easier and more efficient integration of the feedback in the accelerator control system, important 
for feedback set-up and tuning, fast data acquisition, easy and automated operations, etc. 

Among the disadvantages is the higher delay of the feedback chain (due to ADC, digital 
processing, and DAC) with respect to analogue feedback, although with the use of FPGAs this delay is 
reduced to acceptable values. 

3 Components of feedback systems 
In the following sections a more detailed description of components usually employed in (digital) 
feedback systems will be given, with practical issues, examples, and real implementations. 

3.1 BPM and combiner 

The four signals from a standard four-button BPM can be opportunely combined to obtain the wideband 
X, Y and Σ signals used by the horizontal, vertical, and longitudinal feedback systems, respectively. 
Figure 37 shows an example of how this can be made.  

 
Fig. 37: BPM and combiner are used to provide X, Y, and Σ wideband signals 

Any frf/2 portion of the beam spectrum contains the information for all potential multi-bunch 
modes and can be used to detect instabilities and measure their amplitude. Usually the BPM and 
combiner work in a frequency range around a multiple of frf (Fig. 38), where the amplitude of the overall 
frequency response of the BPM and cables is at a maximum. Moreover, a higher frf harmonic is preferred 
for the longitudinal feedback because of the better sensitivity of the phase detection system. 

 
Fig. 38: Example of wideband signal centred on the third harmonic of the RF frequency 
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3.2 Detector (RF front-end) 

3.2.1 Transverse case 

The detector translates the wideband signal to baseband (0–frf/2 range): the operation is an amplitude 
demodulation (Fig. 39). 

 
Fig. 39: The amplitude demodulation translates the wideband signal to baseband 

A possible implementation of amplitude demodulation, widely used in telecommunication 
technology, is the ‘heterodyne’ technique illustrated in Fig. 40. The wideband signal is first band-pass 
filtered to select the desired frequency range and then mixed with the ‘local oscillator’ signal, which 
must be synchronous with the former. The local oscillator signal can be derived from the RF by 
multiplying its frequency by an integer number corresponding to the chosen harmonic of frf. The 
resulting signal is eventually low-pass filtered in the 0–frf/2 frequency range. 

 
Fig. 40: Heterodyne amplitude demodulation using the third harmonic of the RF frequency 

3.2.2 Longitudinal case 

The wideband sum signal (Σ) contains only information about the phase (longitudinal position) of the 
bunches, since the sum of the four button signals has almost constant amplitude.  

The baseband phase error signal (0–frf/2 range) can be generated by phase demodulation, which 
can be carried out with the same heterodyne technique used for amplitude demodulation but using a 
‘local oscillator’ in quadrature with the wideband signal, namely shifted in phase by π/2 (Fig. 41). 

 
Fig. 41: Phase demodulation using the heterodyne technique 

3.2.3 Amplitude and phase demodulation 

The following are simple mathematic demonstrations that can help in understanding heterodyne 
amplitude and phase demodulations. 
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3.2.3.1 Amplitude demodulation 

Let us consider a sinusoidal carrier sin(3ωrf t) modulated in amplitude by a signal A(t). If we multiply it 
by the local oscillator signal sin(3ωrf t) (mixing operation) we obtain two frequency components. The 
component at the higher frequency can be filtered out by a low-pass filter leaving a signal proportional 
to the modulating signal A(t) 
 A(t) sin(3ωrf t) sin(3ωrf t) ∝ A(t) (cos(0) − cos(6ωrf t)) ≈ A(t) . (9) 

3.2.3.2 Phase demodulation 

In this case the sinusoidal carrier is phase modulated by a signal ϕ(t). If the latter is small, by multiplying 
the modulated signal by a quadrature-phase local oscillator signal cos(3ωrf t), after low-pass filtering we 
obtain the modulating signal 
 sin(3ωrf t + ϕ(t)) cos(3ωrf t) ∝ sin(6ωrf t + ϕ(t)) + sin(ϕ(t)) ≈ ϕ(t) . (10) 

3.2.4 Time domain considerations 

The baseband signal can be seen as a sequence of ‘pulses’, each with amplitude proportional to the 
position error (X, Y or Φ) and to the charge of the corresponding bunch. By sampling this signal with 
an A/D converter synchronous with the bunch frequency, one can measure X, Y or Φ (Fig. 42). 

 
Fig. 42: Detector output signal 

Note that the multi-bunch-mode number M/2, which is the one with the highest frequency (close 
to frf/2) in baseband, is characterized by a sequence of pulses with almost the same amplitude but 
alternating signs. 

The design of the detector band-pass and low-pass filters affects the shape of the pulses that 
should have maximum flatness on the top (to reduce clock jitter noise) and minimum overlap with 
adjacent pulses (to reduce cross-talk between bunches) (Fig. 43). To achieve this, Bessel filters with 
linear phase response or a special filter called a ‘comb generator’ [19] can be used. 

 
Fig. 43: Examples of badly and well-filtered detector signals 

3.3 Rejection of stable beam signal 

The amplitude of the pulses in the baseband signal can have a constant offset called the ‘stable beam 
signal’. In the transverse plane this offset can be due to an off-centre beam in the BPM or to unbalanced 
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BPM electrodes or cables. In the longitudinal plane it can be generated by a mismatch of the local 
oscillator phase with respect to the bunch phases, which is difficult to avoid when the bunches have 
different synchronous phases due to beam loading. 

In the frequency domain, the presence of a stable beam signal carries non-zero revolution 
harmonics. 

The stable beam signal is useless for feedback since it does not contain information about multi-
bunch modes. It is therefore preferable to reduce it in order to avoid saturation of the ADC, DAC or 
amplifier. A number of techniques have been adopted to reduce this signal; we shall mention three 
examples. 

3.3.1 Balancing of BPM buttons 

In the case of transverse feedback, variable attenuators placed on the BPM electrodes can be used to 
equalize the amplitude of the signals (Fig. 44). In this way closed-orbit offsets or unbalanced signals 
can be compensated for. 

 
Fig. 44: Example of BPM signal balancing 

3.3.2 Comb filter 

An analogue filter performing stable beam rejection through the reduction of the revolution harmonics 
can be simply implemented by means of delay lines and combiners, as shown in Fig. 45(a). Its frequency 
response (Fig. 45(b), shows a series of notches at multiples of ω0 able to suppress all the revolution 
harmonics (DC included) from the detector output signal [18]. 

 
 (a) (b) 

Fig. 45: Stable beam rejection using a comb filter. (a) Block diagram of the filter; (b) frequency response 

3.3.3 Digital DC rejection 

The stable beam signal can be eliminated by removing the DC component from the turn-by-turn signal 
of every bunch. This can be done digitally (Fig. 46).  
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Fig. 46: Block diagram of a digital DC rejection system 

The detector output signal is sampled by an ADC clocked at frf. The turn-by-turn digital signal of 
each bunch is integrated by a digital processing unit (e.g. a FPGA), recombined with the other bunch 
signals, converted to analogue, and subtracted from the original signal. In this way the constant 
component of each bunch is eliminated [20]. 

3.4 Digital processor 

The A/D converter samples and digitizes the detector signal at the bunch repetition frequency; each 
sample corresponds to the position error (X, Y or Φ) of a given bunch. Precise synchronization of the 
sampling clock with the bunch signal must be provided.  

The digital samples are then de-multiplexed into M channels, M being the number of bunches in 
the ring. In each channel the turn-by-turn samples of a given bunch are processed by a dedicated digital 
filter to calculate the correction samples. Basic processing consists of DC component suppression (if 
not completely accomplished by the external stable beam rejection) and phase shift of the signal at the 
betatron/synchrotron frequency (see Section 1.3.3). 

The correction sample streams are then recombined and converted to analogue by the D/A 
converter (Fig. 47).  

 
Fig. 47: Block diagram of bunch-by-bunch feedback by digital processor 

3.4.1 Digital processor implementation 

3.4.1.1 ADC 

Existing multi-bunch feedback systems usually employ 8-bit ADCs clocked at up to 500 Msample/s; 
some implementations use a number of ADCs with higher resolution (e.g. 14 bits) and lower clock rate 
working in parallel. ADCs with enhanced resolution have the advantage of a lower quantization noise 
(crucial for low-emittance machines) and a higher dynamic range, which allows, in some cases, the 
avoidance of external stable beam rejection.  

3.4.1.2 DAC 

The DACs usually employed convert samples at up to 500 Msample/s and 14-bit resolution. 
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3.4.1.3 Digital processing 

Feedback processing can be performed by discrete digital electronics (an obsolete technology), DSPs or 
FPGAs. Figure 48 summarizes the advantages and disadvantages of the last two options. Although there 
are still some digital multi-bunch feedback systems employing DSPs, the trend is towards solutions 
using FPGAs.  

 
Fig. 48: Summary of advantages and disadvantaged of DSPs and FPGAs 

3.4.2 Examples of digital processors 

The following are examples of digital processor implementation employed in a number of accelerators 
across the world. We would like to point out that this list is probably incomplete and not up-to-date. 

3.4.2.1 PETRA transverse and longitudinal feedback 

This is one of the first digital implementations of bunch-by-bunch feedback [21]. The digital processor 
is composed of an ADC, digital processing electronics made of discrete components (adders, multipliers, 
shift registers, etc.) implementing a FIR filter and a DAC. 

3.4.2.2 ALS/PEP-II/DAΦNE longitudinal feedback 

This is also adopted at SPEAR, Bessy II, and PLS [22, 16, 17]. The A/D and D/A conversions are 
performed by VXI boards, while the feedback processing is done by DSP boards hosted in a number of 
VME crates (Fig. 49). 

 
Fig. 49: The ALS/PEP-II/DAΦNE longitudinal feedback system 

3.4.2.3 PEP-II transverse feedback 

The digital part, made of two ADCs, a FPGA and a DAC, features a digital delay and integrated 
diagnostics tools, while the rest of the signal processing is analogue [23, 24]. 
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3.4.2.4 KEKB transverse and longitudinal feedback 

The digital processing unit, made of discrete digital electronics and banks of memories (Fig. 50), 
performs a two-tap FIR filter featuring stable beam rejection, phase shift, and delay [25, 26]. 

 
Fig. 50: The digital processing board of the KEKB feedback systems 

3.4.2.5 Elettra/SLS transverse and longitudinal feedback 

The digital processing unit is made of a VME crate equipped with one ADC, one DAC and six 
commercial DSP boards with four microprocessors each (Fig. 51) [27, 28]. Further developments at 
SLS allowed the direct connection of ADC and DAC boards, exploiting the on-board FPGAs to perform 
feedback processing [29]. 

 
Fig. 51: The Elettra horizontal, vertical, and longitudinal feedback processors 

3.4.2.6 CESR transverse and longitudinal feedback 

These employ VME digital processing boards equipped with ADC, DAC, FIFOs and PLDs [30]. 

3.4.2.7 HERA-p longitudinal feedback 

This is made of a processing chain with two ADCs (for I and Q components), a FPGA and two 
DACs [31]. 

3.4.2.8 HLS tranverse feedback 

The digital processor consists of two ADCs, one FPGA and two DACs [32]. 

3.4.2.9 SPring-8 transverse feedback 

This is also adopted at TLS, KEK-Photon-Factory, and Soleil [33–36]. It employs a fast analogue de-
multiplexer that distributes analogue samples to a number of slower ADC–FPGA channels. The 
correction samples are converted to analogue by one DAC (Fig. 52). 
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Fig. 52: The processing unit of the SPring-8 multi-bunch feedback system 

3.4.2.10 ESRF transverse/longitudinal and Diamond transverse feedback 

These adopt a commercial product called Libera Bunch-by-bunch [20, 37] from Instrumentation 
Technologies [38] (Fig. 53), which features four ADCs sampling the same analogue signal appropriately 
delayed, one FPGA and one DAC. 

 
Fig. 53: Libera Bunch-by-bunch by Instrumentation Technologies 

3.4.2.11 DAΦNE transverse and KEK-Photon-Factory longitudinal feedback 

These feedback systems [39] rely on a commercial product called iGp from Dimtel [40] (Fig. 54), 
featuring a ADC–FPGA–DAC chain. 

 
Fig. 54: iGp by Dimtel 

3.5 Amplifier and kicker 

The kicker is the feedback actuator. It generates a transverse/longitudinal electromagnetic field that 
steers the bunches with small ‘kicks’ as they pass through the kicker. The overall effect is the damping 
of the betatron/synchrotron oscillations. The power amplifier provides the kicker with the necessary RF 
power by amplifying the signal from the DAC (or from the modulator in the case of longitudinal 
feedback).  

An important parameter that measures the efficiency of the kicker is the shunt impedance R, 
defined as the ratio between the squared voltage seen by the bunch and twice the power at the kicker 
input 
 

 

R=
V 2

2PIN

 . (11) 

Since the shunt impedance depends on the frequency of the input signal, it is normally represented 
as a function of frequency. We shall use this definition below, when calculating the power necessary to 
damp coupled-bunch oscillations. 
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The amplifier and kicker need a bandwidth of at least frf/2. In a transverse feedback, for example, 
frequencies go from ~DC (all kicks of the same sign) to ~frf/2 (kicks of alternating signs). The bandwidth 
of the amplifier and kicker must be sufficient to correct each bunch with the appropriate kick without 
affecting the neighbouring bunches. The amplifier and kicker design has to maximize the kick strength 
while minimizing the cross-talk between corrections given to adjacent bunches. 

Another issue is the group delay that should be constant in the working frequency range, namely, 
the phase response should be linear. If this is not the case, the feedback efficiency is reduced when 
damping some multi-bunch modes and, under given conditions, the feedback can even become positive. 
Figure 55 shows an example of amplitude and phase response of an amplifier. Where the phase is 180°, 
the multi-bunch mode corresponding to that frequency is excited. 

 
Fig. 55: An example of amplifier amplitude and phase response where, for a given frequency, the feedback 
performs anti-damping  

3.5.1 Transverse feedback 

A stripline geometry is usually employed for the transverse feedback kicker. The amplifier and kicker 
work in baseband, namely in the frequency range from ~DC to ~frf/2. Figure 56 shows an example of a 
transverse feedback back-end adopting two power amplifiers feeding the downstream ports of two 
striplines in counter-phase. The upstream ports are connected to 50 Ω power loads. Power low-pass 
filters can optionally be included to protect the amplifiers from peak voltages picked up from the beam 
by the kicker.  

 
Fig. 56: An example of a transverse feedback back-end using two power amplifiers to feed the kicker 

The design of the Elettra/SLS transverse kickers [41] is depicted in Fig. 57(a) together with a 
picture of the kickers installed on the Elettra vacuum chamber (Fig. 57(b)), while the shunt impedance 
of the same kickers as a function of frequency is plotted in Fig. 58. 
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 (a) (b) 
Fig. 57: (a) The Elettra/SLS horizontal and vertical kickers; (b) kickers installed on the Elettra vacuum chamber 

 
Fig. 58: Shunt impedance of the Elettra/SLS transverse kickers 

3.5.2 Longitudinal feedback 

For the longitudinal kicker, a ‘cavity-like’ structure is usually preferred because of the higher shunt 
impedance and smaller size. As in the case of the transverse kicker, the operating frequency range of 
the longitudinal kicker is frf/2 wide, but it is usually placed on one side of a multiple of frf (e.g. from 3 frf 
to 3 frf + frf/2).  

The baseband signal from the DAC has to be translated in frequency or, in other words, 
‘modulated’ in order to overlap with the kicker shunt impedance (Fig. 59). Single SideBand (SSB) 
amplitude modulation or other techniques such as, for example, Quadrature Phase Shift Keying (QPSK) 
modulation can be adopted. The modulated signal is then amplified and sent to the kicker. In this case a 
circulator can be employed to protect the amplifier from reverse power (Fig. 60) [42]. The Elettra/SLS 
longitudinal kicker is illustrated (Fig. 61) [43]. 

MULTI-BUNCH FEEDBACK SYSTEMS

495



 
 

Fig. 59: The baseband signal is modulated to overlap with the kicker shunt impedance 

 
Fig. 60: Block diagram of a typical longitudinal feedback back-end 

  
 (a) (b) 

Fig. 61: (a) The Elettra/SLS longitudinal kicker; (b) kicker installation on the Elettra vacuum chamber 

3.6 Control system integration 

Each component of the feedback system that needs to be configured and adjusted should include an 
interface to the accelerator control system (Fig. 62). There should be the ability to perform any operation 
remotely to facilitate system commissioning and the optimization of its performance. Moreover, as we 
shall see below, it is crucial to have an effective data acquisition channel to provide fast transfer of large 
amounts of data for analysis of feedback performance and for beam dynamics studies. It is also 
preferable to have direct access to the feedback system from a numerical computing environment and/or 
a script language like MATLAB [44] or similar products (Octave, Scilab, Python, IGOR Pro, IDL, etc.) 
for quick development of measurement procedures using scripts as well as for data analysis and 
visualization. 
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Fig. 62: Integration of the feedback system components into the accelerator control system 

4 RF power requirements 
In this section we determine the formulae to calculate the RF power required to damp coupled-bunch 
instabilities.  

4.1 Transverse feedback 

The transverse motion of a bunch of particles not subject to damping or excitation can be described as 
a pseudo-harmonic oscillation with amplitude proportional to the square root of the β function 
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where s is the longitudinal coordinate. The derivative of the position, namely the angle of the trajectory, 
is 
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By introducing 
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Let us consider now a kicker placed at coordinate sk; the kicker electromagnetic field deflects the 
bunch trajectory, which varies its angle by k. As a consequence the bunch starts another oscillation 
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which must satisfy the following constraints 
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By introducing 
 ββ 11, aAaA ==  (17) 

Eq. (16) becomes a two-equation, two-unknown-variables system: 
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The solution of the system gives amplitude and phase of the new oscillation 
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From the first equation, if the kick is small (k<< A/β) then 
 1Δ sinA AA β k

A A A
φ=

− ≅  . (20) 

From the same equation it can be seen that in the linear feedback case, i.e. when the turn-by-turn 
kick signal is a sampled sinusoid with amplitude proportional to the bunch oscillation amplitude, in 
order to maximize the damping rate the kick signal must be in phase with sin ϕ 
 1  0with    sin <<= g 

‰
Agk ϕ  , (21) 

that is, in quadrature with the bunch oscillation (Eq. (12)). 

The optimal gain gopt (which must in any case be <1) is determined by the maximum kick value 
kmax that the kicker is able to generate. If we want the feedback to work in a linear regime, i.e. not in 
saturation, the feedback gain must be set so that kmax is generated when the oscillation amplitude A at 

the kicker location is maximum: max
opt

max

kg β
A

= . Therefore  
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For small kicks the relative amplitude decrease is 
 ϕ2

max

max sin‰
A
k

A
€A ≅  (23) 

and its average is 
 max

max

Δ
2

A β k
A A

≅  . (24) 

The average relative decrease is therefore constant, which means that, on average, the amplitude 
decrease is exponential with time constant τ (damping time) given by 
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where T0 is the revolution period. By referring to the oscillation amplitude at the BPM location 
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max0
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2
1 =  (26) 

where ABmax is the maximum oscillation amplitude at the BPM location. 

In the case of relativistic particles, the change of the transverse momentum p of the bunch passing 
through the kicker can be expressed by 
 ⊥=∆ V

c
ep  , 
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be derived from the definition of kicker shunt impedance 
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The maximum deflection angle in the kicker is given by 
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From the previous equations we obtain 
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Given a free bunch oscillation with amplitude at the BPM location ABmax, Eq. (28) allows us to 
calculate the power necessary to damp this oscillation with time constant τ. In the case of excited 
oscillations, in order to damp the instability, the feedback damping time constant must be less than the 
instability growth time-constant (see Section 1.3.3).  

It has to be noted that this equation is only valid if all of the system components are ideal and the 
feedback is perfectly tuned. 

The maximum power is supplied when the oscillation amplitude is at its maximum, namely at the 
time the feedback is switched on. During the damping process, the power decreases with the square of 
the oscillation amplitude. This leads us to an important conclusion: in order to determine the required 
power of the RF amplifier, we have to know not only the strength of the multi-bunch instability we want 
to damp, but also its maximum amplitude. For the same reason it is preferable to switch on the feedback 
when the oscillation is small: if we keep the feedback gain high (a small oscillation corresponds to the 
entire dynamic range of DAC/amplifier) it will be easier to catch and keep it damped.  
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The following is an example of the calculation of the required power for the Elettra transverse 
feedback system. The parameters are Rk = 15 kΩ (average value), EB/e = 2 GeV, T0 = 864 ns, τ = 120 µs, 
βB H,V = 5.2, 8.9 m, βK H,V = 6.5, 7.5 m. 

The plots in Fig. 63 show the required power in the horizontal and vertical planes as a function 
of the initial oscillation amplitude.  

 
Fig. 63: Power required to damp a transverse instability as a function of the initial oscillation amplitude calculated 
for the Elettra storage ring 

4.2 Longitudinal feedback 

A similar procedure can be adopted to calculate the power required for longitudinal feedback. The 
relationship between the energy oscillation amplitude ε and the phase oscillation amplitude ϕ of a 
longitudinal synchrotron oscillation is given by 

 0

rf2 π
sE ωε

f α
φ=  , (29) 

where ωs is the synchrotron frequency, α the momentum compaction factor, and frf the RF frequency. 
As in the transverse case, the damping time constant τ is given by the equation 
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where Vmax is the maximum kick voltage and εmax is the maximum energy oscillation amplitude. 

By introducing the longitudinal kicker shunt impedance Rk, 
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the power required to damp a longitudinal oscillation is given by 
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5 Digital signal processing 
As mentioned in Section 3.4, the digital processing in a bunch-by-bunch feedback is performed by M 
separated channels, each dedicated to one bunch (Fig. 64).  

 
Fig. 64: Block diagram of the digital processor 

In order to damp the bunch oscillations, the turn-by-turn kick signal must be the derivative of the 
bunch position at the kicker, namely, for a given oscillation frequency, a π/2 phase-shifted signal must 
be generated. In determining the real phase shift to perform in each channel, the phase advance between 
BPM and kicker must be taken into account as well as any additional delay due to the feedback latency 
(multiple of one machine revolution period). Moreover, any residual constant offset (stable beam 
component) must be rejected from the bunch signal to avoid DAC saturation.  

These basic tasks can be accomplished by digitally filtering the streams of turn-by-turn samples 
in each channel, namely calculating the present correction sample on the basis of the past position 
samples. 

Additionally, to compensate for the not-ideal characteristics of an amplifier and kicker, a digital 
filter can be put in the full-rate data path before the DAC. 

5.1 Digital filter design  

Digital filters can be implemented with finite impulse response (FIR) or infinite impulse response (IIR) 
structures. In general, IIR filters offer better performance than FIR filters. The disadvantage is a more 
difficult design and an increased complexity of the filter implementation.  

Various techniques are used to design digital filters, including frequency domain and model-based 
design. In the following sections we show some examples of digital filters actually adopted in bunch-
by-bunch feedback systems. 

5.1.1 Three-tap FIR filter 

The minimum requirements for each of the M digital filters are: 

i) DC rejection (for a FIR filter this means that the sum of the coefficients must be zero); 

ii) given amplitude response at the tune frequency; 

iii) given phase response at the tune frequency. 

A simple three-tap FIR filter can fulfil these requirements. Since it is a very simple filter, the 
coefficients can be calculated analytically. Let us consider the Z-transform of the filter response, namely 
the filter transfer function H(z); in order to have zero amplitude response at DC, H(z) must have a ‘zero’ 
in z = 1. Another zero in z = c is needed in order to have the required phase response α at the tune 
frequency ω: 
 1 1( ) (1 ) (1 )H z k z cz− −= − −  . (33) 
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The parameter c can be calculated analytically 
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Here k is determined given the required amplitude response at tune |H(ω)|: 
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As an example: ω/2π = 0.2, |H(ω)| = 0.8, α = 222°. 

From the equations we can calculate c = −0.63 and k = 0.14. The transfer function of the filter is 
therefore H(z) = −0.63 + 0.49 z−1 + 0.14 z−2. The filter response is depicted in Fig. 65. 

 
Fig. 65: Amplitude and phase response of a three-tap FIR filter 

5.1.2 Five-tap FIR filter 

With a longer FIR filter more degrees of freedom are available in the design, and additional features can 
be added to the filter. The following is an example of a five-tap FIR filter currently used at Elettra for 
transverse feedback [28]. 

The tune of an accelerator can significantly change during machine operations; the filter can be 
designed in order to guarantee the same feedback efficiency in a given frequency range. In this case the 
requirement is to have an optimal phase response.  

In this example the feedback delay is four machine turns, which must be taken into account when 
calculating the filter phase response. When the tune frequency increases, the phase of the filter must 
increase as well; this means that the phase response must have a positive slope around the working point. 

The filter design can be made using the MATLAB function invfreqz(). This function calculates 
the FIR filter coefficients that best fit the required frequency response using the least-squares method. 
The desired response is specified by defining amplitude and phase at three different frequencies: the 
origin and two frequencies, f1 and f2, chosen in the proximity of the nominal tune (Fig. 66, lower plot). 
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As we can see in the upper plot, this is achieved at the expense of a bad amplitude response, which 
features a minimum at the tune while the maximum is at a different frequency. 

 
Fig. 66: Amplitude and phase response of a five-tap FIR filter 

5.1.3 Selective FIR filter 

A filter often employed in longitudinal feedback systems is the selective FIR filter, whose impulse 
response (the filter coefficients) is a sampled sinusoid with frequency equal to the synchrotron tune (see 
Fig. 67) [45]. As we can see in Fig. 68, the filter amplitude response has a maximum at the tune 
frequency and linear phase. The more filter coefficients we use the more selective the filter. 

 
Fig. 67: Impulse response of a selective FIR filter (dots) 
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Fig. 68: Amplitude and phase response of a selective FIR filter 

5.1.4 Advanced filter design 

More sophisticated techniques using longer FIR or IIR filters enable a variety of additional features that 
exploit the potential of digital signal processing. 

It is possible, for instance, to enlarge the working frequency range (as seen in Section 5.1.2) with 
no degradation of the amplitude response. Moreover, the filter selectivity can be enhanced to better 
reject unwanted frequency components (noise) or to minimize the amplitude response at frequencies 
that must not be fed back. An example of this design technique is the Time Domain Least Square Fitting 
(TDLSF) described in Ref. [33]. 

Another interesting possibility is to stabilize different tune frequencies simultaneously by 
designing a filter with two separate working points. This is required, for example, when horizontal and 
vertical as well as dipole and quadrupole instabilities have to be addressed by the same feedback system 
[35]. 

Advanced design techniques can also be employed to improve the robustness of the feedback 
under parametric changes of accelerator or feedback components (e.g. optimal control, robust control, 
etc.) [46]. 

5.2 Down-sampling 

The synchrotron frequency is usually much lower than the revolution frequency, which means that one 
complete synchrotron oscillation is accomplished in many machine turns. In longitudinal feedback 
systems, in order to be able to properly filter the bunch signal, down-sampling is usually carried out 
[47]; one out of D bunch samples is used, where D is the down-sampling factor (Fig. 69).  

 
Fig. 69: Down-sampling of the bunch position signal and reconstruction by the hold buffer 

Filtering is performed over the down-sampled digital signal, and the filter design is done in the 
down-sampled frequency domain (the original one enlarged by the down-sampling factor D). After 
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processing, the turn-by-turn correction signal is reconstructed by means of a hold buffer that keeps each 
calculated correction value for D turns, as shown in Fig. 69. 

The reduced data rate allows for more time to be available to perform the filter calculations, and 
more complex filters can therefore be implemented. 

6 Integrated diagnostic tools 
A feedback system can implement a number of powerful diagnostic tools that are useful for both 
commissioning and tuning of the feedback system as well as for machine physics studies. The following 
are some of the tools normally implemented in digital feedback systems: 

i) ADC data recording (see (1) in Fig. 70): acquisition and recording, in parallel with feedback 
operation, of a large number of samples for off-line data analysis; 

ii) modification of filter parameters ‘on the fly’ with the required timing and even individually for 
each bunch (see (2) in Fig. 70): useful for switching feedback on/off, generation of grown/damped 
transients, optimization of feedback performance, etc.; 

iii) injection of externally generated digital samples (see (3) in Fig. 70): for the excitation of 
single/multi-bunches. 

These tools are usually managed by an additional controller with a fast interface to the accelerator 
control system. 

 
Fig. 70: Integrated diagnostics tools of a digital feedback system 

Below we give some examples of measurements carried out using the diagnostics tools. 

6.1 Acquisition and recording of ADC data  

Figure 71 depicts the amplitude spectrum of a vertical bunch-by-bunch signal sampled at frf = 500 MHz. 
The spectrum is calculated with the FFT algorithm. At the moment of acquisition the beam was 
vertically unstable with some multi-bunch modes excited around the baseband frequency of 5 MHz. 
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 (a) (b) 

Fig. 71: Amplitude spectrum of bunch-by-bunch data of (a) an unstable beam; (b) a zoom view 
showing the unstable sidebands 

6.2 Excitation of individual bunches 

To produce an excitation, the feedback loop is switched off for one or more selected bunches (for 
example, by setting to zero the filter coefficients) and an excitation signal is injected in place of the 
bunch correction signal (Fig. 72). Possible excitation signals are white or pink noise and sinusoids. 

 
Fig. 72: Excitation of individual bunches through injection of appropriate signals 

In the example in Fig. 73, two selected bunches are vertically excited with pink noise in a range 
of frequencies around the tune, while feedback is applied to the other bunches. The upper plot shows 
the excitation of the two bunches. The spectrum of one of the excited bunches reveals a peak at the tune 
frequency (lower plot). This technique can be used to measure the betatron tune of individual bunches 
with almost no deterioration of the beam quality. 

 
Fig. 73: Excitation of individual bunches by injection of appropriate digital signals 

Excitation of individual bunches can also be done with feedback on by setting filter coefficients 
with the sign inverted. This produces positive feedback and anti-damping of the oscillations. 
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6.3 Multi-bunch excitation 

Interesting measurements can be done by injecting pre-defined signals into the output of the digital 
processor (Fig. 74). Depending on the particular excitation signal and the filter settings, several 
experiments can be carried out. 

By injecting a sinusoid at a given frequency, for example, the corresponding beam multi-bunch 
mode can be excited in order to test the performance of the feedback in damping that mode. If we inject 
an appropriate signal and record the ADC data when filter coefficients are set to zero, the beam transfer 
function can be calculated. By doing the same but with filter coefficients set to the nominal values, the 
closed loop transfer function can be determined. 

 
Fig. 74: Multi-bunch excitation through injection of appropriate digital signals 

6.4 Transient generation 

A powerful diagnostic application is the generation of transients. Transients can be generated by 
changing the filter coefficients according to a predefined timing and by concurrently recording the 
oscillations of the bunches (Fig. 75). 

 
Fig. 75: Transient generation by changing the filter coefficients and recording the oscillations 

The following are some examples of transients that can be used to measure damping times and 
growth rates by exponential fitting of the oscillation amplitude.  

Let us suppose we have an excited multi-bunch oscillation that has reached equilibrium, i.e. 
constant amplitude: we can switch on the feedback and record the damping transient (Fig. 76(a)). If the 
feedback is already on, we can switch it off and on again after a while and generate a grow/damp 
transient (Fig. 76(b)).  

Transients can also be generated by artificially exciting a stable beam with a proper setting of the 
filter coefficients in order to realize a positive feedback (anti-damping). The feedback is then switched 
off letting the oscillation decay by natural damping (Fig. 76(c)). 
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 (a) (b) (c) 

Fig. 76: Examples of transient generation 

Growing/damped transients can be analysed by means of 3D graphs. Figure 77 is an example 
where the amplitude of the oscillation vs. time is plotted for every bunch. The absence of oscillation for 
some bunches is because the corresponding buckets are not filled with particles. 

 
Fig. 77: 3D graph showing the evolution of the oscillation amplitude during a growing/damped transient 

Transients can also be analysed by displaying the multi-bunch spectrum vs. time to study the 
evolution of individual coupled-bunch modes (Fig. 78). 

 
Fig. 78: Evolution of coupled-bunch unstable modes during a growing/damped transient 

Transient generation is a helpful tool to tune a feedback system as well as to study coupled-bunch 
modes and beam dynamics [48–53]. The following list mentions some examples of applications using 
diagnostic tools and, in particular, transient analysis: 

i) measurement of the feedback damping time: can be used to characterize and optimize feedback 
performance; 
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ii) measurement of the feedback resistive and reactive response: feedback not perfectly tuned can 
have a reactive behaviour, namely producing a tune shift when switched on that has to be 
minimized for optimum performance; 

iii) modal analysis: measurement and analysis of the complex eigenvalue of the modes, namely the 
growth rate (real part of the eigenvalue) and the oscillation frequency (imaginary part of the 
eigenvalue); 

iv) impedance measurement: the analysis of complex eigenvalues and bunch synchronous phases can 
be used to evaluate the machine impedance; 

v) stable modes analysis: coupled-bunch modes below the instability threshold, thus being stable, 
can be studied to predict their behaviour at higher beam currents; 

vi) bunch train studies: the analysis of the behaviour of different bunches along the bunch train can 
be used to determine the sources of coupled-bunch instabilities; 

vii) phase space analysis: the analysis of the phase evolution of unstable coupled-bunch modes is used 
for beam dynamics studies. 

7 Observation of feedback effects on beam characteristics 
In this section we shall see, with the aid of some pictures, some examples of the main observable effects 
of feedback action measured using beam instrumentation. 

7.1 Beam spectrum 

When the feedback is conveniently tuned the sidebands corresponding to an unstable coupled-bunch 
mode are completely suppressed. Figure 79 shows an example of beam spectrum with feedback off and 
on.  

 
 (a) (b) 
Fig. 79: Screenshots from a spectrum analyser connected to a stripline pickup. (a) Feedback off; (b) feedback on. 
The sidebands corresponding to vertical coupled-bunch modes disappear as soon as the transverse feedback is 
activated. 

7.2 Beam transverse profile 

Images of an electron beam transverse profile can be produced using the synchrotron radiation generated 
by a bending magnet. As mentioned in Section 1.4.5, the transverse profile blows up in the presence of 
a transverse instability (Fig. 80(a)). When activated the feedback squeezes the beam, bringing it to its 
original size (Fig. 80(b)). 
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 (a) (b) 
Fig. 80: Synchrotron radiation monitor images taken at TLS [34] showing: (a) blow-up of the beam size due to a 
vertical instability; (b) its reduction when the feedback is switched on. 

7.3 Streak camera images 

Interesting measurements can be carried out by analysing the synchrotron radiation from a bending 
magnet using a streak camera. In Fig. 81(a) a longitudinal instability is clearly visible. The instability 
disappears when the feedback is activated (Fig. 81(b)). 

 
 (a) (b) 
Fig. 81: Images of one machine turn taken with a streak camera in ‘dual scan mode’ at TLS [34]. The horizontal 
and vertical time spans are 500 and 1.4 ns, respectively. The longitudinal instabilities observable in (a) are 
suppressed by the feedback in (b).  

7.4 Photon beam spectra 

In a synchrotron light source, the ultimate goal of a feedback system is the improvement of the emitted 
photon beam quality. This can be evaluated by measuring the energy spectrum of the photons produced 
by an undulator. As we can observe in the example reported in Fig. 82, the amplitude and shape of the 
generated harmonics are noticeably improved when vertical instabilities are damped by the feedback. 
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Fig. 82: Energy spectra of the photon beam measured on the SuperESCA beamline at Elettra 

8 Conclusions 
Feedback systems are indispensable tools for curing coupled-bunch instabilities in storage rings. 
Technological advances in digital electronics allow the implementation of digital feedback systems 
where the control algorithms are executed using programmable devices. The theory of digital signal 
processing is widely used to design and implement digital filters as well as to analyse data acquired by 
the systems. In fact, thanks to their capability of exciting the beam in different ways and measuring the 
resulting beam motion, feedback systems are used not only for closed-loop control but also as powerful 
diagnostic tools. The possibilities offered by these tools are manifold both for the optimization of 
feedback performance and for beam dynamics studies. 
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Beam Loss Consequences
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Abstract
A summary of beam loss types and their effects is presented.

Keywords
Beam–machine interaction; particle shower calculation; radiation effects.

1 Beam losses
The operation of any particle accelerator features some kinds of relevant beam losses. These can take
place at devices meant to intercept the beam, such as targets, dumps, stoppers, collimators, and stripping
foils. At the design stage, one must consider both regular and accidental impacts. The latter ones are
uncontrolled and may be due to magnet failures at injection or extraction, for instance kicker misfiring
or electron beam missteering during top-off injection. As a consequence, the impact conditions become
extremely severe, in terms of intensity (i.e., number of impacting particles) or brilliance (i.e., intensity
per unit area). In this way, a collimator, instead of intercepting the beam halo at a controlled rate, is
directly hit by a few bunches. Moreover, any device on the beam path, as the foreseen beam dilution
pattern is lost, is subject to too-small spot sizes that are potentially harmful.

One must also routinely deal with diffused losses, throughout the beamline of both linear and
circular machines. Linacs are concerned by several loss mechanisms [1]. Lepton rings are especially af-
fected by synchrotron radiation and gas bremsstrahlung, while in hadron rings nuclear reactions between
beam particles and residual gas nuclei are an important source of secondary showers, whose amount
scales with the gas density and the beam current.

Colliders are exposed to debris regularly produced at the interaction points, proportionally with
the delivered luminosity. Typically, its most energetic component, travelling close to the primary beam,
escapes the detector and impinges on the accelerator elements, e.g. the final focus quadrupoles.

Furthermore, the beam trajectory may cross unexpected obstacles, represented by dust particles
drifting inside the vacuum chamber or by flawed aperture restrictions. The mass thickness of the object
and the fraction of current traversing it determine the loss strength.

2 Consequences
Any of the aforementioned beam loss types is the onset of a secondary particle cascade, whose amplitude
depends on the primary particle energy. The scenarios span from low-energy beam absorption within the
material surface layers, by ionization, to combined hadronic and electromagnetic shower development
over hundreds of metres of machine elements, as for instance in the large hadron collider (LHC). In such
a broad context, many different physical processes are involved and their microscopic description, as
integrated in multipurpose Monte Carlo codes, allows the calculation of relevant macroscopic quantities
and, therefore, the evaluation of loss consequences.

Among these, applying to distinct time-scales, one can list the following.

– Heating. This is a short-term effect, owing to the total power deposited in the material by the
impinging radiation. It calls for cooling measures when needed.

– Thermal shock. Remaining in the short-term domain, the material can undergo rupture, depending
on the peak power density and on its spatial distribution.
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– Quenching. Far below its damage threshold, a superconducting material loses its ability to conduct
electricity without resistance as it warms above a critical temperature, owing to the level and profile
of energy deposition density induced by the radiation impact.

– Single-event effects in electronic devices. These range from bit upsets perturbing device function-
ality to destructive burn-outs. Their probability of occurrence is proportional to the time integrated
high energy hadron fluence. In addition to these stochastic events, the steady accumulation of
defects can ultimately lead to device failure, which can be anticipated on the basis of the expected
ionizing and non-ionizing dose (with the latter generally quantified in terms of silicon 1 MeV
equivalent neutron fluence).

– Deterioration. The long-term degradation of critical properties of organic materials (typically insu-
lators) is related to the accumulated peak dose, while for inorganic materials the reference quan-
tities are neutron fluence and displacements per atom in the hottest spots.

– Oxidation, radiolysis, ozone production. Determination of the impact of these chemical effects is
based on the assessment of energy deposition. Knowing the power absorbed in an air volume, one
can, for instance, calculate the resulting ozone concentration, as a function of the ventilation time.

– Gas production. A variety of residual nuclei is generated by nuclear reactions and their abundance
can be naturally estimated in the simulation of the beam–machine interaction. Among these, one
can distinguish (in addition to the radioactive species featured in one of the next items) those
leading to gas build-up—typically hydrogen and helium—which in a solid material contributes to
embrittlement and swelling.

– Radiation in public spaces and shielding requirements. For radiation protection purposes, depend-
ing on the aspects to be considered, particle fluence in a given location is transformed into effective
dose or ambient dose equivalent (both expressed in sieverts) by means of respective sets of con-
version coefficients, which are a function of particle type and energy. The prompt dose equivalent
outside a radiation facility, reflecting the applicable radiation level in a public space during normal
or accidental operation of the facility, is the quantity to reduce to below acceptable limits through
a suitable shielding design.

– Equipment and air activation, radioactive waste production, access limitations. Radionuclide
generation is responsible for delayed emissions during beam absence that limit access and inter-
vention possibilities as well as equipment handling, including waste disposal. Induced activation
is characterized by isotope activities and spatial distribution of residual dose rate after relevant
cooling times.

– Tumour cell destruction. Particle beams are routinely used in cancer radiotherapy. They are in-
tended to maximize the dose delivery to the tumour mass and to spare as much as possible the
healthy tissue. When moving from conventional treatment with photons to hadron therapy, the
calculation of biological dose, taking into account the biological effectiveness of the radiation,
becomes a key ingredient.

Beside these effects, the radiation development following a beam loss occurrence also allows it
to be detected and quantified by suitably located monitors. Ionization chambers, such as the LHC beam
loss monitors [2], provide an online observation and play a central role in the machine protection system,
triggering beam aborting if the recorded signals exceed predefined thresholds. Their charge collection
is proportional to the energy deposition in the sensitive gas volume, which can be simulated and thus
represent a compelling benchmark for calculation validation. Another example is given by detectors
measuring hadron fluence, thanks to the single-event effect principle previously indicated [3]. Again in
the hadron therapy context, treatment monitoring opportunities are offered by the detection of prompt
photons or charged particles from nuclear reactions, as well as by positron emission tomography exploit-
ing the tissue activation, namely the production of β+ emitters.
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It should be noted that only the full description of the particle shower initiated by the beam loss
can shed light on the actual link between a peripheral monitor signal and the quantity that matters for
the accelerator operation or design, such as the peak energy density in a beam intercepting device or in a
magnet coil, or even the dose distribution delivered to a patient.

For a more extended discussion of the radiation effects here outlined and of the physical processes
behind them, the reader is referred to Ref. [4].
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Abstract 
Ions are generated in a storage ring through collisions of a stored beam with 
residual gases. Their formation and influence on a stored beam are discussed 
including the so-called two-beam instability. Several methods for alleviating 
the ion effects are described. 

Keywords 
Storage ring; ions; beam dynamics; collective effects; beam instability; 
electromagnetic interactions. 

1 Introduction 
Ions are described in this lecture note as a source of disturbance to a beam stored in a storage ring. They 
are normally created via collisions of a stored beam with residual gases existing in the beam duct. Since 
some atomic electrons are ripped off through these electromagnetic (EM) interactions, ions are 
positively charged. They can be collectively repelled or attracted by the stored beam depending upon 
the sign of electric charge of the stored beam. Ions can induce a number of detrimental effects on the 
beam such as tune shifts, lifetime reduction and collective beam instability, all leading to a performance 
degradation of a storage ring. 

Historically, ions caused performance limitations in both proton and electron rings. Many studies 
were carried out by various groups to understand the beam dynamics mechanisms of the encountered 
phenomena and thereby to explore means to avoid them [1–14]. In light-source storage rings where the 
stability of a circulating beam is of crucial importance, the serious impact of ions had led some machines, 
such as DCI, ACO, APS, and KEK-PF, to switch the stored beam from electrons to positrons [15]. As 
a general trend, a lower beam emittance is achieved in modern storage rings to raise the ring performance 
in terms of luminosity and brilliance. As a consequence, the trapping of ions in the electro-static 
potential of a stored beam that caused serious beam instabilities and suffered many rings in the past 
seems to have become much less of an issue. However, a new direct type of interactions between a 
stored beam and a beam of ions occurring in a single passage of the former may become a risk for future 
storage rings due to stronger electro-static field generated by the stored beam. Thus, ions could still be 
a potentially dangerous source of perturbation for modern and future storage rings. 

The present paper is organized as follows. In the next section, we shall go through the basics of 
beam–ion dynamics, starting with the question of why we have ions in a storage ring. The impact of 
residual gases and ions on a stored beam, and ion motions due to the EM fields of the stored beam shall 
be discussed. In Section 3, we shall look at beam instabilities caused by ions. One type is due to trapped 
ions and the other is the so-called Fast Beam–Ion Instability (FBII). In Section 4, mitigation methods 
for ion effects shall be reviewed. Some specific examples of observing ion effects shall also be 
introduced. Conclusions are given in Section 5. 

2 Basis of beam–ion dynamics 
In this section we shall go through some of the basic physical mechanisms, notions, and studies 
developed in the past surrounding beam–ion dynamics, starting with asking us why ions are present in 
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vacuum chambers. The influence of residual gases and ions on the stored beam, as well as ion motions 
due to the EM fields of the stored beam and magnets, shall be considered. It must be noted that the 
descriptions below benefited much from the earlier lecture notes on ions from the CAS series [16, 17], 
and in particular that of Sakanaka from the KEK-OHO accelerator school series [18]. 

2.1 Ultra-vacuum and residual gases 

In reaching a maximal ring performance, ideally a stored beam should not get any disturbance in 
circulating along its closed orbit. This means that the beam duct needs be kept under excellent vacuum. 
With the vacuum technology of today applied to accelerators, we can reach the pressure level of the so-
called Ultra-High Vacuum (UHV), which corresponds to lower than 10−9 mbar. Nonetheless, the 
residual gases in UHV could still become a significant source of beam perturbations. The principal 
mechanism is the collision of residual gases with beam, which specifically means elastic and inelastic 
EM scattering, causing particle losses and beam lifetime reduction. Through scattering, the residual 
gases could lose their atomic electrons and be ionized. Generated ions, as an ensemble, could then create 
an electrostatic potential and act on the beam both incoherently and coherently. We shall see more 
specifically below what kinds of interactions could take place.  

The general trend today with modern storage rings in further raising their performance is to store 
an increasingly high intensity beam with lower emittance, which is often combined with the use of 
narrower beam ducts, such as for insertion devices and stronger quadrupole focusing. The lowering of 
vacuum conductance and the combination of elements mentioned above, bring about a number of 
reasons for which issues related to vacuum, and therefore to ions, still potentially remain the high 
concern for modern and future accelerators. 

2.2 Collisions with residual gases 

Let us consider the case of an electron colliding with residual gases. The collision can be classified into 
the following three categories (Fig. 1): 

i) Møller scattering, which is elastic scattering with an atomic electron;  

ii) Rutherford scattering, which is elastic scattering with the EM field of a nucleus;  

iii) bremsstrahlung, which is inelastic scattering with the EM field of a nucleus converting a part of 
the electron’s kinetic energy into EM radiation. 

The total collision cross-section Total
Colσ  of an atom with an atomic number Zi is expressed as a sum of 

the three: 

 Total
Col i M ller Rutherford Bremsstrahlungø  ( ) ( )i iZ Z Zσ σ σ σ= ⋅ + +

 . (1) 

Denoting the density of the concerned molecule by dm and the velocity of the stored beam by βc, the 
collision rate is given by 

 Total
Col m

Col

1   d cσ β
τ

= ⋅ ⋅
 
, (2) 

where dm is related to the partial pressure Pm at 20°C via dm [m−3] = 2.47 × 1022 Pm [mbar]. In cases 
where the molecule consists of several atoms and/or there are several species in the residual gases, we 
take a sum of all contributions, 
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Col Col

1 1  
( )mkm k

τ τ
= ∑∑

 ,
 (3) 

where the index k is for different atoms in a molecule m and the index m is for molecule species. 

 
Fig. 1: Processes of collision of an electron with residual gases 

2.3 Ionization of residual gases 

In a similar way, we can obtain the ionization rate 1/τion,m of a stored particle, or equivalently its 
ionization time τion,m, by replacing Total

Colσ by the ionization cross-section σion,m in the previous formula, 

 m ion,m
ion,m

1   d cσ β
τ

= ⋅ ⋅
 
. (4) 

In general, σion,m only depends on the species m and the velocity of the stored particle βc, as follows: 

 
2

2
ion,m 1 2

e

  4π (   )M x C x
m c

σ
 

= ⋅ ⋅ + ⋅ 
 



 
, (5) 

where me is the electron mass, the quantity 

2

e

4π
m c

 
 
 

  

equals 1.874 × 10−24 [m2], x1 and x2 depend on β as  

2
2 2

1 22ln( )  1,     
1

x xββ β
β

= ⋅ − =
−

 ,  

and M 2 and C are molecule dependent constants as shown in Table 1. 
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Table 1. Value of the constants M 2 and C for typical molecules. 

Molecule M 2 C Za Ab 

H2 0.5 8.1 2 2 
N2 3.7 34.8 14 28 
CO 3.7 35.1 14 28 
O2 4.2 38.8 16 32 

H2O 3.2 32.3 10 18 
CO2 5.75 55.9 22 44 
C6H4 17.5 162.4 46 76 

aAtomic number; bmass number. 

2.4 Beam-induced electromagnetic fields and their characteristics 

Let us review the static EM field created by a round coasting beam of radius a and current I in a circular 
chamber of radius b (Fig. 2). Using the relation from Gauss’s theorem, 

0

d   dE a Vρ
ε

⋅ =∫∫ ∫




 ,
 

where ρ is the charge density and  

0d   B Iµ⋅ =∫
 



  
, 

we get for the radial component of the electric field Er, 

 
2

0

0

e      (0 )
2π

  
e 1      ( )

2π

r

r r a
a

E
a r

r

λ
ε
λ
ε

 < <= 
 <
  ,

 (6) 

and the azimuthal component of the magnetic field Bφ, 

 

0
2

0

      (0 )
2π  

       ( )
2π

I r r a
aB
I a r
r

ϕ

µ

µ

 ⋅ < <= 
 <
  ,

 (7) 

where λ = I/(eβc) is the line density of the electron beam and βc is the speed of the electrons. Since an 
ion charged to +1e having a longitudinal speed of βic gets a force from the EM field of E

rF  = eEr and 
BFϕ  = eβicBφ, we find from Eqs. 6 and 7 that for all values of r, 

      1
B

r
i iE

r

F
F

β β β= ≅   , 
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as ions are relatively heavy and move slowly. This leads to the fact the magnetic force BFϕ  of the stored 

beam can usually be ignored as compared to the electric field E
rF .  

 
Fig. 2: A coasting beam of radius a and current I in a beam pipe of radius b 

2.5 Ion trapping: Coasting beam 

Using the static electric field Er created by the beam (Eq. 6), the electric potential created by a coasting 
beam can be straightforwardly calculated as given by 

 

2

2
0

0

e 1 (     ln )   (0 )
2π 2 2

( )   d   
e ln       ( )

2π

r

r

b

r a r a
a b

V r E r
r a r
b

λ
ε

λ
ε


− + < <

= − = 
 ⋅ <


∫  . (8) 

Evaluating the depth of the potential for realistic cases (see Fig. 3), we find that the ions having only a 
thermal energy in the order of kBT (~10−21 J) cannot escape from the potential, the value of which is of 
the order of some tens of volt (and therefore an energy of ~10−18 J). The other important feature to be 
noted is that the potential depth increases as the beam emittance decreases and the beam intensity 
increases. A beam potential calculated for the ISR ring is shown in Fig. 4. Locations of clearing 
electrodes are indicated by dots [17]. 

 
Fig. 3: Static electrostatic potential V(r) created by a beam of radius a. The values for the parameters λ and b were 
taken from SOLEIL (I = 500 mA and b = 0.0125 m). 
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Fig. 4: Evaluation of the beam-induced electrostatic potential in ISR. The locations of clearing electrodes are 
indicated by dots. Taken from Ref. [17]. 

2.6 Neutralization 

As the trapping of ions progresses, the potential depth decreases due to neutralization of opposing 
charges, which saturates the trapping process. The degree of neutralization is defined by 

   iN
N

η =  , (9) 

where Ni and N are the total number of ions and electrons in the ring, respectively. If all ions are +1e 
charged, then 0 ≤ η ≤ 1. For a proton ring, on the contrary, the electrons created by ionization could be 
trapped. Instead, ions could be repelled by the proton potential and bombard the chamber surface, which 
in turn induces outgassing. This could lead to a cascading phenomenon called the ‘pressure bump’. 

2.7 Bassetti–Erskine formula 

Analytical expressions for the transverse electric fields Ex and Ey created by an electron bunch having 
Gaussian distributions in the two transverse planes were derived by Bassetti and Erskine [19]. Since 
electron beams are usually Gaussian and since, in addition, the transverse ion distributions are often 
approximated as those of the stored beam, the Bassetti–Erskine formula is frequently used in evaluating 
the electric forces felt by the two beams. Starting from the Poisson equation, 

 2

0

  ρφ
ε

∇ =  , (10) 

with the transverse charge distribution function ρ given by 

 
2 2

2 2( , )    exp
2π 2 2x y x y

Q x yx yρ
σ σ σ σ

  
= ⋅ − +      

 (11) 
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where Q represents the total charge over the transverse distribution of a bunch, and σx and σy are the 
RMS values of the Gaussian distributions, the potential φ was solved analytically by assuming σx > σy 
in an integral form. It then follows that the electric field satisfies 

 { }2 2[ ( +i ) +( +i / ) ]

2 2
0

i   i ( i )  e ( i / )
2 2π( )

a b ar b r
x y

x y

QE E w a b w ar b r
ε σ σ

−− = − ⋅ + − ⋅ +
−

 (12) 

with the parameters a, b, and r given by 

2 2 2 2
,    , and  

2( ) 2( )
y

xx y x y

x ya b r
σ
σσ σ σ σ

= = =
− −

 , 

and w(z) is the complex error function. The two transverse electric field components can consequently 
be expressed by 

 
0

    higher-order terms,  
2π ( )x

x x y

QE x
ε σ σ σ

= ⋅ +
+

 (13a) 

 0

    higher-order terms
2π ( )y

y x y

QE y
ε σ σ σ

= ⋅ +
+  ,

 (13b) 

respectively. Derivations for the case σx < σy can similarly be made. 

2.8 Ion trapping: Bunched beam 

Let us now consider ion trapping with a bunched beam. With bunched beams, ions are only attracted 
during the passage of a bunch, and drift freely in between two bunches (in places where there are no 
magnets) (Fig. 5). Transverse motions of an ion thus resemble those of a circulating electron. Their 
stability (i.e. trapping) can be argued using transfer matrices in the linear approximation. Consider the 
vertical motion of an (+1e charged) ion in a symmetric beam filling. During the passage of a bunch, 
Newton’s equation for an ion reads 

 
2

p pe
ion i i

0 b b

2
  e   e   

2π ( ) ( )y i
y x y y x y

r c mQ NM y E y y
n Lε σ σ σ σ σ σ

= = − ⋅ = − ⋅
+ +



 ,
 (14) 

 
Fig. 5: The focusing system seen by an ion in a storage ring. Circulating electron bunches act as focusing 
quadrupoles and spacing between them as drifts. 
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where the double dot signifies a double derivative with respect to the time variable, Mion = A·mp, where 
A is the mass number of the ions, N denotes the total number of stored electrons, nb is the number of 
bunches, rp is the classical proton radius (= e2/4πε0mpc2), Lb is the total bunch length, mp is the proton 
mass, and e

yE  represents the vertical electric field created by the electron beam. In the familiar transfer 
matrix formulation, from the above linear equation of motion we have 

 i i

i inew old

1 0
 

1
y y
y ya

    
=    −     

 , (15) 

during the passage of the electron beam. The focusing parameter a is given by 

 p

b

2 1  
( )y x y

r cNa
n Aβσ σ σ

=
+

 (16) 

and β represents the relativistic factor corresponding to the speed of the stored electrons. The transfer 
matrix equation in between the passage of two bunches is that of a drift space 

 i i

i inew old

1
 

0 1
y y
y y

τ    
=    

     

 , (17) 

where τ is given by 2πR/nbβc (where R is the ring radius). 

2.9 Critical mass 

The transfer matrix for one period, i.e. from the beginning of a bunch to the next, is therefore 

 period

1 1 0
0 1 1

M
a

τ   
= ⋅   −   

 . (18) 

The condition for any linear motions to be bounded −2 ≤ Tr(Mperiod) ≤ 2 leads to 

 p
c 2

b b

π    
( )y x y

rN RA A
n n β σ σ σ

≥ ≡
+

 . (19) 

The ion mass Ac defined by the above relation is called the critical mass. In this model we find that ions 
whose mass is lower than the critical mass cannot be trapped. It means that, as they are light, the focusing 
strength of the electron bunches deviates them too far away from the electron trajectory before the next 
bunch comes to attract them. The evidence of critical mass was experimentally observed in the 1.5 GeV 
electron–positron collider ADONE, in Frascati, Italy [20]. 

From Eq. 19, we can extract that ions have less chance of being trapped in a mode where there 
are few bunches, as Ac depends on the number of bunches as inversely square. Another aspect that is 
important is that the critical mass depends inversely on the product of the two sigmas, σx and σy, which 
in turn signifies that Ac effectively depends on the horizontal emittance as inversely square. This means 
that ions are much less likely to be trapped in a low-emittance ring. Again, the reason for this is the 
focusing of the electron beam being too strong when its transverse dimension is reduced, which kicks 
the ions away before the next bunch arrives. A numerical comparison showing the above dependence 
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of the critical mass on the number of bunches and the emittance has been made using the SOLEIL 
parameters (Fig. 6). 

 
Fig. 6: Critical mass (Eq. 19) as a function of beam current for three symmetric beam fillings with different number 
of bunches. Machine parameters were taken from SOLEIL. Circumference = 354 m. (a) Horizontal emittance of 
4 nm·rad (current value). (b) Horizontal emittance of 0.2 nm·rad (expected upgrade value). In both cases, the 
vertical emittance is assumed to be 1% of the horizontal value. 

2.10 Betatron tune shifts 

A cloud of trapped ions generally gives a transverse focusing force to the stored beam, inducing betatron 
tuneτ shifts ∆νx,y. They can be evaluated by the well-known formula 

 
1     ( ) ( ) d

4π
s k s sν β∆ = ⋅∆∫  , (20) 

where β(s) denotes the beta function, ∆k(s) represents the quadrupolar errors in a ring, and the integral 
over s is made around the ring. Assuming that the ions have the same Gaussian distributions as the 
electrons and are charged to +1e, we can use the Bassetti–Erskine formula (Eq. 13) to obtain the focusing 
strength ∆ki(s) due to ions as follows: 

 i , i
i ,

0 0 0 , ,

( )1 1 e( ) ( )          
/ e , / e 1  /

x y
x y

x y y x

E dk s
E x y E ε σ σ

∂
∆ = = ⋅

∂ +
 , (21) 

where di [m−3] represents an ion density. 

Similarly, the focusing strength ∆kSC(s) due to an electron beam’s own space-charge force is given 
by 

 e
SC , 2

0 0 , ,

1 1 e( ) ( )     
/ e 1  /x y

x y y x

dk s
Eγ ε σ σ

∆ = ⋅
+

 , (22) 

where γ is the relativistic energy factor for the electrons and de [m−3] is the electron density. Comparing 

the two tune shifts, we find that, since usually e
2

i

1 1d
d γ

⋅  , we have SC ions
, ,( ) ( )x y x yν ν∆ ∆ , namely, the 
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space charge tune shift is generally much smaller for a relativistic electron beam than that induced by 
ions. 

2.11 Ion motions 

When the ion mass A is much larger than the critical mass AC, and if there are no magnetic fields, their 
drift motions between the passages of two successive bunches can be neglected. The resultant motions 
therefore become approximately harmonic oscillations, 

 2
i iu i  u uω≈ −  , (23) 

where 

 
2

p2
iu

2 1     (   , )
( )u x y

r c
u x y

A
λ

ω
σ σ σ

= =
+

 , (24) 

where λ = I/(eβc) is the line density of the electrons. Inside a bending magnet where the magnetic field 
B is non-zero, the equations of ion motion then become 

 2
i c
2
i

0
    

0
x

y

s x
x x s
y y

ω ω
ω

  −   
    = − ⋅ +    

    − ⋅    

 

 



 , (25) 

where ωc is the cyclotron angular frequency given by eB/Mion. The solution to the above equations are 

known to be off-centred sinusoidal motions for x and s at the frequency 2 2
i cxω ω ω= + . In particular, 

ions drift longitudinally at the average speed of 

 [ ]
2

i
c

c

  (0)  (0)xs x sω ω
ω

 
< > = ⋅ + 

 
   . (26) 

Ions generally tend to move longitudinally towards a minimum of the potential V(r) of the stored beam. 
Since V(0) = eλ/(2πε0)·[ln(a/b ) − ½] (see Eq. (8)), they gather at locations in the ring where a/b is small 
(i.e. where the stored beam size is small and the chamber aperture is large), which are called the 
neutralization spots. It is considered effective to introduce ion-clearing electrodes at such positions. 

2.12 Ion distributions 

Many studies assume that ions created by the collision with the circulating beam have the same 
transverse distributions as the latter, which are usually Gaussian. The above assumption is correct 
regarding the initial ion distribution when ions are created. However, an equilibrium distribution reached 
under the beam electric potential turns out to be significantly different from the original Gaussian 
distribution due to the focusing force [21, 22]. Starting from the original Gaussian distribution with an 
RMS value given by that of the stored beam σe, 

 

2

2
e2

e

1( )  e
2π

y

y σρ
σ

−

= ⋅  , (27) 
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we find analytically in the linear regime that the ion distribution deforms to a distribution given by 

 

2

2
e

2
4σ

0 2
ee

1( )  e
4π 2π

y
yy Kρ
σσ

−  
= ⋅ ⋅  

 
 , (28) 

where K0(z) is the zeroth-order modified Bessel function of the second kind (Fig. 7). 

 
Fig. 7: Transverse distribution of an electron beam (Gaussian) and its corresponding ion distribution. For the ion 
distribution, a comparison is made between analytical (Eq. 28) and numerical results. Taken from Ref. 22. 

Despite this fact, the conventional treatment of assuming a Gaussian distribution for the ions and 
applying the Bassetti–Erskine formula with the relation i e / 2σ σ=  turns out to closely reproduce the 
electric field created by the ions; a comparison is made in Fig. 8 [22]. 

 
Fig. 8: Vertical electric field Ey of an ion cloud. (a) Obtained numerically via simulation. (b) A Gaussian 
distributed ion cloud with σi = σe/ 2 . The total charge is the same for the two distributions. Different lines in the 
figures are for different horizontal values of x. The coordinate Y is in the unit of rms beam size. Taken from 
Ref. [22]. 
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2.13 Lifetime reduction and effective pressure rise due to trapped ions 

When ions are trapped, they are populated on the stored beam trajectory whose distributions can be 
approximated as Gaussian as described previously with / 2ix xσ σ∼  and / 2iy yσ σ∼ . If they are 
uniformly distributed in a ring, their density may be given by 

 i
i

2  
π x y

Nd
Lσ σ

=  , (29) 

where L denotes the ring circumference. Using this localized density around the beam trajectory in the 
previous beam collision rate formula, we can estimate the lifetime reduction due to trapped ions, 

 Total i
ions

1   d cσ β
τ

= ⋅ ⋅  . (30) 

Also, if we apply the relation dm [m−3] = 2.47 × 1022 Pm [mbar] introduced earlier, we can discuss the 
effective pressure rise due to trapped ions on the beam trajectory, as given by 

 ions 22

1 2 [mbar]  
2.47 10 π x y

NP
L

η
σ σ

= ⋅
×

, (31) 

where η is the neutralization factor defined by Eq. 9 and N is the total number of stored particles. 

3 Two-beam instabilities 
In this section, we shall look at beam instabilities that could occur between two beams that co-exist in 
the same ring, in which one is a circulating beam, and the other an ion beam. In accordance with the 
history, we shall first go through the case where the ion beam is trapped in the electrostatic potential of 
the circulating beam, which gave rise to a serious issue in many previous storage rings. We shall then 
look at the Fast Beam–Ion Instability (FBII), which could take place in a single passage of an electron 
beam. We attempt to learn about this by going through theoretical, numerical, and experimental studies 
made by the experts to understand the mechanisms of the instability. Readers interested in two-beam 
instabilities may also wish to follow the descriptions found in Ref. [23]. 

3.1 The case of trapped ions 

Here we shall follow closely the descriptions made by Sakanaka in Ref. [18], where numerical studies 
were made to explain the experimental observations in the Photon Factory (PF) ring, running as a 
synchrotron radiation source at KEK. Indeed, instabilities due to trapped ions were serious issues at PF 
as well as some of the other light-source rings in the 1990s. With trapped ions, a resonant coupling 
between the two beams could arise that could lead to an instability and this type of instability was 
observed in many (second generation) light-source rings. The instability may consequently induce beam 
pulsation, as shown in Fig. 9, occurring at a frequency of around 20 Hz in the shown example, which is 
critically detrimental in a light source where the users request perfect stability of the photon beam. As 
we shall see below, the pulsation is a result of a beam blow-up due to interaction with ions, which is 
damped via radiation damping during the period when the ions are cleared, which is repeated 
periodically. 
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Fig. 9: Vertical beam pulsation observed at Photon Factory, KEK (horizontal unit: 20 ms/div). Taken from 
Ref. [18]. 

The beam instability can be described with a simplified model treating the Centre of Mass (CM) 
oscillations of the two beams [6, 12, 24, 25], by considering vertical oscillations alone, since the two 
beams interact primarily in this plane due to σx > σy as also assumed above in Section 2. The model 
specifies furthermore that: 

– An electron centre of mass ycme oscillating in the ring with the Qβyω0 (where Qβy is the betatron 
tune) and under a linear force from the ion CM represented by the frequency ωe; 

– An ion centre of mass ycmi feeling only a linear force from the electron CM represented by the 
frequency ωi; 

– Gaussian distributions for the two beams and +1e charge for ions (as in the descriptions above). 

The corresponding coupled equations are 

 
2 2 2

cme 0 cme cme cmi

2
cmi cmi cme

     (   ) ,

                          (   ) ,
y e

i

y Q y y y

y y y
β ω ω

ω

+ = − ⋅ −

= − ⋅ −





 (32) 

where 

 
2

2 i e
e

2 1  
( )y x y

r cλω
γ σ σ σ

=
+

 , (33) 

 
2

e p2
i

2 1  
( )y x y

r c
A

λ
ω

σ σ σ
=

+
 , (34) 

where 

 
2

e 2
0 e

e
4π

r
m cε

=  ,   

is the classical electron radius, and λe and λi are the line densities [m−3] of electrons and ions, 
respectively. Solutions are searched in the form cme e 0 0exp[i( ) i ]y A n tω ω θ= ⋅ − +  and 

cmi i exp( i )y A tω= ⋅ −  by introducing a complex frequency ω. Inserting them into Eqs. 32, we get 
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 2 2 2 2 2 2 2
i y e e i( ) ( )   x Q x n Q Q Q Q − ⋅ − − − = ⋅   , (35) 

where x = ω/ω0, Qe = ωe/ω0, and Qi = ωi/ω0. If the solution consists of complex numbers, it always 
appears in the form a ± ib (where a, b are real), signifying that the two-beam motion is unstable. 
Numerical studies indicate that instability is likely to appear when n is just above the value of Qβy. 

Let us introduce here a study made at PF by applying the above model [18]. To have an idea of 
the case concerned, the major ring parameters are listed in Table 2. In Fig. 10 the real solutions at 
different beam currents are shown as a function of the neutralization factor δ = Ni/N. Instability 
thresholds as a function of the vertical tune νy are shown in Fig. 11 for two values of δ for the case of 
A = 2 ( 2H+ ) and A = 28 ( CO+ ), and are compared with those measured. Comparisons with the 
experiments shown in the figure indicate that the employed two-centres-of-mass model describes the 
essential features of the dynamics. 

Table 2. Main Photon Factory machine parameters 

Parameter Value 
Energy E [GeV] 2.5 
Circumference L [m] 187.07 
Revolution frequency f0 [MHz] 1.6026 
Momentum compaction α 0.04 
Horizontal emittance εx [m·rad] 4.1 π × 10−7 
Vertical emittance εy [m·rad] 1.2 π × 10−8 
Horizontal tune Qβx  5.2–5.5 
Vertical tune Qβy 4.1–4.2 
Horizontal damping time τβx [ms] 9.1 
Vertical damping time τβy [ms] 7.8 

 
Fig. 10: Real solutions of Eq. (35) at different beam currents as a function of the neutralization factor δ = Ni/N. 
Taken from Ref. [18]. 
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Fig. 11: Instability threshold versus vertical tune obtained from the solution of Eq. (35). Solid lines: δ = 1.0. 
Dashed lines: δ = 0.1. Black circles: Measured values. A = 28: CO+. A = 2: H2

+. Taken from Ref. [18]. 

3.2 Fast beam–ion instability 

3.2.1 Linear model 

We saw that the linear forces between the electron and ion beams represented by 2
eω  and 2

iω  depend 
linearly on the beam intensity and inversely linearly on the product of the transverse beam sizes 

( )y x yσ σ σ+ . For modern and future accelerators producing a high intensity and low emittance beam, 
the ‘single-pass’ interaction between the two beams may therefore become strong enough to jeopardize 
performance. In other words, even if ions are not trapped by the electrostatic potential of a stored 
electron beam, the two streams of beam could interact strongly in a single passage of the circulating 
beam. Even though the process of interaction for the ion beam is repeated from scratch at every turn, 
the perturbation upon the electron beam remains and thus could create a kind of resonance, which could 
eventually render the electron beam unstable. Upon such considerations, a linear theory and simulations 
were pioneered by Raubenheimer and Zimmermann [26]. This type of two-beam interaction resembles 
a ‘beam breakup in linacs’ and does not involve ion trapping. To understand the mechanism and the 
characteristics of this fast beam–ion instability, let us follow the essential features of the model 
developed by Raubenheimer and Zimmermann. The transverse coupled linear equations describing such 
a single-pass interaction of the two beams are given by 

 
2

2b
b i b2

d ( , )   ( , )  [ ( , ) ( , )] ( )d
d

z

y s z y s z K y s t y s z z z
s βω ρ

−∞

′ ′+ ⋅ = ⋅ − ⋅∫  , (36) 

 
2

2 2i
i i i b2

d ( , )   ( , )  ( , )
d
y s t y s t y s z

t
ω ω+ ⋅ = ⋅



  . (37) 
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Three variables s, z, and t are used to describe the beam motions. A longitudinal position in the ring is 
specified by s, at which the electron beam may interact with ions. The relative position within the 
circulating electron beam is specified by z, with the definition z = 0 at the centre of the bunch train and 
extending in between –z0 and +z0, i.e. −z0 ≤ z ≤ +z0 (see Fig. 12). The head of the bunch train is defined 
as z = −z0. Since the electron beam is assumed to be circulating at the speed of light c, the time variable 
t can be related to s via t = (s + z)/c.  

 
Fig. 12: The model, variables and coordinates assumed in the study of Fast Beam-Ion Instability (FBII) made in 
Ref. [26]. 

It must be noted that, in their original paper, the assumed accelerator is not restricted to a ring and 
could well be a transfer line. Also, the perturbing beam is not limited to ions and could be electrons 
against a positively charged beam. Reflecting the large difference in the mass between an ion and an 
electron, however, an ion frequency ωi generally corresponds to an oscillation period that is much longer 
than the time spacing between bunches. The interaction between the two beams therefore becomes of a 
coupled-bunch nature, while in the case of electron clouds, the two-beam instability is usually of a single 
bunch nature.  

In the first equation, yb(s,z) and yi(s,t) represent the electron and ion beam centroids, respectively. 
As in the model in Section 1.1, the non-perturbed motion of an electron beam centroid is a betatron 
oscillation represented by the oscillation constant ωβ (= Qβy⋅ω0). Like in the case of ion trapping, its 
motion is impacted by the electrostatic potential of ions, as represented by the constant K, corresponding 
to 2

eω in Eq. 32, its attractive force depending proportionally on the difference between the two 
amplitudes. What physically distinguishes this model from the previous one, however, is that, reflecting 
the single-pass ionization process, the amplitude of the ion perturbation depends explicitly on the 
number of electrons upstream the concerned electron beam centroid yb(s,z) at the relative position z, as 
indicated by the last factor on the right-hand side of Eq. 36. The longitudinal distribution of the electron 
bunch train (Fig. 12) is denoted by ρ (z), which is normalized to unity. 

The second equation (Eq. 37) describes the vertical centroid of a transverse slice of ions i ( , )y s t  
created at a position s at a certain moment t′  (< −t) due to the collision of electrons with the residual 
gases. Reflecting the way they are generated, the initial conditions i b( ,  | )  ( , )y s t t y s z′ ′ ′=  and 

id ( ,  | ) / d   0y s t t t′ ′ =  are adopted for a transverse slice. The ion-beam centroid yi(s,t) that influences 

the motion of an electron-beam centroid yb(s,z) consists of all possible ion slices i ( , | )y s t t′  with 
( ) /t s z c′ ′= +  created at the position s until the time t. This is modelled as a ρ (z)-weighted average 

over z′ , 
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 . (38) 

Having well defined the model, the coupled equations are solved via perturbation expansion in K/ωβ. A 
great simplification in the mathematical derivation is obtained by assuming a rectangular distribution 
for ρ (z) as shown in Fig. 13, which assumes that there is no variation of the ion frequency ωi along the 
bunch train. An asymptotic solution is derived in the form 

 
2 η

b i1/4

e( , )   sin( )y s z z sβω ω θ φ
η

≈ − + −  , (39) 

 
Fig. 13: A rectangular beam density distribution employed in Ref. [26] 

where a variable η, given by 

 
2

i 0

0

( )  
16

K z z s
zβ

ωη
ω

⋅ ⋅ +
≡  (40) 

is assumed to be large (η  >>  1) and θ and φ are constants appearing from the initial phases of 
oscillations. From the solution obtained above, the asymptotic growth rate evaluated at the tail of a 
bunch train z = z0 (i.e. where the instability is strongest) is given by 

 
1/2 1/23/2 2

e p sep1 1 e b
aymp gas 3/2 3/2 1/2( )      5  [Torr] 

( )y x y

r r L cN ns p
A β

τ
γ σ σ σ ω

− −
 

≈ ×  
+  

 , (41) 

where Ne is the number of electrons per bunch, nb is the number of bunches, Lsep is the longitudinal 
spacing between bunches, and pgas is the residual gas pressure in Torr. The formula is obtained for a 
horizontally flat electron beam. 

As we see from Eq. (39), the asymptotic growth rate 1
aympτ −  is obtained in the form 

asmp/
b 0 ~( , ) e ty s z τ  

and is therefore not an e-folding time. From Eq. (41), we understand that it depends strongly on the 
number of bunches (∝ nb

2), the number of particles per bunch (∝ Ne
3/2) and the transverse beam sizes 

3/2 3/2(  ( ) )y x yσ σ σ− −∝ ⋅ + . The assumed linear model is supposed to break down when the amplitude of 
the oscillation yb(s,z) exceeds the vertical beam size σy where the coupling force between the two beam 
falls off. The growth rate above was evaluated for several existing rings in Ref. [25] (Table 3). 
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In particular, significantly short growth times result for ALS and the ESRF, i.e. in the light-source rings. 
However, no clear evidence of FBII was observed for these machines. The following points were 
therefore discussed as possible explanations. 

i) The developed model assumes constant ωi, whereas these light sources have strongly varying β 
functions due to adoption of double and triple bend achromat lattices. Namely, the ion frequency 
ωi could effectively vary significantly around the ring.  

ii) The presence of Landau damping sources such as strong sextupoles and non-zero chromaticity, 
which these rings generally possess.  

iii) Other important nonlinear effects not considered in the linear model. 

Table 3. Parameters and the asymptotic growth rates evaluated for several existing rings. Taken from Ref. [26]. 

Parameter Accelerator 

 SLC arc SLC e+ DR ALS HERA e− CESR ESRF 

N
xε  [m] 5 × 10−5 3 × 10−5 1.2 × 10−5 2 × 10−3 2.7 × 10−3 7.5 × 10−5 

N
yε  [m] 5 × 10−6 3 × 10−6 2 × 10−7 1.1 × 10−4 1.2 × 10−4 7.5 × 10−6 

nb 1 1 328 210 7 330 

Nb 3.5 × 1010 4 × 1010 7 × 109 3.7 × 1010 4.6 × 1011 5 × 109 

,x yβ  [m] 4 1,3 2.5,4 25 14,13 8,8 

yβ  [m] 4 3 4 25 13 8 

σx [μm] 50 114 101 1000 2000 224 

σy [μm] 15 62 17 230 400 70 

z0 [σz] 1 mm 5.9 mm 100 m 3024 m 335 m 140 m 

E [GeV] 46 1.2 1.5 26 5 6 

P [Torr] 10−5 10−8 10−9 10−9 5 × 10−9 2 × 10−9 

Particle species e+ e+ e− e− e− e− 

ωion/2π [MHz] 4 × 105 5 × 104 25 0.8 0.6 8.3 

Single or multi-bunch Single Single Multi-bunch Multi-bunch Multi-bunch Multi-bunch 

τasym [z ≈ z0] 1.1 μs 490 μs 2.4 μs 211 μs 3.9 ms 50 μs 

3.2.2 Simulation of fast beam–ion instability 

In addition to the linear model above, Raubenheimer and Zimmermann developed a simulation code to 
study numerically the growth of instability as a complementary and more rigorous method. The 
numerical simulation using macro-particles to represent the two beams (i.e. the strong–strong model) 
has indeed the large advantage of being able to integrate nonlinear effects, such as those due to finite 
beam sizes, and the capacity to follow self-consistently and dynamically the evolution of bunch 
distributions of the two beams. In the developed scheme, the ionization processes via the beam–residual 
gas collisions were simulated by using a specific ionization cross-section and partial pressure of a gas 
species to generate ions. The space-charge forces of each of the two beams were then calculated and 
applied to macro-particles of the opponent beam. The cascading process of ions growing in number due 
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to the successive arrival of electron bunches at the interaction point is rigorously treated. All ions at the 
end of each beam passage are discarded, assuming an ion-clearing beam gap from turn to turn. More 
specifically, the main features of the developed simulation are given below: 

– Motions of macro-particles described with coordinates (x, x′, y, y′, δE/E); 

– Beam bunches are initially Gaussian, longitudinally and transversely; 

– Collision with gas takes place at some specified points in a ring (or a linac); 

– A beam bunch is divided into ~five slices longitudinally; 

– Each macro-particle is free to move in x and y according to the E-fields, but fixed in z; 

– Two-dimensional grids (e.g. 25 × 25) with relation to the centre of mass of each slice introduced; 

– At each grid: 

- Ions are created according to the specified pressure and collisional cross-section; 

- Ions have zero initial velocity; 

- The E-field of the beam is evaluated with the Bassetti–Erskine formula and applied to the 
ions; 

- Ion density and ion-induced E-field is calculated and applied to beam macro-particles. 

Although the obtained simulation results showed certain dependence of the growth rate on the initial 
conditions of the beam, the calculated growth rates agreed well with the predicted asymptotic growth 
rates. Some of the typical simulation results taken from Ref. [26] are shown in Fig. 14. 

 

 
Fig. 14: (a) Growing transverse amplitude of different bunches in a bunch train at several instants. (b) Growth of 
the transverse action variable Jy versus s (time) for several bunches in a bunch train. Taken from Ref. [26]. 
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Macro-particle simulations of FBII can generally be quite time consuming, especially as the 
physical process of the collisional ionization is intrinsically sequential and cannot be parallelized. If the 
bunch distribution of the electron beam can be assumed to not change through its interactions with ions, 
the beam bunch can be treated as a rigid object (i.e. one macro-particle). Such a model, conventionally 
called the weak–strong model, can bring about a great simplification and reduction in CPU time [27]. It 
allows the integration of other physically important ingredients into the simulation, such as transverse 
bunch-by-bunch feedback and/or the effect of coupling impedance of a ring [28]. The impact of 
transverse feedback fighting against FBII to stabilize an electron beam is simulated in Fig. 15 using a 
weak–strong code developed by Xia et al. [29]. 

 

 
Fig. 15: Simulation of transverse amplitude growth (square root of the transverse action variable Jy) versus time 
(turn number) without (a) and with (b) bunch-by-bunch transverse feedback. Taken from Ref. [29]. 

3.2.3 Experimental studies of fast beam–ion instability 

The phenomenon of FBII was experimentally demonstrated in ALS [30], PLS [31], and KEK [32] by 
artificially increasing the vacuum pressure in a ring. Let us follow the major outcomes from the first 
such attempt made at ALS [30]. As basic conditions, He gas was injected into the ring to increase the 
vacuum pressure to attain 80 × 10−9 Torr and bunch-by-bunch transverse feedback was switched on to 
stabilize beam against conventional beam instability such as that due to coupling impedance. A 
comparison of the vertical beam size was then made to the nominal pressure case as a function of the 
length of a bunch train, leaving always a large beam gap of more than 80 buckets. A steady increase of 
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the vertical beam size was observed until the bunch train reached some 15 bunches and then saturated 
above (Fig. 16). The evolution of the coherent signals exhibited by the beam was followed as a function 
of its intensity, where the measured peak frequencies turned out to well reproduce what was expected 
from the theory (Fig. 17). Another interesting observation was the beam current distribution along the 
bunch train after inserting a vertical scraper to scrape off a vertically blown-up beam (Fig. 18). As 
expected from the theory, the intensity tended to decrease from the head to the tail of a bunch train. All 
of these observations well confirmed the characteristics of FBII. Studies made at PLS and KEK gave 
equally good agreement with theory. 

 
Fig. 16: Measured vertical beam size as a function of the length of a bunch train for two different values of vacuum 
pressure. Taken from Ref. [30]. 

 

 
Fig. 17: (a) Measured spectra of coherent vertical beam oscillations at three different beam intensities. (b) 
Comparison of measured coherent frequencies of beam oscillations with theory. Taken from Ref. [30]. 
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Fig. 18: Measured vertical amplitude along the bunch train after insertion of a vertical scraper. Taken from 
Ref. [30]. 

3.2.4 Effect of ion decoherence in growth rate evaluation 

In the rest of this section (Subsections 3.2.4 and 3.2.5), let us look at some further theoretical efforts 
made by several groups to better describe FBII. One that we are going to see here is the influence of ion 
frequency spread, which exists in reality, but was ignored in the linear model introduced in Subsection 
3.2.1. As is known, a spread in the frequency generally helps to reduce the instability growth rate via 
Landau damping. There are at least three sources of ion frequency spread. 

i) Due to the electron beam density variation that may arise from relative transverse displacement 
of the two beams. As can be seen from Eq. (34), the ion frequency depends on the square root of 
the electron beam density. So if the transverse extension of an electron beam was finite, as usually 
represented with a Gaussian distribution, the density of electrons varies according to where an 
ion probes it. 

ii) Amplitude-dependent frequency shift due to the nonlinearity of the static potential of the electron 
beam.  

iii) Electron beam size variations along the ring arising from beta function changes. Again, the 
dependence of the ion frequency on beta functions can be confirmed from Eq. (34). 

To elucidate the effect of ion decoherence analytically, Stupakov et al. [33] introduced a 
distribution function f(ωi) on the ion frequency in the previous linear model that we saw in Subsection 
1.2.1, and used it to average over all possible transverse ion slices to get the ion beam centroid yi(s,t) in 
Eq. (38), with the normalization 

 i i( )d   1f ω ω =∫  . (42) 

Proceeding in an analogous way to solve the coupled linear equations as in the earlier model (cf. Eqs. 
36 and 37), we arrive at the following equation for the electron beam centroid yb(s,z): 

 
22

b b
b2 2

0
0

( , ) ( , )  ( , )    ( ) d
2

z

y s z K y s zy s z z D z z z
s c z z

βω ′∂ ∂′ ′ ′+ ⋅ = − −
′∂ ∂∫  , (43) 

where ( )D z z′− is named as a decoherence function given by 
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i i( )  d cos[ ( )] ( )D z z z z f

c
ωω ω′ ′− = ⋅ − ⋅∫  . (44) 

The physical picture taken here is that the beam–ion instability develops on a time scale that is much 
larger than both the betatron and ion oscillation periods ( 2 2

i,  K βω ω ), which is true in most cases. 
The above justifies looking for a solution in the form 

 i0i / +i /
b ( , )  ( , ) e s c z cy s z A s z βω ω−= ⋅  , (45) 

where ωi0 is the central ion frequency. In the absence of frequency spread f(ωi) = δ(ωi − ωi0), the 
decoherence function becomes unity and the solution A(s,z) is confirmed to consistently reduce to the 
asymptotic solution found in Subsection 1.2.1. In Ref. [33], the decoherence functions in the exponential 
form were explored to be able to derive analytically the solutions A(s,z) for the first two sources of the 
frequency spread given above. Analytical results were found to be in good agreement with macro-
particle simulations, where the treated ion tune spreads caused a reduction of the instability growth rate 
by roughly a factor of 2. 

3.2.5 Wake function description of an ion cloud 

The second theoretical development we shall look at is about modelling a fast beam–ion interaction with 
a transverse dipolar wake function or, equivalently, the machine-coupling impedance that is its Fourier 
transform, conventionally used to describe the interaction of a beam with its surrounding vacuum 
chambers. A first such attempt was in fact made in describing a positron coasting beam driven unstable 
by an electron cloud [34]. An analogous treatment extending the idea to ion clouds interacting with 
bunched electron beam was then made by two groups [22, 35]. Here let us briefly follow the work of 
Wang et al. in Ref. [22]. There is initially an ion cloud formed by collisions of electrons with residual 
gases, consisting on Ni ions. If there then comes an electron bunch composed of Ne electrons with its 
centre of mass deviated by ∆ye0 from the centre of the ion distribution, assumed to be described with a 
Gaussian, the ion distribution gets a kick from the electron bunch and starts oscillating coherently. The 

oscillating ion distribution can in turn give a kick e ( )y s′∆  to another electron bunch following the first 
bunch at a distance s behind. If the initial displacement ∆ye0 is small enough and corresponds to the 
linear part of the ion distribution, all of this process can be followed analytically using the relations 

derived in previous sections. In addition, we find that e ( )y s′∆  is proportional to ∆ye0 so that the 
transverse dipolar wake excited by a bunch of electrons is defined by 

 e

e 0 e e

( )( )  y
y sW s

N r y
γ
ε

′∆
≡ ⋅

∆
 [VC−1 m−1], (46) 

which does not depend on ∆ye0, namely it satisfies the linear response condition. The linearity of the 
wake function Wy(s) as defined above was numerically confirmed, as shown in Fig. 19, where the wakes 
excited by various values of ∆ye0 are seen to converge on the same values. 
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Fig. 19: Simulated wakes of an ion cloud for various ∆ye0 ranging from one tenth to one sigma with a step of one 
tenth of a sigma. Taken from Ref. [22]. 

Also noticed for Wy(s) (Fig. 19) is the damping of the oscillation, which is due to the nonlinearity 
of the beam–ion space charge force, inducing an ion frequency spread. Wang et al. managed to 
parameterize the wake function in the usual broadband resonator function as 

 { } i
i

ˆ( )  exp / (2 ) siny y
sW s W s Qc

c
ωω  = ⋅ − ⋅  

 
 (47) 

where 
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and the Q values close to 9 were found to reproduce well the numerically obtained wakes of most of the 
ions and electron beam sizes (Fig. 19). The impedance function corresponding to Wy(s) in Eq. (47) is 
therefore given by 

 
i i

i i

ˆ ˆ
( ) =   

11  i   1    

y y
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ω κ ω ω ω

⋅ ⋅ ≈ ⋅
   

+ − + −   
   

 , (49) 

where 21 1/ (2 ) 1Qκ −= ≈ . 

The advantage of describing the beam–ion dynamics of a wake or an impedance function is to be 
able to use the same linearized Vlasov equation formalism developed for conventional coupled-bunch 
instabilities. In Ref. [22], an application was made to study the stabilization effect of beam gaps 
introduced in a bunch train. 

4 Mitigations and observations of ion effects 
In the first part of this section, we shall briefly review various mitigation techniques developed and 
applied in the past against ions. Three examples of experimental studies of beam ion instabilities shall 
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then be introduced. The first example is about ion trapping at the Photon Factory (KEK), and the two 
others are on FBII (SPEAR3 and SOLEIL). 

4.1 Mitigations of ion effects 

4.1.1 Partial beam fillings/multi-bunch trains/bunch gaps 

Partial beam fillings have long been known to be one of the most efficient methods for avoiding ion 
trapping, and have been constantly applied in the storage rings of today [10, 14, 36]. One can intuitively 
understand that, during a beam gap, ions see no electrostatic potential of the beam and therefore they 
can drift away. Numerically, this would correspond to not finding a stable linear solution in the transfer 
matrix approach explained in Section 2.9 in working with an extended one-turn matrix that integrates a 
drift matrix that represents the beam gap [37]. 

As already mentioned, FBII may arise even in the presence of a large beam gap since ions could 
be generated during a single passage of a bunch train and strongly interact with it in a resonant manner 
from turn to turn. In such a case, cutting a long bunch train into small pieces and introducing small 
bunch gaps between the short trains generally helps to reduce the FBII growth rate. Such a study was 
made by Wang et al using the wake function formalism explained in Subsection 3.2.5 (Fig. 20) [22]. An 
exception to this physical picture has been observed at SOLEIL where, contrarily, partial fills enhance 
FBII. We shall see this phenomenon in more detail in Subsection 4.2.3. 

 
Fig. 20: Calculated growth rate of FBII for different beam fillings, as a function of the number of bunches per 
bunch train. Three different train gaps of 10, 15, and 20 buckets are considered.  The number of bunch trains is 
also shown in the plot. Taken from Ref. [22]. 

4.1.2 Ion-clearing electrodes 

Introducing a pair of electrodes as shown in Fig. 21 to clear the trapped ions away is also a method 
known to be effective in reducing ion effects [13, 16, 37]. This worked successfully in several rings 
such as SRS (Daresbury) [38], ISR (CERN) and Aladdin (University of Wisconsin) [39]. As we saw in 
Section 2.5, it is efficient to install the electrodes where the beam potential is at a local minimum so that 
the ions drift and are gathered. To expel ions, the voltage on the electrodes needs be higher than the 
electrostatic potential of the beam, which for electron beams is typically in the hundreds of volts range 
(cf. Fig. 3), while for proton beams, it can reach a range of some kilovolts. A too-high voltage may 
increase the risk of bombarding the accelerated ions on the chamber walls, which in turn could induce 
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outgassing as observed in proton rings [7, 17]. Ion-clearing electrodes have the disadvantage of 
increasing the broadband impedance of a ring, decreasing the single-bunch instability thresholds or 
inducing local machine heating. Optimization of the electrode design should be done in advance to 
minimize the impedance [40]. 

 
Fig. 21: An illustration of ion clearing electrodes 

4.1.3 Positron beam storage 

In a ring where a stored electron beam is under the influence of trapped ions, replacing it with a positron 
beam should resolve the problem of ion trapping, as the positron beam will not attract the ions, which 
have the same positive charge. In addition, if we recall the discussions of the critical mass in Section 2.9, 
electrons, which have the opposite charge, are not likely to be trapped by the positron beam since the 
electron mass is so small. For this reason, a number of lepton storage rings, such as DCI, ACO, 
SUPERACO, Photon Factory, APS and PETRA-III [15, 41–43], have operated quite successfully with 
positron beams. However, when the intensity of a stored beam gets high, an electron cloud may be 
formed via synchrotron radiation generating photo-electrons and lead to electron-cloud instability. 
Historically, the electron-cloud instability was identified at Photon Factory (KEK) as one of the earliest 
observations upon changing the stored beam from electrons to positrons to avoid ion trapping [44].  

4.1.4 Use of octupoles/chromaticity shifting 

Octupole and sextupole magnets can create betatron tune spreads in an electron beam either via an on-
momentum amplitude-dependent tune shift or by an off-momentum tune shift with non-zero 
chromaticity, which can Landau damp ion instability. At Photon Factory (KEK), the combination of the 
use of octupoles and a partial fill, as explained above, managed to completely suppress ion 
instability [18]. Since these nonlinear elements simultaneously reduce the dynamic acceptance of a ring 
in general, however, one needs to evaluate in advance optimal strengths for these elements. 

4.1.5 Radio-frequency knockout 

Shaking a beam that is under the influence of trapped ions with an external RF field may have the effect 
of chasing the ions away. Such attempts were made at UVSOR and Photon Factory where the beams 
were shaken with frequencies in the megahertz range [12, 13]. However, shaking a stored beam may 
not be an optimal solution in light sources in which excellent beam stability is usually required. 

4.1.6 Transverse bunch-by-bunch feedback 

With the performance of feedback systems available on the market today, this would be the best method 
to stabilize a beam against ion instability, whether it is due to ion trapping or FBII. As long as the two-
beam instability concerns interaction between the centres of mass as we have described in Section 3, 
and that the instability growth rate does not exceed the feedback damping time, which appears to be true 
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in most cases, transverse bunch-by-bunch feedback should be able to stabilize each bunch separately. 
Experience gained at ESRF and SOLEIL confirm this feature [45, 46]. In both rings, the ion frequencies 
are typically in the range of a few tens of megahertz, which is low compared to the feedback bandwidth 
of 176 MHz for these machines. The beam oscillations can therefore be corrected relatively easily. An 
example is shown in Fig. 22. For future accelerators, however, higher feedback performance may be 
required to fight against FBII with extremely short growth times. Again at SOLEIL, an exceptional case 
of feedback turning out to be destructive under extreme situations has been observed, which will be 
described in more detail in Subsection 4.2.3. 

 

 
Fig. 22: Vertical beam spectra with (green) and without (blue) transverse bunch-by-bunch feedback in the uniform 
filling measured at the ESRF. (a) Total amplitude. (b) Difference in amplitude between the two cases. Horizontal 
axis spans 0-20 MHz. Taken from Ref. [45]. 

4.1.7 Reduced vertical beam size (by more than a factor of two) 

Through theoretical studies of FBII, an interesting idea has emerged that if an electron beam can only 
blow-up vertically by roughly a factor of two and never get lost due to saturation of the two-beam 
interaction, one may reduce the vertical beam size by a factor of two in advance by taking blow-up into 
account [47]. More studies may be needed to fully certify the absence of residual beam blow-up in the 
saturation regime before employing such a scheme. 
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4.1.8 Enhancing vertical beta function variations 

As we saw in Subsection 3.2.1, the absence of FBII in many modern light sources suggests sources of 
stabilization in these machines, among which the strong variations of beta function are suspected as they 
induce ion frequency spreads. Going further along this direction, we may actively enhance vertical beta 
function variation to stabilize the beam via Landau damping. Again, more numerical studies may be 
required to certify the damping mechanism quantitatively. 

4.2 Observations of ion effects 

4.2.1 Experimental characterizations of ion trapping at Photon Factory 

A unique and interesting set of measurement have been made at Photon Factory (KEK) that elucidate in 
more detail the dynamics of the two-beam instability induced by trapped ions. We have already seen in 
Fig. 9 (Section 2.1) that the instability gives rise to a pulsation of the stored beam with a frequency in a 
range of some tens of hertz, which is, in fact, particularly disturbing to synchrotron light users. First, the 
dependence of the pulsation frequency on the vacuum pressure was investigated by controlling the 
number of Distributed Ion Pumps (DIPs) activated (Fig. 23). A clear trend can be seen in which the 
frequency elevates as the vacuum pressure gets higher [48]. 

 
Fig. 23: Dependence of the measured frequencies of the vertical beam pulsation on beam intensity and vacuum 
pressure. Taken from Ref. [18]. 

To have a deeper insight into the cycle of pulsation, the bremsstrahlung count rate was followed 
for the different conditions of the vacuum pressure above [49, 50]. We note here that when there are 
trapped ions, circulating electrons collide with the nuclei of ions and produce γ rays. Relative changes 
of the count rate in time would reflect the variation of ions at a local point in the ring, as a change in the 
vertical size of an electron beam itself would not alter the collision rate with residual gases. The time 
evolution of the count rate was measured under two different conditions (Fig. 24): both the vacuum 
pressure and the beam current are lower in Fig. 24(a) than in Fig. 24(b). In Fig. 24(a) we can observe 
two slopes for the count rate, namely one that corresponds to when the blown-up electron beam is 
radiation damping and attracting more ions; and another where a slower increase of ions after the 
electron beam has converged to its original size. The second process is supposed to continue until an 
instability threshold in the ion density is reached. In Fig. 24(b), on the other hand, we cannot distinguish 
the two slopes, and the instability threshold is seemingly reached rapidly during the process of radiation 
damping. 
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Fig. 24: Time evolution of the Bremsstrahlung count rate measured at two different beam intensities. See text for 
the different experimental conditions employed for (a) and (b). Taken from Ref. [18]. 

The bremsstrahlung count rate was compared between the uniform and a (2/3-like) partial filling 
under the same vacuum condition and the beam current (Fig. 25). The clearly higher rate observed for 
the uniform filling should signify a larger number of ions trapped in this filling mode. 

 
Fig. 25: Measured Bremsstrahlung count rate versus beam intensity for two different beam fillings. Taken from 
Ref. [18]. 

4.2.2 Experimental characterizations of fast beam–ion instability at SPEAR3 

A systematic characterization of FBII was made at SPEAR3 (SLAC) by measuring the vertical betatron 
sideband signals over the multi-bunch frequency band under different beam and machine 
conditions [51]. In their work, these experimental results are also compared with those expected from 
theory using the wake formalism explained in Subsection 3.2.5. Three such sets of measurement are 
cited here. The first one concerns the dependence on the vertical beam size, which is adjusted with skew 
quadrupoles. Without them, the beam size is about 2.3 times larger. As we expect from theory (cf. Eqs. 
(32–34)), the two-beam interaction gets significantly enhanced as the beam size is reduced (Fig. 26). 
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The dependence on the bunch filling pattern is shown in Fig. 27. In all three cases shown, the total 
number of bunches (= 280), the bunch gap (= 15 buckets) and the total beam current (= 500 mA) are 
kept equal. The comparison clearly indicates the advantage of filling a beam in many short trains of 
bunches in fighting against FBII. The third measurement concerns the dependence on the vertical 
chromaticity, which is increased from 2 to 7 (Fig. 28). Again, as expected the chromaticity helps 
suppression of FBII, presumably through an increased tune spread of the electron beam, though it is 
clearly correlated with lifetime reductions as indicated in the figure. 

 
Fig. 26: Measured vertical beam sizes of a single bunch-train (280 bunches) at 192 mA with (a) and without (b) 
skew quadrupoles. When skew quads were switched off (b), the vertical beam size became roughly 2~3 times 
larger. Taken from Ref. [51]. 

 
Fig. 27: Measured vertical amplitudes of a stored beam for different fillings. In all cases, there are 280 bunches 
and the total current is 500 mA. The bunch train gap is 15 buckets (32 ns). Taken from Ref. [51]. 
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Fig. 28: Measured vertical amplitudes of a stored beam versus vertical chromaticity. Single bunch-train (280 
bunches) at 500 mA. Horizontal chromaticity is kept at 2. Taken from Ref. [51].  

4.2.3 Beam losses due to a combined effect of fast beam–ion instability driven by beam-induced 
outgassing, resistive-wall instability, and transverse feedback at SOLEIL 

We shall describe below the beam losses, which are often total losses, encountered at SOLEIL at high 
beam current. After a series of experimental and numerical investigations, these losses were identified 
as being due to FBII that induces a somewhat complicated combined effect involving Resistive-Wall 
instability (RW) and transverse feedback [46, 52]. A noteworthy associated feature is that the FBII does 
not arise from the ordinary vacuum pressure, but occurs uniquely due to localized outgassing of vacuum 
chambers that are heated by the circulating beam via wake fields.  

The fact that multi-bunch operation at SOLEIL is under the influence of a mixture of resistive-
wall and ion instabilities was known since the time of commissioning through the analysis of data 
available from the bunch-by-bunch transverse feedback diagnostics. Transverse feedback was switched 
off over a short period of time (usually around 1 ms) to let the beam blow up, and the bunch-by-bunch 
data were acquired over this period of time. The results typically showed that at relatively low current, 
the beam is under the influence of RW, as seen from the amplitude and phase relations in a bunch train 
(Figs. 29(a) and 29(b)). However, above a certain current, which is roughly 100 mA in Fig. 29, there is 
a transition to FBII. In particular, both the bunch-to-bunch betatron phase variations of ~0.9° and ~40° 
measured (Fig. 29(b)) are in good agreement with what expected from RW and FBII instabilities, 
respectively. The measured growth rate versus current, averaged over bunches, follows well the curve 
expected from the RW instability, but with larger error bars at high current, suggesting the nature of 
mixture of the two instabilities (Fig. 30). 

IONS

549



 

 
 

Fig. 29: (a) Vertical amplitude versus bunches in ¾ filling measured as a function of beam current. (b) Measured 
relative betatron phase with respect to adjacent bunches in a bunch train in correspondence to the cases in (a). 
Taken from Ref. [53]. 
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Fig. 30: Growth rate of vertical instability as a function of beam current measured corresponding to the cases in 
Figs. 29 [53]. 

Although vacuum conditioning with beam over the years helped to reduce the relative 
contributions of FBII at a given beam current, as confirmed by re-performing the measurement as 
described above, FBII still persistently exists at SOLEIL at the nominal current of 500 mA, after nearly 
10 years of operation. As already mentioned it often causes beam losses, which strangely happen some 
ten minutes after ramping the current to its final value. During this period, the beam is diagnosed as 
being stable. To avoid the beam losses, a number of different beam fillings were tried under the 
assumption that beam gaps are effective against FBII. However, the experimental results indicated that, 
to the contrary, the uniform filling gives the most stable beam. This, along with the finding that reducing 
the RF voltage greatly helps increasing the beam stability, led one to realize that the source of FBII is 
the beam-induced heating of vacuum chambers via longitudinal wake fields, which in turn triggers 
outgassing. Thus, keeping the bunch current low and the bunch length long to avoid heating becomes 
of primary importance. Also, the beam losses were understood to be due to the machine interlock that 
trips the RF upon detecting a rapid drop of beam current to protect the RF system. 

It remained to be understood why the beam current suddenly drops so as to trigger a machine 
interlock. Once again, the bunch-by-bunch diagnostics, used for a post mortem, helped to get a closer 
look into what happens to the beam in the last moment before it gets lost (Fig. 31). In Fig. 31(a) where 
the averaged amplitude of the beam is plotted against time, we see that the beam blows up exponentially 
before it is lost. This suggests that the sudden current drop is due to the blown-up beam being scraped 
off either by the vacuum chamber or by the dynamic acceptance. Analyzing the phase relation between 
adjacent bunches as done in Fig. 29(b) above, we can identify chronologically the appearance of the 
following three regimes up to the explosion: Fig. 31(b) no phase correlation (i.e. absence of coherence); 
Fig. 31(c) ion regime; and Fig. 31(d) RW regime. We see in Fig. 29(a) that for some reason transverse 
feedback fails to keep the beam stable when it is in the ion regime. 
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Fig. 31: (a) Measured evolution of the vertical oscillation amplitude average over bunches in ¾ filling versus time. 
The beam blows up and gets lost at around 46 ms after the beginning of the measurement. Measured relative 
betatron phase with respect to adjacent bunches along the bunch train identifies three different regimes 
differentiated in time as indicated in Fig. 31(a): (b) no phase correlation; (c) ion regime; (d) RW regime. 

The last observation implies that during some ten minutes of ‘silence’, the gas density, and 
therefore the number of ions created at each turn, steadily increase up to the point that the FBII growth 
rate exceeds the limit of feedback, since the underlying machine heating continues. What is not obvious, 
however, is the reason why the beam continues to blow up in the RW regime when ions would probably 
be gone due to large beam oscillations. Namely, we need to understand the failure of feedback in the 
third RW regime. A possible explanation is that feedback, with its filter and gain used, is not reacting 
well enough against the fast dynamical change of the beam from FBII to RW. More details are found in 
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Ref. [53]. A simulation study that includes the effects of RW, FBII, and feedback reproduces the beam 
behaviour in a similar manner to that observed, supporting the above conjecture (Fig. 32). 

 

 
 

Fig. 32: (a) Measured evolution of the vertical oscillation amplitude (in white) average over bunches in ¾ filling 
versus time. The beam blows up and gets lost at around 46 ms after the beginning of the measurement. Amplitude 
of kicks given by bunch-by-bunch feedback is superimposed in red. (b) Simulation of FBII including the resistive-
wall (RW) instability and bunch-by-bunch feedback. The beam blows up after the ions have disappeared in the 
regime feedback works against RW instability. Taken from Ref. [53]. 

5 Conclusions 
Due to the general difficulties of measurement and frequent non-reproducibility of vacuum conditions, 
beam instabilities arising from ions in the beam duct are often not straightforward to understand, as 
compared to other collective instabilities. However, the theoretical, numerical, and experimental studies 
made so far, creating a solid basis for beam–ion physics, allow fairly good explanations and qualitative 
and quantitative predictions. There are still a number of nonlinear beam–ion dynamics involving Landau 
damping and stabilization that are not adequately understood, and would require further efforts. 
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Owing presumably to lower beam emittances in modern storage rings, ion trapping does not seem 
to be a big issue anymore. However, FBII could jeopardize the performance of future low emittance and 
high beam intensity accelerators, as its growth rate would get larger. For light sources, in particular, the 
effort of reaching an ultra-low emittance tends to render the vacuum chamber aperture smaller and 
smaller. The vacuum issues and hence ion-induced beam instabilities would likely remain important, 
especially in a combined manner with other effects, as already encountered at SOLEIL. Continuation of 
beam–ion studies would therefore be of great importance in raising the performance of future 
accelerators. 
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